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Abstract

The minimum disparity estimators for discrete models introduced by Lind-
say (1994, Ann. Statist, 22, 1081-1114) are useful and practical data analytic tools.
But for continuous models, further machinery such as kernel density estimation is
needed and general results concerning the efficiency and breakdown results are un-
available. In this paper we establish the asymptotic normality for a subclass of
minimum disparity estimators which satisfy certain properties, as well as lay out
general results for breakdown point analysis.

Key Words and Phrases: Minimum disparity, efficiency, breakdown point, residual adjustment

function.

1. Introduction

Consider the general setting of inference in a parametric class of distributions FΘ =
{Fθ, θ ∈ Θ}, Θ ⊆ Rp. Let G be the class of all distributions having probability density
functions (pdf’s) with respect to a dominating measure (e.g., Lebesgue measure). We
will assume that the model FΘ is a subclass of G, which also contains the true data
generating distribution G.

In parametric estimation one’s goal is to estimate θ efficiently when the model is
correct and robustly in case the true distribution is in the neighborhood of the model
but not necessarily in it. Several authors, Beran (1977), Tamura and Boos (1986), and
Simpson (1987, 1989) have demonstrated that the above goal is achievable by using
the minimum Hellinger distance estimator. Lindsay (1994) generalized the earlier work
based on Hellinger distance (HD) to a general class of disparities generating estimators
that are both robust and first order efficient for discrete models. A disparity is a measure
of discrepancy between a nonparametric density estimator obtained from data and the
model density. In the discrete case one can simply use the empirical density function d(·)
as this nonparametric density estimate where d(x) is defined to be the relative frequency
of the value x in the sample. For continuous models one requires a nonparametric density
estimator such as the kernel density estimator from the data, since the model is now
continuous while the data by itself is discrete. Although kernel density estimation is
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just used as an intermediate tool, it brings in all the associated problems of bandwidth
selection and rates of convergence. Unlike the discrete case, there is no general framework
providing the asymptotic results for minimum disparity estimation in the continuous case
although certain specific cases have been dealt with such as the Hellinger distance (Beran
1977; Tamura and Boos 1986) or the generalized negative exponential disparity (Basu
et al. 1997; Bhandari et al. 2000).

Here we provide a general setup which applies to a large subclass of disparities and
under which the appropriate minimum disparity estimators are first order efficient at
the model. We also present general conditions under which the breakdown point results
of the robust minimum disparity estimators may be established and 50% breakdown at
the model is attained.

Basu and Lindsay (1994) proposed a different approach to minimum disparity es-
timation in continuous models, where they smoothed the model density with the same
kernel as well. This approach leads to a general framework of asymptotic inference for
minimum disparity estimators but requires the selection of kernels relative to the model
for asymptotic efficiency which may not always be possible.

In this paper, we focus on the mathematical properties of minimum disparity es-
timators such as asymptotic normality and breakdown point results. Numerical studies
involving large scale simulations and real data examples will be undertaken in a future
paper. However the performance of several of the disparities proposed here have already
been studied in some detail. See Bhandari et al. (2000), Markatou et al. (1998), and
Park and Basu (2000).

The rest of the paper is organized as follows. We introduce and describe minimum
disparity estimation in Section 2. The consistency and the asymptotic normality of the
minimum disparity estimators are shown in Section 3. The breakdown point analysis is
given in Section 4. Section 5 presents several disparities in this class.

2. Minimum disparity estimation

For the parametric setup of Section 1, let X1, X2, . . . , Xn be a random sample from
the distribution G, and let

gn(x) =
1

nhn

n∑

i=1

w

(
x−Xi

hn

)
(1)

define a nonparametric density estimator of g (the density function of the distribution
G), where w is a smooth family of kernel functions with bandwidth hn. For discrete
models, we will, without loss of generality, let the sample space be {0, 1, 2, . . .} and take
gn to be the empirical density function, where gn(x) is the relative frequency of the value
x in the sample. Define the Pearson residual at a point x as

δ(x) =
gn(x)− fθ(x)

fθ(x)
,

where fθ is the density function corresponding to Fθ. Lindsay (1994) constructed the
disparity ρC(·) defined as

ρC(gn, fθ) =
∫

C
(
δ
)
fθ, (2)
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where C(·) be a real-valued, thrice differentiable, strictly convex function on [−1,∞)
and C(δ) ≥ 0 with the equality holding only when δ = 0. Here the integration is with
respect to the dominating measure. Notice that the above implies C ′(δ) < 0 for δ < 0,
and C ′(δ) > 0 for δ > 0. Under the assumptions the disparity ρC(·) is nonnegative and
equals zero if and only if gn ≡ fθ.

Examples of disparities include the likelihood disparity (LD) and the twice squared
Hellinger distance, defined by LD(g, fθ) =

∫ {g log(g/fθ)− (fθ − g)} and HD(g, fθ) =∫
(g1/2 − f

1/2
θ )2 respectively. The LD is a version of the Kullback-Leibler divergence,

and in the discrete case it is minimized by the maximum likelihood estimator (MLE) of
θ.

Let ∇ represent the gradient with respect to θ. For any real valued function a(x)
we will let a′(x) and a′′(x) denote its first and second derivatives with respect to x.
In general terms, the minimization of the disparity ρC(gn, fθ) over θ ∈ Θ gives the
minimum disparity estimator (MDE) corresponding to the function C. In particular,
when the disparity ρC(·, ·) is the Hellinger distance, this minimization produces the
minimum Hellinger distance estimator (MHDE). Under differentiability of the model,
the minimum disparity estimating equation becomes

−∇ρC =
∫

A(δ)∇fθ = 0, (3)

where A(δ) ≡ (δ + 1)C ′(δ) − C(δ). The function A(δ) is increasing on [−1,∞), and
without affecting the estimating properties of the disparity ρC , it can be redefined to
satisfy A(0) = 0 and A′(0) = 1. This standardized function A(δ) is called the resid-
ual adjustment function (RAF) of the disparity. Notice that the estimating equations
are otherwise equivalent so that the form of the function A(δ) determines the specific
properties of the estimator such as how strongly the effects of large probabilistic outliers
(which manifest themselves as large positive values of δ) are downweighted. The RAF
for the LD and HD are given respectively by A(δ) = δ and A(δ) = 2[(δ +1)1/2− 1]. The
curvature parameter A2 = A′′(0) is a measure of how fast the function curves away from
the line A(δ) = δ at δ = 0 (Lindsay 1994). Large negative values of A2 provide greater
downweighting effect for large outliers relative to maximum likelihood estimation, while
A2 = 0 indicates a form of second order efficiency of the estimator in the sense of Rao
(1961,1962).

The minimum disparity estimator (MDE) is defined as

θ̂n = arg inf
θ∈Θ

ρC(gn, fθ).

Define the MD estimation functional T : G → Θ as

T (G) ≡ arg inf
θ∈Θ

ρC(g, fθ),

provided such a minimum exists. In case T (G) is multiple-valued the notation T (G) will
represent one of the possible values chosen arbitrarily. Since T (Fθ) = θ, T (·) is Fisher
consistent. By the definition above, the MDE is T (Gn), where Gn is the cumulative
distribution function (CDF) of the kernel density estimator gn based on the data.

For the rest of the paper we assume:

(a) C(·) is strictly convex and thrice differentiable,
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(b) A(δ) satisfies A(0) = 0 and A′(0) = 1.

Notice that A(·) is an increasing function and A(·) is strictly increasing when C(·) is
strictly convex. We now establish two mathematical results useful for our subsequent
theoretical development.

Lemma 2.1. Let D(g, f) = C(g/f − 1) f , so that ρC(g, f) =
∫

C(g/f − 1) f =∫
D(g, f). Then under the assumptions (a) and (b), we have the results:

(i) D(g, f) ≤ D(0, f) I(g ≤ f) + D(g, 0) I(f < g) ≤ D(0, f) + D(g, 0),

(ii) D(g, f) ≤ C(−1)f + C ′(∞)g,

where I(·) is the indicator function.

Proof. First, for g ∈ [0, f ] with fixed f , look at D(g, f) as a function of g.

∂

∂g
D(g, f) = C ′(

g

f
− 1) < 0, ∀g ∈ (0, f)

since C(·) < 0 for δ < 0. Hence D(g, f) ≤ D(0, f) for g ∈ [0, f ]. Note that D(g, f) ≤
C(−1)f for ∀g ∈ [0, f ].

Next, for f ∈ (0, g) with fixed g, look at D(g, f) as a function of f .

∂

∂f
D(g, f) = −C ′(

g

f
− 1)

g

f
+ C(

g

f
− 1) = −A(

g

f
− 1) ≤ 0, ∀f ∈ (0, g)

since A(δ) is an increasing function with A(0) = 0. Hence D(g, f) ≤ D(g, 0) for f ∈
[0, g). This proves part (i). Note that

D(g, 0) = lim
t→0

C(g/t− 1)t = C ′(∞)g,

so that part (ii) holds. ut

Lemma 2.2. Suppose that C(−1) and C ′(∞) are finite. Then the disparity ρC(g, f)
is bounded above by C(−1) + C ′(∞).

Proof. This follows easily from Lemma 2.1 (ii). ut

3. Consistency and asymptotic normality

This section is devoted to discussion of the efficiency of the minimum disparity
estimators under certain general conditions which is satisfied by a fairly large class of
disparities. The following set of results provides this framework.

Theorem 3.1. Assume that (a) the parameter space Θ is compact, (b) for θ1 6= θ2,
fθ1(x) 6= fθ2(x) on a set of positive dominating measure, (c) fθ(x) is continuous in θ
for almost every x, and (d) C(−1) and C ′(∞) are finite. Then (i) for any G ∈ G, there
exists θ ∈ Θ such that T (G) = θ, and (ii) for any Fθ∗ ∈ FΘ, T (Fθ∗) = θ∗ is unique.
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Proof. (i) Existence. Denote D(g, fθ) = C(g/fθ − 1)fθ. Let {θn : θn ∈ Θ} be a
sequence such that θn → θ as n → ∞. Since D(g, fθn

) → D(g, fθ) by assumption (c)
and

∫
D(g, fθn) is finite by Lemma 2.2 with assumption (d), we have

ρC(g, fθn) =
∫

D(g, fθn) →
∫

D(g, fθ) = ρC(g, fθ),

by a generalized version of the dominated convergence theorem (Royden 1988, p. 92).
Hence ρC(g, ft) is continuous in t and achieves an infimum for t ∈ Θ since Θ is compact.

(ii) Uniqueness. This is immediate from the identifiability assumption on the pa-
rameterization and the unique minimum of C(·). ut

Remark. As in Beran (1977), the above result assumes a compact parameter
space Θ, but also applies when Θ is not compact but can be embedded within a compact
set Θ̄, and the disparity ρC(g, ·) can be extended to a continuous function of θ on Θ̄.
For example, in the location-scale family

{
fθ(x) =

1
σ

f

(
x− µ

σ

)
: θ = (µ, σ) ∈ (−∞,∞)× (0,∞), f continuous

}
,

where the parameter space is not compact, (µ, σ) can be reparameterized as β = (β1, β2),
µ = tan(β1), σ = tan(β2), and (β1, β2) ∈ Θ = (−π/2, π/2) × (0, π/2). It can be
easily checked that the disparity can be extended as a continuous function on Θ̄ =
[−π/2, π/2]× [0, π/2] which is compact, while the minimum must occur in Θ. Hence the
conclusions of Theorem 3.1 remain valid in this case.

Theorem 3.2. Let G ∈ G be the true distribution with pdf g. Given a random
sample X1, X2, . . . , Xn, let the kernel density estimate gn (with CDF Gn) be as defined
in (1). Suppose that |C ′(·)| is bounded on [−1,∞]. If T (G) is unique, then under the
assumptions of Theorem 3.1 the functional T (Gn) is continuous at T (G) in the sense
that T (Gn) converges to T (G) as gn → g in L1.

Proof. Suppose that gn → g in L1. For convenience, denote %(t) = ρC(g, ft) and
%n(t) = ρC(gn, ft). It is easily seen that

|%n(t)− %(t)| ≤
∫
|C(δn)− C(δ)| ft,

where δn = gn/ft − 1 and δ = g/ft − 1. By the mean value theorem, there exists δ∗

satisfying
C(δn)− C(δ) = C ′(δ∗)(δn − δ),

where δ∗ lies between δn and δ. Denote K = maxδ |C ′(δ)|. Then we have

|%n(t)− %(t)| ≤ K

∫
|gn − g| for all t ∈ Θ.

Hence we have
sup

t

∣∣%n(t)− %(t)
∣∣ → 0, (4)
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as gn → g in L1. Denote θn = arg inft %n(t) and θ = arg inft %(t). If %(θ) ≥ %n(θn), then
%(θ)− %n(θn) ≤ %(θn)− %n(θn), and if %n(θn) ≥ %(θ), then %n(θn)− %(θ) ≤ %n(θ)− %(θ).
Therefore we have

|%n(θn)− %(θ)| ≤ |%n(θn)− %(θn)|+ |%n(θ)− %(θ)| ≤ 2 sup
t
|%n(t)− %(t)| ,

which implies %n(θn) → %(θ) as gn → g in L1. Using this and (4), we obtain

lim
n→∞

%(θn) = %(θ). (5)

Then we have only to show that θn → θ. If θn 6→ θ, compactness of Θ ensures existence
of a subsequence {θm} ⊂ {θn} such that θm → θ∗ 6= θ, implying %(θm) → %(θ∗) by
continuity of %(·) (see Theorem 3.1(i)). By (5), %(θ∗) = %(θ), which contradicts the
uniqueness assumption of θ = T (G). ut

Corollary 3.3. If the conditions of Theorem 3.2 hold and g = fθ, then θn =
T (Gn) → θ and ρC(fθn

, fθ) → 0.

Proof. It is easily seen from Theorem 3.2 that θn = T (Gn) → θ since T (Fθ) = θ.
Since θn → θ, we have fθn

→ fθ and hence
∫ |fθn

−fθ| → 0 by Glick’s theorem (Devroye
and Györfi 1985, p. 10). Since ρC(fθn , fθ) =

∫
C(δn)fθ with δn = fθn/fθ − 1 and

C(0) = 0, there exists δ∗ such that C(δn) = C ′(δ∗)δn by the mean value theorem and it
follows that

ρC(fθn , fθ) ≤ K

∫
|fθn − fθ|,

where K = maxδ |C ′(δ)|. This completes the proof. ut
Remark. Suppose the parameter space Θ is not compact, and it is difficult to find

a compact embedding Θ̄ such that the disparity extends continuously to all the points
of Θ̄. In such a situation, a result of Simpson (1987, Theorem 1) may be applicable to
show that the existence and continuity results above still remain valid for the class G∗
of distributions, where any G ∈ G∗ satisfies

inf
t∈Θ\Θ∗

ρC(g, ft) > ρC(g, fθ∗)

for some compact Θ∗ ⊂ Θ and θ∗ ∈ Θ∗. Formally, suppose that fθ(x) is continuous in θ
for each x. Then, for each G ∈ G∗, (i) T (G) exists, and (ii) if T (G) is unique, then the
condition gn → g in L1 implies that T (Gn) → T (G) as n →∞.

In particular, suppose that conditions (b) and (c) of Theorem 3.1 hold and the
parametric family satisfies

inf
t∈Θ\Θ∗

ρC(fθ, ft) > 0

for some compact Θ∗ ⊂ Θ. Then gn → fθ in L1 implies that T (Gn) → θ as n →∞.
Next we introduce some notation. Let uθ(x) = ∇ log fθ(x) be the p-dimensional

vector of likelihood score function, and let ∇2fθ(x) denote the p × p matrix of second
partial derivatives of fθ. We will denote by ui

θ(x) and ∇ijfθ(x) the i-th element of uθ(x)
and (i, j)-th element of ∇2fθ(x) respectively. Then

I(θ) ≡
∫

uθu
T
θ fθ



Minimum Disparity Estimation: Asymptotic Normality and Breakdown point results 25

is the Fisher information matrix, where the superscript T denotes transpose. For deriv-
ing asymptotic normality of the MDE we will assume that fθ(x) is twice continuously
differentiable with respect to θ, and ρC(·, fθ) can be twice differentiated with respect to
θ under the integral sign. For the latter one, sufficient conditions are: for any θ ∈ Θ,
there exists ε > 0, and functions Ki

θ(x), Lij
θ (x) and M ij

θ (x), i, j = 1, . . . , p, such that for
θ† satisfying ‖θ − θ†‖ < ε (‖ · ‖ being the Euclidean norm),

(I) |ui
θ†fθ†(x)| < Ki

θ(x),
∫

Ki
θ < ∞, i = 1, 2, . . . , p;

(II) |∇ijfθ†(x)| < Lij
θ (x),

∫
Lij

θ < ∞, i, j = 1, . . . , p;

(III) |ui
θ†(x)uj

θ†(x)fθ†(x)| < M ij
θ (x),

∫
M ij

θ < ∞, i, j = 1, . . . , p.

Theorem 3.4. Suppose G = Fθ0 , g = fθ0 , Gn and gn are as defined in Theo-
rem 3.2. Let {φn} denote any sequence of estimators such that φn = θ0 + op(1), {αn}
any sequence of positive real numbers going to ∞, and IB the indicator function for
the set B of real numbers. In addition to the conditions (I) – (III) above, assume the
following:

(a)
∫ |∇ijfφn

−∇ijfθ0 | = op(1) and
∫ |ui

φn
uj

φn
fφn −ui

θ0
uj

θ0
fθ0 | = op(1), i, j = 1, . . . , p,

for all {φn} defined above.

(b) The matrix I(θ0) = is finite (element wise), and
∫

ui
θ0

(x + a)uj
θ0

(x + a)fθ0(x)dx−∫
ui

θ0
(x)uj

θ0
(x)fθ0(x)dx → 0 as |a| → 0, i, j = 1, . . . , p.

(c) The kernel w(·) is a density which is symmetric about 0, square integrable, and
twice continuously differentiable with compact support S. The bandwidth hn satis-
fies hn → 0, n1/2hn →∞, and n1/2h4

n → 0.

(d) lim sup
n→∞

sup
y∈An

∫ |∇ijfθ0(x + y)uθ0(x)|dx < ∞ for i, j = 1, . . . , p, where An = {y :

y = hnz, z ∈ S}.
(e) n supt∈S P (|X1 − hnt| > αn) → 0 as n →∞, for all {αn} defined above.

(f) (n1/2hn)−1
∫ ∣∣uθ0I|x|≤αn

∣∣ → 0, for all {αn} defined above.

(g) sup|x|≤αn
supt∈S{fθ0(x + hnt)/fθ0(x)} = O(1), for all {αn} defined above.

(h) A(δ), A′(δ), A′(δ)(δ + 1) and A′′(δ)(δ + 1) are bounded on [−1,∞].

Then,
√

n
(
T (Gn)−T (G)

)
converges in distribution to N(0, I−1(θ0)), where θ0 = T (G).

Proof. By condition (c), we have ĝn(x) a.s−→ fθ0(x) for every x and
∫
|gn(x)− fθ0(x)|dx → 0,

and hence T (Gn) P−→ θ. For convenience, denote %n(θ) = ρC(gn, fθ) and θ̂ = T (Gn).
Since θ̂ minimizes %n(·) over Θ, the Taylor series expansion of ∇%n(θ̂) at θ0 yields

0 =
√

n∇%n(θ̂) =
√

n∇%n(θ0) +
√

n∇2%n(θ†)(θ̂ − θ0),
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where θ† is a point on the line segment L(θ0, θ̂). The line segment is defined as the curve
joining a and b, that is, the continuous function f(t) = tb + (1 − t)a on t ∈ [0, 1]. It
follows that √

n(θ̂ − θ0) = −∇2%n(θ†)−1
√

n∇%n(θ0).

Now it suffices to prove that

∇2%n(θ†) P−→ I(θ0) (6)

and
−√n∇%n(θ0)

D−→ N(0, I(θ0)). (7)

First we prove (6). For convenience, denote δn(θ) = gn/fθ−1. Differentiating with
respect to θ, we have

∇2%n(θ) = −
∫

A(δn)∇2fθ +
∫

A′(δn)(δn + 1)uθu
T
θ fθ

Let us denote B1 = supδ |A(δ)| and B2 = supδ |A′(δ)(δ + 1)|. B1 and B2 are finite from
condition (h). It follows that by condition (a)

∣∣∣
∫

A(δn(θ†))(∇2fθ† −∇2fθ0)
∣∣∣ ≤ B1

∫
|∇2fθ† −∇2fθ0 | P−→ 0, (8)

and
∣∣∣
∫

A′(δn(θ†))
{
δn(θ†)+1

}
(uθ†u

T
θ†fθ†−uθ0u

T
θ0

fθ0)
∣∣∣ ≤ B2

∫
|uθ†u

T
θ†fθ†−uθ0u

T
θ0

fθ0 | P−→ 0.

(9)
Since A(0) = 0 and δn(θ†) → 0 as n → ∞, using the dominated convergence theorem
we have ∫

A(δn(θ†))∇2fθ0

P−→ 0,

and hence by (8) ∫
A(δn(θ†))∇2fθ†

P−→ 0.

Using condition (b), A′(0) = 1 and δn(θ†) → 0 as n →∞, we have
∫

A′(δn(θ†))
{
δn(θ†) + 1

}
uθ0u

T
θ0

fθ0

P−→
∫

uθ0u
T
θ0

fθ0 ,

by the dominated convergence theorem and hence by (9)
∫

A′(δn(θ†))
{
δn(θ†) + 1

}
uθ†u

T
θ†fθ†

P−→
∫

uθ0u
T
θ0

fθ0 .

Therefore we have (6).
Next we prove (7). Note that

−√n∇%n(θ0) =
√

n

∫
A(δn(θ0))∇fθ0 ,
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and from the equations (3.12) and (3.13) of Beran (1977),

√
n

∫
δn(θ0)∇fθ0 =

√
n

∫
(gn − fθ0)uθ0

D−→ N(0, I(θ0)).

Therefore, it is enough to prove that
∣∣∣√n

∫ {
A(δn(θ0))− δn(θ0)

}∇fθ0

∣∣∣ P−→ 0. (10)

From condition (h) A′(δ) and A′′(δ)(δ + 1) are bounded. Thus using Lemma 25 of
Lindsay (1994), we have a finite B such that

∣∣A(r2 − 1) − (r2 − 1)
∣∣ ≤ B × (r − 1)2 for

all r ≥ 0. Evidently we have
∣∣∣A(δn(θ0))− δn(θ0)

∣∣∣ =
∣∣∣A

({(gn/fθ0)
1/2}2 − 1

)− [{(gn/fθ0)
1/2}2 − 1

]∣∣∣
≤ B

{
(gn/fθ0)

1/2 − 1
}2

.

Using this and (10), we have
∣∣∣√n

∫ {
A(δn(θ0))− δn(θ0)

}∇fθ0

∣∣∣ ≤ B
√

n

∫
{g1/2

n − f
1/2
θ0
}2|uθ0 |.

Now we consider √
n

∫
{g1/2

n − f
1/2
θ0
}2|uθ0 |.

From the inequality (a − b)2 ≤ (a − c)2 + (b − c)2 for real numbers a, b, c, we get Thus
using this, we have

√
n

∫
{g1/2

n − f
1/2
θ0
}2|uθ0 | ≤ T1 + T2,

where T1 =
√

n
∫ {g1/2

n − (Egn(X))1/2}2|uθ0 | and T2 =
√

n
∫ {f1/2

θ0
− (Egn(X))1/2}2|uθ0 |.

The term T1 represents the Hellinger deviation of the estimator Gn from its mean and
its convergence to zero in probability has been established by Tamura and Boos (1986)
using conditions (e), (f) and (g). The term T2 represents the bias in the Hellinger metric
and its convergence to zero in probability follows from conditions (c) and (d). This
completes the proof. ut

Remark. (Comments on the conditions in Theorem 3.4): Condition (a) is a sim-
ple continuity condition at the model. The second derivative of fθ with respective to
θ is L1-continuous and Eθ[ui

θu
j
θ] is continuous in θ. This condition is satisfied by the

distributions of the exponential family. Condition (b) is satisfied if ui
θ0

(x) is uniformly
continuous in x on compact sets. Condition (c) represent the key restriction on band-
width which may be chosen at the optimal rate hn ∼ n−1/5. Conditions (e) – (g) have
been used and discussed by Tamura and Boos (1986, Theorem 4.1). The condition (h)
provides us convenient boundedness conditions leading to easy manipulation of the terms
in the normality proof. Notice that in (c) we require n1/2h4

n → 0 (not n1/2h2
n → 0).

This is compatible with the optimal rate hn ∼ n−1/5. Beran’s (1977) proof of Theorem 4
actually uses (in the notation of Beran) n1/2c4

n → 0, although his condition (v) men-
tions n1/2c2

n → 0. Similarly the correct condition (c) of Theorem 1 in Basu, et al. (1997)
should be n1/2h4

n → 0 as n →∞.
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4. Breakdown point analysis

The breakdown point of a statistical functional is roughly the smallest fraction of
contamination in the data that may cause an arbitrarily extreme value in the estimate.
Here we establish the breakdown point of the minimum disparity functional T (G) under
general conditions. Consider the contamination model,

Hε,n = (1− ε)G + εKn,

where {Kn} is a sequence of contaminating distributions. Let hε,n, g and kn be the
corresponding densities. Following Simpson (1987), we say there is breakdown in T for
ε level contamination if there exists a sequence Kn such that |T (Hε,n)− T (G)| → ∞ as
n → ∞. We write below θn = T (Hε,n). We assume the following assumptions for the
breakdown point analysis. The assumptions reflect the intuitively worst possible choice
of the contamination, and the expected behavior or the functional when breakdown does
and does not occur respectively. Assumption A4 denotes the specific assumption on the
disparity.

Assumption. The contaminating sequence {kn}, the truth g(x) and the model fθ(x)
satisfy the following:

A1
∫

min{g(x), kn(x)} → 0 as n → ∞. That is, the contamination distribution be-
comes asymptotically singular to the true distribution.

A2
∫

min{fθ(x), kn(x)} → 0 as n →∞ uniformly for |θ| ≤ c, for any fixed c. That is
the contamination distribution is asymptotically singular to the specified models.

A3
∫

min{g(x), fθn(x)} → 0 as n →∞ if |θn| → ∞ as n →∞. That is, large values of
the parameter θ give distributions which become singular to the true distribution.

A4 C(−1) and C ′(∞) are finite.

Theorem 4.1. Under the assumptions A1 – A4 above, the asymptotic breakdown
point ε∗ of the MDE is at least 1

2 at the model.

Proof. Let θn be the minimizer of ρC(hε,n, fθ). Given a level of contamination
ε, let, if possible, breakdown occurs, that is there exists a sequence {Kn} such that
|θn| → ∞ where θn = T (Hε,n). Then

ρC(hε,n, fθn) =
∫

An

D(hε,n(x), fθn(x)) +
∫

Ac
n

D(hε,n(x), fθn(x)),

where An = {x : g(x) > max(kn(x), fθn(x))} and D(g, f) = C(g/f − 1) f . From A1,∫
An

kn(x) → 0, and from A3,
∫

An
fθn(x) → 0 as n → ∞, so under kn(·) and fθn(·),

the set An converges to a set of zero probability. Thus on An, D(hε,n(x), fθn(x)) →
D((1− ε)g(x), 0) as n →∞, so

∣∣∣
∫

An

D(hε,n(x), fθn(x))−
∫

An

D((1− ε)g(x), 0)
∣∣∣ → 0 (11)

by dominated convergence theorem, and by A1 and A3 we have
∣∣∣
∫

An

D((1− ε)g(x), 0)−
∫

g>0

D((1− ε)g(x), 0)
∣∣∣ → 0. (12)
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Using (11) and (12), we have
∣∣∣
∫

An

D(hε,n(x), fθn(x))−
∫

g>0

D((1− ε)g(x), 0)
∣∣∣ → 0

Notice that for g > 0

D((1− ε)g(x), 0) = lim
f→0

D((1− ε)g(x), f) = (1− ε)C ′(∞) g(x)

and ∫

g>0

D((1− ε)g(x), 0) =
∫

D((1− ε)g(x), 0) = (1− ε)C ′(∞).

Thus we have
∣∣∣
∫

An

D(hε,n(x), fθn
(x))−

∫
D((1− ε)g(x), 0)

∣∣∣ → 0,

and hence ∫

An

D(hε,n(x), fθn(x)) → (1− ε)C ′(∞).

From A1 and A3,
∫

Ac
n

g(x) → 0 as n →∞, so under g(·), the set Ac
n converges to

a set of zero probability. By similar arguments, we get
∣∣∣
∫

Ac
n

D(hε,n(x), fθn(x))−
∫

D(εkn(x), fθn(x))
∣∣∣ → 0.

Notice that
∫

D(εkn(x), fθn(x)) ≥ C(ε− 1) by Jensen’s inequality. It follows that

lim inf
n→∞

ρC(hε,n, fθn) ≥ C(ε− 1) + (1− ε)C ′(∞) = a1(ε),

say. We will have a contradiction to our assumption that {kn} is a sequence for which
breakdown occurs if we can show that there exists a constant value θ∗ in the parameter
space such that for the same sequence {kn},

lim sup
n→∞

ρC(hε,n, fθ∗) < a1(ε) (13)

as then the {θn} sequence above could not minimize ρC(hε,n, fθ∗) for every n.
We will now show that equation (13) is true for all ε < 1/2 under the model when

we choose θ∗ to be the minimizer of
∫

D((1 − ε)g(x), fθ(x)). For any fixed θ, let Bn =
{x : kn(x) > max(g(x), fθ(x))}. From A1,

∫
Bn

g(x) → 0 and from A2,
∫

Bn
fθ(x) → 0

as n → ∞. Similarly from A1 and A2,
∫

Bc
n

kn(x) → 0 as n → ∞. Thus under kn(·),
the set Bc

n converges to a set of zero probability, while under g(·) and fθ(·), the set Bn

converges to a set of zero probability. Thus on Bn, D(hε,n(x), fθ(x)) → D(εkn(x), 0) as
n →∞ and ∣∣∣

∫

Bn

D(hε,n(x), fθ(x))−
∫

kn>0

D(εkn(x), 0)
∣∣∣ → 0

by dominated convergence theorem. Notice that for kn > 0

D(εkn(x), 0) = lim
f→0

D(εkn(x), f) = εC ′(∞) kn(x)
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and ∫

kn>0

D(εkn(x), 0) =
∫

D(εkn(x), 0) = εC ′(∞).

Similarly we have
∣∣∣
∫

Bc
n

D(hε,n(x), fθ(x))−
∫

D((1− ε)g(x), fθ(x))
∣∣∣ → 0.

Hence we have

lim
n→∞

ρC(hε,n, fθ) = εC ′(∞) +
∫

D((1− ε)g(x), fθ(x))

≥ εC ′(∞) + inf
θ

∫
D((1− ε)g(x), fθ(x)). (14)

with equality for θ = θ∗. Let a2(ε) = εC ′(∞) +
∫

D((1 − ε)g(x), fθ∗(x)). Notice from
(14) that among all fixed θ the disparity ρC(hε,n, fθ) is minimized in the limit by θ∗.

If g(·) = fθt(·), that is the true distribution belongs to the model,
∫

D((1 −
ε)fθt(x), fθt(x)) = C(−ε) which is also the lower bound (over θ ∈ Θ) for

∫
D((1 −

ε)fθt
(x), fθ(x)). Thus in this case θ∗ = θt, and from (14),

lim
n→∞

ρC(hε,n, fθ) = C(−ε) + εC ′(∞). (15)

As a result asymptotically there is no breakdown for ε level contamination when
a3(ε) < a1(ε), where a3(ε) is the right hand sides of equation (15). Note that a1(ε) and
a3(ε) are strictly decreasing and increasing respectively in ε, and a1(1/2) = a3(1/2), so
that asymptotically there is no breakdown and lim supn→∞ |T (Hε,n)| < ∞ for ε < 1/2.

ut

5. Disparities in this class

The different conditions on the disparities that we have used in the different steps
of the efficiency proof may now be consolidated together as follows:

(a) C(·) is strictly convex and thrice differentiable,

(b) C(δ) ≥ 0, with equality only at δ = 0 and C ′′(0) = 1,
(notice that the above implies A(0) = C ′(0) = 0 and A′(0) = C ′′(0) = 1).

(c) C ′(δ), A(δ), A′(δ) , A′(δ)(δ + 1) and A′′(δ)(δ + 1) are bounded on δ ∈ [−1,∞].

While these conditions may appear quite restrictive, there is a rich class of disparities
satisfying the above. We list some of them below. Each family below is indexed by a
single parameter α.

ρ1(g, f) =
1
2

∫
(g − f)2

α g + ᾱ f
, α ∈ (0, 1)

ρ2(g, f) =
∫

(g − f)2√
α g2 + ᾱ f2 + α g + ᾱ f

, α ∈ (0, 1)
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=
1

αᾱ

∫ [√
α g2 + ᾱ f2 − αg − ᾱf

]
,

ρ3(g, f) =
1
2

∫
(g − f)2√
α g2 + ᾱ f2

, α ∈ (0, 1)

ρ4(g, f) =
∫ [ f

α2

{
exp(α− α g/f)− 1

}
+

g − f

α

]
, α > 0

ρ5(g, f) =
∫ [

4
απ

g tan
(

πα

2
g − f

g + f

)
− (g − f)

]
, α ∈ [0, 1)

ρ6(g, f) =
∫ [

2
απ

(g − f) sin
(

πα

2
g − f

g + f

)]
, α ∈ [0, 1]

ρ7(g, f) =
∫ [

2
απ

(g − f) tan
(

πα

2
g − f

g + f

)]
, α ∈ [0, 1)

where ᾱ = 1− α.

Table 1: The C(·) and the A(·) functions corresponding to ρi disparity. Here ᾱ = 1−α.

Disparity C(δ) A(δ)

ρ1
δ2

2(αδ+1)
δ

αδ+1
+ ᾱ

2

h
δ

αδ+1

i2
ρ2

δ2

1+αδ+
√

α(δ+1)2+ᾱ

1
α
− 1

α
√

α(δ+1)2+ᾱ

ρ3
δ2

2
√

α(δ+1)2+ᾱ

δ√
α(δ+1)2+ᾱ

+ ᾱ
2

δ2h√
α(δ+1)2+ᾱ

i3
ρ4

e−αδ−1+αδ
α2

(α+1)−[(α+1)+αδ]e−αδ

α2

ρ5
4

απ
(δ + 1) tan

�
απ
2

δ
δ+2

�
− δ 4

�
δ+1
δ+2

�2

sec2
�

απ
2

δ
δ+2

�
− 1

ρ6
2

απ
δ sin

�
απ
2

δ
δ+2

�
2δ(δ+1)

(δ+2)2
cos
�

απ
2

δ
δ+2

�
+ 2

απ
sin
�

απ
2

δ
δ+2

�
ρ7

2
απ

δ tan
�

απ
2

δ
δ+2

�
2δ(δ+1)

(δ+2)2
sec2

�
απ
2

δ
δ+2

�
+ 2

απ
tan

�
απ
2

δ
δ+2

�
The family ρ1 is the blended weight chi-square (BWCS) family (Lindsay 1994).

The member of this family for α = 1/2 is the symmetric chi-square (SCS) utilized by
Markatou et al. (1998) for robust inference. The families ρ2 and ρ3 are two other variants
of ρ1 with similar properties. The family ρ4 is the generalized negative exponential
disparity (Bhandari et al. 2000) which includes the negative exponential disparity of
Lindsay (1994) for α = 1. The families ρ5, ρ6 and ρ7 are based on trigonometric
functions and also satisfy the properties. Note that each of these three families contain
the SCS family as limiting cases of α → 0. The families ρ5 and ρ6 have been proposed
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by Park and Basu (2000). In case of both ρ6 and ρ7, although these disparities satisfy
conditions (a), (b) and (c), more theoretical and empirical investigations are necessary
to get a better idea about the performance of the corresponding estimators. Notice
that condition (c) above also implies C ′(∞) and C(−1) are finite, the conditions on the
disparity that are necessary for establishing the breakdown results.

It would of course be of great interest if one were able to pick out a method as
the optimal one from the multitude of methods discussed in this paper. That, however,
seems to be an extremely challenging task. Any idea of optimality in choosing a method
from any of the classes presented here will have to balance the two conflicting ideas of
robustness and small sample efficiency. It may be that the methods on one end of the
scale (say, larger values of α) will perform well in terms of efficiency, while those in the
other end of the scale (say, smaller values of α) will perform better in terms of robustness
(or vice versa), so that selecting a single optimum will be practically impossible. But
it may be possible to provide a band of values of α for which the resulting methods
will represent reasonable combinations of efficiency and robustness. This, however, will
require extensive numerical studies, and may be quite specific to the chosen parametric
model. At any rate, a selection scheme – data adaptive or otherwise – of choosing a
single method as the most suitable one from the the totality of methods described here
will certainly require further research.

Another point worth mentioning is that at the current state of knowledge it ap-
pears to be very difficult to avoid the nonparametric density estimation inherent in the
minimum disparity approach presented here. The only way this may be avoided is if
the unknown true density g shows up as a linear term in the integrand of the disparity,
in which case dG may be approximated with the empirical distribution function. Any
other component of the disparity which involves g through something other than the
linear term must be independent of the unknown parameter θ. Unfortunately this is the
case only for the likelihood disparity which may be written as (ignoring the part of the
integrand which integrates identically to zero)

LD(g, fθ) =
∫

g log(g/fθ) =
∫

(log g − log fθ)dG.

Here the right hand side is the difference of the term
∫

log gdG (which does not involve
θ and hence does not figure in the minimization) and the term

∫
g log fθ =

∫
log fθdG

(which involves g only linearly and hence may be approximated by
∫

log fθdGn =
1
n

∑n
i=1 log fθ(Xi)), and thus the minimization procedure can be carried out without

any nonparametric density estimation (here Gn is the empirical distribution function).
This, however, is not the case for the Hellinger distance HD(g, fθ) =

∫
(g1/2 − f

1/2
θ )2 or

any other robust disparity.
Some related density-based minimum divergence estimators have been discussed

in Basu et al. (1998) where the proposed estimators have bounded influence functions
and the construction of the estimating equations does not require any nonparametric
density estimation. However, these divergences are not in the general class of disparities,
and they do sacrifice full asymptotic efficiency to achieve their robustness. Thus, as of
now, nonparametric density estimation seems to be a necessary part of robust and fully
efficient parametric estimation.
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