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By

Turghunjan ABDUKIRIM; Koichi N1aiMA® and Shigeru TAKANoO!

Abstract

A method for designing biorthogonal wavelet filters is proposed. The method
is used for constructing symmetric biorthogonal spline wavelet filters with finite
length and vanishing moments. The constructed filters are applied together with a
thresholding technique for removing Gaussian noise from noise corrupted images.

Key Words and Phrases: Biorthogonal wavelet filters, Dyadic lifting scheme, Finite length,
Vanishing moment, Noise reduction.

1. Introduction

Orthogonal or biorthogonal wavelet transform has often been used in many im-
age processing applications, because it makes possible multiresolution analysis and does
not yield redundant information, see Mallat (1998). Daubechies (1992) has presented
a constructive method of orthogonal wavelets with compact support. Unfortunately,
such wavelets are not symmetric. The highly important linear phase constraint cor-
responding to symmetric wavelets may be maintained by relaxing the orthogonality
constraint and using biorthogonal wavelets. Design of symmetric biorthogonal wavelet
filters is an important issue in the area of image processing, because their associated
wavelet transforms have good compression potential and low computational complex-
ity. Unser and Aldroubi (1992) have presented polynomial spline wavelets which are
biorthogonal wavelets and have been constructed using B-spline functions. Although
these wavelets are smooth and symmetric, their filters do not have finite length.

In this paper, we describe how to design biorthogonal wavelet filters by using our
lifting dyadic wavelet theory proposed in Abdukirim et al. (2003). Our method is used
for constructing B-spline based biorthogonal wavelet filters with finite length and vanish-
ing moments. The designed filters are different from those given in Unser and Aldroubi
(1992). To confirm the efficiency of our filters, we apply them together with a soft-
thresholding technique proposed by Donoho (1995) to remove Gaussian noise from noise
corrupted images.

This paper is organized as follows. In Section 2, the definition of dyadic wavelet
is given. We present one proposition concerning a dyadic lifting scheme in Section 3.
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Section 4 describes a method for designing biorthogonal wavelet filters using the dyadic
lifting scheme and a biorthogonal condition. We give a biorthogonal lifting scheme
introduced by Sweldens (1996) in Section 5, which is needed for conducting filters with
high vanishing moments. Section 6 applies our designing method for constructing B-
spline based symmetric biorthogonal wavelet filters with finite length and vanishing
moments. Section 7 concerns a noise reduction method by a combination of these filters
with a thresholding technique. Simulation results are given in Section 8. Section 9 is a
conclusion.

2. Dyadic wavelet

To design biorthogonal wavelet filters using a dyadic lifting scheme, we have to
start from the description of dyadic wavelet.

Let L%(R) be the space of square integrable functions on real line R. We define the
Fourier transform of the function ¢ € L%(R) by

~ +OO

P(w) = P(t)e™ " dt. (1)

The definition of dyadic wavelet is as follows:
Definition. If there exist A > 0 and B such that

+oo
A< Y WP <B, (2)

j=—00
then 1 (t) is called a dyadic wavelet function.
From (2), if 9(t) is dyadic, 1(0) = 0 must be satisfied, i.e.
+oo
¥(t)dt = 0. (3)

— 00

To construct the dyadic wavelet function, we need a scaling function ¢(t) satisfying a
two-scale relation
$(t) =Y _ hlk|V2¢(2t — k). (4)
k

The scaling function ¢(t) is usually normalized as

/_:o S(t)dt = 1.

The Fourier transform of the scaling function (4) yields

~ 1 ~ w.o~
¢(W)=ﬁh(§)¢( ) (5)
and

| E

where ¢(w) is the same as given in (1) h(w) denotes a discrete Fourier transform

h(w) =Y h[kle™™*. (6)
k
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Since $(0) = 1, we can apply (5) and (6) to get h(0) = /2 or >4 h[k] = V2. Using the
scaling function ¢(t) and the wavelet filter g[k], we construct a dyadic wavelet function
as

o(t) = 3 glkIVZH(21 — ).
k

Discrete dyadic wavelet transform of f € L?(R) is defined using this function 1 (¢) by

+oo 1

Wf(n,27) = / £(t)

. Noi —5)dt, (7)

where n and j are integers.

Mallat (1998) presented a condition that enables us to expand L?(R)-function by
dyadic wavelet bases. To derive the reconstruction condition, we further need a dual
scaling function and a dual wavelet function. The dual scaling function ¢(t) is defined
by using a two-scale relation

o(t) = > h[k]V26(2t — k),
k

and the dual wavelet function ¢(t) is given by

(1) = 3 gIVER(2t — k).
k

Let us denote the discrete Fourier transforms of the filters h[k], g[k], h[k], and g[k]
by h(w), §(w), h(w) and §(w), respectively. We suppose that these Fourier transforms
satisfy the following condition

hWh* (@) +§(@)§" (@) =2, we [-m,], (8)

where the symbol % denotes complex conjugation. The condition (8) is called a re-

construction condition, and the filters h(w), §(w), h(w) and §(w) satisfying (8) dyadic
wavelet filters.

3. Dyadic dual lifting scheme

As Sweldens (1996) introduced a lifting scheme for biorthogonal wavelet filters, we
can construct a lifting scheme for the dyadic wavelet filters.

20

Proposition 1. Suppose that the discrete Fourier transforms h°(w), §°(w), h (w)
and § (w) of the initial filters h°[k], ¢°[k], h°[k] and §°[k], respectively, satisfy the
reconstruction condition (8). Then, the Fourier transforms h(w), §(w), h(w) and G(w)
of dual lifting dyadic wavelet filters defined by

hlk] = he[k]+ 32, r[=m]g°[k —m],

glk] = g¢°[K], 9)
hlk] = ho[k],

glk] = g°[k] =32, r[m]h?[k — m]
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satisfy the reconstruction condition (8). Here r[m] are lifting parameters. We call (9) a
dyadic dual lifting scheme.

Proof. By the assumption, the Fourier transforms h°(w), §°(w), b (w) and §°(w) satisfy
(8), which can be written in the matrix form as

(o) o) (1) ) =2 (10)
The Fourier transforms of (9) are given by

hw) = how)+ 7 (w)§° (W),

i) = ), -

o) = K,

gw) = g°(w) — F(w)h°(w)

We prove that (11) satisfies (8). Writing (11) in a matrix form and factorizing it, we

obtain
(i) 36) (1))

= (h(w) §°(w)) ( A () )

A combination of this result with (10) proves that the Fourier transforms of (9) satisfy
(8).

The dyadic dual lifting scheme is a systematic method for constructing a new
analysis lowpass filter using known dyadic wavelet filters as building blocks.

4. Biorthogonal condition in dyadic dual lifting scheme

We assume that the filters h[k], g[k], h[k] and §[k] defined in Section 2 satisfy the

condition . R
h(w)h*(w+m) + g(w)§" (w+7) =0 (12)
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in addition to the reconstruction condition (8). Then, these filters are called biorthogonal
wavelet filters. Using the wavelet function (¢) with the biorthogonal wavelet filters, we
define discrete biorthogonal wavelet transform

e 1t
Gl = [ 10—t - (1)
for an L?(R)-function f(t). Note that (13) is different from the discrete dyadic wavelet
transform (7).

Mallat (1998) has derived a fast biorthogonal wavelet transform for computing d; [n]
and its inverse, which are described in the following theorem.

Theorem 1. Under the conditions (8) and (12), we have

aji1[n] = hlk = 2nja[k],  j=0,1,.., (14)
dj1n] = Ez:g[k —2na;[k],  j=0,1,.. (15)

and
a;[k] =Y hlk = 2njaja[n] + Y glk —2nldjalnl,  §=0,1,... (16)

Here ag[n] is given by

“+o0
aln) = [ pe)oe i
— 00
and aj41[n],j =0,1,- -, represent a sequence of lowpass components.

In Theorem 1, the filters h[k — 2n] and g[k — 2n] are lowpass and highpass analysis
filters, respectively, and the filters h[k — 2n] and g[k — 2n] are lowpass and highpass
synthesis filters, respectively. The algorithms (14) and (15) are decomposition formulae
for one-dimensional signals. In case of image, first we apply them in the horizontal
direction, and then in the vertical direction.

Now, we describe how to design the biorthogonal wavelet filters using the dyadic
dual lifting scheme (9). By Proposition 1, (9) has already satisfied the reconstruction
condition (8). We find a condition such that (9) fulfills the remaining biorthogonal
condition (12).

Theorem 2. Suppose that the Fourier transforms h°(w), §°(w), h (w) and § () of
the initial filters h°[k], ¢°[k], ﬁo[k], and §°[k], respectively, satisfy the reconstruction
condition (8). If the lifting parameters r[m] satisfy the following condition

ho(@)he” (@ + 7) + §()i" (w +
ho(w)g”" (@ + )

) 9 > r[2m 4 et Cmre, (17)

then the dyadic dual lifting scheme (9) becomes biorthogonal wavelet filters. Here the
even lifting parameters r[2m] are free.
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Proof. Inserting (11), which is equivalent to (9), into (12), we obtain

~ N *

ho(W)h?" (w +7) + §°(w)§” (w + )

~ *

+(F(w +m) = #(w))he(w)g” (w+m) =0. (18)
On the other hand, we get

F(w) —7F(w+m) = Z(l — (=1)™)r[m]e” ™

m

=2 Z r[2m + 1] @mHDe, (19)
Combining (18) with (19) yields the result of Theorem 2.

5. Biorthogonal lifting scheme

To design our biorthogonal wavelet filters, we need the lifting scheme for biorthog-
onal wavelet filters, which is described in the following proposition by Sweldens (1996).

20

Proposition 2. Suppose that the Fourier transforms ho(w), §°(w), h (w) and § (W)
of the initial filters h°[k], ¢°[k], h°[k] and G°[k], respectively, are biorthogonal wavelet

filters. Then, the Fourier transforms h(w), §(w), h(w) and §(w) of lifting biorthogonal
wavelet filters defined by

h[k] = h°[K],

glkl = g°[k] = 22, slm]h°[k —2m], (20)
k] = holk]+ 32, s[=mlg°[k — 2m],

glk] = g°[¥]

become biorthogonal wavelet filters. Here s[m]| are lifting parameters. We call (20) a
biorthogonal lifting scheme.

The biorthogonal lifting scheme is a systematic method for constructing a new
analysis highpass filter using known biorthogonal wavelet filters as building blocks.

6. Design of B-spline based biorthogonal wavelet filters

We apply Theorem 2 to design symmetric biorthogonal wavelet filters with finite
length. We choose a B-spline function of first degree as a scaling function ¢(t), be-
cause this function satisfies the two-scale relation (4). In Abdukirim et al. (2002) and
Niijima et al. (2002), we constructed a B-spline based dyadic wavelet filter with 2 van-
ishing moments as follows. We choose lowpass analysis and synthesis filters h[k] and
h[k] so that their Fourier transforms are given by

h(w) = v2(cos %)2

and
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respectively. The Fourier transform of highpass analysis filter §(w) is chosen as
~ _i . w
G(w) = V2e % (sin 5)2

The Fourier transform of highpass synthesis filter g[k] is restricted by the reconstruction
condition (8) and has the form

G(w) = V2e ™ (1 + (cos %)2> .

Table 1 lists the values of the filters in this case, where we put suffix ‘0’ on each filter,
which stands for ‘old’.

Table 1: Spline dyadic wavelet filters with 2 vanishing moments.

RO NE RN SR ED]
Vo v v a1

-1 | 0.25 0.25

0] 0.50 | -0.25 | 0.50 | 0.25

11025 | 050 | 0.25 | 1.50

2 -0.25 0.25

Since 7°(w), §°(w), h (w) and §°(w) satisfy

W (@he" (@ + 1)+ § (@) @+ )
W @)+ m)

o —iw
= 2e ",

we can design biorthogonal wavelet filters using Theorem 2. The condition that the
lifting parameters r[m] must satisfy is

1, m=0,

r[2m+1]:{ 0. m#£0.

We determine the even lifting parameters r[2m] so that r[m] are symmetric with respect
to m = 1 and satisfy vanishing moment conditions. The first vanishing moment condition

of r[2m] is
Zr[Qm] =1

m

The symmetry of r[m] leads us to

r[2l] = r[-2l 4 2] = ay, [=0,+£1,...

Example 1. We choose ag = a; = 1/2 and a; = 0,1 # 0,1. Since §°(w) satisfies

dkAo

97(]:’) =0, 0<k<I,
dw we0

Pyw)] V2
dw? | _, 2
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Table 2: Biorthogonal wavelet filters with 2 vanishing moments.

e | B[ B [ B[ gl
V2 | V3 | 5|
2 [ -0.125
1] 0.250 0.25 | -0.125
0] 0.750 | -0.25 | 0.50 | -0.250
1] 025 | 050 | 0.25 | 0.750
2 | -0.125 | -0.25 -0.250
3 -0.125

we see from the result of Abdukirim et al. (2003) that the filter g°[k] has 2 vanishing
moments. Thus, we obtain the biorthogonal wavelet filters with 2 vanishing moments
as shown in Table 2.

Example 2. We can design a highpass analysis filter with 3 or more vanishing
moments using Proposition 2 and the result of Abdukirim et al. (2003). The condition

that §(w) must satisfy is

Considering this condition and symmetry o

Thus, we obtain a highpass analysis filter with 4 vanishing moments as shown in Table

3.

Table 3: Biorthogonal wavelet filters with 4 vanishing moments.

d*3(2w) —0
dwob | o
Piw)| 1
dw? | _, 8
f
. 1 _
5(2w) = T6¢

5(w), we choose

2

' sin® w.

k| DA glk] h[k] g[k]
7 V2 /2 V2

-4 -0.001953125

-3 -0.001953125 | -0.003906250

-2 | -0.125 | 0.003906250 | 0.015625000

-1 | 0.250 | 0.015625000 | 0.253906250 | -0.125
0| 0.750 | -0.253906250 | 0.472656250 | -0.250
1| 0.250 | 0.472656250 | 0.253906250 | 0.750
2 | -0.125 | -0.253906250 | 0.015625000 | -0.250
3 0.015625000 | -0.003906250 | -0.125
4 0.003906250 | -0.001953125
5 -0.001953125

Example 3.

Let ap = a1 =5/8, a_1 =ay = —1/8 and a; = 0,1 # 0,+1,2. Thus,
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we obtain biorthogonal wavelet filters as shown in Table 4. Since §°(w) satisfies

dkAo
ggf)‘ —0. 0<k<L,
dw —0

W) V2
dw? | _, 27

the filter g°[k] shown in Table 4 has 2 vanishing moments.

Table 4: Biorthogonal wavelet filters with 2 vanishing moments.

k h[K] g°lk] | hZ[K] glK]
V2 V2 V2 V2
-4 1 0.03125
-3 | -0.06250 0.03125
-2 | -0.12500 0.06250
-1 | 0.31250 0.25 | -0.12500

0| 0.68750 | -0.25 | 0.50 | -0.31250

1] 0.31250 | 0.50 | 0.25 | 0.68750
2 1 -0.12500 | -0.25 -0.31250
3 | -0.06250 -0.12500
4 1 0.03125 0.06250
5 0.03125

Example 4. Similarly in Example 2, we can design a highpass analysis filter with 3
or more vanishing moments using Proposition 2 and the result of Abdukirim et al. (2003).
The condition that §(w) must satisfy is

k A~
)| g gck<n,
dwk w=0
d?3(2w) 1
dw? | ,_, &
By this condition and the symmetry of §(w), we choose
A(2 ) _ 1 —iw .2
3(2w) = e ¥sin" w.

Thus, highpass analysis filters with 4 vanishing moments are obtained, which are shown
in Table 5.

7. Noise reduction

We apply the filters designed in Section 6 to image noise reduction. We consider a
discrete noise signal can be represented by the following formula

y(n) = f(n) + oe(n), 0<n<N-L
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Table 5: Biorthogonal wavelet filters with 4 vanishing moments.

k hlk] glk] hlk] glk]
V2 V2 2 2

-6 0.00048828125

-5 0.00048828125 | 0.00097656250

-4 | 0.03125 | -0.00097656250 | -0.00292968750

-3 | -0.06250 | -0.00292968750 | -0.00683593750 | 0.03125

-2 | -0.12500 | 0.00683593750 | 0.01513671875 | 0.06250

-1 | 0.31250 | 0.01513671875 | 0.25585937500 | -0.12500
0 | 0.68750 | -0.25585937500 | 0.47460937500 | -0.31250
1| 0.31250 | 0.47460937500 | 0.25585937500 | 0.68750
2 | -0.12500 | -0.25585937500 | 0.01513671875 | -0.31250
3 | -0.06250 | 0.01513671875 | -0.00683593750 | -0.12500
4 | 0.03125 | 0.00683593750 | -0.00292968750 | 0.06250
5 -0.00292968750 | 0.00097656250 | 0.03125
6 -0.00097656250 | 0.00048828125
7 0.00048828125

Here y(n) represents a noisy signal, f(n) is an unknown deterministic signal, e(n) is
the standard Gaussian white noise, and o is a noise level. Noise reduction methods
have been studied intensely in wavelet signal processing by Abdukirim et al. (2003)
and Donoho (1995). In this paper, we employ a soft-thresholding method proposed in
Donoho (1995) as a noise reduction technique.

Let Cy[n,!] be an image corrupted by Gaussian white noise. Gaussian white noise
N(0,1) was generated by repeated sampling from N(0,1). Applying the decomposition
formulae (14) and (15) in the horizontal and the vertical directions to Cy[n, (] succes-
sively, we compute the lowpass components C;[n,[] at j-th resolution level and three
kinds of highpass components D7'[n,l], 1 < m < 3. Here the filters h[k] and g[k] in
(14) and (15) mean the lifting biorthogonal filters constructed in Section 6. The high-
pass components D}*[n,[], 1 <m < 3 are changed in one-dimensional sequences D7"[k],
1 < m < 3, respectively, to apply the noise reduction method. The soft thresholding
procedure for D7 [k] is to compute

D[] = sgn(DI[k]) max{| D" [K]| — §,0}.

j
Here we choose the threshold § as § = 04/2log, N following Donoho (1995), where the
noise variance o2 is computed by

0® = Var{D}"[k]}/0.6745, 1< m <3,

and NV is the number of pixels in the image.

The noise reduction is done as follows. First, we rearrange Dj”[k], 1<m<3
obtained by the above procedure to get two-dimensional components D;"’*[n,l], 1<
m < 3, respectively. Next, we reconstruct Cj_l[n, I] by substituting these components
and lowpass components C;[n,!] into a two-dimensional version of the inverse formula
(16). Repeating this procedure, we can get an image C[n,!] where Gaussian noise has
been removed.
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8. Simulation

The simulations are conducted on two natural gray scale test images of size 512 x
512. The biorthogonal wavelet transform employs biorthogonal wavelet filters designed
in Section 6. Gaussian noise having the variances from 10 to 30 is added to Lena
and Peppers images shown in Figures 1 (a) and 2 (a), respectively. The noise corrupted
images are shown in Figures 1 (b) and 2 (b). The images were decomposed 3 times using
the analysis filters listed in Tables 2 to 5. Next, the soft thresholding technique presented
in Section 7 was applied only to the highpass components. Finally, we reconstructed the
images using (16) described in Section 4 and the synthesis filters listed in Tables 2 to 5.
Simulation results are shown in Figures 1 (¢,d,e,f) and 2 (c,d,e,f).

Image quality is characterized by a mean square error (MSE), which possesses
the advantage of a simple mathematical structure. For a discrete signal f(n) and its
approximation f(n), 0 <n <N —1, the MSE is defined to be

N1 ,
MSE == > [f(n) = f(n)]*.

n=0

To estimate the image quality, we used the MSE-based evaluation standard

255 x 2
PSNR = 10logy, (M)

MSE
9. Conclusion

We proposed a design method of biorthogonal wavelet filters by using a lifting
dyadic wavelet theory. The method was applied for constructing B-spline based symmet-
ric biorthogonal wavelet filters with finite length and vanishing moments. These filters
together with a soft-thresholding technique were applied to the reduction of Gaussian
noise from noise corrupted images. Simulation results show good denoising effects of
highpass analysis filters with vanishing moments. Applications of the filters to other
kinds of image processing remain as a future work.
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(f)

Figure 1: (a) Lena image, (b) noise corrupted image (PSNR=21.64dB), (c) an im-
age restored by the filters listed in Table 2 (PSNR=27.52dB), (d) an image restored
by the filters listed in Table 3 (PSNR=27.74dB), (e) an image restored by the filters
listed in Table 4 (PSNR=27.74dB), (f) an image restored by the filters listed in Table 5
(PSNR=28.00dB).
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Figure 2: (a) Peppers image, (b) noise corrupted image (PSNR=21.73dB), (c) an im-
age restored by the filters listed in Table 2 (PSNR=27.23dB), (d) an image restored
by the filters listed in Table 3 (PSNR=27.39dB), (e) an image restored by the filters
listed in Table 4 (PSNR=27.46dB), (f) an image restored by the filters listed in Table 5
(PSNR=27.64dB).



