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Abstract
As an estimator of an estimable parameter, Toda and Yamato (2001) intro-
duce Y-statistic which is a convex combination of U-statistics including V-statistic
and LB-statistic. We give the Edgeworth expansions of studentized Y-statistic

about the estimable parameter using a jackknife variance estimator, with remain-
der o(n™").

Key Words and Phrases: Edgeworth expansion, Convex combination of U-statistics, Studenti-
zation.

1. Introduction

Let 6(F') be an estimable parameter of an unknown distribution F'. Let g(z1, ..., k)
be the symmetric kernel of degree k(> 2) for this parameter 6(F). In this paper, we
assume that the kernel g is not degenerate. Let X5, ..., X,, be a random sample of size
n from the distribution F'. Let X be a random variable having the distribution F.

As an estimator of 6(F'), a convex combination Y;, of U-statistics is introduced by

Toda and Yamato (2001) as follows: Let w(r1,...,r;; k) be a nonnegative and symmetric
function of positive integers ry,...,7r; such that j =1,...,kand r1 4---+7; = k, where
k is the degree of the kernel g and fixed. We assume that at least one of w(rq,...,r;;k)’s

is positive. For j =1,...,k, let g¢;y(w1,...,;) be the kernel given by

1 +
gy (w1, ..., x5) = m Zr1+~~+rj:k w(ry, ..., k) g, 21,0, 2, ., 25),

T1 T

(1)

where the summation Zjl+~--+rj:k is taken over all positive integers 71, ...,7; satisfying
r+---+r; =k with j and k fixed and d(k,j) = Z:Jr___JrTj:kw(rl,...,rj;k:) for
7 =1,2,...,k. Let U,(Lj) be the U-statistic associated with this kernel g(j)(ml, cey )
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for j = 1,...,k. The kernel g)(z1,...,2;) is symmetric because of the symmetry of

w(r,...,r;; k). If d(k, j) is equal to zero for some j, then the associated w(ri, ..., 7;;k)’s

are equal to zero. In this case, we let the corresponding statistic Uéj ) be zero. The

statistic Y,, is given by
k
1 n ;
DU, 2
k) ( )<J) @

Jj=1

where D(n, k) = Z?Zl d(k, 5) (). Since w’s are nonnegative and at least one of them is

positive, D(n, k) is positive. Note that U is equal to the U-statistic U, given below
for ’U}( ,17 ) > 07 because of g(k) =4g.

Another type of a linear combination of U-statistics, L, is introduced by (3.3) of
Sen (1977). While Y,, and L,, are both linear combination of U-statistics, Y, is different
from L, in the mean that the weight function w’s determines Y;, as an estimator of 6.
Since the coefficients of U\ on the right-hand side of (1.2) are non-negative and their
sum is equal to one, the linear combination given by (1.2) is also a convex combination.

For example, let w be the function given by w(1,1,...,1;k) =1 and w(ry,...,rj; k)
= 0 for positive integers ri,...,r; such that j = 1,...,k—1and m +--- +1; =
k. Then the corresponding statistic Y,, is equal to U-statistic U,, which is given by

U, = (Z) Zl§j1<~-<jk§n 9(Xj,,...,X,,), where El§j1<---<jk§n denotes the summa-
tion over all integers ji, ..., j; satisfying 1 < j; < --- < Jp < n.
Let w be the function given by w(r1,...,r;;k) = 1 for positive integers r1,...,7;

such that j =1,...,k and 7y +---+r; = k. Then the corresponding statistic Y}, is equal

.. . k—1y\—1
to the LB-statistic B,, given by B, = ("*7 1) Dot (X1, X X
X,), where the numbers of Xi,...., X,, are ry,...,r,, respectively, and ZTIJP__H":,C de-

notes the summation over all non-negative integers r1, ..., r, satisfying r1 +--- 47, = k.

Let w be the function given by w(r1,...,r;; k) = kl/(r1!---r;!) for positive integers
r1,...,75such that j =1,...,k and r; +--- 4 r; = k. Then the corresponding statistic
Y,, is equal to the V-statistic V,, given by V,, = n=* Sy 9Ky Xy )
(See Toda and Yamato (2001).)

Let w be the function given by w(ri,...,7;;k) = k!/(r1---r;) for positive inte-
gers r1,...,7; such that j = 1,...,k and r1 +--- +r; = k. Then, for example, the
corresponding statistic Y,, for the third central moment of the distribution F' is given
by S, =n(n*+1)"1 3" (X; — X)3, where X is the sample mean of Xi,...,X,, (see
Nomachi et al. (2002)).

The Edgeworth expansion of the standardized Y-statistic Y;, about 6 is obtained
with remainder o(n~!) by Yamato et al. (2003). It also gives the Edgeworth expansion
of the studentized Y-statistic with remainder o(n~'/2). For the studentization of Y-
statistic Y;, given by (1.2), we use a jackknife variance estimator. That is, as a variance
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estimator of \/nY,,, we use 62 given by
(n—1)) (V- (3)
=1

where Y,Si) is the Y-statistic given by (1.2) computed from a sample of size n — 1 with
X; left out.

Our purpose is to get an Edgeworth expansion of the studentized statistic Y,, given
by (1.2), using the jackknife variance estimator 62 with remainder term o(n~!). For
the studentized U-statistic, Helmers (1991) and Maesono (1995) obtained its Edgeworth
expansion using a jackknife variance estimator with remainder term o(n~'/2). Maesono
(1997) get an Edgeworth expansion using a jackknife variance estimator with remainder
term o(n~1). Maesono (1996) gave an Edgeworth expansion of v/n[L, — E(Ly,)]/dn,
where G2 is a jackknife variance estimator of \/n[L, — E(Ly,)].

In Section 2, we give an Edgeworth expansion of /n[Y, — E(Y,,)]/6,, following
Maesono (1996). In Section 3, using the result of Section 2 we shall derive another
Edgeworth expansion about parameter 6, that is, the expansion of \/n[Y,, — 0]/6,,. We
give some examples in Section 4. In Section 5, we give supplementary propositions nec-
essary for the previous sections.

2. Studentized Y-statistic about its expectation

In the following sections, we assume d(k,k) > 0. Then, with 6, = kd(k,k —

1)/d(k, ) it holds that
g((:,?) (Z) 1= (ik * O(iz>’ )

dk,k—=1)( n \ _ o 1
D(n, k) (kl) = +0(55): (5)
For the U-statistic Uy, d(k, k)n™ /[D(n,k)k!] = 1 and 6, = 0. For the V-statistic V},

and the S-statistic Sy, 0y = k(k — 1)/2. For the LB-statistic B, oy = k(k — 1) (see
Nomachi et al. (2002)).

and

We put
¢C($1,...,$c) :E[Q(Xl,,Xk) | X1 :xlw"vXC:xC]v C:1,2,3

and
g (1) = 1(21) —
forc=2,3

c—1
g(c)(xl,...,xc):wc(xl,...,xc)—z Z g(i)(xll,...,a:li)—ﬁ.

i=1 1<l <-<l;<c
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For the kernel g,_1)(21,...,2k-1) , we put

ek—l = Eg(]) (Xla s an—l)a

Ye-1),1(#1) = Elge-1)(X1, ..., Xp—1) | X1 = 21],

and
9&),1)(931) = Y—-1),1(x1) — 1.
We put
of = E[{gM(X)}], oF=(k-1)’E[{g? (X1, X2)}?],
vo= o3 DR g0 o) 0] - 20t

filz) = %[{9(1)(90)}2 — ot + (k= 1)E[g"V(X2)g® (2, X2)]

and
flzy)= — gD @)Wy + (k- 1){9(2) (@, 9)[91(x) + 91 (y)]

B[y (@, Xa)gM (Xs)] - B9 (y, X3)9™ (Xs)] |
+ (k—1)’E[¢® (2, X3)9® (y, X3)]
+ (k=1 (k- 2)E[g®¥ (2,9, X3)g" (X3)],

which satisfy the relations Ef;(X) = 0 and E[f2(X1, X2)|X1] = 0 a.s. (almost surely),
respectively. Furthermore we put

3E[ff(Xy)] v

T el b
¢ = E[fl(Xl)g(l)(Xl)]
and
@) = k- gl @)~ kg @) + o @)
—j%{[fl ()9 (@) = ¢ + (E[fa(w, X2)g™M (X2)] = féfl (x))
(k= 1) E[g® (, X2) (o) }
as(z,y) = (k—1)g® (z,y) - O,i%[fl ()9 ) + f1(y)gV (@)],
a‘3(x7y72) = (k_ 1)(k—2)g(3)(x,y,z)

01%{(’9 ~1[f@)g? (4. 2) + [y)g® (@, 2) + f1(2)g" (x,y)]

+0@)[fal3:2) ~ S HOAE] + 00 ol 2) = S fi()1(2)]

1 1

+06) [ale) - Zh@AW]

1
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which satisfy the relations E[al( )} = 0 E[G,Q(Xl,XQHXﬂ = E[ag(Xl,X2)|X2] =0
and E[ag(Xl,XQ,Xg)‘Xl,XQ] = 0 a.s. because of Efl( ) = O E[fQ(Xl,X2)|X1] 0
and E[g® (X1, X2)|X2] = 0 a.s. We define

A = ElgM(X0)P,

A = ElgM (X1)g™M (X2)g? (X1, X)),

As = Elg™M(X1))%,
AFWW%%WM”%%N

As = Elg™M (X1)g™M (X2)g® (X1, X3)g') (X2, X3)),
Ao = B¢ (X1)g™M (X2)g™M (X3)9® (X1, X2, X3)],

and

25 3 r 1 2
+7T( — 10z +15$)+n0_%()\7+4E[a2(X1,X2)])}.

LEMMA 2.1. (Maesono (1996)) If E|g(Xi,, ..., X;,)|? < oo for 1 <iy < - <ip <
k, and BE|g(X1, X2, X3, ..., X3)|*T¢ < 00 and E|g(X1, X1, Xa, ..., X3)|*T¢ < 00 fore > 0,
then we have

T 22 k .
52 =k 1+—Zf1 e Y f(Xu X))+ +op(n7)
1<z<j<n
and
kW*A——Zh > [Rex) - SA0AK)
01 1<i<j<n Ul
E[f3(X
PR g

where 0%(n™') is a quantity satisfying P(loj(n™)| > cn~*(logn)™') = o(n™!) for a
constant ¢ > 0.

Thus by Maesono (1996) we have the following: Assume that E|g(X;,, ..., X;,)|? <
oo for 1 < le < ... < ’Lk < k, E|g(X1,X2,X3,...,Xk)|9 < oo and E|9(X17X17X2,-~-7
X},)|**¢ < oo for £ > 0. Then we have

~A—1 _ @ * C 0* TL71
Un \/H(Yn 7E[Yn]) - o1 Un \/’EU% + p( )7 (7)
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U= {0+ M L Y aeX)bn Y el XX,

i=1 1<i<j<n 1<i<j<i<n

For Edgeworth expansion of the statistic, we use the result of Lai and Wang (1993)
which needs the following conditions.

Condition (C): E | g® |"< oo for some r > 2 and there exists K Borel func-
tions f; : R — R such that K(r —2) > 8(4r — 5), Eh3(X1) < o0 (j = 1,..., K), and
the covariance matrix of (W1,..., W) is positive definite, where W; = (Lh;)(X;) and
(Lh)(z) = Elaz(z, X2)h(X2)].

In case of k > 3, the original condition of Lai and Wang (1993) contains the
term I[E\g<3>(X1,X2,X3)\>0]7 which equals 1 since g(?’) (X1, X2, X3) is not zero a.s. under
the assumption that the kernel g is not degenerate, that is, 7 > 0. It also contains
E | ¢® |"< oo for some r > 2. This condition is satisfied with r = 4 under our condition
E|| 13(X1, X2, X3) |*] < 0o, which is necessary for the condition (A4) of Lai and Wang
(1993).

Condition (D): There exist constants c¢; and Borel functions h; : R — R such that
Ehj(X1) =0, E | hj(X1) |"< oo for some r > 5 and as(X1, X2) = Z;il cihi(X1)hi(X2)
a.s.; moreover, for some 0 < ¢ < min{1,2(1 — 11r=1/3)},

lim sup sup
[t|—oo [s1|+-+|sk|<|t] =

K
Eexp (it[g™M (Xy) + Zsjhj(xl)])( <1 (8)
j=1

The asymptotic expansion of the statistic \/no; U} is given by the following.

LeMMA 2.2. (Maesono (1996)) Assume that E[g™ (X1))]* < oo, 07 > 0,
Ellay (X)) + las(X1, Xa, Xs)[1] < o0 and limsupy_.. |E | explitg(X1)}]| < 1. If
either condition (C) or (D) is satisfied, we have

swp  |P(vioy 'Us < @) = Qula)| = o(n ™). (9)

—oo<xr <o

For example, by Minkowski’s inequality and Schwarz’s one, one of the above con-
ditions El|a1(X1)|? + |az(X1, X2, X3)|*] < oo is satisfied if

E|g(1)(X1)|12 < 0, E|g(2)(X17X2)‘12 < o0,

Elg®™ (X1, Xz, Xo)['2 < 00, Elgly) ) (X1)[* < o0.
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We define
e1 = ElgW(Xy)]%,
e2 = (k— 1)E[gM (X1)g™M (X2)g® (X1, Xo)],
es = Elg™ (X)),
es = (k= 1)E[(gV(X1)) g™ (X2)g® (X1, X)),
es = (k— 1)2E[gM (X1)g™M (X2)gP (X1, X3)gP (X2, X3)],

eo = (k= 1)(k = 2) Elg™ (X1)g'") (X2)g™ (X3)9' (X1, X2, X3)],
= 07%(2e1 + 3ea),
vy = o7 % (e1 + 3ez),
v3 = —07 (2e1 + 3e2)?,
vy = 607 *(e3 — 607 4 12e4 + Ges + 4eg) — 207 % (2e1 + 3ez)(2e1 + 9er),
vs = 307 % (4€? + 12e1e9 + 3e2) + 180, * (0302 — e3 + 207 — 4eq — 2e5).

Using fi2(z) = E[g™M(X2)g™ (z, X3)] which appears in the second term of fi, we
can write

e2 = (k—1)E[gW(X1) f12(X1)], ea = (k= DE[{g™ (X1)} fra(X1)],

es = (k— 1)’ E[{ fiz(X1)}?].

Furthermore, we define

H,(z)=®(z)+ ¢($)6\1/5(le2 +v2) + ¢(x )7; (v32® 4+ v42> + v5).
Between @Q,, and H,, it holds that
On (x n \/ECU%) = Hy(z) + o(n™Y). (10)

The asymptotic expansion of the statistic 6, 1v/n(Y,, — EY,,) is given by the fol-
lowing.

LEMMA 2.3. (Maesono (1996)) Assume that E|g(X;,, ..., X;,)|? < co for 1 <iy <

- < <k, E|g(X1,X2,...7Xk)|9 < 00, E|g(X1,X1,X2,...,Xk)|4+€ < 00 f07" e >0,

and E[gM (X1))]* < o0, 07 > 0. Furthermore we assume that El|a; (X1)]? + |as(X1, X2,

X3)["] < 0o and limsup, |E[ exp{itgM) (X1)}]| < 1. If either condition (C) or (D)
is satisfied, we have

sup ’P(&;lﬁ(yn _EY,) <) - Hn(x)) = o(n~ ). (11)

—oo<r<oo
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3. Studentized Y-statistic about 6
At first, we note that

oY, —0) =6, (Y, — EY,,) + 6, Vn(EY, —0). (12)
By Nomachi et al. (2002), (3.5), we have

VA(EY, —0) = % +0(n=%?) (13)

where g = 0k (0x—1 — 6).

If we put Ra, = 05(n~!), then /n(EY, —0)Ran = 05(n~"). Because for a constant
¢ > 0 we have P(|\/n(EY, — 0)Ra,| > cn™(logn)™!) < P(|R2pn| > en~*(logn)™t) =
o(n™1), since \/n(EY, —0) <1 for a large n. We multiply (2.3) by (3.2), and use this
fact. Then, we get

ko157 VR(EY, — 6) = j’%{l—ngfl D} o) (1)

where E|R’| = O(n=%/?). Thus from (2.4) , (3.1) and (3.3) we get
- 1 C | M _
1 Yn — ) = @ *ok —l_ Pk * * 1 1
o2 VY, = 0) = LU+ o 0f+hﬁ}+RW+%m (1)
where

w_ 1~y ap(Xi)y 1 1
U :EE {g()(Xz'HT}*'E E az(Xi, Xj)+ 3 E, as(Xi, Xj, Xu),
1=1 1<i<j<n 1<i<j<I<n
(16)
and
X Hk
al(Xi) :al(Xi) - A 3f1(Xl)
01

We can also obtain the expansion (3.4) by multiplying (2.3) and the following (3.6).
For the detail of this multiplication, see Appendix.

LEMMA 3.1. (Yamato et al. (2003)) Assume that d(k,k) > 0 and
Elg(Xiy sy Xip)|? < 00 for 1 <iy <--- <y <k. Then, we have

VY, —0) = Y™ + I+R/ (17)

where E | R], |*= O0(n™3) and

k% (1)
Y =k(1 n nl/? Zg Dor 57 3/2 ng X

1
el DI OE ARV RN (LI S LI AP e Ot

1<i<j<n 1<i<j<I<n

+k(k—1)
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In the asymptotic evaluation of of &, *v/n(Y,, — ) with remainder term o(n=1), we
can neglect at first the term o} (n~") of (3.4) by using the relation given by Lemma 5.3
and then the terms R} of (3.4) by using the relation given by Lemma 5.2. Thus, we can
get the following.

LEMMA 3.2. Assume that d(k,k) > 0, E|g(Xi,, ..., Xi,)]? < oo for1 <ip < -+ <
e < k‘, E|g(X1,X2,X3,...,Xk)|9 < oo and E|g(X1,X1,X2,.. )(]f)lzl—"_E < o0 f07”€ > 0.

Then, we have

_Oosgf@o‘ ( nVn(Yn )<x) (fU;*Jr\/lﬁ{ £+:;1} <x>’:0(n_1).
(18)

U;* is different from U} only in the term aj. Thus the Edgeworth expansion of
Uy* is different from U} in the term A7. By Lemma 2.2, we get the following.

LEMMA 3.3. Assume that d(k, k) > 0. Furthermore, we assume that
Elg(Xiys oy Xi)? < 00 for 1 < iy < oo < i, <k, E[gM(X))]* < o0, 0} > 0,
Ellar(X1)[? + las(X1, X2, X3)|*] < 0o and limsupy, . |E[exp{itg™ (X1)}]| < 1. If
either condition (C) or (D) is satisfied, we have

sup  |P(vioy Uy < @) = Q)| = o(n ") (19)

—oco<x <00
where Q7 (x) is obtained from Q,(x) by replacing A7 with

HE

:)\7 k3

1
( €1 +62)

The last term of the above right-hand side is due to the bias of the Y-statistic. We
also know that

Qi(x) = Qule) — o5 (o1 + ea)ao(e). (20)

By (2.6), we have

¢ P\ Pk _
Qn (-17 + \/’77,0'% - \/’77,/{50'1) =H, (J,‘ — \/ﬁk0—1> + O(n 1) (21)
and by Lemma 5.4
Hk _ 3
o - \/ﬁ/wl) = (@) + ol )Gf(“1x2+”2_6k71)

+o(z )7;71 <v3x + (0412 kiik)IBJF[U5+12%(U2*2v1)}x 36(k01) >+O(n3/2).

(22)
By (3.9), (3.10), (3.11) and Lemma 5.4, we can get

Qe+ To{sy — 1)) = Hifw) + O™, (23)
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where

Hy(z) = @(x) + ¢(x) f<”19€2 + g — %) + é(x )7; {vsx + (vs + U];:Ik):v?’

[k pr_ 1 i
N {v5+12kf‘1(”2_2”1) 72k = (5 el+ez)}x—36(kal) }

Thus, by (3.7), (3.8), (3.11) and (3.12) we get the following.

THEOREM 3.4. Assume that d(k,k) > 0, E|g(X;,, ..., Xi,)|> < 00
for1<iy <--- <y <k, E[g(l)(Xl)]4 < 00, 02 >0, Elg(X1, X2, ..., Xx)|? < 00, and
Elg(X1, X1, Xo, ..., Xp)|**¢ < o0 for e > 0. Furthermore we assume that
lim sup,y| o | B[ exp{itg® (X1)}]| < 1 and Ellay(X0) + as(Xi, Xz, Xa)|'] < o0. If
either condition (C) or (D) is satisfied, we have

sup | P(6, V(Y — ) < @) — ()| = o(n ™). (24)

—oo<z<oo
As stated after Lemma 2.2, one of the conditions of Theorem 3.4 Ef|a;(X1)|® +
las(X1, X2, X3)|*] < oo is satisfied if E|g™M(X1)['? < oo, E|lg? (X1, X2)|*? < oo, and
Elg® (X1, Xa, X3)|1? < 00, Elg(y) ;) (X1)]* < o0,

COROLLARY 3.5. FEspecially, let the degree k be 2. Assume that d(k,k) > 0,
Elg(X1, X1)[** < 00 fore > 0, E[g!M(X1)]* < 00, 02 > 0, and E|g(X1, X2)|? < c0.
Furthermore we assume that imsup,_, o |E[exp{itg™) (X1)}]| < 1 and Eljay(X1)[® +
las(X1, X2, X3)[Y] < co. If either condition (C) or (D) is satisfied, we have (3.13).

In the case of k = 2, the condition E[|a;(X1)|®>+ |a3(X1, Xo, X3)[*] < o is satisfied
if Blg™M(X1)|"? < o0, Elg® (X1, X2)[*? < 00, and E|g o 1)(X1)\3 < 0.

The difference of the Edgeworth expansions of the studentized Y-statistic about its
expectation and 6 is the following.

COROLLARY 3.6.

1
H}(x) = Hy(z) — ¢(x) \/ggal + ¢(w)m{vz€1:1k v

ok (1el+22)}x36(\ﬁwl)2}. (25)

HE
\/ﬁk‘()‘l fk 5
Especially, if Ox—1 = 0 then H}(x) = H,(z).

The condition 6;_1 = 6 above is equivalent to Eg(Xy, X1, Xo, X3,..., Xp_1) =
Eg(X1, Xa,...,X})). The difference between the Edgeworth expansions about its ex-
pectation and 6 appears at the term related with p; which arise from the bias. The
value of the difference depends on each Y-statistic. The values of uj for V-statistic,
S-statistic and LB-statistic are as follows.

+ 112

(’02 — 2”[)1 ) 72

k(k —1)
pr = 0k (Op—1 —0), O = 2
k(k—1) (LB — statistic).

(V,S — statistic)
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By Remark 3 of Maesono (1996), H,(z) is equal to the Edgeworth expansion of
studentized U-statistic using the jackknife variance estimator. Hence, if ;_1 = 6, then
the Edgeworth expansion of studentized Y-statistic about 6 using the jackknife variance
estimator is equal to the one of studentized U-statistic using the jackknife variance
estimator. This is also read from (3.1) and (3.2).

4. Examples

We give examples of the Edgeworth expansion of the studentized Y-statistic about
estimable parameter 6.

Example 4.1 We consider the third central moment § = [(z — p)3dF (z), where
w is the mean of F'. Its kernel g(z1, 2, x3) is given by

1 1

g(:c:f + s+ ad) - §($%x2 + wirs + 225 + wirs + v125 + Toxd) + 2212073

For this kernel, we have g(x_1)(z1,72) = g(2)(z1,22) = 0 and g—2)(z1) = g1y(2z1) =0
and 80 O;_1(= 02) =0 O_2(= 61) = 0. Therefore, we have

n

— d(kvk) n o d(3,3)n2 —
"7 D(n, k) (k) Un = 6D(n,3) > = X)? (26)

=1

where X = 37" | X;/n. We assume that the distribution F" has a density. We also as-
sume E|X|*" < 0o and denote jth moment of X about the origin by m'; (j = 2,3, ...,12).
In order to study the statistical properties of Y;,, by (4.1) the mean p is assumed to be
zero, without loss of generality. Thus, in this case 8 = mj and p, = —dm4. We consider
the two cases that the distribution F' is symmetric or not.

Example 4.1.1 We assume that the distribution F' is symmetric about zero. In
this case, by the symmetry m}; =0 (j = 3,5, ...,11) and € = 0. Then, we have

V@) = St - 3mma),
9P (@1,02) = o(wr,w2) — g (@1) — g (w2) — 0
= %(—xf:ﬂg — 122+ xym/y + zom/y),
g (21,0, 23) = 213013

By the computation based on these, we get

er = 0, ex=0,

es = %(m'u —12m’ 1om’s + 54m/sm/5 — 108m/em’s + 81m’4m’3),

ey = ﬁ(—m’gm’4 + 3m/sm’s 4+ T/ gm/ ym’y — 21m/em’;
—15m/3m’s + 54m/ ym’y — 27m'5),

€5 = é(m’i — 7m’im’§ + 15771/4771’;1 - 9m’g),

e = i(m'z —Omim; + 2Tm ', — 2Tm'3).

27
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Furthermore,

o = §(m’6 —6m/ams +9M'3), o2 =2(m sm/s —m'3).

Thus we get

U1

Vg

Us

and

(m'g — 6m/ym’y + 9m'3)?
X {m’12 —12m/om/y — 36m/sm’4 + 162m'8m’3 — 6m'§ + 324m/gm’4m/ 5
—972m/ em’S + 102m'3 — 1566m/2m/2 + 4779m/ ym’s — 3240m 2}
18

(m'e — 6m/ym’y + 9m’5)2

X {—m/12 +12m/ 1 om/s + 12m/gm’y — 90m/8m'§ + QmI?3 —90m/gm/4m/

+378m gm’s — 18m’ + 270m’ > m/s — 945m/ ym/5 + 486m/ }

E[gM(X1) f1(X1)] = %61 + ey =0.

Now we check the condition (D): We can write 2¢(2) (z,y) = (x +y)(m} — 2y) = —(2% +

€T —

mb)(y? +y —mb) + (22 — mb)(y? — mh) + xy. We can also write

A@gV W)+ A9 (@) = [f(2)+9D @A) +9P @) - fi(@) 1 (y)— 9N ()9 ().

Thus we have aqs(x,y) = Z?=1 cih;(x)h;(y) where

and

hi(z) = 2° + 2 —mb, ho(z) = 2% —mb, hs(z) ==z,

ha(z) = fi(z) + 9P (2), hs(z) = fi(z), he(z) = g (2),

1 1 1 1
61:—5(!{1—1), 6225(]{5—1), 63:§(l€—1), Cy = ——5 Cs = Cg =

In this example we can write f; as follows:

fi(z) = i

IS [(z* — 3am})® — 907 + 6(m/y — 3m'2)(mly — z%)].

Thus for any sy, ..., 55 (—00 < 81,...,8x < 00), ¢ (x) + Eszl s;jhj(z) is a polynomial
of degree 6 with respect to z. Therefore the distribution of g(*)(X) + Zjil s;h;(X) has
the density for any si,...,sx (—00 < s1,...,55 < 00) and by Lemma 5.1 the condition
(D) is satisfied. We note that the check of the condition (D) of the example (1) of 5 of
Yamato et al. (2003) is corrected and may be done like as the above.
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Under our assumption, pug = d(0x—1 —6) = 0 and the Edgeworth expansion of the
studentized Y-statistic about estimable parameter 6 is given by

H(2) = ®(z) + ¢(x {v4:c +Usa ).

That is, there is no difference of the Edgeworth expansions of the studentized Y-statistic
about its expectation and 6. Thus, if the distribution F' is symmetric then there is
no difference among the Edgeworth expansions of the studentized Y-statistic about its
expectation and 6. By Remark 3 of Maesono (1996), this expansion H(z) is also equal to
the Edgeworth expansion of studentized U-statistic using a jackknife variance estimator.

Example 4.1.2 We assume that the distribution F' is not symmetric about zero.

In this case, § = m4 and pr = —dpmf. Now, we have
1) 1 5 / /
g (x1) = §x1 —m/ox1 — M3,
1
g(2)(9L'17 T9) = 5(—:5?:52 — xﬂ:‘% +x1m/ o + xam's),
g¥ (1, 22,23) = 2a17003.

Thus, by the same reason as in Example 4.1.1, Condition (D) is satisfied. By the
computation based on these functions, we get

1

e = 27(m9—9m7m2—3m6m3+27m5m2
+18m/ym/3m’s + 2m'§ — 54m’3m’;),

ey = 5(—m’5m/4 + 3m’5m’§ +4Am/am/3m’y — 12m’3m’§),

e3 = 81(m12—12m10m2—4m9m3+54m8m2+36m7m3m2
+6m’¢m’ 3 — 108m em’ 2 —108m/sm/sm’ 2 — 36m’ym gm 2
+81m/ym’y — 3m’s + 162m/2m’3),

es = 217( m/sm’y + 3m/gm 3 m/ em's +4m/rm/sm’s + Tm/gm am’s
721m/6m'§ + 6m'§m’2 +4Am/'sm/ym/’s — 45m’5m’3m'§
—15m/am/5 — 16m/ ym’am’s + 54m’ ym/y + 84m/am’s — 2Tm’S),

es = ;(m5m2+2m5m4m3—14m5m3m2+m4—7m4m’§
—8m’4m’§m'2 + 15m'4m'2 + 40m’§m 5 — 9m’6)

e = 247(771'?1 —9m/ 4m 2 +27m’ ym’ 2 —2Tm/ )

Furthermore,
o? = %(mlg —6mlam’y — /s +9m3), o =2(m/sms +ms —m'3).

Thus we can get vy, vs, v3, v4, and vs, which are tedious and we omit to write them.
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We also have
1
76 +ey = 5—4(m’g —9m/ym’y — 3m/em/s — 12m/sm/4 + 63m’5m'§
+66m’ym’sm’y + 2m’§ — 198m’3m'§).
The Edgeworth expansion H(z) is given by (3.12) with
k(k—1
—gmg (V,S — statistic)
Mk = 2
—k(k—1)mj5 (LB — statistic).

In the relation (3.14), H(x) is different from H, (x) with this py.

Example 4.2 We consider the kernel g(z1,zg, ..., z5) = x129 -z (k > 3). This
kernel yields estimable parameter 6(F) = u*, where y is the mean of the distribution F.
We assume that the distribution F' has the density. We also assume that F' is symmetric
about the mean p (> 0), and E|X | < co in case of k = 3,4 and F|X?*¢| < 0o in case
of k > 5. We shall denote the central moments about the mean by m; (j = 2,4). Now,
we have

g(l)(xl) _ uk—1(x1 — ),
9P (@1, w0) = PP (@ — ) — ),
g (@1, w0,m3) = PPy — p) (w2 — p) (x5 — p).

The computation based on these values yields

er = 0, ex= (k - 1)H3k74m§7 €3 = H4k74m4, es =0,
es = (k=1 5m3, es=(k—1)(k—2)u**%ms3.
Furthermore,
0?2 = 1R 2, o2 = (k- 1)2M2k_4m2
Thus we get
3(/€ — 1),/m2 3(k — 1)./m2 9(]{3 — 1)2m2
n = s V=" W= 5
7 7 I
vg = 6& ez — 6E] + 124 + 6es + deg) — 267 %(2e1 + 3ea)(2e1 + 9en)
_ 6{pPma — 6pPm3 + (k — 1)(k — 5)m3}
B prms ’
vs = 3&7°%(4€? + 12e1eq + 3e2) + 18674 (€762 — e3 + 261 — deq — 2e5)
_9{2pPma — 4pPmd + (k- 1)(2k — 3)m3}
pms

Now we check the condition (D): By the relation derived in Example 4.1, we have
aa(w,y) = 1 ¢ih; (2)h; (y) where

hi(z) =z —p, ha(z) = fi(z) + M (@), hs(z) = fi(z), ha(z)=g" (),
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and
1 ;9 1 1
81=—§M (k—1), 022—;%, C3=C4:;%-

In this example we can write f; as follows:

1
Fil@) = S 72 e = p)® + 2(k = Dma(w — p) — pmo].
Thus for any s1, ..., 55 (—00 < 81,...,85 < 00), g1 (z) + E;il sjh;(x) is a polynomial
of degree 2 with respect to z. Therefore the distribution of g(" (X)) + Zf(:l sjh;(X) has

the density for any si,...,sx (—00 < s1,..., 8k < 00) and by Lemma 5.1 the condition
(D) is satisfied.

The values of uy for V-statistic, S-statistic and LB-statistic are

k= 1)

M = 2
k(k —1)(m3 + p? — p)pk=3 (LB — statistic).

m3 4 p? — )3 (V, S — statistic)

These values give the difference among the Edgeworth expansions H(z). The Edge-
worth expansions H(z) are given by (3.14) with the above values.

Example 4.3 We consider the kernel
1
g(x1,20,23) = g{I(xl > a9+ x3) + I(xe > a1 +23) + I(25 > 21 + 22) }s (27)

where I(A) is the indicator function of an event A. This kernel yields the estimable
parameter 6(F) = E[1 — F(X; + X5)] which measures the degree to which a life dis-
tribution F has the NBU (new better than used) property. If X; and X5 are random
variables having the life distribution F', the NBU property is denoted by P(X; > z) >
P(Xs >z +y|Xy > y) for x, y > 0. (See, Hollander and Proschan (1972), and Lee
(1990)). We note that

V1 (x) = %E[F(a: - X3)] + %E[l — F(z + X3)],

Yaler,a2) = 5 [Flles — mal) + 1= Flay +22)],

For the corresponding U-statistic, we shall derive Edgeworth expansion in cases that F'
are the uniform distribution U(0,1) and the exponential distribution e(1) with parame-
ter 1. Since the kernel (4.2) is scale invariant, the Edgeworth expansion for the uniform
distribution U(0,1) is equal to the one for the uniform distribution U(0, «), a > 0. The
Edgeworth expansion for the exponential distribution e(1) is also equal to the one for
the exponential distribution e(«), o > 0.

Example 4.3.1 We assume that F' is the uniform distribution U(0,1). Then §(F) =
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1/6, and

g(l)(ml)

L 24 ] 0O<z<1)
= -r{—-T1+ 2 T
2717371 "6 ’

9® (21, 22)
o — @] — (@1 +a2)] — 3@t +ad) + 2(@1+a2) — ¢ (0<a1+a2<])
tloy — x| — $(a3 +a3) + 2(x1 +@2) — 5 (w1 + a2 > 1).

By using the expression of ¢™) and ¢ to

Elg™M(X2)g® (X1, X2)| X1 = 71] =/ g (22)g® (21, 22)da

0<z2<1,0<z1+22<1
+/ 9(1)($2)g(2) (21, x2)dxs,
O<z2<l,x14x2>1
we get
Elg™M(X2)g® (X1, Xo)| X1 = 71]

1 Xy Xy 1
= 3{2m1/ g(l)(l'g)dl'g —/ $29(1)($2)d1'2 +/ mgg(l)(xg)dxg}
0 0 x
1 1 1—%1 ' l—itl
— / [g(l)(xg)]zdxg + 3{(1 — xl)/ g(l)(mg)dxg — / xgg(l)(xg)dxg}.
0 0 0

Thus we get

1 5 1 1
4 23+ —a?

(1) (2) — _ 42 =
Elg"" (X2)g'" (X1, X2)| X1 = 21] 2151 T 5 R~ 57p

By the computation based on these functions using Mathematica ver. 4.0, we get

1 1
0? = — =0.0037, o5 =-— =0.0074

270 135
and
e = L 0.00714, ey = L —0.00022, e3 = I 0.00357,
140 4536 280
€4 = _i = —0.00001, e5=—— =0.000014.
1360800 72900

Since we can write

e6 = (k—1)(k — 2)E[g™ (X1)h(X1)]

where h(z gV (y)gM (2)dydz, we have

) = f0<y+z<m

I
€6 = " 57760 —0.0000037.
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Thus we get
309+/30 2130 1432215
vy = = 60.44510, vy — = 987554, w3 — ———ore® = 4004.8459),
28 1 292
4878216261 2495655
_ 200020 - 5079.35887 = 22099 - 6366.4668.
v 960400 r BT T390

Now we check the condition (C): We take h(y) = y' (0 <y < 1,1=1,2,...) for
(Lh)(z) = Elas(x, X2)h(X2)] (0 < 2 < 1). Since f; and g!) are polynomials of degrees 4
and 2, respectively, the term related to f; and g™ in E[ag(x, X2)h(X2)] is a polynomial
of degree 4. Among the terms of g(?), |z — y| yields the integral

1
2 1 1
l _ +2
ylyldy= g2~ o~ (o 1
/O‘aj YWdy = e ” w1t O<e<l)

which is a polynomial of degree [ + 2. Among the terms of ¢, the other term yields
a polynomial of degree 2. That is, (Lh)(x) (0 < = < 1) is a polynomial of degree
I+ 2 for h(y) = y* (0 < y < 1,1 = 2,3,..). Thus if we choose h;(y) = y’ for
Jj=2,3,...,K, then hy(z1),....,hx(z1) are linearly independent and the covariance ma-
trix of (h1(X1),....,hx(X1)) is positive definite. Thus the condition (C) is satisfied.

The values of uy for V-statistic, S-statistic and LB-statistic are

(V, S — statistic)

3

DO = | =

(LB — statistic).

These values give the difference among the Edgeworth expansions H(z). The Edge-
worth expansions H(z) are given by (3.14) with the above values.

Example 4.3.2 We assume that F' is the exponential distribution e(1) . Then
O(F) =1/4, and

11,
g(l)(:ﬂl) = 15 gxle v (x> 0)
1 1
g(2) (x1,m2) = D + 3 [xle*”“ + mge~ %2 — el el 4 e*(wﬁ“)} (z1,22 > 0).

By using the expression of ¢! (z;) and ¢® (zy, ) to

Elg™W(X2)g® (X1, X2)| X1 = 1]

oo

T1
= / 9(1)($2)9(2)($17$2)d9ﬁ2+/ 9V (22)gP (21, 22)da,
0

T
we get

) 8 8 2 1
E (1) (2) —_ - _ _ —2x1 —x1 __ -2z -z
[0 (X2)g" (X1, X2)| X1 = 24] 3338 7816 +—8le —273:1@ —361;1@
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By the computation based on these functions using Mathematica ver. 4.0, we get

5 251
2 . 2 .
0F = sorg = 0001286, oF = S = 0.25823
and
1 5 2171
- = 2 =2 = _0.000071 — = 00000037
1= 3yqgq - V000032, eo = —igacy = —000007L, - es = e 00000 ’
—10127 2083
__—wler 1 = 2%% 000013
= Gagzsaooon | OOVOOL e = Tei000
By the method similar to Example 4.3.1, we have
Thus we get
213 51v/3 1323
vy = V2 = 3953306, vy = — VO = 305044, w5 = ——o0 = _10.584,
! 55 2 10v5 3 125
787836542389301 7974727
- _ = _5.86322 = ——— =93.11651.
4= T 134360280000000 000822, vs = —gioe = 931165

Now we check the condition (C): We take h(y) = e~ (y > 0,1 =1,2,...) for (Lh)(z) =
FElas(z, X2)h(X2)] (x > 0). The terms related to f; and g*) in Elas(w, Xo)h(X2)]
contain exponential functions e=® or e~2*. Among the terms of ¢(®), e~1*=¥l yields the
integral

—le—yl .~y g, — — Az
f ety = e - e @)

which contain exponents e~* and e~**. Among the terms of ¢(*), the other terms are
constant or contain a exponential function e~*. That is, (Lh)(x) contains exponent e,
e and e~ for h(y) = e™W (I = 2,3, ...). Thus if we choose h;(y) = e~ U+D¥ (y > 0)
for j = 1,2,..., K, then hq(z1),....,hx(x1) are linearly independent and the covariance

matrix of (hq1(Xy),....,hx(X1)) is positive definite. Thus the condition (C) is satisfied.

The values of py for V-statistic, S-statistic and LB-statistic are

7132 (V, S — statistic)
M = 5
~% (LB — statistic).

These values give the difference among the Edgeworth expansions H(z). The Edge-
worth expansions H;(z) are given by (3.14) with the above values.

Next, we consider about the kernel of degree 2.

Example 4.4 We consider the variance § = [(z — p)?dF(z). Its kernel g(z1, x2)
is given by

(a:f + x% — 2371332).

N —
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For this kernel, we have g,_1)(z1) = g(1)(z1) = 0 and so ;_1(= 01) = 0. Therefore, we

have
d(k, k) (n d(2,2)n & o
Yo = D(n, k) (k) Un = 2D(n,2) DX - X2 (28)

j=1

We assume that the distribution F' has a density. We also assume E | X [¥¥< oo
and denote jth moment of X about the origin by m’; (j =2,3,...,6).
In order to study the statistical properties of Y;,, by (4.3) the mean g is assumed to
be zero, without loss of generality. Thus, in this case § = m), and pr = —dpmb. We
consider the two cases that the distribution F' is symmetric or not.

Example 4.4.1 We assume that the distribution F' is symmetric about zero. In
this case, by the symmetry m’ = 0 (j = 3,5,7). Then, we have

1
g (21) = 5(95% —m'y), gP(x1,20) = —a172, fra(z1) = 0.

By the computation based on these, we get

1
er = g(mlﬁ —3m/ym/y + 2m'g),
€y = 0,
1 / / / r 12 14
es = 1—6(m8—4m6m2+6m4m2—3m2),
eq = 0, es = 0, eg = 0.
Furthermore,
1
A= toromd oi=md
Thus we get
2 3
U= Gty g o S 2m'd)
2
1 3
"= Gy (e Smam'a 23}
2
4 / / / 13 2
vy = fm{m6—3m4m2+2m2} ,
4 2
2 2 2 3
vy = m {3m'8m/4 —3m'sm'y — 4m/g + 12m/em/gm’y — 4m’gm’,
2

—18m/3 + 36m/2m’2 — 33m/ym/s + 11m’2} :
3
(%5 = m {76m/8m/4 + 6m'8m/§ + 4m'§ — 8m/6m'g
2

F12m"2 — 12m" 22 — 6mlam’s + 10m’3}

and

—e1 +ey = —(m'g —3m'ym’s + 2m’g).

2 16
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Now we check the condition (D): Since g(2)(x1, Za) = —x1Z3, by the same reason stated
at the Example 4.1.1 we have as(z,y) = Z?Zl cjh;(x)h;(y) where

hi(z) ==, ha(z) = fi(z) + g V(x), hs(z) = fi(z), ha(x) =gV(x),

and
1 1
a=-1, oa=—=5, a=u=—
01 o7

In this example we can write f; as follows:

filw) = 5 {@ = m'2)? = (s = m)}

ool —

Thus for any s, ...,s5x (—00 < 81, ..., 55 < 00), g (x) + Z]K=1 sjh;(x) is a polynomial

of degree 4 with respect to z. Therefore the distribution of g™ (X) + Zle sjh;(X) has
the density for any si,...,sx (—00 < s1,...,5kx < 00) and by Lemma 5.1 the condition
(D) is satisfied.

Example 4.4.2 We assume that the distribution F' is not symmetric about zero.
Then, we have

1
9(1)(351) = 5(1’% - m/Q), 9(2)(I1,$2) = —I1x2, f12(931) = *Emél’y

By the computation based on these, we get

1
e; = g(m’g —3m/am/s + 2m';),
ey = flml2
2 - 4 39
_ 1 ! / / / 72 14
es = 1—6( s —4dm'gm’y + 6m'ym’; — 3m'y),
2
eq4 = g(—m/5m/3 + 2m/3m/2),
1 12
es = im 3m’a, eg = 0.

Furthermore
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Thus we get
2 / ) /2 /3
v = W{m6—3m4m2—3m3+2m2},
1 / P /2 /3
Vg = W{m6—3m4m2—6m3+2m2},
4 , ;o 2 1312
ST T —m) {m6_3m4m2_3m3+2m2} ’
2

X {3m’8m’4 — 3m’8m’§ — 4m’2 +12m/gm/ym’y + 48m'6m’§ — 4m'6m’3
—72m'sm’ 4m’s + 72m’5m'3m’§ — 18m’i + 36m’im’§ + 72m’4m'§m’2
—33m/ ym/s — 108m/% — 120m'2m’3 + 11m’§} :

3
T - m)

X {—Gm'gm'4 + Gm’smlg + 4m’§ — 24m’6m’§ — 8m’6m’§ +48m/sm/ym/;
—A8m/sm/sm/5 + 12ms — 12m'3m’s — 72m/ ym/am’ s — 6m’ ym’;
+12m/5 + 96m 2m’s + 10m’§}

and
%61 + ey = %( "6 —3m/ym/y — 4m'§ + Qm’g).

Now we check the condition (D): Since

fi(z) = é {(1?2 —m'3)* — (m/y — m’g)} - %mlgx,

by the same reason as Example 4.4.1, the condition (D) is satisfied.

Example 4.5 We consider the kernel g(x1,22) = z1z2. This kernel yields es-
timable parameter §(F) = p?. We assume that the distribution F' has the density. We
also assume that F is symmetric about the mean p (> 0) and EX° < co. The values
es, ez and e are given by putting £ = 2 in Example 4.2 and, e; = e4 = eg = 0.

Example 4.6 We consider the kernel
g(x1,22) = I(x1 + 22 > 0),
which appears in the Wilcoxon one-sample statistic. We assume that the distribution F’

has the density and symmetric about zero. Then the value of the estimable parameter
6 is equal to E[I(X; + X2 > 0)] = 1/2. We have also

1
g(l)(xl) = I(xl > O), 91(2 Hk_1) = EI(X1 > 0) = §
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Therefore po(= pr) = 0. We note that 1 — F(—z) = F(z) and F(X) has the uniform
distribution U(0,1). We have

1
gV (a1) = F(z1) — 9@ (21, 22) = I(z1 + 22 > 0) — F(21) — F(22) + 2

1
§a
and )

fi(r1) =0, fia(w1) = *{F (1) F2($1)—6},

where we use the relation E[F(X2)I(z; + X2 > 0)] = foo F(z3)dF(z2) = [1 —
F?(—21)]/2 = [2F(x1) — F?(x1)]/2. Furthermore, using the relatlon E[F(X2)I(X: +
X5 >0)] = E2F(X1) — F?(X1)]/2 = 1/3, we get

1 1
2 1 2 1
L= 9 727 79
Thus we get
e =0 1 _ 1 1 B
€1 = €2 =0V, 63_807 €4 = 3607 65_7203 €6 =
and
234 216
7)1:1}2:’1}3:07 7)4:—?, 05:?'

Now we check the condition (C): We assume E|g®|" < oo (r > 2) and take K
such that K > 8(4r — 5)/(r — 2). We take h(y) = ¢! (I = 1,2,...,K) for (Lh)(z) =
Elas(z, X2)h(X3)]. Under the condition that F has the K-th moment, [ y'dF(y),
I = 1,..,K, are linearly independent. Since ay(z,y) = ¢ (z1,20) = I(z1 + 29 >
0) — F(z1) — F(x2) + 3, under the same condition, (Lh1)(x1),..., (Lhg)(21) are linearly
independent and the covariance matrix of (Lh1)(X1),..., (Lhg)(X1) is positive definite,
where b (y) =y, 1 =1,..., K.

Example 4.7 We consider the kernel

1
*[l’lf(l’l > 1172) -+ LL’QI(ZL’l < Ig)],

g(x1,29) = 3 max(x1,x2) = 5

which gives the probability weighted moment
1
0=0= EE[max(Xl,Xg)] = E[XF(X)].

We assume that the distribution F' has the uniform distribution U(0,1). Then we have
B =1/3, ga)(x1) = x1/2, and 6; = 1/4. Furthermore, we have

21 (1) = Bl (01 > Xa) + Xal(m1 < Xo)] = (1 +47),

1 1
(1) )
g (z1) = 51
1 1 1
9(2)(£1,x2) =3 max(x1,x2) — Z(aﬁ +22) - o
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and 1 1 1 1 1 7
_ -4 -2 - -4
hm) = ggm = g+ gge (@) = geat = g T o 1440°
Therefore we have
2 1 2 1
=-——, 03=_—.
17180 360
Thus we get
1 1 1 1 1
e = —— g = —— €q — ——— ey = ——— €5 = ————, e =
737800 2 3780° % 151200 ! 113400’ 75600° °
and
25 45 20 267
UlZ—T, ’U2:—7, IUS:_ZQ’ 'U4:—34, Vs = —— 49 7545

Now we check the condition (C): We take h(y) = y'*? (l =1,2,..,K) for (Lh)(z) =
Elas(z, X2)h(X2)] and a suitably large K (> 56). Since fo ylt max(x, y)dy is a polyno-
mial of degree [ 4+ 3 in x, (Lhy)(x1),..., (Lhgk)(x1) are linearly independent. Hence the
covariance matrix of (Lhy)(X1),..., (Lhg)(X1) is positive definite.

5. Appendix

About the condition (D) by Lai and Wang (1993) for Edgeworth expansion, we
give a sufficient condition.

LEMMA 5.1. We assume that the distribution of g/ (X) + Zszl s;h;(X) has the
density for any s1,...,8k (—00 < 81,...,8k < 00). Then, the relation (2.5) holds, pro-
vided the assumptions of Condition (D) preceding (2.5).

PROOF. Since the distribution of (™ (X) + Zjil s;h;(X) has the density for any
81, ..., SK, we get
Eexp zt +ZSJ —>O as |t| = 00 for— oo < sq,..., 85 < 0.

Thus,

sup | Eexp (it]g W(x +ZSJ )|—0 as || — oo.
1]+ 55| <1

On the other hand, for a sufficiently large |¢| satisfying |t|7¢ < 1 with & given in Condition
(D),
0< sup | Eexp lt (1) )+ Z sjh;
Is1l4+[sk|<[t|~¢
< sup |Eexp zt (1) )+ S l,
[s1|4++]sk|<1 Z ’

which converges to 0 as |t| — oo, because of the previous reason. Thus, (2.5) holds.
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From the proof of Lemma 1.3 in p. 261 of Shorack (2000), we have the following.
LEMMA 5.2. (Shorack (2000)) For any random variables W and A, it holds that

sup | P(W + A < z) — P(W <) |<AE | WA | +E | A]).

Lemma 1.7 of Petrov (1994) yields the following.

LEMMA 5.3. (Lemma 3 of Maesono (1996)) Let H be a bounded function and § be
a positive constant. For any random variables W and A, it holds that

sup | P(W+A<z)—H(z) |< sup | P(W < z)— H(x) | +P(|A| > )

+sgp|H(x+5) — H(x)|.

By the Taylor expansion, we can get the following lemma.

LEMMA 5.4. For a positive constant c, the following relations hold uniformly with
respect to x € (—00,00).

Blo — ) = ) — ~=(0) — £00(2) + O 1)
bl = =) = o) + ~=role) + £~ o(a) + O 1)
(0= )6 = ) = 20la) + = (a7~ 1)6) + (" — 3)(a) + O
(5= =6 = ) = 20la) + <= (o~ 20)0(2) + £-(o — 547 + Do)
+0(=57).
(5= 26 = ) = 20la) + (o~ 3700l + £ (57 — 1o+ 6)o()
+O()
(z— %)%(x - %) = 253 (z) + %(mﬁ — 5at)é(z) + %(ﬂ — 1125 + 202%)¢(x)
FO(m).

Multiplication of (2.3) and (3.6). The term associated with py of (3.4) is
obtained by multiplying the second term of (3.6) and the first term of (2.3). The last
term of a} is obtained by multiplying the second terms of (3.6) and (2.3). The terms of
the expansion associated with as(z,y), az(z,y, z) are obtained directly by multiplication
of the right-hand sides of (2.3) and (3.6). Next we consider the first three terms of a;(x),
which are

%UwJMQMm—@mum WM@L—;gﬁw¢Ww—d
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The terms of the expansion associated with these are also obtained by the same method
as the above. Since the third term of a; is subtracted the constant (, consequently the
constant term associated with ¢ appears in the second term of (3.4).

Now we consider the terms associated with the last two terms of a;(x) which are

2 (Bl %) V(0] = SR @). g~ DE[ 0 X0) 1 (X))

These are obtained by taking the first terms of H-decompositions of

# Z[g(l)(Xi) + g (X)) fo(Xi, X)) — O%fl(Xi)fl(Xj)] (29)
and )
n5/2 29(2)(XivXj)[f1(Xi)+f1(Xj)}, (30)

respectively. These (5.1) and (5.2) are obtained directly by multiplication of the right-
hand sides of (2.3) and (3.6).
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