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SOME TOPICS RELATED TO HURWITZ-LERCH ZETA FUNCTIONS
TAKASHI NAKAMURA

ABSTRACT. In this paper, we consider multiplication formulas and their inversion for-
mulas for Hurwitz-Lerch zeta functions. Inversion formulas give simple proofs of known
results, and also show generalizations of those results. Next, we give a generalization
of digamma and gamma functions in terms of Hurwitz-Lerch zeta functions, and con-
sider its properties. In all the sections, various kinds of results are always proved by
multiplication formulas and inversion formulas.

1. INTRODUCTION

Definition 1.1 ([3, p.27, (1)]). We define Hurwitz-Lerch zeta functions by

[e.9] n

z

(1.1) O(z,8,a) = ntar

2€C, |z| <1, a#0,-1,-2,..., seC.

The function ®(z, s,a) was defined by Erdélyi et al in [3] originally. We put
Cy:=C\[1,400), Cy:={a; R(a) >0}, Cs:=C\{0,—-1,-2,...}.
In [4, p.5 Theorem 1], the function ®(z, s,a) is extended to an analytic function in three
variables z, s, a for
a € Cy, ze€Cq, and
se€C or se€C\ {1} according to z# 1 or z =1,

by the contour integral representation

2 1—ze™t
The contour starts at oo, encircles the origin once counter-clockwise and returns to its
starting point. The initial and final values of arg(—t) are —7 and 7 respectively.
In Section 2, we consider a multiplication formula in Theorem 2.1 and an inversion
formula in Theorem 2.2. And by that inversion formula, we can give a simple proof of a
known result, and also show generalizations of the result. We give a simple proof of

(1 - (+0) —t s—1_—at
P(2,5,a) = —u/ ()—edt, a € Cy, |arg(—t)| <.
i

o

9 [((m—1)/2]
T
1.2 2.k =+ 2 in(27k Cly(2
(1.2) C(2,k/m) sin27rk‘/m +2m ngl sin(2rkn/m) Cly(27n/m),

([7, p-358, (16.23)]), where Cly(0) is the Clausen integral defined by (2.9). And we obtain
formula (2.8), which is a generalization of (1.2).

In Section 3, by using the inversion formula we can show in Theorem 3.1 that ®(z,1,1/m)
is transcendental if m € N, [ = 1,2,...m, z is algebraic, |z| < 1, z # 1, which is a general-
ization of Uchiyama’s result [10]. We consider ®,.(z, 1,{/m), which is a multiple analogue
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2 T. NAKAMURA

of ®(z,1,1/m). In Theorem 3.3, we show that ®,(z,1,l/m) is transcendental if z is alge-
braic, |z| < 1, z # 1.

In Section 4, we treat Hurwitz-Lerch Bernoulli functions. By multiplication formulas,
we can give a simple proof of

3
L

(1.3) m' ™Y By (mx) = Bn(z 4+ j/m)
J

([3, p-37, (11)]), where By(z) is the Bernoulli function defined by (4.6). We can show

interesting formulas (4.5) and (4.9) which seem to be new by the inversion formula.

In Section 5 we introduce v (a, z) which is a generalization of digamma functions by
using Hurwitz-Lerch zeta functions, and consider its properties. In Theorem 5.4, we can
show that if z is algebraic, |z| < 1, z # 1, then ¥g(l/m, z) is transcendental. By the
multiplication formula, we can give a simple proof of

I
o

m—1

(1.4) Y(ma) = logm + % Z Y(a+j/m)

([3, p-16, (12)]), where ¥ (a) is the digamma function defined by (5.1). Let v := —(1)
be the Euler constant. Inversion formulas give a simple proof of

m—1
(1.5) W(l/m) = —~y —logm — gcot(ﬂl/m) + Z cos(2min/m)log (2sinnm/m)

n=1
([3, p-19, (29)]). We have interesting formulas (5.14) and (5.15), which are generalizations
of Gauss’ first formula (1.5), by inversion formulas. At the end of this section, we show
(5.16) which is a generalization of Gauss’ second formula (5.17).

In Section 6, we generalize the notion of gamma functions by using Hurwitz-Lerch

zeta functions, and consider its properties in Theorem 6.4. At the end of this paper, we
evaluate a special value of generalized gamma functions.

In all sections, various kinds of results are always proved by multiplication formulas
and inversion formulas.

2. MULTIPLICATION AND INVERSION FORMULAS

Firstly, we quote the multiplication formula for Hurwitz-Lerch zeta functions. If a, s
and z satisfy the conditions

0<a, z€6C, —m<argz<m, and

2.1
(2.1) s€C or s € C\ {1} according to z™ #1 or 2™ =1,
we write (z,s,a) € D;.

Theorem 2.1 (The multiplication formula [9, p.339, (15)]). If (z,s,a) € Dy, m € N,
then we have

3
L

22) Dz 5.ma) = m ™ 3 PO (2", 5.0+ j/m)

W.
o



SOME TOPICS RELATED TO HURWITZ-LERCH ZETA FUNCTIONS 3

Proof. We give a proof for the convenience of readers. It is easy to see that

= (n + ma)* == mn+ma—|—j)
We can get (2.2) by the above equation. O

In this paper we prove the following inversion formula. If a, s and z satisfy the conditions

0<a, z€Cy, —7w/m <argz"/™ <n/m, and

2.3
(2:3) s€C or se€C\ {1} according to z#1 or z =1

we write (z,8,a) € Dy. Let i = +/—1, and
wl = exp(2mij/m), jeN 0<j<m—1.

Theorem 2.2 (The inversion formula). If (z,s,a) € Dy, m € N, then we have

(2.4) ®(z,s,(a+j)/m) =m"""z ]/me " (W nztmos a) .

Proof. If J € N, we have

TN o m j+J=0modm,
> (W) (wn)” = .
— 0 otherwise.

From this formula, we have

—]n h/m 0 Z(mh+j
We obtain (2.4) by the above equation. O
If (z,s) € Dy, we define Lis(z) by
[ee] Zn
2.5 Lig(z) =Y = = 2d(z, 5, 1).
(25) W)= 3 =0

We have the next corollary.

Corollary 2.3 (The fraction formula, the rational number formula).

m—1

(2.6) ®(z,s,a/m)=m*"" ) P (wp 2ms, a),
n=0

(2.7) ®(z,8,1/m) =m*! _l/me "Lig (w): 1/m)

Proof. We have the fraction formula (2.6) by putting j = 0 in (2.4). Taking a = 1
j+1=10,1=1,2,...min (2.4), we have the rational number formula (2.7). O
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By putting z!/™ =1 in (2.7), we have
(2.8) C(s,l/m) =m*" Z w ML (W)
If s =k € Nin (2.5), it is called the k-th polylogamthm. By the definition of Li,, we have

Lis (¢7) = 3 Co;ne +iy Sh:;e, 0<0<2m
n=1 n=1

Here we recall the Clausen integral defined by

(2.9) ClL(8) = sinnf / log (2sin (6/2)) df

n? 0

n=1
In [6, p.105, (4.22)], the formula
Cly(0) + Cly(2r — 0) =0
is stated. Putting s = 2 in (2.8) and using the formulas
2

i cosnf w027 —0)

2

T
_ T _emTY) 2 21— 1) =
n2 6 4 ’ C(2,) +(2, 7) sin? rz’

n=1
we obtain (1.2). In [7, pp.357-358], it was proved by using the integral
1, 2 1-1
m-y " logy
c(2tfm) = [ Sy,
0 -y
Therefore, the above proof of (1.2) is apparently new. In order to obtain equations similar
to (1.2) by Lewin’s method, we have to find some integral representation of ((s,1/m),

which seems to be difficult. But by using inversion formulas, we can obtain formula (2.8),
which is the equation similar to (1.2).

3. APPLICATIONS IN THE THEORY OF TRANSCENDENTAL NUMBERS

In this section, we consider the case of ®(z,s,a) at s = 1. If |z| < 1, z # 1, we have

n

(3.1) Liy(z Z — = —log(1l — 2).

If we put s = 1 in (2.7), we have

(3.2) (Z,l,l/m = —2 l/mzw lnlog W l/m).

From this formula, we obtain the followmg theorem.
Theorem 3.1. If z is algebraic, |z| <1, z # 1, then ®(z,1,1/m) is transcendental.

Proof. 1f z = —1, this has been proved by Saburo Uchiyama in [10]. By termwise integra-
tion, we can obtain

a—1

1 % 1
t
. nyn+a—1 _
(3.3) O(z,1,a) = /0 ngzoz t dt = / e tht, 0<a<l.

0

This can be justified by Abel’s theorem. Because of R(1—2zt) > 0, t*1 > 0, forall 0 < t <
1, we have ®(z,1,1/m) # 0. Since (1—w? z"/™) and w? are algebraic, according to Baker’s
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theorem [2, p.11, Theorem 2.2] and (3.2), we obtain that ®(z,1,1/m) is transcendental.
0

If we reform the method introduced in [10], the argument is as follows. Consider

1 l/m 1
D(z,1,1 = dt =
(z.1,t/m) /Ol—zt m/ 1—zum

Then 1 — zu™ has simple roots aq, as, ..., a,,. Therefore the right-hand side becomes

m
Z -
7
u— o
n=1 n

where «,,, 7, are algebraic. According to Baker’s theorem we obtain the same result.
Inversion formulas simplify the argument, because to determine 7, is not easy.

Next we generalize this result. Let r € N, s € C, |z] < 1, 0 < a and we define ®,.(z, s, a)
by

> Snitnattn,

(3.4) O (z,5,0) = ) (m+na+ - +n, +a)

n1,n2,...,nr=0

It is easy to see that ®,(z, s,a) is expressed as

£ (7 e

n=0

We show that ®,(z,s,a) is a sum of ®(z, s,a) and its derivatives.

Proposition 3.2. We have

1 87"—1 r—1
(3.5) D, (2,8,a) = I <z (2, s,a)).
Proof. We evaluate the right-hand side of (3.5). We have
1 ar—l ST 1
(r—l)!é’zT—l( (5,0 >

1 It SNt B n+r—1 2"
C(r— 1)1z 1 “—~ (n+a)* B “\ r—1 J(n+a)

By this proposition, we can obtain the following theorem.
Theorem 3.3. If z is algebraic, |z| < 1, r > 2, then ®.(z,1,1/m) is transcendental.
Proof. If r = 2, we have

[e.9]

Zm—i-nz 0
Z = —(z@(z,l,l/m))
w= ni+ng+1l/m 0z
(1=1)/m ™ (1-0n
:(l/m— l/mzw lnlOg W 1/m> + z Wm

—(yn »1/m
m 1—wnzl/
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by (3.2) and Proposition 3.2. Similarly, if 7 > 3, we can obtain

I/m—r+1 —
®,(z,1,1/m) =~L———— r1=l/m w"log (1 —w™ Z/m
56 (= L 1/m) ==, ) (1 )

+ (a fractional expression in w]), and 2 ™)

n=1

by (3.2) and Proposition 3.2. We see that the first term on the right-hand side is not equal
to 0 by the argument similar to the proof of Theorem 3.1. The “fractional expression”
part of the right-hand side is an algebraic number. Therefore we obtain that ®,.(z,1,1/m)
is transcendental by Baker’s theorem. 0

We give another proof of Theorem 3.3. This method can determine the fractional
expression on w” and z'/™ on the right-hand side of (3.6). Let s(n,7) be Stirling numbers
of the first kind which are defined by

n

r(x—1)---(x —n+1) :Zs(n,r)xT.

r=0

We define p,.,,(z) by

R T+1 -n k—
Pral) 1= 7«_1'2 (5)strhs 130
By reforming the proof of [9, p.86, (21)] we have
(3.7) ®,.(z,s,a) = r—l me z,8 —n,a).
Let S(n,r) be Stirling numbers of the second kind, which are defined by
" = ZS(n,r)x(m— 1) (x—r+1).

The following formula has been showed in [4, p.14, Theorem 6]

(3.8) ZZ( )T'Zf]iz)sg N NZ01.2...

r=0 n=r

Taking s = 1 in (3.7) and using (3.8), we can determine the fractional expression in w,
and z!/™ on the right-hand side of (3.6).

4. HURWITZ-LERCH BERNOULLI FUNCTIONS

In this section, we study Hurwitz-Lerch Bernoulli functions By (a, z). By (4.3) below, it
is known that the right-hand side of (3.8) is related to Hurwitz-Lerch Bernoulli functions.
They are already included in [1], [4] and [9], hence we may call them Apostol-Bernoulli
functions.

Definition 4.1 ([9, p.126, (41)]). If |2| <1, 2z # 1, N = 0,1,2,..., 0 < a, we define

Hurwitz-Lerch Bernoulli functwns by

tN
(4.1) i NZ_ B (a, z)m, |t +log z| < 2.
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We define Hurwitz-Lerch Bernoulli numbers by

(42) BN(Z) = BN(O, Z).
In [9, p.126, (40)] there is the formula
(4.3) Byii(a,z) = —=(N +1)®(z, —N, a), 0<a.

The following multiplication formula and the inversion formula for By(a, z) are direct
consequences of Theorem 2.1 and Theorem 2.2.

Theorem 4.2. If 2™ # 1, we have the multiplication formula

m—1
(4.4) By(ma,z) = m* Z 2By (a+ j/m,2™).
=0
If z # 1, we have the inversion formula
m—1
(4.5) By ((a+37)/m,z) =m Nz ]/me "By (a4 j/m,wp, Zmy
7=0
Proof. We get (4.4), (4.5) by (3.8) and putting s =1 — N in (2.2) and (2.4). O

We recall Bernoulli functions defined by

teat
(4.6) = Z By(a N|, It| < 2m.

The number By := By(0) are called Bernoulh numbers. The formula
(4.7) Bnii(a) = —(N 4+ 1)¢(—=N,a), 0<a
is stated in [9, p.85, (17)]. We get (1.3) by this difinition and (2.2). If k =1,2...m — 1,

we have the next theorem.

Theorem 4.3 (Relations between Hurwitz-Lerch-Bernoulli functions and
Bernoulli functions).

m—1
(4.8) By(a,w)) =m' Y wlBy(a+ j/m),
7=0
m—1
(4.9) By ((a+j)/m) —m NBy(a) =m™ ) w,/"By(a,wy).
n=1
Proof. We have (4.8) by putting s =1 — N, 2 = w* in (2.2). We have (4.9) by putting
s=1—N,z=11in (2.4). O

Using (3.8) and taking a = 1 in (4.9), we have the rational number formula

m—1N-1N-1 Tw( —j)h n.r
(4.10) By(l/m) =m™ N By(1) ZZZ( ) ' w,f)g; ),

h=1 r=0 n=r

Formula (4.10) should be compared with the formulas

2<2N—>2N12( (2N — 1,n/m) sin(2win/m), N #1,

(2mm

Bon-1(l/m) = (-1)
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202N)1 &
Bon(1/m) = (_1)N*1W > (2N, n/m)cos(2nln/m), N #0
n=1
([9, p.336 Theorem 6.2]). They are proved by the known formula
2Nl = 1
By (x) = L n—Ncos(an:v—WN/2), N#0,1, 0<z<1,

n=1

and the multiplication formula (2.2) in [9, p.337, (8)].

5. HURWITZ-LERCH DIGAMMA FUNCTIONS

The values of ®(z, s,a) at s = —N are considered as Hurwitz-Lerch-Bernoulli functions
in the preceding section. In this section we consider the case of s = 1. The function
((s,a) has a simple pole at s = 1. But ®(z, s,a) does not have a pole at s =1, if |z < 1,
z # 1. Therefore it is easier to treat. We put S = {z; |2| < 1}. Using ®(z,1,a), we
define the following generalization of digamma functions ¢ (a) which are defined by

(5.1) Y(a) == lim <log(N+1)—Z ! )

N—oo n+a
n=0

Definition 5.1. If 0 < a, |z|] < 1, we define Hurwitz-Lerch digamma functions by

—log(l —2) — ®(z,1,a) ze S\ [0,1],
(5.2) Yola,z) =14 . YN L e
&&(log(%z)—%n_i_a) 0<z<1.

If 0 < z <1, we have

Jim. <log (ZN:/L) - ZN: ni@) = —log(l —z) — ®(z,1,a).

n=0 n=0

By Abel’s theorem, when z T 1 on the real axis, we have

N N N
. . n Zn _ : 1 —
1;%111]\}15){1)0 (log(z,z ) _Zn—i—a) = lim <log(N—|—1)—Zn+a> = (a).

n=0 n=0 n=0

Therefore we can write
) =log(l —2) = ®(2,1,a) z€ S\{1},
(5.3) vela,z) = {¢(a> L1

Here we show other representations of Hurwitz-Lerch digamma functions ¢¢(a, z) in
the case of z # 1. By (2.5), (3.1) and (5.3), we have

(5.4) VYo(a,z) = 28(2,1,1) — ®(2,1,a).
By (3.3) and (5.4), we obtain

1 4a—1
(5.5) bola, z) = /0 21 _tzt dt.

Recall Pochhammer’s symbol
(Ao =1, AN = AA+1)---(A+n) n=123,...
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for A € C, and Gauss’ hypergeometric series

o0

F(a,b;c: z) Z

n=0

3

TL

for a,b € C, ¢ € Cy. Using these symbols, Hurwitz-Lerch digamma functions ¢¢(a, z) are
written by

VYo(a,z) = —log(l—2)—a 'F(l,a;a+1: 2)
=2F(1,2;2:2)—a 'F(l,a;a+1:2).
Now we consider properties of Hurwitz-Lerch digamma functions.

Theorem 5.2 (The integral representation, the asymptotic expansion). If|z| <1, z # 1,
0 < a, we have

o (z—-1t _ —t oo —at
(5.6) ¢¢(a,z)=/ udt—/ .
0 13 0

1 — zet

(5.7) Ye(a,z) = —log(l — 2) Z BnTEZ "+ O(aMh).

Proof. Using
0o —t _ —(1-2)t
—log(l —2) = —/ S —
0

and putting x = e~ in (3.3), we have (5.6). By

00 —at o s} —t efat 00
—/ _C gt= / ——dt, n! = / t"e tdt,
g 1—zet g zet—1 —t 0

(4.1), (5.6) and By(z) = 0, which is in [9, p.127, (46)] we have

(5.8) VYe(a, z) ~ —log(l — 2)

This formula implies (5.7). O

Theorem 5.3. If |z| <1, 2™ # 1, we have the multiplication formula

3

(5.9) e (ma, z) + log(l — 2) = % 2 (Yola+ j/m,2™) +log(l — z™)).

Il
=)

If |2| <1, z # 1, we have the inversion formula

¢q>((a +7)/m, z) +log(1 — 2)

5.10 Lo
( ) = zI/m Z w, " (wq> (a w zl/m) + log (1 — wﬁlzl/m))
n=0

Proof. We have (5.9) by using the definition of ¥¢(a, z) and putting s = 1 in (2.2). We
have (5.10) by using the definition of ¢ (a, z) and putting s = 1 in (2.4). O



10 T. NAKAMURA

By putting j = 0 in (5.10) we have the fraction formula

m—1
VYola/m,z) +log(l — z) = z79/™ Z (1/J<I> (a,wr2"/™) +log (1 — w?nzl/m))
n=0
Using the definition of ¥¢(a, z) and putting @ = 1, j+1 = [ in (5.10), we have the rational
number formula

m—1

(5.11) Yo (l/m, 2) = —log(l — z) + z7/™ Z w, " log (1 — wpk2'/™).

n=0

In [5, p.937] the ¢-Euler constant is defined by

(¢ —1)log(g — 1) — 1 g¢-1
= -1 —
v(q) oz ¢ +(@—-1) nEZI 71 2

and it is shown in [5, p.938, Theorem 2.4] that if ¢ > 2 is an integer, then

qg—1)log(qg—1
v(q) — ( )1 -1
0g4q
is an irrational number. Therefore here we consider g (l/m, z).

Theorem 5.4. If z is algebraic, |z| < 1, z # 1, then Ys(l/m, z) is transcendental.
FEspecially, the Hurwitz-Lerch Euler constant —e(1, 2) is transcendental if z is algebraic,
|z| <1, z # 1.
Proof. We obtain ¥ (l/m, z) # 0 by (5.5) and inequalities

=t (2=t (1 - zt)

1—zt 11— 2t|? ’
R((z—t")(1—2t) <0, 0<a<l1l 0<t<l.
According to Baker’s theorem and (5.11), ¥¢(l/m, 2) is transcendental. O

When £ =1,2...m — 1, we have the next theorem.

Theorem 5.5 (Relations between Hurwitz-Lerch digamma functions and
digamma functions).
—1

wil(a+j/m) —log (1 —wp,),

3

(5.12) Ve (ma,wf) = %

Il
o

J
m—1

(5.13) Y((a+j)/m) - dla) +logm =Y w7 (zpq, (a,w™) + log (1 — w;;;)).

Proof. We have (5.12) by putting z = Aw¥, (0 < A < 1) and taking A T 1 in (5.9), and
m—1

lim Z Zlog (1 —2™) = lim :

z—wk, £ 0 zowk 2z — 1
‘]:

m

1
log (1 —2™) = 0.

We have (5.13) by letting z T 1 on the real axis in (5.10) and
ligl (—log(1 — z) + log(1 — z/™)) = —logm.
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Corollary 5.6 (The inversion formula, the fraction formula).

(5.14) Y((a+j)/m) = —logm + ¢(a) — Z_w;ﬁ”@ (wi'l,a),
(5.15) W(a/m) = iw¢ (a,wy) = —logm+ (a) — i O(w1,a).

wr . a) and (5.13).

Proof. We have the inversion formula (5.14) by the definiton of g (W
15) is proved by putting j = 0 in (5.13), and

The first equality of the fraction formula (5.
' 1 — gm m— m—
mzalcllﬁl—x glc E[l—xw El—w

We have the second equality of (5.15) by putting j = 0 in (5.14). O

Now we prove (1.4) and (1.5). By letting z T 1 on the real axis and
1 &=
121%1 (— log(1 —2) + - jzo 2’ log(1 — zm)> = logm,
we have (1.4). If k =1,2,...m — 1, we have
log(1 — w") = log(2sin7/m) + i (tk/m — 7r/2) ,

) 1 1 v - kn

By using v = —1(1), (3.1) and puttinga =1, j+1=1,1 =1, 2, ...min (5.14), we have
Gauss’ formula (1.5). Therefore (5.14) is a generalization of (1.5). Using the definition of
Yo (ma,wk)) and replacing a by a/m in (5.12), we have

1 «— .
5.16 ® (wh,1,0) =—— " )/m).
(5.10) (. 1.0) m;wmw«aﬂ)/m)
Putting a = 1 in (5.16), we have Gauss’ second formula [9, pp.19, (49)]

(5.17) Zwﬁ"w(n/m) =mlog (1 —wk).

6. HURWITZ-LERCH GAMMA FUNCTIONS

In the preceding section we consider Hurwitz-Lerch digamma functions. It is natural
that we define the following generalization of gamma functions by using Hurwitz-Lerch
digamma functions. In many books, for example [3], [9], and [11], the gamma function is
defined before the definition of the digamma function. In this paper, the order is reversed.

Definition 6.1. If |z| < 1, 0 < a, we define Hurwitz-Lerch gamma functions by

(6.1) logT's(a, z) := /: Ve(x, z)dx
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Letting z T 1 on the real axis we have

lim/la Vo(z,2)do = /law(x) dz = log T(a)

271

by Abel’s theorem. Therefore Hurwitz-Lerch gamma functions are generalizations of the
gamma function.

Theorem 6.2 (The infinite product, Lerch’s formula). If |z] <1, z # 1, 0 < a, we have

(6.2) La(a.5) = (1- 2] (”“)Zn,

Ao \T +a
(6.3) lo F(az)—gq)(an)—gq)(zO1)—(a—1)lo (1—2)
: glaola, - Os ) Uy Os y Uy g :
Proof. By the uniformity of the convergence, we have
(64)  logTa(a,2) — /1 Volz, =) dz = (1 — a)log(1 — 2) — HZ:O,Z” log " 1 “

This formula implies (6.2). If |z| < 1, we have (6.3) by termwise differentiation of ®(z, s, a)
and (6.4). If |z] <1, z # 1, we have

a o0

%q)(z,s,a)*—sq)z,s,a snzzo n+a5+1 R(s) > -1
Therefore we have ,

8?@@ [D(z,5,a)],_g = —P(2,1,a).
We put
0
(6.5) fla,z) =logls(a,z) — %CD(Z, 0,a).
By the definition of log'¢(a, z) we have
%f(a, z) = —log(1l — z).

Hence we have
fla, z) = —alog(1 — z) + g(2).
Next we determine g(z). By the definition of logI's(a,z), we have logI's(1,z) = 0.

Therefore by (6.5), we have

f(1,z) = —%@(Z, 0,1).

Therefore we have 5
g(Z) = log(l - Z) - 8_(1)(2507 1)
s
This formula implies (6.3). O

Theorem 6.3 (The integral representation, the asympotic expansion). If [z| < 1, z # 1,
0 < a, we have
—t

> . _ et —e ™\ dt
(66) lOg F@(CL, Z) = /O ((CL — 1) (6( nt _ e t) — m) 7,
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logTls(a,z) =(1 —a)log(l — 2) + By(z) loga — %@(2, 0,1)

_Z n—l n+1+0( )

Proof. Formula (6.6) is a generalization of Malmstén’s formula [3, p.21, (1)]. By integrat-
ing (5.6) from 1 to a and changing the order of integration, we have (6.6) . Formula (6.7)
is a generalization of Stirling’s formula [3, p.47, (1)]. By putting

(6.7)

te—at
t) = ——
f®) 1—zet
and using Ruijsenaars’ method introduced in [8, p.118, (3.13)], we have (6.7). O

Theorem 6.4. If |z| <1, 2™ # 1 we have the multiplication formula

Lalma, 2) nﬁ (1—2m)e b (Fcp(a + j/m, Zm>)zj

(6:8) To(m,z) 1y (L=2)e D \Te(l+j/m, =)

=0
If |2| <1, z # 1 we have the inversion formula
(1= 2)@=V/mTg((a+ j)/m, z)

Lo((1+7)/m, 2)

(6.9) . o

n 1/m)(a=1) n 1/m wn fm

:H((l—wmz ) F¢(aw z )) .

n=0
Proof. By (5.9) and
1 g (ma, z) Fo(a+j/m,z)
1 dr =1

/ ¢<1> mx, Z 0 ———~ F¢(m Z / ¢<I>33+]/m ’Z) €z ng@(l—i—j/m,z)7

we have (6.8). By (5.10) and

. Is((a+7)/m,zm
[y 2 230m2)

we have (6.9). 0

By putting j = 0 in (6.9), we have the fraction formula

(1—2) @Dy (a/m,2) T o 1y (@)  m )\
iy = (=i T (awpatm))

n=0

We have the following theorem by integrating (5.12) and (5.13) from 1 to a.

Theorem 6.5 (Relations between Hurwitz-Lerch gamma functions and the gamma func-
tion).

I's (ma wk) a—l—j/m
6.10 i St R/ Ayl m(l—a)
(6.10) T ()~ L7 m H DL+ j/m)’

wd™ Im

(m'=T(a)) /" T((a + j)/m) 7= ax(a-1) .
(6.11) T (@) - Hl ((1 — )i, (a,wm)>
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Puttig 7 = 0, we have the fraction formula

m—1

(6.12) Ca/m) = 0(1/m) [T (T (a,w:;)>1/m.

n=0
Finally we calculate the value of ' (a,w? ). By (6.1), we have I's(1, z) = 1. Therefore

we have
m—1

Fo ) = 0= T 3

by putting a = 1/m in (6.10). Replacing a by a/m in (6.10), we have

kY _ k kamilr((a“‘j)/m)
I's (a,wm) =(1—-w,) E—F((1+j)/m)'
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