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      THE  DISTRIBUTION OF STATISTICS DRAWN FROM 
         THE GRAM-CHARLIER TYPE A POPULATION' 

                        Hisao URANISI 

                              (Marine Institute, Tokyo) 

  1. Introduction The current theories of statistical inferences chiefly 
concern themselves with the sampling from normal populations. There are, 
however, some current confidences that the ordinary test such as depending 
on t-distribution or F-distribution will hold true at least approximately, 

provided that the distribution of the sampled population is nearly normal. 
In this note we shall assume the distribution density of a population n is 
expanded in a Gram-Charlier series of A type 

        e -  
(1.01) f(x)dx= 2771+a3H3(x)+a4H4(x)+a5H5(x). . . dx, 

                    where x=(x—M)/a, with population mean M and standard deviation a, 
and we shall give the sampling distributions of the statistic 

                  t=  -1/71(x—M)  (1.02)  1-7 
                       V n-1 (x1-x)2 

where (X1, X2,..., X„) is a random sample of size n from the population 
and X denotes the sample mean. 

 Furthermore we shall discuss the distribution of the statistic F defined 
as the ratio of two independent sample variances. The results will yield us 
some picture about the effect of non-normality on these fundamental statistics. 

  2. We shall prove at first the f ollowing 

 LEMMA 1. Let II be a parent population whose distribution density 

function .f-x) is given by (1.01), where 1.11,n(x)# (m=3, 4, 5,... ) is a series 
of Hermite polynomials and the coefficints a,„} (m=3, 4, 5,...) are given 
by the procedure of Gram-Charlier expansion of A-type, that is, 

              P31                 as—,81                3! a'6 

(2.01) a4 1 (p43)_ 1 (93) 
             4!a6—24 

               a- —  115-10112113                  120 
05 

(1) Communicated at the Annual Meeting of Math. Soc. of Japan, 2rd, June, 195Q 
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                  a6-----116-15112114+3°P23 = 1"                                     ---(3—15'32+30)                 720 (16720 

 and etc, where pi(i=2,3,...) is the i-th moments of the population II. 
   Let 0„: (x1, x2,..., x„) be a sample of size n drawn from the population 

 n, and let us put 

(2.02)1  
                             n, 

 (2.03)X2 = 
                                 L=1 

   Then the joint distribution density function of the statistic (y0, y2) is 
 given by 

 (2.04) P(Yo,Z)=
1/ 27rrexp21 

                              —(y2+Z.02)1-7."-2(P(YO, 
  where 

                                                                           It 

                                                                           yZ 

                                          44X. 

                                                                                                           t 

  (2.05)(1)(Yo,a3, a4,... )dOa313H(Xi)a4H()+• • •                                              

• COSn-3Bl cos-402 ... cos On-3 d O. • •d On-3. 

   PROOF: The sampling distribution density function of sample of size n 
  drawn from the population II is given by 

       12}   (2.06) P(xi, x2, ...,x„)exp{— 1x,{1 +±a,„117,„(x,)}, 
                      i/2ni=1 2------1 

  with the normalized variate x. 
   The proof of our Lemma will be readily seen from the transformation 

     ( ,_1sis4,            x1-
1/17/Y°1/271Y1'1/3.2-r4,2'•• 

        111 ,+ 1 ,„          x
2— , yo —y1 +-Y2 + • • •-r/  J'             n -1/ 2.1 -1/ 3.2n(n-1) 

 11    (2 .07) x3=--,_yo2 Y2 ± • 
         n1/3.21/ n(n —1) 

    1 
on-1 v             x7,--= —Y      nn(n -1)j2-1 

  and the adoption of the polar coordinates defined by
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       y1=7 cos 01 cos 02 cos 07,_3 cos 0„_2 

        y2= -if cos 01 cos 02 cos 0„...3 sin 0„_2 

       y3= z cos 01 cos 02 sin 0„__3 
(2.08) 

       yn_2=z cos 01 sin 02 

                        y„_1= X sin 01, 

where 

                                                                           2,-1 . 

(2.09) 72 =±(xi-i)2=Eyi2 
        i=1i=i 

with x >0 and — 7r/2 <0, <7r/2 (i=1, 2,—, n-3), -7r< 0„._2< 7. 
 Indeed we shall have 

(2.10)P(xi, x2, ...x„)dxi, dx2...dx„ 

                (-1/2.,)4 exp . —  2\,,,°2 + x2 )1zn-2 cos7.-30,                        (jcosn-4H2...cosH„ _3 

                                                                                  2A 

                              fl 1 + E (2.11.(x,) d7d0402...d0„_3, 
                                i=1 m=3 

which leads to (2.03 ). 
 It is to be noted that 0( .YO, y, a3, a4,... ) is a polynomial of the degree n at 

most with respect to each a. (m=3, 4,... ). Our chief concerns are to deal 
with the cases when the distribution of n is nearly normal. This means 
that the coefficients / a,j (m=-3, 4,... ) are very small. In what follows we 
shall adopt the notation 

(2.11) i [c9(Yi, 372,..., Y.)] 
                         ic 

         2 2              ------- dOn_ ••• cr(yl, y2,..•, y„)cos"-301cos02'-4...cos0„_3d01...d0„_3. 
                 i, ,, 

         -0-2  2 

 Then we shall have, by direct calculations, 
  LEMMA 2. 

(2.12)     1 [1] = (1/27r)n-1   ,C, say.         2n23 qn21) 
                                                                                                        7,--1 

                                         M1-3.5...(2r,-1)} 
       i=1  (2.13) I [Y12r1 Y22r2 • • • Y2z-12rn-1] =062( n _ 1 )(n 4_ 1 )( n + 3 )... ( n _ 3 + 2m ), 

where m.---r1+r2+...+r„..4. 
 If at least one of ri (i=1, 2,..., n-1) is odd, then 

(2.14) 1 [yri y2r2 ...yn_irn-l] =o,
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 COROLLARY 1. 

(2.15) I [(xi-i-=)2mtli0. 

(2.16)  I  -  i)291 =                   CX2m(n-r;111(n+11)(*n3 .+53..).(2.m(n-13)+ 2m ) • 
 LEMMA 3. 

(2.17) 0(yo, X, 0, 0, 0,...(1/gr)n-1          C = 3                     2n727 I'(n_  2  ) 

(2.18)( (P( Yo,a"a""')=CI + 3Y±z2-3V-nys} 

                      3 

             0vn 

(2.19) (  (Y0, z, a3, a4,••• )          aa4)0 

              = CI Yn°46n2 Z2+ n3((nn+))Z4-6( Y°2+ X2) + 3n} 

(2.20) .1  a 0( yo, a3, al,...)  )0 vC.3;015lOY03y2 
               aa; 

                       +  15n(n+1)(n-1)y0Axi-10(3,0 3Yot)+15nYo 

(2.21) (DO( Yo,(13, ai, • • • ) )Yo615y04v2+  45(n-1)310274        aa,3t n n2n2(n+1) 

                  15(n-1)2  Z6-15( n                                 Y04 +Z2 
               n2(n+1)(n+3) 

                        +  3(n-1 ) n(n+1)+ 45(y02+ z2) - 15n} 
(2.22) ( Z20( Yo,X, a3, al, • • • ) _ ci -1)yo'+ 3(2n5) v2        a .30tn-n- 

             9(n2-4n+ 5 )y02 4                          X 3(3n2- 6n+ 5) v6 
               n2(n + 1)4- n2(n+1)(n+3) 

              -6(n-1 yo4+ 3(n-2) 4,_23(n-1)                                  n(n+ 1 ))(4) + 9(n- 1 )y02-9x21. 

                     n 

                               n 

(2.23) (a20(Yo,a3, al,. • • )_  C (n-1)yo7 + 3( 3n;7 ).Y05x2 
         aa3a34is n t n-

                    9  

              3(7n2-30n+35)Y033( 3n3-21n2+ 45n -35).Yo         X4+xs 
              n2(n+1)n2(n+1)(n+3) 

      3
nn n(n+1)I             _3( (n-1)yos+2  (7n -15 )yo3v2+  3(3n2- 14n + 15)Yo v4) 

                                                     + 21(n -1).3)93+ 9(3n -7)YoX2-9n(n -1).Y0}
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and 

(2.24)( 320(yo,x, a3,  ) 
                aa42 

           I  n —1 84(3n-7) 62 (36 6(n-1)210(n-1)  )1,4,4              Yo+n3Yo X++        1 n3nn2(n+1) n3(n+1)yo                                                                    ,C' 

 (  36(n-1)96(n-2) 420(n-1)2 2-6            n2(n+1)+n2( n +1) (n + 3 ) n3(n+1)(n+3))Y" 
            3(3n4-12n3+42n2-60n+35) , 

             n3(n+1)(n+3)(n+5) 

         +12(A6 +12+45(n-1)yo2,4+ 15(n-1)2 ,6) 
               n'' ,22n2(n+l)n2(n--1-1)(n+3)"-) 

         —12(  Y°n4 +  6An2Z2 +  3(n(—1)e)(ju36(y02+ x2)2                          nn+1)k 

           6(n-7)Y
o4+36(n-7)  Yo2z2+ 18(n-1)(n-7) 2(4                                   n(n+1) 

                            —36(n-1)(y02+ x2 ) 9n(n-1)} 

where suffix o means that we put all a. (m=3, 4,. ) as zeros. 
 In combination of these three Lemmas, we shall reach 

 THEOREM 1. The proba5ility density function p(t) of the statistic t 
defined by (1.02) from a parent population 11 whose distribution is (1.01) 
can be approximated in the following formula: 

(2.25) P(t)-=1)0(t)+a3P3M+a4P4(t)+a5p5(t)+a6P4t)+ 

                     +32  P3'3( tCha4P3,4(t+a42 p4'4(t) +      2••• 

where pit) concides with the t-distribution density function with degree 
of freedom n-1 from a normal population and 

(2.26) p3(t)-- t2n-12(n+1)              2mr (1+  t2(1+ t2 )nTi 
                \ n-11 \(n-1)) 

(2.27) p4(t)= —2 j n-1             n—iB(n2—1, 2)1(1+n—t2 

                         1 

                        2(n+2)(n+2)(n+4)  

                                                                                             I 

                         1+n—1)n1-22 (n+1)(1+nt-2 1Y4 

                              1     (   

             3t  2n2-2n+1 4(n+1)(n-2)2(n+3)(n-4)t (2
.28) p5(t)— //21/7rt2t23+ (

1+ t2,            \+
n-1) n—V\n—V
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                 8 i(n-1)(2n—,1)_  6(n-1)(n+  2  ) (2.29) P6(t)-=  
           nijn—iB(n-12,21\(1+ tn-112-(1+ t               )\/\n-1) 

            

, 3( 2n-3 )(n+2)(n+ 4) 2(n-2)(n+2)(n+ 4 )(n+6) 

              (n+1)(1+n—t21)974(n+1)(n+3)(1+n-1.21y-2,A 
                   2 .f(n-1)(2n2:3n±4)_  3( 2n3— 3n2+ ,16 ) (2.30) P3,3(t)—

nvn_i 13(n-11)i(i+t2t y12                \2 , 2)\n-1/(1+n-1 
           3(n+2)(2n3-3n2-8n+ 48) (n+  2)(n+ 4 )(2n3-3n2-20n-i- 96)t 

                               (n+1)(n+ 3 )t2)9C            (n+ 1)(1 +n—t21r                                                         n-1 

(2.31) P3,4( t)  t  j(n— 1 )(4723—p27:n2-4n + 15)                      -1///i7r t 

                   (l+ n-1) 2 
             6(n+1)(2/23+2n2-27n+ 45)+6(n+ 3)(2n3+ 7n2-67n+120) 

          t2t2 11-1-5               + n-1) 2(i+n-1) 2 
                     4(n+ 5)(n3+ 6n2-61n+120)  } 

                            + nt21.)" 
and 

                  4 i(n-1)(n3+6n2-13n+12) 
(2.32)p4,4(t)=            nVn-1 BC1-11)± n—l)a                    22 

              4(n+2)(n3+10n2-33n+36)        —
+11t2irr 

              6(n+2 )(n+4)(223+ 14n2— 57n+ 72)  
                                                              ata                 (n+1)(1+nt-21) 

              4(n+ 2)(n+4)(n+ 6)(n3+18n2-85n+120  

               (n+1)(n+ 3)(1 +nt%), 
            + (n+2)(n+ 4)(n+ 6)(n+ 8)(n3+22n2-117n+180)  L 

                   (n+1)(n+3)(n+ 5)+n —t21).'118 
 Fnrthermore, for any assigned positive number 7-, 

(2.33) PCz-y=Prt>d 

       —2j (t)dt + a4\ ,dt + as P6(t)dt +
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 +a32 P3,3( t)dt+a42 P4,4( t)dt   

                                                                                                                                        ' 

 It is to be remarked that each of the functions (2.26) (2.32) is an odd 
or even function of t according to the fact the associated index (the sum 
of two indexes when there are two indexes) is odd or even . This fact 
simplifies the approximation of the integral P(r) as given in (2.33). 

 We shall note also 
 COROLLARY 1. Under the hypothesis to Theorem 1, we shall have the 

following approximate formula 

(2.34) P(7)_-_----Prt>d 

             po(t)dt+p_ P3,3(t)dt. 
                                                                                 -c 

  3. The distributions of e and F. 

  In view of Lemma, we shall have 
 THEOREM 2. Under the hypothesis to Theorem 1 the probability density 

function p(z2) of the statistic e defined in (2.03) become 

(3.01) P(Y)-=P0(12){1+ 3(n—n1)2a4(-i_n2_2(2/+(n_i)(n+1))                                               X4 

           _ 15(n-1)3a6 (1_  3X23x4                  n2\n-1 (n-1)(n+1) (n-1)(n+1)(n+3)) 
            3(n-1)(3n2-6n+5)a32(1 _  3,2 +  3,4  

                 2n2 \ n-1 (n-1)(n+1) 

            +3(n-1)(3n'-12n3+42n2-60n+35)4          (n-1)(n+1)(n+3))2n3 
            6„44,6  

            (1-n4—x21+(n-1)(n+1) (n-1)(n+1)(n+3) 

                    )4-                            (n-1)(n+1)(n+3)(n+5) 

where xi) is the usnal X2-distribution with degree of freedom n-1 from 
the normal distribution 

   1 (3.02) Po(z2)=--expl — 21 z2X22           2 2 r (n2-1) 

  Furthermore we shall add 
  THEOREM 3. Let 0„: (x1, x2,..., x,3) be a random sample of size n from 

a parent population 1 with distribution function assumed in Theorem 1. 
Let Oa:: (x1', x2', x.') be a random sample of size m from another 
population with distribution function which can also be expanded into
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a Gram-Charlier series of the type 

(3.03) g(x')dx'=(1/12_,yexpl---12-x'2111+:±ib,H,(X')}, 
where M' and a' being the population mean and standard 
deviation of II'. 

 Let us define F by 

            n1,E (xi—J-02 
(3.04)= i  

              n-1z*--1(;'—if)2 
with sample means X and X' of 0„ and 0,„' respectively. 

 Then the probability density function p(F) of the statistic F becomes 

                    (Inn_--1)".2-1F99-1 
(3.05) p(F), 

           B(n-21—1              ,m2) (i+niniliFyl- 

                  

• [1 + A2B2 A3B3 A4/341 

where we put for the moment 

(3.051) A,— 3(n n-1)2 a4 

                 n—1m1F (n_m)(n+m_ 2)(n—11F)2            2(n+m-2)
m  (3

.052) B,=1—                           +                           n -1            (n-1)(1+m_iF) (n-1)(n+1)(1+  
(3.053) A2               30(n-1)3a5+3(n-1)(3n2-6n+5)a32                              2n2 

             3(n+m-2)mn—1F 3(n+m-2)(n+m)(nm-1FY      —1—1  
(3.054) B2 = 1 —n-1 -{-            (n-1)(1+ m_iF)(n-1)(n-1)(1+:1_12                             1F) 

                               (ttin:111.)3              (n+m-2)(n+m)(n+m-2)  
               (n-1)(n+1)(n+3)(1+n—lF\3 

                              \m-1 

(3.055) A3= 3(m-1)2b, 

(3.056) B2(m+n-2)(m+n-2)(m+n) 2                 3=-1 —            (m-1)(1+?lin_liF) (n-1)(m+1)(14Inn_liF) 

(3.057) A4= +               30(m-1)3b6+3(m-1)(3m2-6m+5)b33                               2m2
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(3.058) B4=1—   3(m+n-2)  3(n+n-1)(m+n-2) 
          (m-1)(1+mn_1F) (m-1)(m+1)(1+Z_IF)2 

                 (m—n-2)(n+m-2)(m+n)  

          (m-1)(m+1)(m+3)(1+Z 

  4. Numerical considerations 

 The effects of non-normality on the t-distribution will be discussed in this 

§ in view of our Theorem 1. 
 We shall enunciate the following 

 LEMMA 4. Let us put 

(4.01) 

 Then we have 

(4.02)2 Po(t)dt=4,(n1)                            2'2 

(4.03) 2p),(t)dt_= 2(n—1) inarl'n 1         n221 

                  —(2n+ 4).1-94(712+ 1,  21  \                          )+(n+4)/.(n2+3,21 )1- 

(4.04) 2 P6(t)dt=8(n-1){n(2n-1)Ii 2'n-1 12\-6(n(n+1 11        n2\/uk 2 '2/ 

          +3(n+4)(2n--3)/u(n+2 3,21)-2(n-2)(n+6)/u(n2 5,11. 
                           11) (4.05)c.°/)3,3( )dt = nn21 1(2n3-3n2+4n)                                    2'2 

                —3n2+ 16)/4/2+2 1, 21 + 3(2/23— 3n2— 8n + 48 ) 
                    • ./.4?:-/--+2,-2--1 — ( 2n3— 37' — 20n + 96 ) 

and 

(4.06) /14,4(t)dt 2( n3—1 ) {n(1234_"n2_                            13n+12)1",u(1221)                                                    '2 

           —4(n+2)(n3+10n2-33n+36)/Tur+2   
          +6( n+ 4)(n3+14n2-57n+72)/„(n+23,21)
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              -4(n+6)(n3+18n2-85n+120)/„(n2 5,2) 
              + (n+8)(n3+22n2-117n+180) (n 27 

   (4.07) p3(t)dt,1/2n7rI1  1-(2n-l)u-iI+2(n-1)ull 
     e.°3  

    (4.08)p5(t)dt= 1(2n2-2n+1)11-72--- 
                        nix 2n7r 

                   n1-1n1-3                         -4(n2-3n+2)u 2 + (27e-10n+8*-0, 
    and 

    (4.09) 103,4(t)dt -nny2 mr1  .(4n3-6n2-4n-15)uY 
                                al-6(2n3+2n2-27n+45)•u-2-+6(2n3+7n2-67n+120)/;12+3 

                                                                                          911-5i                                -4(n3+6n -61n+120)u 2 j*. 

     LEMMA 5. Under the hypothesis to Theorem 2, we shall have 

                  1.(m 1 n-1) +3(n- 1)2a41on-1 n-1\     (4.10) P(F)dF-----              2'2n 12 ' 2 

               _241m-1n-1\- 1n+ 3 \ 
               \2'2\2'2 

                +-30(n-1)3a6+3(n-1)(3n2-6n+5)a3211.(m-1n-1\                2n2I\2'2 

              3 l'(n22-1'n+2 1)+3I4n22-1'n2+3)-L(m2-1'2n+ 5)} 

              + 3(m-m1)2b4S1i2(m21,n21n-1)_21.072+1'2n-1\_4_\2+23 n-11.         \\2'J- 

                +-30(m-1)3b6+3(m-1)(3,722-6m+ 5 )b32(m-ln-1\                2
7n2\ 2 ' 2 ) 

               _34(m+ln-1)+34 ,(m+3 n-1\ifm+5n-1\             k2'2\2' 2k2' 2i). 

     In view of these two lemmas we have computed the integrals which we 
    mention in Table 1 and 2 for the cases when n=5, 10, 15 and 21. 

     Under our hypothesis to the distribution of parent populations the effects 
    of non-normality may be summarized as follows: 

     [ 11 The effect of non-normality on the distribution of t. Here we shall 
    assume that distribution of parent population belongs to some class of Pearson 

    type. We have calculated the following examples by virtue of Table 1.



    Tde distribution of statisics drawn from the Gram-Charlier type A  qopulation 11 

  TABLE 1. Table for calculating approximate value of Pr. {It> toi • 

    -...-

Q, 
   Pr.{It > to} =2 po(t)dt+192-3 p4(t)dt+ 19415i92+"',„p6(t)dt+ PIp3,3(t)dt 

       to 12to360 to 36 to 

               (192-3)2u=(1+  t02 r .                 +  p4,4(t)dt,        576 
ton-1 

                        1 Multiplier 0
2-3-10(194-1502+30) p1((2-3)2 

   -• --- 

n u P4(t)dt/12p3,3(t)dt/36                     p6(t)dt/36p4,4(t)dt/576                    C) 
   totototo 

    0.05-0.000 2820.000 650 :0.000 729- 
    0.10-0.001 0080.002 228,0.002 605I0.000 272 

   0.20-0.003 1130.006 3030.008 1680.000 556 
    0.30-0.005 1770.009 328 ,0.014 0210.000 479 
   0.40-0.006 1970.009 6670.018 3740.000 068 
   0.50-0.005 5240.006 8130.020 233-0.000 439 5

0.60-0.002 8460.001 2520.019 311-0.000 753 
    0.70+0.001 677-0.005 6700.015 923-0.000 671 
    0.80+0.007 155-0.011 8300.010 876-0.000 183 
    0.90+0.011 206-0.014 1200.005 335+0.000 436 
    0.95+0.010 721-0.012 0310.002 785+0.000 579 
   1.00 0.000 0000.000 0000.000 0000.000 000 

0.05---- 
 0.10-0.000 005--- 

   0.20- 0.000 0930.000 1910.000 4860.000 028 
   0.30-0.000 4450.000 8110.002 2350.000 081   

, 0,40-0.001 195 I 0.001 8770.005 8000.000 090 
   0.50-0.002 2050.002 8720.010 625-0.000 029 10,0

,60-0.002 9120.002 8770.014 915-0.000 250 
   0.70-0.002 3290.001 0850.016 191-0.000 382 
    0.80+0.000 578-0.002 3750.012 567-0.000 163 
    0.90+0.005 555-0.005 4580.004 642+0.000 387 
    0.95+0.007 201-0.005 3570.000 625+0.000 561 
   1.000.000 0000.000 0000.000 0000.000 000 

0.05--- 
 0.10---- 
 0.20-0.000 002--- 

    0.30-0.000 0290.000 0530.000 211 i 0.000 008 
   0.40-0.000 1630.000 2570.001 1090.000 024 
   0.50-0.000 5490.000 7240.003 4910.000 022 15

0.60-0.001 2440.001 2940.007 556 i -0.000 051 
   0.70-0.001 8600.001 3220 011 705-0.000 182 
    0.80-0.001 146-0.000 0480.012 168- 0.000 176 
    0.90+0.002 541-0.002 4660.005 706+0.000 184 
    0.95+0.004 889-0.002 9590.000 908+0.000 370 
   1.000.000 0000.000 0000.000 0000.000 000 

 0.05---- 
      0.10 
 0.20---- 
   0.30-0.000 0010.000 0010.000 007-
0.40-0.000 0130.000 0200.000 1180.000 003 

   0.50-0.000 0870.000 1150.000 7230.000 008 21
0.60-0.000 3570.000 3780.002 6830.000 001 

   0.70-0.000 9290.000 7150.006 481-0.000 060 
   0.80-0.001 2820.000 5070.009 831-0.000 127 
    0.90 I +0.000 736-0.000 9960.006 531+0.000 053 
    0.95+0.003 127-0.001 6640.001 625+0.000 223 
   1.000.000 0000.000 0000.000 0000.000 000
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  TABLE 2. Table for calculating the approximate value of  Pr.t>td. 

                     Cw             Pr .It> tol =1-2Pr-{Itl> to} +V 01p3(t)dt-i-  P5-10p2p3p5(t)dt                     120
a5 6t0tO 

            /731(132-3) -/02)--1            +P3 ,40)dt ,u - (1+-         144tOn-1 

Multiplier1.Irt3-1115                                                  10
a5                                                        -1/191ifil(192-3) 

        ,  

 ..      c°
,.:-..•c° 

 itu po(t)dtp3( t)dt /6 
tp5(t)dt/12P3,4( t )dt /144   tototo 

    0.050.000 477-0.000 6390.000 8600.000 142 
    0.100.001 941-0.0O2 4380.003 2360.000 458 
    0,200.008 065-0.008 8020.011 3180.001 115 
     0.30 i 0.018 921-0,017 6630.021 9340.001 261     0.400.035 242 i -0.027 5940 .032 9420.000 E>0 

    0.500.058 058-0.037 1700 .042 372-0.000 743  5
0.600.088 904 j -0.044 960 0.048 428-0.002 509 

     0,700.130 287 I -0.049 5390.049 481-0 .004 184     0
.800.186 951-0,049 4800.044 075-0.005 191 

    0.900.270 735-0.043 3540.030 927-0.004 952 
    0.950.335 090-0 .037 5710.021 093-0.004 206     1

.000.500 000-0,029 7350.008 921-0.002 974 

  0.05--0.000 0010 .000 001- 
    0.100.000 004-0.000 0120 .000 0160.000 006 

    0.200.000 101-0.000 2320.000 2880 .000 083     0
.300.000 662-0.001 0360.001 1920 .000 247     0
,400.002 561-0.004 0170.004 2420.000 530 

    0.500.007 478-0.009 2920.008 9210.000 419 10
0.600.018 394-0 .017 3090.014 906-0.000 396 

    0.700.040 563-0.027 0320 .020 476-0.001 932 
    0.800.083 925-0.035 4340 .022 785-0.003 532 
    0.900.171 718-0.036 6450 .018 217-0.003 817     0

.950.254 323-0.031 7150.012 193-0 .002 942     1

.000.500 000-0.021 0260.003 154-0 .001 183 

0.05--- 
 0.10---- 
    0.200.000 002- 0.000 0050.000 0060.000 003 

    0.300.000 027-0 .000 0770.000 0860.000 033 
    0.400.000 213-0.000 5010 .000 5040.000 134     0

.500.001 095- 0.002 0120 .001 7980.000 272 150

.600.004 282-0.005 8630.004 5700 .000 193     0

.700.014 036-0.013 2900.008 812-0 .000 518     0

.800.041 209-0.023 7620.012 860-0 .001 924     0

.900.116 389-0.031 2030.012 547-0.002 821 
    0.950.202 566-0 .028 7730.008 837-0.002 279     1

.000.500 000-0,017 1680 .001 717-0.000 668 

 0.05-,--- 
      0.10 
 0.20---- 
    0.300.000 001-0.000 0020 .000 0020.000 002 

    0.400.000 012-0.000 0380 .000 0370.000 017 
    0.500.000 117-0.000 2980 .000 2540.000 074 210

.600.000 793-0.001 4910 .001 0890.000 160     0

.700.004 161-0.005 328 j 0.003 2270.000 021     0

.800.018 452-0,014 0210.006 699-0 .000 812     0

.900.075 820-0.025 2960.008 600-0 .001 953     0.950.158 576-0 .026 0620.006 640 j -0.001 776 
    1.000.500 000-0.014 5090 .001 036-0.000 411
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 Here  t„-i(a) denotes the a-significance level of the ordinary t-distribution 
with degree of freedom n-1. 

                 TABLE 3. pr/ItI>t„-i(a)i==--ce 

       Parent populationa= I %a = 5% 

         Qi= 01.3% (n= 5)5.4% (n= 5) 
                             1.1% (n= 10)4.9% (n= 10) 

                    02 -= 4                              1.0% (n= 15)4.9% (n= 15) 
           03 = 401.0% (n= 21 )4.9% (n=21) 

         01= 01. (n= 5)5. 5% (n= 5) 
                          1. 1% (n= 10)5. (n 10) 

                   02=2.5                                1. 1% (n=15)5. 1% (n= 15) 
            03= 91.05% (n=21)5.05% ( n = 21 ) 

                191= I 
        02- 3 (n =5,10, (n=5,10, 

         03= 61.8%15,21)6.6%15,21) 
                04= 15 

          01 = 0.515% (n=5,10, (n = 5,10, 
                                  15,21)6.2% 15,21)                        2 = 2.5^-3.5 

 The effects of non-normality may be recognised to be chiefly due to the 
skewness pi so far as these examples show. 

  [ 2 ] The effect of non-normality on t-distribution. 
 Some authors have already remarked in view of sampling experiments 

that the skewness of t-distribution from non-normal distribution manifests 
itsself in the reverse direction to that of the parent population. This 
assertation may be also verified in our Theorem 2, so far as our hypothesis 
remain true. 

 The effect of skewness becomes far more significant in this case than the 
distribution of t, as we may observe from Table 2. 

 These effects may be seen from the following Table 4. 

                 TABLE 4. prt>t,,_1(a)1=--ce' 
                        (n=5, 10,15, 21) 

        Parent populationa =0.5%a = 2.5 % 

         02 = 3.5about                                                         1.5% 
      133 50.2% 

                04 26.4
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        Parent populationa = 0,5 %a = 2.5 % 

              V01= —0.5 
              ( (31 = 0.5)                                      about       0

2= 3.53.9%—,4.5% 
                                     1.1%                    03-+'5 

                     26.4 

              01 V0.5 
        02= 2.5about 

          03,-:= 2.780.1% 

                 04-4 9.88 

                0, = i/0.5 

         /32= 2.51.2%                                                                   4 .1%--5.5% 
          2.78—4 .5% 

                  044-9.88


