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REWARDS

By

Yoshio OHTSUBO*

Abstract

We consider multistage decision processes where criterion function is an expec-
tation of minimum function. We formulate them as Markov decision processes with
imbedded parameters. The policy depends upon a history including past imbedded
parameters, and the rewards at each stage are random and depend upon current
state, action and a next state. We then give an optimality equation by using op-
erators and show that there exists a right continuous deterministic Markov policy,
which depends upon a current state and an imbedded parameter.

Key Words and Phrases: FExistence of optimal policy, Invariant imbedding method, Markov
decision process, Minimum criteria, Optimality equation.

1. Introduction

We consider a generalization of stochastic decision-making in a fuzzy environment.
Bellman and Zadeh (1970) first introduce multistage decision processes in a fuzzy envi-
ronment and propose a recursive formula for deterministic processes and stochastic pro-
cesses. However Iwamoto and Fujita (1995) and Iwamoto et al. (1999) point out that
Bellman and Zadeh’s stochastic recursive formula is a posteriori conditional decision
process, whose criterion is

r1(ar) A B [ry(az) A E%[rz(ag) A--- A E=2[ry_1(an_1) A B [rn(zn)]] -],

where a1,as,...,an_1 are actions (controls), r1,72,...,rN_1 are reward (membership)
functions on an action space, ry is a reward (goal) function on a state space, zy is a
state, £% is a conditional expectation operator given an action a; and A denotes the
minimum operator. Iwamoto and Fujita (1995) investigate a regular decision process
with a criterion

E7 [ri(a1) Ara(az) A - Ary_i(an—1) Arn(zn)],

where x; is an initial state and 7 is a policy, and Iwamoto et al. (1999) consider a
generalized decision process with a criterion

E7 [r1(z1,a1) ora(z2,a2) 0 - ory_1(zy-_1,an—1) orn(zN)]s
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16 Y. OHTSUBO

r1,T9,...,rNy_1 are membership functions of a state and a action, and o is an associative
binary relation which includes the minimum relation A as a special case. Both give an
optimality equation as a recursive formula and find an optimal Markov policy by using
an invariant imbedding method. When o = A, Iwamoto et al. (2001) show that an
optimal Markov policy for an invariant imbedding approach yields an optimal general
policy which depends upon the history consisting of only states and actions, and give
an example in which there is no optimal Markov policy in a space of policies for general
decision problem, in which an invariant imbedding approach is not used.

In such a fuzzy environment Kacprzyk (1978) and Esogbue and Bellman (1984) in-
vestigate multistage decision processes with fuzzy termination time. Also White (1993a),
Wu and Lin (1999) and Ohtsubo and Toyonaga (2002) consider a minimizing problem
of threshold probability in discounted Markov decision processes by using a kind of in-
variant imbedding method, and Ohtsubo (2003) applies them to stochastic shortest path
problem.

In this paper we consider multistage decision processes with a countable state space
and a minimum criterion

E7 [ri(wy1,a1,22) Ara(w2,a2,23) Ao - Arn_1(en_1,an—1,2N) ATN (TN, an)],

where 71,79, ...,rNy_1 are random variables depending upon not only a current state and
a current action but also a next state. By the way, r;(a;) in Bellman and Zadeh (1970)
and Iwamoto and Fujita (1995) and 7;(z;,a;) in Iwamoto et al. (1999) are both deter-
ministic but not random. However r;(x;, a;, 2;41) in our problem is random. Also, in all
references as above, policies depend upon only current state and action, but our policies
depend upon a past history. We then show that an optimal value function for imbedded
processes satisfies an optimality equation (recursive formula) by using operators and
give an optimal (imbedded) Markov policy which is right continuous with respect to
imbedded parameter.

2. Notations and formulation

In this section we formulate our optimization problems as multistage Markov de-
cision Processes I' = ((X,,), (An), (Yn),pn) with a finite discrete time space N =
{1,2,...N}. The state space S is countable, and denote the state at time n € N
by X,,. The action space A = UsecgA(s) is countable, where A(s) is a nonempty set of
admissible finite actions when the system is in state s € S, and denote the action at time
n € N by A,,. The reward space E is a countable set {y1,ya,...} where each reward
y; (i =1,2,...) is nonnegative and FE is bounded, that is, 0 < y; < M for some M > 0
and every y; € E. If M <1, we are in a fuzzy environment. Y,, € F is a random reward
function at time n € N and we define time-nonstationary probability distributions by

q2(s'|s) = P(Xpi1 =8'|X, =8,A,=a), 1<n<N-—1,
QZ(erS/) = P(Yn = y‘Xn =38, Xpt1 = SlaAn = a), 1<n<N-1,
Pn(yls) = P(Yn = y|Xn =5, Ay =)

and set

(s’ yls) = au(s'15)dn (yls, ') = P(Xny1 = 8, Yo = y| X = 5, An = a)
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fors,s" € S,a € A(s)andy € E, where 3,5 4n(s's) = 32 cp dn(yls, s') = >, cp PR (yls)
= 1. For an additive case, it is known in Chapter 7 of Howard (1960) and Chapter 1 of
White (1993b) that the right-side of an optimality equation is

SO syl v(s) =Y P uls)y+ Y gi(s[s)u(s)

s’eSyeE s’'eSyek s'eS

for some function v, which implies that one-step expected reward ¢ =
> eres 2yer Pa(s',yls)y depend upon a state s and an action a. Hence in an addi-
tive case it is enough to give one-step reward 7¢, which is not random. However in our
minimum case we generally have

oD o psyls)y Aus) # Y Y (s ylsly A Y an(s|s)o(s).

s'eSyekE s'eSyeE s’eS

Thus our decision problem is a generalization of Bellman and Zadeh (1970),
Iwamoto and Fujita (1995) and Iwamoto et al. (2001).
We define the random reward as a criterion function by

Z = min Y,.
1<n<N
Then our problem is to maximize the expected reward ET[Z] with respect to all policies
7. In order to analysis our problem we define the random reward for a subproblem by

Z,= min Y, 1<n<N.
n<k<N

Further we define another random sequence as an imbedded parameter by
Ay =X, Ay =min(Y,,Ay), 1<n<N,

where A is a given initial value in [0, M].

We use S; = S x [0, M] as a new state space. Let H; = S7 and H,41 = H, X
A x Sy foreach 1 <n < N —1. Then H, represents the set of all possible histories
hn = (81,A1,01,82, A2, ..., An_1,8n, A\n) Of the system when the nth action must be
chosen, and we denote by 6,, the history at time n € N. A decision rule §,, for time
n € N is a conditional probability given 6, = (X1, A1, Ay, Xo, Ao, ..., Ap_1, X0, Ay):
On(an|hy) = P(A, = an|0n, = hy). It is assumed that 6,,(A4, € A(sn)|h,) = 1 for
every history h,, = (81, A1, a1, 82, A2, ..., 8n, A\n) € H, and §,(a,|-) is Lebesgue-Stieltjes
measurable function on H,. We denote by A(n) the set of such decision rules d,. A
policy 7 is a finite sequence of decision rules (d,,n € N) = (61,d2,...,0n), where
8, € A(n). We denote by C the set of all such policies. We also denote by C2 the set of
all sequences (0p,, Opt1, - .., 0n—1) of decision rules 0, € A(k—n+1) (k =n,n+1,...,N).
CX are used in subproblems. We then note that C¥V = C.

A policy m = (§,,,n € N) is said to be Markov (for an imbedded decision process)
when the decision rule §,, is a function of (X,,A,) = (sp, An) for every n € N. We
denote the set of such decision rules by Aj; and the set of all Markov policies by Cjy.
Also, a policy m = (§,,n € N) is called a deterministic Markov policy if 7 is Markov
and d,,(als, A\) = 1 for every (s, A) € S and some a € A(s). We write §,,(s,A) = a for
such a decision rule §, and we denote by Ap the set of such decision rules. We also
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denote the set of all deterministic Markov policies by Cp. © € CN¥ N Cp means that
7= (6p,0ns1,---,0n) €ECN and 6, € Ap (k=n,n+1,...,N).

A decision rule § € Ap is said to be right continuous (on ) if for each (s, A) € S;
there is a positive real number p such that §(s,\) = d(s, A+ u) for all u : 0 < u < p.
A policy m = (6,,n € N) € Cp is said to be right continuous if the decision rule 4, is
right continuous for every n € N.

We consider an imbedded decision subproblem in which we maximize an expecta-
tion

Ff(s,\)=EI[ANZ,], neN

with respect to all policies 7 for any imbedded parameter A € [0, M] where z Ay =
min(z,y). When N = 3, the explicit form of the expectation F(s1, ) is

Eprzl = ¥ LYY Y Y Y Y OAn A

a1€A(s1) Y1€E 52€S an€A(s2) Y2€E 53€S az€A(s3) ys€E
x p5®(y3|ss)ds(as|si, A, a1, s2, A Ay, a2, 83, A\ Ay Ays)
X P2 (83, y2|82)d2(az|s1, A, a1, S2, A A y1)

x pi*(s2,y1]s1)01(a1]s1, A)

for (s1,A) € S1 and m = (61,02,83) € C3. We define optimal value functions F* for the
imbedded subproblem by

Fr(s,A\)= sup FJ(s,A\), neN
reCl

for each (s, A) € S1. Then we notice that optimal value in the original problem is

Fi(s,M)= sup F[(s,M) = sup ET[Z],
’TI'EC{V Tel

since Z < M. A policy 7 is said to be optimal if Fy (s, M) = F[ (s, M) for every s € S.
We define the following sets of functions: let F be the set of functions F from .Sy
into an interval [0, M] such that F'(s,0) = 0 for each s € S and F'(s, ) is measurable on
[0, M], and let F. be the set of functions F' € F such that F(s,-) is nondecreasing and
continuous on [0, M] for each s € S. In Theorem 3.1 it is shown that F € F..
We define operators T, T2 and T, from F into itself as follows. For F € F,
(s,\)€S1,a€A(s), 6 e Apyand 1 <n <N —1,

A =D D F( ANy yls),

s'eSyeE
Z o(als, A),
a€A(s)
F(s,\) = sup T2F(s,\) = max T%F(s,\)
SEA M a€A(s)

and

= 3" Fls A A )i ),

yeR
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TRF(s,\) = > THF(s,\)d(als, \),

a€A(s)
TNF(s,\) = sup T4 F(s,\) = max TGF(s,\).
SEAM a€A(s)

In all argument, for F,G € F, F > G means that F(s,\) > G(s, \) for all (s, ) €
Si.

3. Optimal value and optimal policy

In this section we give an optimality equation by using operators T,, and show that
there exist a right continuous deterministic Markov policy.
We first give fundamental lemmas for operators T'7, T,ibs and T,.

LeEMMA 3.1. (i) For FFGEF,6€ A andn € N, T)F — TG =TS (F — G).

(ii) Let n € N. If F,G € F and F > G, then T}F > TG for each a € A(-),
T,‘EF > T,fG for each 6 € A and T, F > T,G.

(iii) Let n € N. If F € F, then TSF € F, for any a € A(-) and T, F € F..

PROOF. The statements (i) and (ii) are immediate results of definitions.

(iii) Let F € F. and let s € S be arbitrary. Then F(s’,0) = 0 for every s’ € S.
Since y € [0, M], we have T?F(s,0) = 0 for every a € A(s) and hence T,,F(s,0) = 0.
It easily follows that T9F(s,) and T, F(s,-) are nondecreasing on [0, M], since F(s',-)
is nondecreasing. Also, by the dominated convergence theorem we see that T F(s,-) is
continuous on [0, M] for each a € A(s), since F(s',) is continuous. Thus since A(s) is
finite, T,, F'(s, -) is also continuous on [0, M]. Therefore the proof is complete.

LEMMA 3.2. Let n € N. For each F € F., there exists a right continuous decision
rule § € Ap satisfying T,F = T F.

PROOF. Let F' € F. and (s,A) € S; be arbitrarily fixed. From Lemma 3.1 (iii),
T2F(s,-) is continuous on [0, M] for each a € A(s). Since A(s) is finite, we see that
there exist ;1 > 0 and a € A(s) such that TF(s,u) = T*F(s,u) for all u satisfying
A < u < A+ p. For such an action a, if we define 6 € Ap by §(s,u) = a for every u so
that A < u < A+ g, then ¢ is right continuous and T, F(s,\) = T2 F(s, \). Therefore
the proof is complete.

For any m = (6,,,0n41,---,0n) € CY and a given history (s,\,a) € S x A, the
cut-head policy of 7 to (s, ), a) is defined by 'z(s*@) = (6(9 A a),é,(fé a), .. .,6§\‘;A’a))
where 5,21)1‘ a)( |hi) = Ok+1(-|(s, A, @), hy) for every hy € Hp_p41 and each k = n,n +
1,...,N — 1. Then we see that '7(>*®) € C¥ | for a fixed (s, \,a). For the sake of
Simphclty we use a notation:

T FT (5,0 = Y balals, )) ZFI TS A A )P (s yls)
a€A(s)
for 7 = (65, 6nt1,---,0n) € CN and (s,)\) € 5.

LEMMA 3.3. (i) For eachn € N and any 7 € CY, FT € F.
(i) Let n=1,2,...,N —1 and let 7 = (8,,,0n+1,---,0n) € CN be arbitrary. Then
Fr=TiFE,7,.
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PrOOF. To show that FT € F, it suffices to prove that F[(s,-) is measurable

n [0,1] for each s € S, since F[(s,0) = ET[0 A Z,] = 0 for every s € S. For any
7= (dy) € OX we have

F{(s,A) = EJ[AAZy] = ) dn(als, A Z(/\/\y)ﬁ‘fv(y|8)~
a€A(s)

Hence F(s,-) is measurable. We assume that F;L(s, -) is measurable for n < N — 1
and any 'm € C) ;. Then for any m = (4, --,dn) € C2 we have

T F n+1 5, A) Z dn(als, A ZFni(f”\a) (8", \Ay)p(s’, y|s).
a€A(s)

Thus 79~ Fn Ti(s ) is measurable. However it follows from Markov property that

Ton Fn+1<3 A) = Z dn(als, A) Z E;,Tr(s’)"a) AAYA Zpia1]pt (s y]s)
a€A(s) s’y
= ET[ANZ,)]
= FJ(s,A).
Hence F7(s,) is measurable and we also have T» F n+1(5 A) = F7(s,\). Therefore the

proof is complete.

We next give a main theorem for optimal value functions and optimal policies in
subproblems.

THEOREM 3.1. (i) For each n € N, F}' € F. and {F},n € N} satisfies optimality
equations:
F,=T,F,; ,, 1<n<N-1,

with F (s, A) = maxae a(s) 2o, (A A Y)PY (y]s).-

(ii) For each n € N, there exists a right continuous policy m € CN N Cp such that
Er=Fr.

PRrOOF. We prove the statements (i) and (ii) by backward induction. When n = N,
we see that

FY(s,A) = sup ET[AAZy]
neCy
= sup Y dnlals,\) Y (A Ay)ik(yls)
on a€A(s) Y

- A y)pe .
e d AAy)PN(yls)

Since >, (AAy)PR (yls) is right continuous in A, there is a right continuous decision rule
0n € Ap such that

Fi(s, ) =Y (AN An)pn N (yls) = FF (s, \)

Y
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where 7 = (dy) € CN N Cp, and hence Fy € F.. We assume that e F. and
there exist a right continuous policy o € Cf¥ N Cp such that F}' = F¢. Then it follows
from Lemmag 3.2 that there is a right continuous decision rule §;_1 € Ap such that
T 1 FF = T,fi’llF,j, which implies that T = (§x_1,0) € CY N Cp is a right continuous
policy. It also follows from Lemma 3.3(ii) that

Fia(s:0) 2 Fiy(s,0) = T3 F (5,0) = T B (5,) = T F (s,)
for each (s,A) € S;. Conversely, we see from Lemma 3.3(ii) again that for any policy
T = (5k7175k7 .. ~75N) € C]iv_l,
Floi(s,\) = T FLT (s, 0) < T Fy(s, A) < Tr 1 (s, ),

since '7 € CF. Taking supremum over C{ ,, we obtain Fj_,(s,\) < Tx_1F}(s,\).
Thus, combining with the previous inequality, we have T}, F}; = F},_; = F[_,. Hence,
7 satisfies Fy | = FJ_,, and from Lemma 3.1(iii), we have F} | € F.. By backward
induction, the proof of the statements (i) and (ii) is complete.

We finally find optimal function and optimal policy in the original problem.
THEOREM 3.2. Optimal value Fj (s, M) is given by
Ff =TTy ---Tn_1Fy
with F(s,7) = maxaea(s) 2o, (A A y)PY (y]s), and a right continuous optimal policy
7w = (1,02,...,0,) € Cp is obtained by
ToFr =T Fi, 1<n<N-1,

Fir(s,0) = 2SOy Y (yls) = max SO 9B (ls), (5:3) € 8.

PROOF. These are immediate results of Theorem 3.1 and its proof.

4. A numerical example

We give a simple numerical example of two stages, two states and two actions in
this section.

Let state space be S = {s1, 2} and let action space be A(s1) = A(s2) = {a1, a2}
and let N = 2. We assume that probability distributions p{(s’,y|s) and p§(y|s) are
determined by

o 1 ify=1 o )
V21 (Slay‘sl) = 1. s P (3272‘81) = 2>
7 ify=3
1 : 6
5 lfy: 5
p1*(s1, 5181) = 3, P (s2,9ls1) =9 , . 3
5 lfy: bl
plll1 (51, %|52) =1, pl 52’3|52 =1,
ol ={ 2 1 wh={ 10
Pt (yls1) = Py’ (y]s2) ;
? 8 oify—2 " 2 1oify=2
i fy=3 5 ify=1
P (ylst) =4 . , 2 yls2) =9 | .
10 ify = H ify=4
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Then we shall first give optimal value F; and optimal decision d2 at N = 2. Since
F3(s,A) = maxaea(s) 2, (A A y)Ps(yls) by Theorem 3.1, we have

3 3 3 7
F* = — 2). —
5 (51, M) max(5()\/\3) 5()\/\ ), 1O(A/\ )+ 1O()\/\S))
A ifA<2
2 6 : 5
A+ S <A<3
g—(l) if A>3
and
. 4 1
F5(s2,\) = max( (AAD) + ()\/\2)75()\/\1)+3(/\/\4))
A ifA<1
A+ f1<A<2
= {3 if2<A<i
1 4 e 7
5)‘+5 lf§§>\<4
g ifA>4
Hence we have
ai or as if)\<% aioray ifA<l1
52(51,)\) = aq if % <A< % R 52(52,A) = aq Hfl1<A< %
as iftA >3 as iftA > 1

Next we consider optimal F;* and 6; at the first stage. From Theorem 3.1, we have

Fi(s,A) = T1F;(s,\) = aréljx TYFS (s, \)
m?<§:§:Ez SANAY)PI(s,yls).
a€A(s) s'eSyer

By the way, we easily see that

1 1 1

T F(s1,0) = 7F5 (s, AND + 2F5 (s1,AA3) + 5 F5 (52, AN 2)
A ifA<1
IN4+4 if1<A<2
= HA+ B if2<Aa<?
sA+S S <A<3
131 :
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and
- 2 . 8. 2 . 3001 6
T12F2 (81,)\) = EFQ (81,)\/\3)+5F2 (82,)\A§)+5F2 (827>\/\5)
A ifA<1

HA+ 5 f1<A<

_ 3 21 i 6

oo ojee IS

2 18 e 3

34 : 8

Hence we have optimal value in the imbedded problem as follows :

Fi(s1,\) = maaLXTlaF;(sl,/\)

T Fy(s1,A\) = T2 Fy(s1,)) ifA<1

- T2 Fy (s1,\) if1<a<g?
T Fy(s1,\) ifA> 32
A ifA<1
HA+ 5 ifl<a<?
AN+ & iffi<a<d
IN+ 8 ifd<ac<d

= 3 if¢ <A<

1 1 :r 43
1 13 : 5
7 89 £ 5
I+ i3 <a<3

131 :

and optimal decision at state sy is

aiorag ifA<1
(51(81,)\) = as H1<A< %

: 43
a1 if A>3

Similarly, optimal value at state ss is

A if A< 2
5 if <)< 3
) B 7 14f 2
2 2 2=
3 ifA>2
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since we easily have

A ifa<1
a * >\ lf)\<% a * 1 1 :
T F5(s2,A) = 5 ifa>5 T2 F5 (82, A) = sA+s if1<A<2
! — 2 if A > 2
and optimal decision is
aioray, ifA<l1
51(52,A): aj 1f1§)\<%

as ifA Z %

Therefore, since M = 4, we have optimal value in the original problem as follows:

" 131 . 3
Fl(slaM):@a Fl(SQaM):i'
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