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Abstract

EM-algorithm users believe that the conditions of Wu (1983) assure the con-
vergence of GEM sequence, but this paper gives a brief counter example which
satisfies Wu’s conditions but does not converge to MLE or any optimal solutions.
It also gives a correction of his proof for the convergence of EM sequence.

1. Introduction

We consider the following statistical model:

f(x|θ), θ ∈ Θ,

where Θ is a parameter space and f is a density (or probability) function with a parame-
ter θ ∈ Θ. When a part of x, say y, is only observed in a sampling, y is called incomplete
data and x complete. We assume that y is only available. In such a situation with in-
complete data, EM-algorithm or its extension, GEM-algorithm, are frequently used to
calculate the maximal likelihood estimate (MLE) of θ (See McLachlan and Krishnan
(1997)). Wu (1983) gives conditions for EM and GEM to converge to optimal solutions
including MLE. In the EM users, it is believed that his result is fundamental. We also
agree that his result for EM is good, but we must say that the one for GEM is not so.
His result is a translation of the convergence theorem given by Zangwill (1969), which is
called a global convergence theorem by Wu himself. However, we show that he fails the
translation for GEM. We will give a counter example that satisfies Wu’s conditions but
does not converge to MLE, which is a unique optimal solution in our counter example.

For the paper to be self-contained, we give basic terms and results in Section 2
and 3. Section 2 gives a brief review of EM(GEM) algorithm and Section 3 introduces
the global convergence theorem and Wu’s theorem for GEM. We will give the counter
example in Section 4 and a correction of his proof for the convergence of EM sequence
in Section 5. Throughout this paper, we use same symbols, x or y, to denote random
variables and those realizations.

2. Brief review of EM(GEM) algorithm

Let us denote the observable part of x by xobs. If we have incomplete data y as
an observable part of the data x, the set of x to be consistent with y is given by

χ(y) = {x : xobs = y}.
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Given y, the likelihood function of θ (or the marginal density of y) is

g(y|θ) =
∫

x∈χ(y)

f(x|θ)dx.

To have the MLE concerning this, we must maximize it with respect to θ ∈ Θ, which
is generally difficult because the objective function g(y|θ) is of integral form. The EM
procedure is then given as follows; The conditional distribution of x given y is defined
by

f(x|y, θ) =
f(x|θ)
g(y|θ) , x ∈ χ(y).

By using the above, we have a representation of the log-likelihood as follows

log(g(y|θ)) = log(f(x|θ))− log(f(x|y, θ)).

Now we assume that a tentative parameter η ∈ Θ is obtained. Taking expectations of
the both sides of the above with respect to f(x|y, η), we have

L(θ) = log(g(y|θ))
=

∫

x∈χ(y)

log(g(y|θ))f(x|y, η)dx

= Q(θ|η)−H(θ|η),

where

Q(θ|η) =
∫

x∈χ(y)

log(f(x|θ))f(x|y, η)dx,

H(θ|η) =
∫

x∈χ(y)

log(f(x|y, θ))f(x|y, η)dx.

The EM-algorithm, neglecting the function H(θ|η) and using only Q(θ|η), is defined as
follows;

Step 1. Select an initial point θ0 ∈ Θ.

Step 2. Repeat the following sub-steps until the θn converges (n = 0, 1, 2, ...) ;

E(xpectation)-step : Calculate the Q(θ|θn),
M(aximization)-step : Find a solution θ = θn+1 to maximize Q(θ|θn).

If it is difficult to find the best solution in the M-step, we can substitute a following
solution θn+1 for it:

Q(θn+1|θn) ≥ Q(θn|θn),

which is called a Generalized EM(GEM)-algorithm. If we set

S(θ) = {η ∈ Θ : Q(η|θ) ≥ Q(θ|θ)},

the definition of GEM becomes θn+1 ∈ S(θn). The GEM satisfies the following theorem.
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Theorem 2.1. (Dempster et al. (1977))
A GEM instance, θn, n = 0, 1, 2, ..., increases the likelihood monotonically, that is,

L(θn+1) ≥ L(θn), n = 0, 1, 2, ...

Proof. The proof follows easily by using the inequality

H(θn+1|θn) =
∫

log(f(x|y, θn+1))f(x|y, θn)dx

≤
∫

log(f(x|y, θn))f(x|y, θn)dx

= H(θn|θn).

3. Wu’s convergence theorem for GEM

At first, let us introduce Zangwill’s convergence theorem. We assume that there is
a one-to-many function S : Θ → 2Θ and an algorithm is constructed by θ0 ∈ Θ, θn+1 ∈
S(θn), n = 1, 2, .... The function S is said to be closed at θ ∈ Θ if the following condition
is satisfied:

θn ∈ Θ, θn −→ θ, ηn ∈ S(θn), ηn −→ η =⇒ η ∈ S(θ).

If S is closed at any θ ∈ A, S is said to be closed in A. Zangwill (1969) gives the
following useful convergence criterion for iterative algorithms.

Theorem 3.1. (Zangwill (1969))
Assume that an algorithm θ0 ∈ Θ, θn+1 ∈ S(θn), n = 1, 2, ... satisfies the following

conditions;

(i) ∀n θn ∈ D, where D is compact,

(ii) S is closed in Γc,

(iii) ∃α on Θ : a continuous real-valued function satisfying

(a) θ 6∈ Γ =⇒ α(η) > α(θ) for ∀η ∈ S(θ),

(b) θ ∈ Γ =⇒ α(η) ≥ α(θ) for ∀η ∈ S(θ),

where Γ is a subset of Θ. Then all limit points of θn are in Γ, and α(θn) converges
monotonically to α(θ) for some θ ∈ Γ.

Proof. Let θ be a limit point of θn, that is, there exists a subsequence θn′ such
that

θn′ −→ θ.

Then we define
ηn′ = θn′+1 ∈ S(θn′).

For this ηn′ , there is a further converging subsequence

ηn′′ = θn′′+1 −→ η.

Hence
θn′′ −→ θ, ηn′′ −→ η, ηn′′ ∈ S(θn′′).
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Now, we assume θ 6∈ Γ. Since S is closed at θ, we have η ∈ S(θ), hence α(η) > α(θ). On
the other hand,

α(θn′′) ≤ α(ηn′′) ≤ α(θ(n+1)′′) −→ α(θ).

This means α(η) = α(θ), which is a contradiction. Hence θ ∈ Γ.

The function α is usually taken to be an objective function. This theorem is very
useful as a tool to show the convergence of iterative algorithms.

In the convergence problem for GEM, the set Γ in Theorem 3.1 would become

Γ = {θ ∈ Θ : Q(θ|θ) ≥ Q(η|θ) for ∀η ∈ Θ}.

Let us say the elements θ in Γ to be GEM-optimal. Taking α to be the likelihood L,
Wu (1983) insists that Theorem 3.1 becomes the following theorem.

Theorem 3.2. (Theorem 1 in Wu (1983))
Let θn, n = 1, 2, ... be a GEM instance. Suppose that

(i) ∀n θn ∈ D, where D is compact,

(ii) S is closed in Γc,

(iii) θn 6∈ Γ =⇒ L(θn+1) > L(θn).

Then all limit points of θn are in Γ, and α(θn) converges monotonically to α(θ) for some
θ ∈ Γ.

Since the condition (b) of (iii) in Theorem 3.1 follows from Theorem 2.1 for GEM,
Wu insists that Theorem 3.1 can be translated to Theorem 3.2. As Wu points, if a level
set {θ ∈ Θ : L(θ) ≥ a} is compact then the condition (i) of Theorem 3.2 automatically
follows, and if Q(θ, η) is continuous about (θ, η) then S is closed everywhere. In order
that Theorem 3.2 holds true, we have only to check the condition (iii) to show the
convergence of GEM in such situations. But, the condition (iii) would be usually a
requirement in constructing an algorithm practically. Hence, Theorem 3.2 becomes a
very useful tool. Is it true? We will show that it is not true in the next section by
constructing a GEM satisfying the conditions of Theorem 3.2 but not converging to
MLE or other GEM-optimal solutions.

Remark. (1) It is essentially difficult to make a direct translation of Theorem 3.1
for GEM because of θ ∈ S(θ), in which the condition (a) of (iii) is never satisfied. If we
adopt

S′(θ) = {η ∈ Θ : L(η) > L(θ)}
or

S′′(θ) = S(θ)− {θ}
instead of S(θ), the condition (a) of (iii) could be saved, but the condition (ii) would be
violated.

(2) If you have a concrete GEM sequence, we recommend to make S(θ) adjusted
to your problem and to apply just Theorem 3.1 to it.
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4. A counterexample

Let us consider the following data.

x ∼ N(θ, 1),

y =
{

1, x ∈ [−1, 1]
0, otherwise,

where y is incomplete data such that x is in [-1,1], or not. The probability function of
y is given by

g(y|θ) =

{ ∫ 1

−1
φ(x− θ)dx, y = 1

1− ∫ 1

−1
φ(x− θ)dx, y = 0,

where φ is the standard normal density function. Now, we assume that y = 1 is observed,
that is, x ∈ [−1, 1]. Then the likelihood for y = 1 is given by

L(θ) =
∫ 1

−1

φ(x− θ)dx.

This likelihood function is continuous, symmetric and unimodal at θ = 0. Hence, the
MLE θMLE is 0 and the level sets {θ : L(θ) ≥ a} are compact if a > 0. To apply the
EM approach, we have also

f(x|y, θ) =
1

L(θ)
φ(x− θ), x ∈ χ(y = 1) = [−1, 1],

log(f(x|θ)) = −1
2
θ2 + θx + c,

Q(θ|θn) = −1
2
θ2 + θE(x|y = 1, θn) + c′

= −1
2
(θ − E(x|y = 1, θn))2 + c′′,

where c, c′ and c′′ are appropriate constants. The EM sequence is given by iterating
θn+1 = E(x|y = 1, θn). It is easy to check that if θ0 > 0 then θn converges decreasingly to
θMLE = 0, and if θ0 < 0 then it does increasingly to θMLE = 0. Hence this EM instance
converges to the MLE θMLE = 0. On the other hand, the one-to-many function S(θ)
for GEM is given by the following intervals

S(θ) =
{

[θ, 2E(x|y = 1, θ)− θ], θ ≤ 0
[2E(x|y = 1, θ)− θ, θ], θ > 0.

Since Q(θ|η) is clearly continuous in both θ and η, S becomes closed everywhere. Hence
we can consider a following instance of GEM;

θ0 = 1, θn = Max{E(x|y, θn−1), θn−1 − 1
2n+1

}, n = 1, 2, 3, ....

Let Γ = {0} = {θMLE}. Then, all conditions of Theorem 3.2 are satisfied because of
L(θn+1) > L(θn), n = 0, 1, .... Since θn > 0 is non-increasing and θn−1 − θn ≤ 1

2n+1 , we
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have

θn = θ0 −
n∑

i=1

(θi−1 − θi)

≥ 1−
n∑

i=1

1
2i+1

>
1
2
.

Hence, our GEM instance does not converge to a unique GEM optimal solution θMLE

in Γ.

5. Convergence of EM

We think that the result about the convergence of EM by Wu (1983) is sound.
He, however, uses Theorem 3.2 to show it, and his proof is a little funny because of
using differentiation of Q(η|θ) without assumption. We correct his proof and utilize just
Theorem 3.1. To do that, let us define

S(θ) = {η̄ ∈ Θ : Q(η̄|θ) = max
η∈Θ

Q(η|θ)},
Γ = {θ∗ ∈ Θ : Q(θ∗|θ∗) = max

θ∈Θ
Q(θ|θ∗)}.

Let us say the elements θ ∈ Γ to be EM-optimal. The following theorem assures that
EM sequence converges essentially to an EM-optimal solution.

Theorem 5.1. Let θn, n = 0, 1, 2, ... be an EM instance such that

θn+1 ∈ S(θn), n = 0, 1, 2, ....

Suppose that

(1) Θ0 = {θ ∈ Θ : L(θ) ≥ L(θ0)} is compact,

(2) Q(η|θ) is continuous in both η and θ.

Then all limit points of θn are in Γ, and L(θn) is non-decreasing and converges to L(θ)
for some θ in Γ.

Proof. Setting α(θ) = L(θ), we show that all the conditions of Theorem 3.1 are
satisfied. The condition (i) is clear from (1), and the (b) of condition (iii) is also clear
from Theorem 2.1. To check the condition (ii), we assume that

θ̄ ∈ Θ, θn → θ̄, ηn → η̄, ηn ∈ S(θn).

It follows from the definition of S that

Q(ηn|θn) = max
η∈Θ

Q(η|θn),

that is, for any η ∈ Θ,
Q(ηn|θn) ≥ Q(η|θn).



Does GEM converge to MLE under Wu’s conditions? – A counter example – 71

Hence, we have from the condition (2)

Q(η̄|θ̄) ≥ Q(η|θ̄).

Since η ∈ Θ is arbitrary, we have η̄ ∈ S(θ̄), which implies that S is closed at any point
θ̄ ∈ Θ. To check the condition (a) of (iii), we set θ ∈ Γc. Then, we have

max
η∈Θ

Q(η|θ) > Q(θ|θ),

from which it is easy to see that L(η) > L(θ) for any η ∈ S(θ).
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