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A THIRD ORDER DISPERSIVE FLOW FOR CLOSED CURVES
INTO ALMOST HERMITIAN MANIFOLDS

HIROYUKI CHIHARA AND EIJI ONODERA

ABSTRACT. We discuss a short-time existence theorem of solutions to the initial value problem for a
third order dispersive flow for closed curves into a compact almost Hermitian manifold. Our equations
geometrically generalize a physical model describing the motion of vortex filament. The classical en-
ergy method cannot work for this problem since the almost complex structure of the target manifold is
not supposed to be parallel with respect to the Levi-Civita connection. In other words, a loss of one
derivative arises from the covariant derivative of the almost complex structure. To overcome this diffi-
culty, we introduce a bounded pseudodifferential operator acting on sections of the pullback bundle, and
eliminate the loss of one derivative from the partial differential equation of the dispersive flow.

1. INTRODUCTION

Let (N, J, h) be a2n-dimensional compact almost Hermitian manifold with an almost complex
structureJ and a Hermitian metrié. Consider the initial value problem for a third order dispersive
flow of the form

Up = aViuz + Ju Vg + bh(ug, ugp)u, in RxT, Q)
u(0,2) = up(x) in T, (2)

wherew is an unknown mapping dR x Tto N, (t,z) € Rx T, T = R/Z, u; = du(d/0t),

u, = du(d/90x), du is the differential of the mapping, u is a given closed curve oV, V is

the induced connectiom, b € R are constantu(t) is a closed curve oV for fixedt € R, andu
describes the motion of a closed curve subject to (1). We present local expression of the covariant
derivative V. Lety', ..., 4?" be local coordinates oV, and leth = Zfﬁ,zl hapdy®@dy®. We

denote byl't , a,b,c = 1,...,2n, the Christoffel symbol of N, J, ). For a smooth closed curve

uw: T — N, T(u"'TN) is the set of all smooth sections of the pullback bundiéTN. If we
expressd/el'(u~'TN) as

2n
d
Vi(x) = Ve (x ,
0 =3 v ) 8ya)u
then,V,V is given by

2n a 2n u®
vV =30, <w>+gzjlrzc(u<w>)vb<x>?ax(“7) ().

The equation (1) geometrically generalizes two-sphere valued partial differential equations model-
ing the motion of vortex filament. In his celebrated paper [5], Da Rios first formulated the motion of
vortex filament as

ﬁt =ux ﬁazxv (3)
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2 H. CHIHARA AND E. ONODERA

wherei = (u!,u?, u?) is anS?-valued function of ¢, z), S? is a unit sphere ifR? with a center at the
origin, andx is the exterior product iflR3. The physical meanings af andz are the tangent vector

and the signed arc length of vortex filament respectively. After eighty five years, a modified model
equation of vortex filament

o R 3. o

Sl

was proposed by Fukumoto and Miyazaki in [9]. When = 0, (1) generalizes (3) and solutions to
(1) are called one-dimensional Sodinger maps. Wheh= a/2, (1) generalizes (4).

In recent ten years, physical models such as (3) and (4) have been generalized and studied from a
point of view of geometric analysis in mathematics. The relationship between the geometric settings
and the structure of such partial differential equations and their solutions has been recently investigated
in mathematics.

The reduction of equations to simpler ones leads us to rough understandings of their structure. This
idea originated from Hasimoto’s transform discovered in [10]. In their pioneering work [1], Chang,
Shatah and Uhlenbeck first rigorously studied the PDE structure of (1) wheh = 0, z € R, and
(N, J,h) is a compact Riemann surface. They constructed a good moving frame along the map and
reduced (1) to a simple complex-valued semilinear 8dimger equation under the assumption that
u(t, ) has a fixed base point as— +occ. Similarly, Onodera reduced (1) with # 0 and a one-
dimensional fourth order dispersive flow to complex-valued equations in [23]. Generally speaking,
these reductions require some restrictions on the range of the mappings, and one cannot make use of
them to solve the initial value problem for the original equations without restrictions on the range of
the initial data.

How to solve the initial value problem for such geometric dispersive equations is a fundamental
guestion. In his pioneering work [14], Koiso first reformulated (3) geometrically, and proposed the
equation (1) withz, b = 0 and the Kahler conditionv.J = 0, whereV" is the Levi-Civita connec-
tion of (N, J, h). Moreover, Koiso established the standard short-time existence theorem, and proved
that if (N, J, h) is locally symmetric, that isVNR = 0, then the solution exists globally in time,
where R is the Riemannian curvature tensor 8f See [25] also for one-dimensional $clinger
maps. Recently, Onodera studied local and global existence theorems of (1)-(2) ins€dsim [22]
and [24]. To be more precise, [22] studied the c&4&J = 0, and proved a short-time existence the-
orem. Moreover, he proved that(ifV, J, k) is a compact Riemann surface with a constant sectional
curvatureK and a conditioh = Ka/2 is satisfied, then the time-local solution can be extended glob-
ally in time. Nishiyama and Tani proved the global existence of solutions to the initial value problem
for (4) in [21] and [26]. Sincds = 1 for N = S?, the global existence theorem in [22] is the general-
ization of the results [21] and [26]. [24] studied a short-time existence theorem for (1)-(2) in case that
(N, J, h) is a compact almost Hermitian manifold amds R. Being inspired by Tarama’s beautiful
results on the characterization bf-well-posedness of the initial value problem for a one-dimensional
linear third order dispersive equations in [28] (See also [17]), Onodera introduced a gauge transform
on the pullback bundle to make full use of so-called local smoothing effecdfof*’, and proved a
short-time existence theorem.

Both of the reduction of equations and the study of existence theorem are deeply connected with
the relationship between the geometric settings of equations and the theory of linear dispersive partial
differential equations. For the latter subject, see, e.g., [3], [6], [16, Lecture VII], [17], [27], [28] and
references therein. Being concerned with the compactness of the source space, we need to mention
local smoothing effect of dispersive partial differential equations. It is well-known that solutions to the
initial value problem for some kinds of dispersive equations gain extra smoothness in comparison with
the initial data. In his celebrated work [6], Doi characterized the existence of microlocal smoothing
effect of Schédinger evolution equations on complete Riemannian manifolds according to the global



DISPERSIVE FLOW 3

behavior of the geodesic flow on the unit cotangent sphere bundle over the source manifolds. Roughly
speaking, the local smoothing effect occurs if and only if all the geodesics go to “infinity”. For more
general dispersive equations, the existence or nonexistence of local smoothing effect is determined
by the global behavior of the Hamilton flow generated by the principal symbol of the equations. In
particular, if the source space is compact, then no smoothing effect occurs since all the integral curves
of the Hamilton vector field are trapped. For this reason, it is essential to study the initial value problem
(2)-(2) when the source spac€lisand notR.

Here we mention the relationship between thihker conditionv?.J = 0 and the structure of
the equation (1). All the preceding works on (1) except for [24] assume(fiiaf, i) is a Kahler
manifold. If VVJ = 0, then (1) behaves like symmetric hyperbolic systems, and the short-time
existence theorem can be proved by the classical energy method. See [22] for the détail. # 0,
then (1) has a first order terms in some sense, and the classical energy method breaks down.

The purpose of the present paper is to show a short-time existence theorem for (1)-(2) without using
the Kahler condition and the local smoothing effect. To state our results, we here introduce function
spaces of mappings. For a nonnegative intégéf**'(T; TN) is the set of all continuous mappings
u : T— N satisfying

k
H“H]zqkﬂ = Z/Th (V’;um, V];ug;> dr < oo,
1=0

See e.g., [11] for the Sobolev space of mappings. The Nash embedding theorem shows that there
exists an isometric embedding=C>°(N; R?) with some integetl > 2n. See [7], [8] and [19] for
the Nash embedding theorem. Liebe an interval irfR. We denote byC'(1; H**(T; TN)) the set
of all H*+1(T; T N)-valued continuous functions af In other words, we define it by the pullback
of the function space a§(I; H**(T; TN)) = C(I;w*H*(T;R?)), where H**+1(T; R?) is the
usual Sobolev space &‘-valued functions off.
Here we state our main results.

Theorem 1. Letk be a positive integer satisfyirig> 4. Then, for anyioc H*+(T; TN), there exists
T = T(||ul|g5) > 0 such that(1)-(2) possesses a unique solutieaC ([T, T); H**'(T; TN)).

We will prove Theorem 1 by the uniform energy estimates of solutions to a fourth order parabolic
regularized equation. To avoid the difficulty arising frov.J,,, we modify the method introduced
for the initial value problem for Scbdinger maps of a closed Riemannian manifold to a compact
almost Hermitian manifold in [4]. Being inspired by his own previous paper [2], Chihara introduced
a transformation of unknown mappings defined by a bounded pseudodifferential operator acting on
sections of (v ~!T'N), and eliminated first order terms coming fraw..J,, in [4].

The plan of the present paper is as follows. Section 2 studies the well-posedness of an auxiliary
initial value problem for some one-dimensional linear dispersive partial differential equations related
with (1)-(2). We believe that Section 2 will be very helpful to understand our idea of the proof of
Theorem 1, though the arguments and results there are nonsense from a point of view of the theory of
linear partial differential equations. Section 3 proves Theorem 1.

2. AN AUXILIARY LINEAR PROBLEM

In this section we study the initial value problem for a one-dimensional third order linear dispersive
partial differential equation related with (1) of the form

LU = Uy 4 Upze +V—1{a(2)Up}p + be(2)Uy + c(2)U = F(t,z) in RxT, (5)
U(0,2) = Up(z) in T, (6)

whereU is a complex-valued unknown function @f ) € R x T, a, b, ceC*®(T), Ima = 0, Up(z)
and F'(t, z) are given functions. The operatdris very special in the sense that the coefficient of
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the first order term is a derivative of a smooth function. The well-posedness of the initial value prob-
lem for third and fourth order dispersive equationsPor T was studied in [17], [27] and [28]. In

most of cases the well-posedness was characterized by the conditions on the coefficients of differen-
tial operators. LeL.?(T) be the standard Lebesgue space of square-integrable functihsaad let

LE . (R; L(T)) be the set of alL?(T)-valued locally integrable functions dd Mizuhara character-

ized the well-posedness of the initial value problem for a general third order dispersive equations on
R x T. In view of his results in [17, Theorem 6.1], one can immediately check that the special initial
value problem (5)-(6) is well-posed.

Proposition 2. (5)-(6) is L2-well-posed, that is, for any/oe L?(T) and for anyFe L} (R; L*(T)),
(5)-(6) possesses a unique solutioreC(R; L?(T)).

All the descriptions in the present section are meaningless from a viewpoint of the general theory
of linear partial differential equations. However, the purpose of this section is to illustrate our idea of
the proof of Theorem 1 by showing the special proof of Proposition 2. In what follows we make use of
an elementary theory of pseudodifferential operator®ofsee [15] for instance. In view of the idea
in [13, Section 2], one can deal with pseudodifferential operator§ onthe same way as those on
R without using the general theory of pseudodifferential operators on manifold¢T) is regarded
as the set of all-periodic smooth functions oR. Its topological dual is the set of allperiodic
tempered distributions dR.

Let p(¢) be a real-valued smooth odd functionBrsatisfyingp(¢) = 1/£ for £ € R\ (—2,2) and
p(§) = 0for & € [—1,1]. A pseudodifferential operatei D,,) is defined by an oscillatory integral of
the form

pDute) = o [[ Uy for U e #7()

whereD, = —/—10/0x, %°°(R) is the set of all bounde@°-functions onR whose derivative of
any order is also bounded . It is well-known thatp(D,,) is well-defined onA>°(R) and extended
on the set of all tempered distributions Bn —/—1p(D,.) is an essential realization of the integral
over (—oo, 2| by pseudodifferential operators. The important propertieg bf,) are the following.

Lemma 3. If U(z) is real-valued and-periodic, then so is/—1p(D,)U(x).

Proof. Let UeC*°(T). We can easily check that D,)u(z) is 1-periodic by using a translation
x—x + 1. Suppose that/ (x ) is real-valued in addition. Then,

o {VTHD I )} = e (DU}
o [ re{e T | dye
RxR

27 // cos{(z — y)&}p(§U (y)dydE = 0
T J JRXR

since the integrand in the last integral above is an odd functign in O
Our special proof of Proposition 2 uses a bounded pseudodifferential operator defined by
Y Lhw(e).
Roughly speaking)(z, D.) is a linear automorphism oh?(T). Indeed, it is easy to see that there
exists a constant/ > 1 depending or(z) andp(£) such that
MY U|| < NU) < M||U|| forany UeL?(T), 7)

whereN (U)? = ||\, D)U||? + |[(D,)"*U||?, (D) = (1 — 8%/0x2)'/2, and|-| is the norm of
L?(T). We prove Proposition 2 by using a transfotm— \(z, D, )U as follows.

A(l'aDa:) =1- /N\(l‘an)a 5\(1‘,5) =
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Sketch of proof of Propositia® It suffices to show forward and backward energy inequalities. See
[12, Section 23.1] for instance. We obtain only an energy inequality in the positive directioflive
backward one can be obtained similarly. A direct computation shows that

Az, Dy)L = (0 + 92 + V—10,a(x)0:) Nz, Dy)

— [z, Dy), 32) + by (2)8y + 71 (2, D), (8)
r1(z, Dy) = — [\, Dy), V—10a(2)ps] — M, Dy)by(2)0y + Az, Dy)e(z),
(D)L = (0; + 92 + V=10,a(2),) (D)~ + ro(z, D) (9)

ro(x, Dy) = [(Dy) ™, V—10,a(2) 5] + (Dy) ™! (b ()05 + (),

whered;, = 0/0t andd, = 0/0z. ri(x,D,) andry(z, D,) are L?>-bounded pseudodifferential
operators. We remark that

—[S\(x, D,), 8;;’] = —by ()0, + r3(x, D,),

T3(33> Dx) = bz(x)ax(l - p(Dx)D:E) - bxz(m)p(Dx)Dz + \/?bx:rx(l‘)p(Dx)a

andrs(x, D) is also anL?-bounded pseudodifferential operator. Sgt= 71 + r3 for short. Then,
(8) becomes
Mz, D)L = (0 + 92 + V—=10,a(x)0:) Nz, Dy) + 74(x, Dy). (10)

Fix arbitraryT > 0. Suppose tha/ cC ([0, T]; H3(T))NC* ([0, T]; L*(T)). By using (9) and (10),
one can easily show that there exists a positive constadepending o, b, ¢ andp such that

AN (U(t))?

WO < 0 Ww ) + N Eu@) M),
which implies a desired energy inequality

t
ol < e {lwon+ [} for e
0
where( is a positive constant depending only @b, ¢ andp. O

3. PROOF OFTHEOREM1

We shall prove Theorem 1 by the uniform energy estimates of solutions to the initial value problem
for semilinear parabolic equations of the form

uf = —eV3uE + aViuE 4 Jue Voul + bh(us, u)us in (0,00)xT, (11)
u®(0,2) = up(z) in T, (12)
wheree € (0, 1] is a parameter. The existence of solutions to (11)-(12) was proved as follows.

Lemma 4 ([22, Proposition 3.1]) Let k£ be a positive integer satisfying > 2. Then, for any
ug€H*1(T; TN), there exists. = T, ||ul zs) > such that(11)-(12) possesses a unique solu-
tionu€C([0, T:]; H*(T; TN)).

The proof of Lemma 4 given in [22] does not depend on tt#hliér condition at all. Lemma 4
is proved by the standard arguments: the contraction mapping theorem and some kind of maximum
principle. Firstly, we push forward (11)-(12) inf&? by the Nash embedding, and construct a
solution taking values in a small tubular neighborhood0V). Secondly, we check that the value of
the solution remains i (V). See [22, Section 3] for the detail.

We split the proof of Theorem 1 into three steps. Firstly, we construct a solution by the uniform
energy estimates and the standard compactness argument. Secondly, we check the uniqueness of
solutions. Finally, we recover the continuity in time of solutions.
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Construction of SolutionsLet «* be a unique solution to (11)-(12) with a parametee (0,1]. It
suffices to show that there exists > 0 which is independent of € (0, 1], such that{u®}.c(o

is bounded inL>(0, T; H**(T; TN)), which is the set of allf*+!-valued essentially bounded
functions on(0,7"). Indeed, if this is true, then the standard compactness argument shows that there
existu and a subsequenée® }.c (o ;) such that

ut —u in C([0,T]; H*(T; TN)),
s —u in L®(0,T; H**Y(T; TN)) weakly star

ase | 0, andu solves (1)-(2) and ig7*+!-valued weakly continuous in time.
Setu = u® for short. Any confusion will not occur. We actually evaluate

Nig1(w)® = [lullFe + AV Fus |,
whereA = A.(t, z,u) is a bounded pseudodifferential operator acting’6fu®) ~!7 V) defined later,
and||-|| is a norm of L?(T; T'N) defined by
|V = / h(V,V)dx for V:T — TN.
T

Set
T: = Sup{T >0 ‘ Nk+1(u(t)) < 2Nk+1(u0) fort e [O,T]}.
We need to compute
Vé‘H (ut + 8V§ux — aViuz — JuVaug — bh(ux,uz)ux) =0, 1=0,...,k

Main tools of the computation are

Vxdu(Y) = Vydu(X) + du([X,Y]) = Vydu(X), (13)
VxVyV =VyVxV + V[X’y}v + R(du(X), du(Y))V
= VyVxV + R(du(X),du(Y))V. (14)

for X,Y € {0;,0,} andV € I'(u~'!TN). We make use of basic techniques of geometric analysis of
nonlinear problems. See [20] for instance.
In view of (13) and (14), we have

qut = Vtux, (15)
Viut = Vtvxug; + R(ux7 ut)uxa
-1
Vi = ViVhuy + > VT {R(ug, u) Viug }
m=0
-1
=ViViuz + »_ VT

m=0
X {R(ux, —eV3u, + aViu, + J,Vaug + bh(u,g, ux)ux)V?ux}
= ViViug + aR(ug, Vi ug) — ePrpi — Quist, (16)

-1
P = Z Vf;l_m {R(ux, Viux)V?ux} ,
m=0
-1
Quis1=—a Y Vo' {R(ug, Viue) Vius } + aR(uq, Vi u,)

m=0
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-1
— Z VT IR (g JuVatiy + bh(ug, ug)ug ) Vg b .
m=0
The Sobolev embeddings show that
[Pl < Crllullgvs,  |Quisall < Crllullgrn 17)

fort € [0, T7], whereC}, > 1is a constant depending only anb and||ug|| ;»+1 and not ore € (0, 1].
Such constants are denoted by the same notétidmelow. Using (13) and (14) again, we have

Vi (JuVotte) = Vadu Vo Ve + (Ve du) Ve Vit + Qa1 (18)
V?rl{h(uw, uz)uI} = h(ug, uw)Vlexuz + Q{h(leum, ui)}xum + Q3,41, (29)
-1 (1+1)!
_ . I+1-m m—+1
QQ,H-I - z:: m'(l +1— m)'(vm ‘]u)vm Ug,
1+ 1)!
Q3141 = Z ( :L ) h(Vguz,Vgux)V;ux — 2h(VfEux,qux)ux.
’ al [l
a+p+y=Il+1
a,B,y<l

Q2,+1 andQs3 ;1 have the same estimates@s;;. Combining (15), (16), (17), (18) and (19), we
obtain

{Vi+eVi—aV3 —V,J,Ve — (Ve du) Vi — bh(ug, us) Vi } Vi,
= - CLR('LLZ‘, vf)jlul‘)ux + 2b{h(v‘lruﬂf7 ul‘)}xux + E_Pl+1 + Ql+17 (20)

[Prall < Cillullgees,  [[Qurll < Crllullgaer for ¢ € [0,T7]. (21)
By using (20), we have

k—1

d

Sl =2y /T ViV, Viuy)da
=0

k—1
=—2) / VAV vy, Viug)d (22)
1=0 /T
k—1
+2a) / h(V3Viug, Viug)dx (23)
1=0“T
k—1
+2>° / h(V 3 du Ve Vg, Viu,)de (24)
1=0“T
k—1
+2) / h((Vodu) Ve Vity, Viug)dz (25)
1=0 /T
k—1
20 [ Bt 0 WV, V. Vi, (26)
1=0 7T
k—1
~2a) / h(R(uz, Vi g ug, Viug)de (27)
1=0“T

k—1
1=0 7T
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k—1
+2 Z/ h(ePiy1 + Qri1, Viug)da. (29)
=0T

Using integration by parts and the properties:adind J, we deduce that (22), (23), (24), (26), (28)
respectively become

k—1
(22)= -2y / h(VE 2, V20, ) de, (30)
1=0 /T

k—1
(23)=—-2a) _ / WV Vi, Vi, ) de
1=0 /T

k—1
= —aZ/{h(ijlux, Vitlu,)} dz =0, (31)
1=0“T
k—1
(24)=-2) / h(Ju Vi g, Vi, )de = 0, (32)
1=0’T

k—1
(26):b2/h(uz,um){h(vguz,vgux)}mdx
1=0 /T

k—1
= —bz/{h(uw,ux)}mh(v;ux,v;ux)dx, (33)
=0T
k—1
(28)=2b> / {M(Viue, ug)?} da = 0. (34)
1=0 /T

Recall the property of the Riemannian curvature ted&oki(R(X,Y)Z, W) = h(R(Z,W)X,Y) for
any vector fieldsX, Y, X, W on N. Using this and integration by parts, we deduce

k—1
(27) = —QCLZ/h(R(ux,Viux)ux,ijlux)dx
1=0’T
= 2a2/h(R(ux,V?—lux)ux,V;ux)dm
k—1
—1-2(12/h((VNR)(uw,ux,Véuw)ux,V;ux)daﬁ
1=0 7T
k—1
+2a2/h(R(quw,leuw)um,ViuI)dx
1=0 7T

k—1
—l—2aZ/h(R(ux,VfEux)qux,Viux)dx,
1=0 7T

which implies

k—1
(27):@2/h((VNR)(ux,ux,Véux)ux,vgcux)daz
1=0 /T
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k—1
+ay / h(R(V iz, Vg )y, Viu,)de
1=0 7T

k—1
+ CLZ/ h(R(ux,VfEux)qux, Véux)dx. (35)
1=0 7T
Applying the Schwarz inequality to (33), (35) and (29), we have
1(26)), [(27)] < Ciellull3e, (36)
129)] < Crellull e lull g + Ol 7
k—1
< 2 Z/ h(V 2y, Vi 2w, ) do + Ch ||l 35 (37)
1=0’T
Similarly, (25) is estimated as
25) < Chllull s [Jull g, (38)
Combining (30), (31), (32), (34), (36), (37) and (38), we obtain
d
a\lullék < Cllull g |[wl] g (39)
Next we estimate\ V%u,. Here we define the pseudodifferential operatorLet { N, } be the set
of local coordinate neighborhood of, and lety. , . . ., 42" be the local coordinates o¥,,. Pick up a

partition of unity{®, } subordinated t§ N,, }, and pick up{ ¥, } CC5°(N) so that

Uo=1 in supp[®,], supp[¥s]C Na,
whereCg°(N) is the set of all compactly supportéé-functions onN. We define a properly sup-
ported pseudodifferential operatdracting onl'(u~'TN) by

A=1-A, A= \/;Z”“Ju za: Do (u)p(Dy) ¥y ().

2n
Viz)=) V) ( aia) e I'(u™'TN)
a=1 o/ u

is supported ini =1 (N,,), then

2n 8
80DV () = 3 (a0} ()
a=1 @/ u

is well-defined and supported i ! (IV,,). Then, each term in can be treated as a pseudodifferential
operator acting ofR?-valued functions, and we can make use of pseudodifferential operators with
nonsmooth symbols. In other words, we can deal withs if it were a pseudodifferential operator
with a smooth symbol. See [2, Section 2] and [18] for the detail. Symbolic calculus below is valid
since the Sobolev embedding shows th@t)cC*+o(T) for § € (0,1/2). Itis easy to see that there
existsC} > 1 such that
Ck_l./\/’k+1(u) < HuHHk+1 < Cka+1(u) for te [O,T;].
We compute
0= AV;'H (ut + eVi’uw - aVium — JuVauy, — bh(uyg, ux)uz)

= A{V, +eVi —aV3 — VoI Ve — k(Vedu) Vi — bh(ug, us) Vi } Vi,
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—A {—aR(uw, VA g Yug + 2b{h(V§uw, ux)}xuz +ePii + Qk+l} )
A direct computation shows that
OA oA

AVi=ViA = == = Vih + o, (40)
oA
EViux < CkHuHHk

Let I, be the2n x 2n identity matrix. If we use a local expressiait, = 93 + A302 + A202 +
A0, + Ag with 2n x 2n matricesA;, j = 0,1, 2, 3, we deduce that

eAVE = VAN +¢[A, V2] = eV2A — ¢[A, V2], (41)
. V=1k
8,98 = [ D), 0+ | IR TAVAual] <

since the matrices of principal symbaigp(D..) andVZ commute with each other. Next computation
is the most crucial part of the proof of Theorem 1. In the same way\&%., we have

—aAV3 = —aV3A +a[A, V3]

We see the commutator above in detail. A direct computation shows that

o892 = Y5 g )p(D) 0o )92

YNNG g (u)p(D) ()

xT

= VS b (wp(D) V()
VNG g (u)p(D) ()

VIS (D) o), T2

The last term above is a smoothing operator sing[{ ¥, (u) }.]supp[® (u)] = 0. If we compute
the commutator in the framework of modul3-bounded operators, we deduce

oA, V9] = Z{J(I) Dy) Vi = V31, @a(u)p(Dy)} Valu
- “‘Z’“ S Ju®alw)[p(D.), V2)Wa ()
~V=1k Y [Val Ju®a (1) }] V2p(Dy) Vo (u)
— V=1 Y [V2{Ju®a(u)}] Vap(Da) Wa(u)
= —V=1k Y [Va{Ju®a(u)}] Vip(Ds) Va(w)
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:kza:[vx{Juti’a(u)}]VQ \(ﬁ)\y (u)

= k}Z[Vx{Juq)a(u)}] Wa(u)

—k Z (Vo {Ju®a(u)}] Vs
k(Vady) Z@ w)Vy + kJ, {Z a(u)} Va
= k:(VxJu)Vx.
Thus,
—aAV3 = —aV3A + k(V,J,) Vs (42)
moduloL2-bounded operators. In the same way as above, we deduce
AV Ju Ve =V J VA, (43)
—kA(V3Ju)Ve = —k(VyJy) Ve, (44)
—bAR(ug, 1y )V = —bh(ug, uy) Vi A (45)

moduloZ2-bounded operators. By usifig= A + A, we deduce
—al {R(UI, V';Hux)ux}
= — aR(ug, Vi Uy )uy + al {R(um, V’;Hugc)um}
= — aR(uy, VxAV’;ux)ux — aR(uy, ijivlj;ux)ux
+ aAV, {R(uw, V:’;uw)ux} —alA {(VNR)(UJC, Ug, V’;um)}
—alA {R(unw, Vf;ux)ugc} —al {R(um, V];ux)vxux}
= — aR(ug, Vo AVEu ) u, + Q1 ket 15 (46)

2bA[{h(V’;ux, ux)}xum}
:2b{h(V§uz, um)}xuw - QbA[{h(V:’;uw, ux)}zux]
:2b{h(AV§ux, ux)}xux + 2b{h(/~XV§ux, uz)}xux
— 26AV  { h(VEug, ug)ug } 4+ 20A{ A(VEuy, up ) Viau, }
=2b{n(AV}uz, ta) } s + Qb i1, (47)
1Q} k-&-l” 1% k+l|| Cllull o1
Combining (40), (41), (42), (43), (44), (45), (46) and (47), we obtain
{Vi+eVy —aV3 =V, Vi — bh(ug, uz) Vi JAVEu,
= — aR(Uz, VoAV iU Yug + 26{ W(AV iUz, us) } e +ePh iy + Qhpy, (48)

1Pl < Crllullgers,  1Quqall < Crllull e for ¢ € [0,T7]. (49)

Here we remark that-k(V,.J, )V, is canceled out in the left hand side of (48) bjA, V2], By
computations similar to (30), (31), (32), (34), (36), (37) and not to (38), we can deduce from (48) and
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(49) that

d

£||AV§U;E||2 < CpNiyr (u). (50)
Combining (39) and (50), we obtain

%N]prl (’U,) < Cka+1(U) for te [O,T;} (51)

If we taket = T, then we hav@ ;. 1 (uo) < Niy1(uo)e® T, which impliesT*>T = log2/Cy, >
0.
Thus{u®}.¢(0,1) is bounded inL> (0, T'; H***(T; TN)). This completes the proof. O

Uniqueness of Solutiong.he uniqueness of solutions was proved in [22, Section 5]. The proof given
there does not depend on thatider condition at all. We prove the uniquenesgbyenergy estimates

of the difference of two solutions with the same initial dataRf. The symmetry of the second
fundamental form of the mappingou plays a crucial role. See [22, Section 5] for the detail. [

Recovery of Continuity in Tima.et ucL>°(0, T; H**1(T; TN)) be the unique solution to (1)-(2).
Following [4, Section 3], we prove that* v, is strongly continuous in time. We remark that we have
already known that.cC([0, T]; H*(T; TN)) and V%u, is a weakly continuoug.?(T; T'N)-valued
function on[0, 7). We identify N andw(N) below. Let{u®}.c 1 be a sequence of solutions to

(11)-(12), which approximates We can easily check that for ameC>°([0, T] x T;R9),
Afp — A*¢ in L*((0,T)xT;R%),
AVEuE — @ in L*((0,T)xT;RY)  weakly star
ase | 0 with somei. Then,i = AV¥u, in the sense of distributions. We denote#(.#) the set of
all bounded linear operators of a Hilbert spageto itself. The time-continuity o¥*w,, is equivalent

to that of AV¥u,. sinceAcC([0, T]; £ (L?(T; RY))).
It suffices to show that
lm A()Viua(t) = A(0)Viuo, in - LA(T3RY), (52)
since the other cases can be proved in the same way. (51) and the lower semicontifidityooi
impIy

k—1
ZHV% D7 + 1A®) Viua () < DI Viuoall + [A0) Viuoa|* + CelNirr (u0)?t
=0 =0

provided that | 0. Lettingt | 0, we have
litn sup|[ A (8) VEug (6)2 < [|A(0)VEug, ||
t10

which implies (52). This completes the proof. a
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