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Koichi MiYASAwWA

(Akita Univ.)

1. Introduction

Let X={X,} ({=1,2,3,...) be an infinite sequence of chance variables. Any
particular observation x on X is given by a sequence x—=i{x,} (i=1,2,3,...)
of real values, where x; denotes the observed value of X,. Let the space of
all the sample points x be M, the Borel field which contains all the sets
{2, x,<a, i=1,2,..} be K, where a, are real numbers or + o, and the
Lebesgue measure on K be m. Suppose that the distribution function F(x)
of X is not known, it is, however, known that F(x) has the probability
density function p(Flx) and is an element of a given class £ of distribution
functions. There is, furthermore, a space D* given whose elements d represent
the possible decision that can be made in the problem under consideration.
The problem is to construct a function D=D(x) called the statistical decision
function, which associates with each sample point x an element d of D* so
that the decision d=D(x) is made when x is observed. Let W( F,d) be the
loss suffered by the statistician when F is the true distribution of X and
the decision d is made. We assume that W(F, d) is a non-negative bounded
measurable function of F and d. Let ¢(n#) be the cost of making » obser-
vations, i. e., ¢(n) is the cost of observing the values of x,,...,%,. Thus,
when the true distribution function of X is F, and if we decide the
element of D* by the decision function d,(x) which depends only on the
first » coordinates x,x,,...,x, of the sample x, the loss is given by the
following sum

(1.01) 7(F, d(x))=W(F,d,(x))+¢c(n).

A sequential statistical decision function D is composed of the following
two sequences B={B;} and D={d,}.

(i) {B;} is the sequence of B, and disjoint subsets B, B,...B,,... of M,
where B; depends on the first j coordinates x,,...,x;, of a sample x and B,
indicates that the sampling should stop at the j-th observation when x ¢ B,
(7=1,2,...), By is the event that we do not sample at all, but take some
decision immediately and it will have probability either 0 or 1. It should be

(1.02) i“()PABgF):l for all F e 0.

This sequence B={B,} (j=0,1,2,...) is called a sequential procedure.
(ii) {d;} is the sequence of d, and decision functions d,(x), d,(x),...,

1) Communicated at the Autumn-Meeting of Japanese Math. Soc., at Kébe Univ., October
20, 1950.
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dix),..., where d, is an element of D* and d,(x) is the function of the
first j coordinates %,,...,x; of x¢ B, and its value is some decision, i.e,,
some element of D*. This sequence D= {d,} is also called a decision function.

The sequential decision function D which is determined by two sequence
B and D will be denoted by D=(B, D), Then the average loss caused by
-the sequential decision function D when F is the true distribution function
of X is given by

(1.03) r(F,Q)—ij r(F,dyx)p(F x)dx.

J=0

Here, we assume that the series on the right hand member of (1) is always
convergent in our problem. Let & be an a priori distribution on £, i. e, ¢
is a probability measure defined over a suitably chosen Borel field of subsets
of 0.

Then the expected value of »(F, ) is given by

(1.04) 74, D)= 7(F,D)ds

r(§,D) is called the risk when £ is the a priori distribution on £ and D is
the decision function adopted. The sequential decision function D* is called
a Bayes solution relative to the a priori distribution &, if

(1.05) r(§, Q*):—il}f r(& D).

Our object is to determine the necessary and sufficient condition so that
a sequential decision function will be a Bayes solution relative to the a
priori distribution ¢&.

2. Theorem and its Proof

Let D;* be the set of all decision functions d,(x) which depends only on
the first j coordinates x,,...,x; of x(j=1,2,...). For j=0, d, is some element
of D* i.e., Dy¥=D*. Let {d,} and d;* be a sequence of elements of D*
and an element of D, respectively. If it is valid that

W(F; djn(x>)_’W(F) dj*(x:) )

as n—oo, for all Fe £ all xe M, then we say that {d,,} converges to d,".
We assume that D;* is compact in the sense of the convergence of the
above definition.
LEMMA.

For any a priori distribution & of F and for any j, there exists a
decision function dS(x) such that

(2.01) 7(§, d,-"(,x)):infl r(5,d, (%)) for all x«.
. @€ Djx

where d(x) is an element of D;,* and
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(202) (£, d,(x)):jr(p, d,(xNp(F | x)de.
Q

As this lemma will be proved in the same way as done in GIRSHICK'SY,
we do not refer to it here,

We write
(2.03) 7§ %) =r(§ d/(x))=inf r(§ d;(x))

aj

Let N bz any fixed integer, and by the induction backwards we define

functions « (&, x) (7=0,1,..., N) which depends only on the first j coordinates

of «.
That is

(2.04) ann(E 28)=7x(§ %)
and, for j<N
(2'05 ) aj.’v( E) x) :min <rj< E) x)) Ej% “J‘H,N( 5; x) % )

where E; is the conditional expectation given x,,..., %, i. e.,

oo

(2.06) . Ej{aj+1,2v($,x>}: C(jﬂ.N(E,xﬂlxjﬂ.

oo

It can be seen easily that when j is fixed, «,,(§, x) is non-negative and
non-increasing as N increases. Therefore there exists lim «,,(§, x), and we

represent this limit as «,(§, x), i.e., o

(2.07) a,(§ 2)=lm a;\(§, 2).

Then the following relation will hold

(2.08) a, (& x)=min {r,(§ %), E;{a;,(§x)11,

and consequently

(2.09) a (&, x)=r(&x) (j=0,1,2,.).

By means of these functions «,(§, x) we define subsets S; of M as follows:
(2.10) S;=1{x; r(5,x)>a;(§x) for i<j, and »,(& x)=a,(§, x)1.

It is clear that thus defined sequence of subsets {S,} (j=0,1,2,...) forms
a sequential procedure.

‘Let us denote the sequential procedure which consists of the sequence
{S,} by S;and the decision function which consists of the sequence {d,}
by D°. Let D; be the sequential decision function which is determined by
S; and Dr, that is,

(2.11) Dg:(‘SE, Do)
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We assume that if for any fixed element x of some subset ACM,
(2.12) P& d (5= | 7(Fd(%))p(F | xdé,

JQ

has the minimum value with respect to d;, for d,=d,” and d,=d,*, then it
holds d;°(x)=d,;*(x) almost everywhere on A.

Then the following theorem holds.

THEOREM .

There exists a Bayes solution relative to any a priori distribution §.
The necessary and sufficient condition for that the sequential decision
function D=(T, D>, where T={B,}, D={d;}, will be a Bayes solution
relative to the a priori distribution § is that

(i) d(x)=d;/(x), almost everywhere on B;, ( j=0,1,2,...)

(ii) the following relation holds except for a set of measure 0

(2.13) B,=S,, BiCS,, B,CS,+S,,..., B;CS,+S;+...+S,,...
Consequently, if we write

(2.14) B.NS,=D,, S;—D,=S/, B,NS/=B/} (1=2,3,...; k=1,2,...1-1)
then it holds

(2.15) B,=D, B,=D,+B,, B;=D;+ B +BZ%,...,, B;=D;+B}+B?+...+B/7,...
and

(2.16) S/ =Bin+Bi,+Bis+.., (i=1,2,3,..).

(iil) if there exists some k such that m(S,’)>0, then except for the set
of measure 0 it holds

217 7:1( & £) =Ep1 {70426, %),
on the complement C Bl,, of Bi., with respect to S,/
(2.18) 71420 &, %) =E 5 1714306, XD,

on the complement C|B}.+Bi.,| of [Bfi.+ Bl with respect to S/,
and so on.
PrOOF: It can be shown that the above defined sequential decision function
D:=(S;, D°) is a Bayes solution relative to the a priori distribution £ in a
analogous way as done in Girshick’s®, so we will omit it here. Let D=(T,
D), T={B,}, D=1{d,;} be a Bayes solution relative to the a priori distribut-
ion &, ' ‘

At first we will prove that the condition (i) is necessary. It follows from
the lemma that

(2.19) r(&,d(x))=r(§d(x)).
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Now let us put
(2.20) R;={x; xe¢ B, and r(§,d;(x))>r(§,d/(x))},

and suppose that m(R;)>0.
Then, we can choose 6>0 and R/CR; such that m(R,)>0, and the follow-
ing relation holds for x ¢ R/

(2.21) r(&§,d(x))>r(§ dy (%)) +0.

Consequently it follows

(2.22) r(§ B, d;)= S r{F,d;(x))p(Fix)d édx= S r(§,d;(x))dx

Bj

r(§,d,°(x))dx

CR'j

>\ r(§,d, (x))dx+os dx+

Ry

\
\
S §,d (x))px+om(R))
¥

r(§,d(x))dx=r(E B, d)).

(where CR,’” denotes the complement of R, with respect to B,)
And generally it holds

(2.23) r(§ B,d)=r(§ B, dp).

Consequently, it folds
(2.24) 7(&,D)= X 7(§ B, d)>2r(& Byd)=r& T, D)
i= J=

Thus we have a sequential decision function D’'=(T, D) such that »(£, D)
>7(§,D"). This contradicts with the assumption that the sequential decision
function D=(T, D) is a Bayes solution relative to &.

Therefore, it holds on B,

(2.26) r(§,a,(x))=7(§,d,(x)) (7=0,1,2,...)

except for a set of measure 0. Consequently it follows from our assumption
that d,(x)=d,(x) almost everywhere on B, (j=0,1,2,...).

Next we will prove that the condition (ii) is necessary.

We put

(2.27) BL,Z(BL—Di)r\C[Sl"{‘Sz’*‘, '{‘Sl],
where C[S;+...+S,] is the complement of [S,+...+S;] with respect to M,
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(2.28) B,”:(B,_Dl)m [SI“_SZ—}——!—SL]
S!=B/NS, (i=1+1,1+2,..; 1=1,2,..)

Let S/%(1,2,...,1) be the intersection of S; and the subset C(x,,..., ;) of M
defined by x,=const.,..., x,==const. and CS/(1,2,...,/) be the complement
of §/(1,2,..,1) with respect to C(x,..., x,).

To prove that m(B/)=0 (i=1,2,...), we assume that m(B/)>0 for
some /,

Now, by the definition of S;, it follows that if x ¢ B/

(2.29) r(&,x)>a (& x)=Efa, (& %)= R (€, 2)d%,4

= a (& 2)d%, .+ % 31§, %)% 41

812 5D Jest 2 b

And if x¢S!/4(1,2,..,]), then we have
(2.30) () =7,11(§ %).

Therefore it follows

(2.31) r{& %)> 7ia( %) dX 4+ a1(§, X)d%1 41
EN(E N ost iz sh

If x¢CSl(1,2,...,1), it holds by the definition of S,

(2.32) 7::1(& %) > i (6, %)
hence (&, x):EHl%“H-N(. g, %)},
Consequently it follows
(2.33) & (& x)dx = ﬂ S Qg€ X)d% 11y A%y
OS2 D) Jesi a0 J=e
= S S 9§, X)A %113 %1 + S 8 196,224 142A %) 11
g,y J—eo CLSY L2y DS 412 5D oo

= S S W&, X)d%, 1y A%y
LN W NS SR ARG - NI A S

-+ S S Qo &, X)A% 1y Xy
. I8l (,'35*_2(1,2,.‘.1,1-1-1)

+ S S W20 6, %)AX 14y A%y
((.9§+1(1,...1)+S§+2(,‘., N o

= S 79( &, %)d% )4y A%+ S Qo &, X)AX 15 A%y
I J (rL,s'l’+1(1,..,,z,+As'§+2f1,‘ D3
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Since we have

(2.33) o €, X)=715(&, %) on St (1, 0, 1+ 1),

From (2.31) and (2.33) it follows

(2.34) r(&5x)> S 711(&, X)X + 714:(€, X)d% sy AXiry
S LoD S gllesesD)

Qg &, %)Xy AXppye

If x¢ B/, using the analogous method as above, we can conclude the
following relation,

(2.35) n(§x)> S 7:(5 %) A%+ 8 1o( 6, %)A %15 A%y
S 1(LreeaD) 81 gClueasl
+ S 713§, £)A %113 Xy At ...
KL W)

Therefore, if m(B,’)>0, we have

(2.36) S r.(§ x)dx > S 7.1(E, x)dx+ S 710( 6 2)dx+ | 79(6, x)dx ...
4 S%-’-l S%ﬂ»z Isii3
Now, we construct the sequential procedure T*={C,} as follows:
CO=B0; CIZBI;--" Cl—lsz—v Cz:Dz+Bz” Cl+1:Bl+1+SlL+l) Cz+2:BL+ZSll+2,--- .
Then, it is clear that any two sets C, and C, (i+j) are disjoint, and

Ci+Cy+Cs+ ...
(2:37) =B+..+B_+(D,+B"+8S+S,+.. )+ B+ Bt
=M.

Therefore T*={C,;} is certainly a sequential procedure. Then, for the
sequential decision function D* which is determined by 7* and D", we
have

(2.38) 7§ D*=rP{C)+ S (& x)dx+ ...+ S 7(&,x)dx

“a 1
+ S rl(E) x)dx+ S 7&1—1(5; x)dx+...
G Ll

truP,.(Bo)+g (& x)dx+ ...+ 8 7.1(& x)dx + S 7.(& x)dx

# By VB

+ S 711(§ x)dx + S 71o( & x)dx+ ...

Ll )
1184 B9t Sire
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=7,P.(B,)+ S r(& x)dx+ ...+ S 71(§ x)dx

Bl Bl—-[

+{ S 7.(§ x)dx+ S 71( 6, x)dx + Slr,ﬂ(f, x)dx+...}
D d s

= (44 %
it S+l 1+2

+ g 71(& x)dx + S 7o & x)dx+ ...

Brv1 Br+a

So that, from (2.35) and (2.38), it follows

(2.39) 7§ D*)<r,P.(By)+ ‘ (& x)dx+ ...+ 8 (& x)dx

.B1 Bl~l

+{S 7.5 %)dx+ S {';(E,x)dx}

DytBy 1

+S rlﬂ(é,x)dx+g 72(&,x)dx + ...

B Brt2

=ry(& T,D).

That is 7(&, D*)<r(& T,D"). This contradicts with the assumption that
the sequential decision function (7', D") is a Bayes solution relative to the
a priori distribution £ Consequently we may conclude m(B/)=0 (I=1,
2,...). This shows that the condition (ii) is necessary.

Lastly we will prove that the condition (iii) is necessary.

Let us assume that for some %, say k=1, m(S,)>0. If »>N, it can be
shown easily that 7,y(& x)=E {r.(§ %)}, so that

(2.40) (&, x)=E{ry§ %)},
On the other hand, if x ¢S/, we have (&, x)=ay(§, %), so that
(241 (& 2)<E (& )} <E\{ry (& 2)}.
From (2.40) and (241), it follows
(2.42) r(&x)=E{r(§x)}, if xS/
Accordingly we have
(2.43) (8 X)dx= SS' Smrz(é,x)dxz dx,.
sy S -

Let B/(1,...,k) be the intersection of B,/ and C(xy,...,%;), and let CB/
(1,2,..., k) be the complement of B/(1,..., k) with respect to C(x,,..., %),
where C(x,,...,%,) is the subset of M defined by x ,=const,,..., x.,=const,

Then
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7( &, x)dx,+ & 7,(& x)dx,.
By(D UTASH

(2.44) S 7§, %)dx,=

—c0

So that (2.43) can be written as follows,

(&, x)dx, dx; + S (&, x)dx,dx, ,
By By

(244) Sg’l(é,x‘)dxlz S
!

where C B, is the complement of B, with respect to S,

Generally it holds that

(2.45) 72(5) x)gEZ}rIi(S) x\)gx

but now we assume that the condition (iii) does not hold and on some
subset of positive measurc of C B, it holds

(2.46) 7’2(5, x)>E2§7'3(5, x);-

Then, it follows

(247) S 7§, x)dx, dx, > S S 75(&, x)dx, dx, dx,.
UBZ (7B2 —o0
Now
(2.48) S S 73(&, x)dx; dx,= S 8 73(€, x)dx; dx,
CBy1) J—eo B -

8 73(§, x)dx; dx,

+ 8
CUBD+ D] I

:S S ’3(5”‘)dxsdxz+8 S 75(&, %)dx; dx,
0 By

I, 0B

+ 8 S 75(&, x)dx; dx,
OB+ ByD] I e

= S 7§ x)dx, dx,+ S 7:(¢, x)dx,dx, .
EAH : GO+ BD]

Therefore it follows from (2.44), (2.47) and (2.48)

(249 S ,rl(E, x)dx1> \ /rz(E, x)dx -+ S 7y £, x)dx+ ) ry(§ x)dx,

,
S 1 132 3 CL B2+ 33]

where C[B,+Bj| is the complement of B+ By w1th respect to S).
Generally it holds that

(2,50) 75(& %)= Esir (& %),
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but now we assume that on some subset of positive measure of C[B, + By']
it holds

(2.51) 75( &, %) > Esir (& 2)1.
Then it follows

(2.52)

oo

8 73§, x)dx > S S 7§, x)dx, dx;dx, dx,.
CCB;—#—B;] C[Bé-'l-B;] -

Let C[B,+Bj| (1,2) be the intersection of C[B, +Bj] and C(x, x,), etc.
Then we have

(2.53) S S (& x)dx,dx;
LByt B2

—o0

I

i 7,(& x)dx,dx;

s
OLByt Byt BI(1,2) F—o0

S S r (2, x)dz, dx; + S
B J-e

I

7§ x)dx, dx;+ S \ 7§, x)dx,dx,

Sz{,a 2 83;0,2,3) B, JeB,2,3

+ S S 7§ x)dx, dx,
OLBL By B J—ce

= S 7§ x)dx,dx;+ i 7 & x)dx, dx;.
By, JetsyrBirBaa,n

Consequently

7§ x)dx.
LBy Byt B :

(2.54) S o S 7,(&,x)dx,dx; dx,dx, = S ,7'4(E,x)dx+ S
CEBZ—f-BS] —c0

By

From (2.49), (2.52) and (2.54), it follows

(2.55) Ssrrl(é, x)dx > 8

1

7,6, %)dx+ S

By

?'3(5,x)dx+ 8 (4(E,x)dx

B, B

3 4

+ 8 7§ x)dx.
OB+ B B

Thus proceeding as above, if the condition (iii) is not satisfied for k=1,

then we have

(2.56) S,rl(f,x)dx> S (&, x)dx + S fa(é,x)dx+...+ 8 r(&x)dx+ ...,
Sy By B3 B

If the condition (iii) is satisfied here, the left and the right hand members

of (2.56) are equal.

As when k=1, we have generally
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7:(§, x)dx= g 7en(§, x)dx + Tero( 5, x)dx+ ... .
Sk Bl Bivz

(2.57) S

On the otherhand, we have
(2.58) D;+S/=S: (i=1,2,...)
D,=B,, D;+B}+B?+...+Bi"'=B, (i=2,3,...).

Therefore if the condition (iii) is not satisfied for some £k, say k=1, it
follows from (2.56), (2.57) and (2.58)

(259) (& S D) =r P+ | mie max |

1)1

/rl( £, x)dx]

S

+| S ri(é m)dx+ | 76 2)dx |+
D, 54

>r.P.(S;) + S (& x)+ [ S 75(& x)dx + 172( g, x)dx_J
l)1 ])2 B2
+H 73( &, x)dx+ 17'3(E,x)dx+ 2rg(E,x)dx]+...

3 B3 3

=7, P.(S;)+ S r(& x)dx+ S

ry(&, x)dx+ S rs(€, %)dx+ ...
1 By

B,

B 3

=y(& T,D).

That is )
(2.60) r(% S, D) >r(& T,D).

This contradicts with the fact that the sequdntial decision function
D;=(S;, D) is a Bayes solution relative to the a priori distribution &
Therefore the condition (iii) is necessary.

On the otherhand if the conditions (i), (ii) and (iii) are satisfied for the
sequential decision function D=(T, D), then we known from the above
proof that (& D)=7(&, D;). Therefore in this case the sequential decision

-~

function D=(T, D) is a Bayes solution relative to &.

Consequently, the conditions (i), (ii) and (iii) are the necessary and
sufficient condition, so that a sequential decision function may be a Bayes
solution relative to the a pripri distribution &.

References

1) A. J. Arrow, D, BLACKWELL, M. A, GIRSHICK; Bayes and Minimax solutions on Sequential
decision problems, Eccnometrica, 17(1949), 213—244.

2) A. WaLp and J. WoLFaw Tz Bayes solutions of sequential decision problems. An», Math,
Stat., 21(1950), 82—99;



