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TAKASHI NAKAMURA

Abstract. In this paper, we obtain the value supu∈IM ,u 6≡0 SM (u), where SM (u) is the
Sobolev functional and IM is a certain pre-Hilbert space. We also show that the functions
attaining supu∈IM ,u6≡0 SM (u) are explicitly written by the Euler polynomials. This result
is an analogue of the theorem proved by Kametaka, Yamagishi, Watanabe, Nagai and
Takemura. Simultaneously, we obtain a much simpler proof of their theorem.

1. Introduction

Kametaka, Yamagishi, Watanabe, Nagai and Takemura [1] showed the following The-
orem A. In order to present their theorem, we define the following function spaces:

HM :=
{
u(x) : u(M)(x) ∈ L2(0, 1), u(j)(1) = u(j)(0), (0 ≤ j ≤M − 1),

∫ 1

0
u(x)dx = 0

}
,

where M = 1, 2, 3, . . . and the Sobolev functional

SM(u) :=
(

sup
0≤y≤1

|u(y)|
)2/∫ 1

0

∣∣u(M)(x)
∣∣2dx.

Theorem A (see [1, Theorem 1.1]). For M = 1, 2, 3, . . ., we have the next conclusions.

(1) infu∈HM ,u6≡0 SM(u) = 0.
(2) supu∈HM ,u 6≡0 SM(u) = 2ζ(2M)(2π)−2M , where ζ(s) :=

∑∞
n=1 n

−s, <(s) > 1.

(3) For any fixed y satisfying 0 ≤ y ≤ 1, we have SM

(
B2M(|x−y|)

)
= 2ζ(2M)(2π)−2M ,

where BM(x) is the Bernoulli polynomials defined by (2.1).

In this paper, we will show the following theorem which is an analogue of Theorem A.
We define the next function spaces:

IM :=
{
u(x) : u(M)(x) ∈ L2(0, 1), u(j)(1) = −u(j)(0), (0 ≤ j ≤M − 1)

}
.

Theorem 1.1. For M = 1, 2, 3, . . ., we have the following conclusions.

(1) infu∈IM ,u6≡0 SM(u) = 0.
(2) supu∈IM ,u 6≡0 SM(u) = KM , where KM is defined by (3.2).

(3) For any fixed y satisfying 0 ≤ y ≤ 1, we have SM

(
E2M−1(|x − y|)

)
= KM , where

the Euler polynomials EM(x) is defined by (2.2).

Remark 1.2. We obtain a simple proof of Theorem A by changing (−1)ME2M−1(|x −
y|)/2(2M − 1)! into (−1)MB2M(|x− y|)/(2M)! and modifying the proof of Theorem 1.1.
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2. Euler polynomials

In this section we quote definition and properties of the Euler and Bernoulli polynomials
from [2, Section 1.6] in order to prove Theorem 1.1. The Bernoulli polynomials Bn(x) are
defined by the following generating function:

(2.1)
zexz

ez − 1
=
∞∑

n=0

Bn(x)
zn

n!
, |z| < 2π.

The Euler polynomials En(x) are an analogue of Bernoulli polynomials Bn(x), and are
defined by the following generating function:

(2.2)
2exz

ez + 1
=
∞∑

n=0

En(x)
zn

n!
, |z| < π.

The Euler polynomials En(x), n = 0, 1, 2, 3 are as follows.

E0(x) = 1, E1(x) = x− 1

2
, E2(x) = x2 − x, E3(x) = x3 − 3

2
x2 +

1

4
.

The next formulas are readily derivable from the definition of the Euler polynomials.

(E1) E ′n(x) = nEn−1(x), n ∈ N.
(E2) En(1− x) = (−1)nEn(x), n ∈ N0.
(E3) (−1)n+1En(−x) = En(x)− 2xn, n ∈ N0.

By using the above properties, we obtain the next lemma.

Lemma 2.1. We define the function DM(x, y) := (−1)ME2M−1(|x − y|)/2(2M − 1)!,
where M = 1, 2, 3, . . .. Then we have the following properties.

(D1) ∂2M
x DM(x, y) = 0, x 6= y.

(D2) ∂j
xDM(x, y)|x=1 = −∂j

xDM(x, y)|x=0, 0 ≤ j ≤ 2M − 1, 0 < y < 1.
(D3) ∂j

xDM(x, y)|x=y+0 − ∂j
xDM(x, y)|x=y−0 = 0 or (−1)M , 0 ≤ j ≤ 2M − 2 or j =

2M − 1, respectively.

Proof. By using (E1), we obtain the following formula:

∂j
xDM(x, y) =

(−1)M
(
sgn(x− y)

)jE2M−j−1(|x− y|)
2(2M − j − 1)!

,

{
0 ≤ j ≤ 2M − 2, 0 < x, y < 1,

0 ≤ j ≤ 2M − 1, 0 < x 6= y < 1.

(2.3)

We have (D1) by (2.3) and differentiating E1(|x−y|) twice. We obtain (D2) by using (2.3)
and (E2). When 0 ≤ j ≤ 2M − 2, we have (D3) by (2.3) and (E3). When j = 2M − 1,
we obtain (D3) by using (2.3) and differentiating E1(|x− y|). �

3. Proof of Theorem 1.1

Proposition 3.1. For the function space IM , the sesquilinear form

〈u, v〉M :=

∫ 1

0

u(M)(x)v(M)(x)dx

is an inner product. Moreover when u(x) ∈ IM , we have the following reproducing relation,

(3.1)

∫ 1

0

u(M)(x)∂M
x DM(x, y)dx = u(y), 0 ≤ y ≤ 1.
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Proof. By integrating with respect to x on the intervals 0 < x < y and y < x < 1
with arbitrarily fixed 0 < y < 1 and using (D1), (D2), (D3) and the condition u(j)(1) =
−u(j)(0), 0 ≤ j ≤M − 1, we have

〈u,DM〉M =
[
u(M−1)(x)∂M

x DM(x, y)
]x=1

x=0
−
∫ 1

0

u(M−1)(x)∂M+1
x DM(x, y)dx

= · · · = (−1)M−1

∫ 1

0

u(1)(x)∂2M−1
x DM(x, y)dx

= (−1)M−1
[
u(x)∂2M−1

x DM(x, y)
]{∣∣∣y

0
+
∣∣∣1
y

}
+ (−1)M

∫ 1

0

u(x)∂2M
x DM(x, y)dx = u(y).

Next we will compute the value KM := DM(y, y) = (−1)ME2M−1(0)/2(2M − 1)!. By
using the Fourier series expansions of En(x), we have

(3.2) KM :=
(−1)ME2M−1(0)

2(2M − 1)!
=

2

π2M

∞∑
m=0

1

(2m+ 1)2M
=

(22M+1 − 2)ζ(2M)

(2π)2M
.

Putting u(x) = DM(x, y) ∈ IM (this is proved by Lemma 2.1) in (3.1), we obtain

(3.3)

∫ 1

0

∣∣∂M
x DM(x, y)

∣∣2dx = DM(y, y) = KM .

Hence applying the Schwarz inequality to (3.1), we have

(3.4) |u(y)|2 ≤
∫ 1

0

∣∣u(M)(x)
∣∣2dx ∫ 1

0

∣∣∂M
x DM(x, y)

∣∣2dx = KM

∫ 1

0

∣∣u(M)(x)
∣∣2dx.

This inequality implies that 〈u, u〉M =
∫ 1

0

∣∣u(M)(x)
∣∣2dx = 0 holds if and only if u(x) ≡ 0,

which shows that the form 〈·, ·〉M is an inner product of IM . �

Proof of Theorem 1.1. Applying u(x) = D(x, y0) to (3.4) and using (3.3), we have

sup
0≤y≤1

|DM(y, y0)|2 ≤ KM

∫ 1

0

∣∣∂M
x DM(x, y)

∣∣2dx = K2
M .

Obviously, we have KM := DM(y0, y0) ≤ sup0≤y≤1 |DM(y, y0)|. Hence we obtain (2)
and (3) of Theorem 1.1. We can prove (1) of Theorem 1.1 by taking u(x) = sin(2n +
1)πx or cos(2n+ 1)πx, n = 1, 2, . . .. �

Acknowledgments. I thank Professor Yasuhi Komori and Professor Kohji Matsumoto
for very useful advice. The author is supported by JSPS Research Fellowship for Young
Scientist (JSPS Research Fellow DC2).

References

[1] Y. Kametaka, H. Yamagishi, K. Watanabe A. Nagai and K. Takemura, Riemann zeta function,
Bernoulli polynomials and the best constant of Sobolev inequality, Scientiae Mathematicae Japonicae
in Editione Electronica, 65 (2007) 333-359.

[2] H. M. Srivastava and Junesang Choi, Series Associated with the Zeta and Related Functions, Kluwer
Academic Publishers, 2001.

Faculty of Mathematics, Kyushu University 6-10-1 Hakozaki, Higashi-ku, Fukuoka 812-

8581, Japan

E-mail address: tanakamura@math.kyushu-u.ac.jp



List of MI Preprint Series, Kyushu University
The Grobal COE Program

Math-for-Industry Education & Research Hub

MI

2008-1 Takahiro ITO, Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Abstract collision systems simulated by cellular automata

2008-2 Eiji ONODERA
The intial value problem for a third-order dispersive flow into compact almost
Hermitian manifolds

2008-3 Hiroaki KIDO
On isosceles sets in the 4-dimensional Euclidean space

2008-4 Hirofumi NOTSU
Numerical computations of cavity flow problems by a pressure stabilized characteristic-
curve finite element scheme

2008-5 Yoshiyasu OZEKI
Torsion points of abelian varieties with values in nfinite extensions over a p-
adic field

2008-6 Yoshiyuki TOMIYAMA
Lifting Galois representations over arbitrary number fields

2008-7 Takehiro HIROTSU & Setsuo TANIGUCHI
The random walk model revisited

2008-8 Silvia GANDY, Masaaki KANNO, Hirokazu ANAI & Kazuhiro YOKOYAMA
Optimizing a particular real root of a polynomial by a special cylindrical al-
gebraic decomposition

2008-9 Kazufumi KIMOTO, Sho MATSUMOTO & Masato WAKAYAMA
Alpha-determinant cyclic modules and Jacobi polynomials



2008-10 Sangyeol LEE & Hiroki MASUDA
Jarque-Bera Normality Test for the Driving Lévy Process of a Discretely Ob-
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