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RIEMANN ZETA-VALUES, EULER POLYNOMIALS AND THE BEST
CONSTANT OF SOBOLEV INEQUALITY

TAKASHI NAKAMURA

ABSTRACT. In this paper, we obtain the value sup,cy,, .0 Sm(u), where Sy (u) is the
Sobolev functional and I, is a certain pre-Hilbert space. We also show that the functions
attaining sup,er,, uzo0 S M (u) are explicitly written by the Euler polynomials. This result
is an analogue of the theorem proved by Kametaka, Yamagishi, Watanabe, Nagai and
Takemura. Simultaneously, we obtain a much simpler proof of their theorem.

1. INTRODUCTION

Kametaka, Yamagishi, Watanabe, Nagai and Takemura [1] showed the following The-
orem A. In order to present their theorem, we define the following function spaces:

Hyr = {u(z) - u™(z) € L*(0,1), v (1) =u(0), (0<j <M —1), [ u(x)dz =0},
where M =1,2,3,... and the Sobolev functional

Sulw) = (s Wl)’/ [ 1)

0<y<1
Theorem A (see [1, Theorem 1.1]). For M =1,2,3,..., we have the next conclusions.
(1) infueHMméo SM<U> =0.
(2) SUPyep,, uzo Sar(u) = 2C(2M)(2m)*M, where ((s) ==Y 7" n~*, R(s) > 1.
(3) For any fixed y satisfying 0 < y < 1, we have Sy, (BQM(]a:—y])) =2¢C(2M)(27) M
where By(z) is the Bernoulli polynomials defined by (2.1).

In this paper, we will show the following theorem which is an analogue of Theorem A.
We define the next function spaces:

Inr = {u(z) s u(z) € L2(0,1), «Y(1) = —u@(0), (0<j< M —1)}.

Theorem 1.1. For M =1,2,3, ..., we have the following conclusions.

(1) infuer,, uzo Sar(u) = 0.

(2) supyer,, uzo Sm(u) = K, where Ky is defined by (3.2).

(3) For any fized y satisfying 0 <y < 1, we have Sy, (EQM_1(|x — y|)) = Ky, where
the Euler polynomials Ey(x) is defined by (2.2).

Remark 1.2. We obtain a simple proof of Theorem A by changing (—1)M Eyp1(|x —
y|)/202M — 1)! into (—1)M Bops (|2 — y])/(2M)! and modifying the proof of Theorem 1.1.
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2. EULER POLYNOMIALS

In this section we quote definition and properties of the Euler and Bernoulli polynomials
from [2, Section 1.6] in order to prove Theorem 1.1. The Bernoulli polynomials B,,(x) are
defined by the following generating function:

~eT? o o
— = ZBH(:);)E, 2| < 2.
n=0 ’

2.1
2.1 :
The Euler polynomials FE,(x) are an analogue of Bernoulli polynomials B, (z), and are
defined by the following generating function:

[e.9]

26132 Zn
(2.2) 1 ;En(x)m, 2| < 7.
The Euler polynomials E,,(x), n =0,1,2,3 are as follows.
1 3 1
Eo(z)=1, FEi(x)=x-— 2 Ey(r) =2® —x, Fs(x) =2 — 5:172 + 7

The next formulas are readily derivable from the definition of the Euler polynomials.
(E1) E/ (z) =nE,_1(z), n € N.
(E2) E,(1 —x) = (=1)"E,(z), n € Ny.
(E3) (=1)""E,(—z) = E,(x) — 22", n € Ny.
By using the above properties, we obtain the next lemma.
Lemma 2.1. We define the function Dy(x,y) == (=1)MEyy 1 (Jx — y])/2(2M — 1),
where M =1,2,3,.... Then we have the following properties.
(D1) a:%MDM(may) =0,z#y.
(D2) & Dpr(z,y)|e=1 = = Dpr(2,y)|om0, 0 < j<2M —1,0<y < 1.
(D3) Dar(m,y)|amyro — PDar(2,y)|amy—o0 = 0 or (=1)M, 0 < j < 2M —2 or j =
2M — 1, respectively.

Proof. By using (E1), we obtain the following formula:
(2.3) (T 0<j<2M—2 0<zy<l,
(1) (sgn(e —y)y P2 )0 =
22M — 5 —1)! 0<j<2M -1, O0<z#y<]1.
We have (D1) by (2.3) and differentiating E (|z —y|) twice. We obtain (D2) by using (2.3)

and (E2). When 0 < j < 2M — 2, we have (D3) by (2.3) and (E3). When j = 2M — 1,
we obtain (D3) by using (2.3) and differentiating F;(|z — y|). O

3. PROOF OF THEOREM 1.1

Proposition 3.1. For the function space Iy, the sesquilinear form

{(u, v) pr ::/0 u™ (2)o™) (z)dx

is an inner product. Moreover when u(x) € Iy, we have the following reproducing relation,

1
(3.1) / u(M)(x)ayDM(x,y)dx =uy), 0<y<Ll
0
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Proof. By integrating with respect to x on the intervals 0 < z < yand y < = < 1
with arbitrarily fixed 0 < y < 1 and using (D1), (D2), (D3) and the condition u¥)(1) =
—u)(0), 0 < j < M — 1, we have

(u, Dag)as = [W*l)(x)ay Dz, y)}

r=1

x=0

1
— / uM=D(2)0M Dy (2, y)dx
0

1
= ()Y [ @0 Dl
0

)

= 1 o Dt ) {[L |} + 0 [ w2 Do,y = ut).

Next we will compute the value K := DM(y y) = (—1)Eypr1(0)/2(2M — 1)!. By
using the Fourier series expansions of E,(x), we have

—1)M Egpr- 2 — 1 22M+L _2)¢(2M

(3.2) Ky = (=D Eon—(0) 3 _( )§(2M)

2(2M —1)! w2M — (2m + 1)2M (2m)2M
Putting u(z) = Dy(x,y) € Iy (this is proved by Lemma 2.1) in (3.1), we obtain

1
(33 102 Dusta e = Dusty.9) = Ko
0
Hence applying the Schwarz inequality to (3.1), we have
1 1 1

(3.4) lu(y)]? < / | () |*dae / |0M Dy (i, y)|*de = K / ™) ()] da.

0 0 0

This inequality implies that (u,u)y = f01|u(M) (a:)!zda: = 0 holds if and only if u(z) = 0,
which shows that the form (-, -),; is an inner product of I;. O

Proof of Theorem 1.1. Applying u(z) = D(z, o) to (3.4) and using (3.3), we have

1
sup |Dar(y. )l < Kay [ [0 DusGay)do = K.
0<y<1 0

Obviously, we have Ky := Du(yo,%) < supg<,<i |Dum(y,%0)|. Hence we obtain (2)
and (3) of Theorem 1.1. We can prove (1) of Theorem 1.1 by taking u(z) = sin(2n +
1)mx or cos(2n+ )mx, n=1,2,.... O
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