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Abstract

For positive integers n and I, we study the cyclic U(gl,,)-module generated by the I-th power of the
a-determinant det(®(X). This cyclic module is isomorphic to the n-th tensor space (Sym'(C™))®™ of
the symmetric [-th tensor space of C™ for all but finite exceptional values of a. If « is exceptional,
then the cyclic module is equivalent to a proper submodule of (Sym'(C"))®", i.e. the multiplicities of
several irreducible subrepresentations in the cyclic module are smaller than those in (Sym‘(C™))®™. The
degeneration of each isotypic component of the cyclic module is described by a matrix whose size is given
by a Kostka number and entries are polynomials in « with rational coefficients. Especially, we determine
the matrix completely when n = 2. In that case, the matrix becomes a scalar and is essentially given by
the classical Jacobi polynomial. Moreover, we prove that these polynomials are unitary.

In the Appendix, we consider a variation of the spherical Fourier transformation for (&, &}') as a
main tool to analyze the same problems, and describe the case where n = 2 by using the zonal spherical
functions of the Gelfand pair (&g, 57).

Keywords: Alpha-determinant, cyclic modules, Jacobi polynomials, singly confluent Heun ODE, per-
manent, Kostka numbers, irreducible decomposition, spherical Fourier transformation, zonal spherical
functions, Gelfand pair.

2000 Mathematical Subject Classification: 22E47, 33C45, 43A90.

1 Introduction

Let A(Mat,,) be the associative C-algebra consisting of polynomials in variables {x;; }1<i j<n. We introduce
aU(gl,)-module structure on A(Mat,,), where U (gl,,) is the universal enveloping algebra of the general linear
Lie algebra gl,, = gl,,(C), by

g 9
Pg[n(Eij)f = Zx’kﬁfk (f € AMat,)),
k=1 J

which is obtained as a differential representation of the translation of GL,, = GL,(C).

Since the determinant det(X) of the matrix X = (2;;)1<; j<n is a relative GL,-invariant in A(Mat,,),
obviously the linear span C - det(X) is a one-dimensional irreducible (highest weight) ¢/(gl,,)-submodule of
A(Mat,,). This submodule is equivalent to the skew-symmetric tensor representation A™(C™) of the natural
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representation of U(gl,) on C". The symmetric counterpart of the determinant is the permanent per(X)

given by

n

per(X) = Z To(1)1%0(2)2 " To(n)n-
ce6,
Although per(X) is not a relative invariant of GLy, the cyclic module g, (U(gl,,)) - per(X) (i.e. the smallest
invariant subspace in A(Mat,,) containing per(X)) is irreducible and is equivalent to the symmetric tensor

representation Sym™(C™) of the natural representation.
The a-determinant of X is defined by

(11) det(a) (X) = Z O‘V(U)xa(l)lxa(Q)Z To(n)ns
cEG,

where v(0) is n minus the number of cycles in o € &,,. The notion of the a-determinant was first introduced
in [V] in order to describe the coefficients in the expansion of det(I — aA)~/® which is used to treat the
multivariate binomial and negative binomial distributions in a unified way. Later, it is also used to define a
certain random process in [ST]. We note that a pfaffian analogue (a-pfaffian) is also introduced and studied
in the same (probability theoretic) view point by the second author in [Mat].

The a-determinant is a common generalization of (and/or an interpolation between) the determinant
and permanent since det™"(X) = det(X) and det(X) = per(X). In this sense, the a-determinant
cyclic module pg[”(u (g1,)) - det'®)(X) is regarded as an interpolation of two irreducible representations —
the skew-symmetric tensor representation and symmetric tensor representation. In [MW], the second and
third authors determined the structure of the U(gl,,)-cyclic module pg["(L{ (g1,)) - det(®)(X). The irreducible

decomposition of g, (U(gl,,)) - det®(X) is given by

a ~ of
(1.2) P U(a) - det@ ()= @) (M)
AFn
fa(e)#0
Here we denote by M2 the irreducible highest weight /(gl,,)-module of highest weight A\ (we identify the
highest weight and the corresponding partition), f* the number of standard tableaux with shape A and
fala) the (modified) content polynomial [Mac| for A defined by

LA N

(1.3) A =1TTIa+ G - Da).

=1 5=1

In other words, the structure of g, (U(gl,,)) -det®)(X) changes drastically when o = £1/k (k= 1,2,...,n—

1). This result implies that det!™ (X) may obtain some special feature like det(X) and/or per(X) for such
special values of «. Actually, when @ = —1/k for some k, det ™Y/ k)(X ) has an analogous property of the
alternating property of the determinant. Based on this fact, for instance, we can construct a relative GL,,-
invariant from det(~'/ k)(X ) (see [KW1]). It is worth noting that we also introduced an analogous object
of the a-determinant detga)(X ) in the quantum matrix algebra, and study the quantum enveloping algebra
cyclic module U, (gl,,) - det((;’)(X ) in [KW2]. Compared to the classical case [MW], the cyclic module in the
quantum case is much complicated whereas has a rich structure.

As a next stage, as in the beginning of the study of infinite dimensional representation theory by Gel’fand
and Naimark [GN] in the middle of the last century, it is natural to proceed in the study of the cyclic modules
pg[n(l/l(g[n)) - det®(X)* for s € C under a suitable reformulation (see Section 5.2). In this case, the cyclic

modules g (U(gl,,)) - det™(X)* is not finite dimensional in general. Actually, if s is not a nonnegative
integer, then det(® (X)* is no longer a polynomial and Py (U(gl,)) - det™ (X)* becomes infinite dimensional
unless @ = —1. On the contrary, when s =1 is a positive integer, p U(gl,,)) - det'®(X)! is a submodule of
the polynomial algebra A(Mat,,) and is finite dimensional.
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In this article, we treat the finite-dimensional cases, that is, we study the cyclic module Pyt (U(gl,)) -

det(® (X)! for a given positive integer I. We first show that the irreducible decomposition is given in the
form

U(gl,)) - det™ (X)! 2= @D (M) Emna(@)

AFnl

(1.4) £,

[’!'L

where m27l(a) denotes the multiplicity of the irreducible submodule with highest weight A which satisfies
0 < m),(a) < Kyqn) (Theorem 3.1). Here K, is the Kostka number defined as the number of semi-
standard tableaux of shape A and weight u. Moreover, there exists a certain matrix Fal(a) of size Kyn),
which is called the transition matriz for A, whose entries are polynomials in « such that mf‘h () =1k F,i:l(a)
for each A. By this fact, for all but finitely many «, we have m;\hl(a) = K () for any A. Namely, the cyclic
module pg[n(l/{(g[n)) -det™ (X)) is equivalent to the space (Sym!(C™))®" of the symmetric I-tensors on C™
for almost all a. We note that F,(a) is a scalar matrix f*(a) - I (see (1.2) and (1.3)).

Consequently, we have to describe the transition matrix Fril(a) and/or its rank rk F7i‘7l(a)(: m) (a))

n,l
explicitly. When n = 2, we can completely determine the explicit form of the transition matrices (see Section
4). In this case, each transition matrix is a scalar and given by a classical Jacobi polynomial. (Precisely, the
scalar satisfies a singly confluent Heun ordinary differential equation with respect to a.. See Corollary 4.2.)
In other words, the Jacobi polynomials play the role of the content polynomials. Moreover, one shows that
these Jacobi polynomials are unitary, and hence the multiplicity m§7l(a) is non-zero unless |a| = 1 for each
partition A of 2[. These are our main result.

Here we should remark that the Jacobi polynomial does not appear as a spherical function (i.e. a matrix
coefficient of a representation) in our story, and hence, it is important to clarify the reason why the transition
matrix becomes a (unitary) Jacobi polynomial when n = 2. It seems a far-reaching matter at present to
describe the transition matrices when n > 3. In fact, we can only give explicit expressions of transition
matrices in a few special cases. It is not clear whether (the entries of) the transition matrices are given by
certain special polynomials. We leave these problems to the future study.

This paper is organized as follows. In Section 2, we recall the GL,,-module structure of the tensor space
(Sym'(C™))®". This space is the basic one for the study of a-determinant cyclic modules. In Section 3,
we study the structure of the cyclic module U(gl,,) - det(®) (X)L, The transition matrix, which determines
the multiplicity of the irreducible component in the cyclic module, is defined in this section. In Section 4,
we exclusively deal with the simple case where n = 2. As stated above, the transition matrix in this case
is explicitly given by a classical Jacobi polynomial. In Section 5, we give a conjecture for the permanent
cyclic module U(gl,,) - per(X)! (a = 1 case), introduce a certain suitable reformulation of our problem for
the general complex power cases (i.e. U(gl,)-det(® (X)* for s € C) and give a remark on @-immanant cyclic
modules which is a generalization of the situation.

In the Appendix, we investigate our problems by another approach; We adopt a variation of the spherical
Fourier transformation for (&,;, 5}') as a main tool to analyze the structure of U(gl,,) - det™ (X)!, and give
another proof of the results in Section 3. We also describe the transition matrices in the case where n = 2
by using the zonal spherical functions of the Gelfand pair (Sq;, G7).

2 Preliminaries on representation of U/(gl,)

Let Z, be the set of all non-negative integers. For a positive integer n, we put [n] = {1,2,...,n}. Let
ei,...,e, be the standard basis of C". The symmetric I-tensor space S'(C") is the set of all polynomials of
degree [ in variables e; and expressed as follows:

Sym!(C") = @ C-e"ey?.- ey,
mi,...,Mn €L,
mi+--+mg, =l
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Let M, ; be the set of all Z,-matrices of size n such that the sum of entries in each column is equal to {:

n
m;j EZ+, Zmi]‘ =1 (1 Sjgn)}

i=1

M, = {M = (Mij)i<ij<n

Put
eM — e7ln11 e;n21 . e:lnnl R ® e'inlnegn2n . enmnn

for each M € M, ;. Then the tensor space (Syml((C”))@" is given by

(Sym'(CM)*" = P C-eV.

MEMn 1
The universal enveloping algebra U(gl,,) acts on C™ in a natural way: E;; - ey = d;pe;, where d;; is
Kronecker’s delta. This action induces the action of U(gl,,) on (Sym'(C"))®" as

(2.1) Epq -eM Zm keM+qu (1<p,g<n, M= (mij)i<ij<n € Mpi),

where RP? is the matrix of size n whose (i, j)-entry is equal to (8;p — i4)dj5. We note that R}? = —R[".
The irreducible decomposition of the U(gl,,)-module (Sym'(C™))®" is well known and given by

(Sym! (€)= @B (M,

AFnl

see e.g. [FH, W]. Here M? denotes the highest weight module of U(gl,,) with highest weight A = (Aq,..., \,)
and K(n) denotes the Kostka number which is defined as the number of semi-standard tableaux of shape
A and weight (I™) = (1,1,...,1).

Example 2.1. Let n = 2. TheHMg)l:{(l s |O<rs<l} When | = 2 we see that
-10 0—1
E21-e((2)%) :26(%%)4_( 1 0) + e %% +( ):23(%%)4—3( (2)) :23132@)3132—‘,-3%@@%’
21) (21 9
01/ =3e\01/ = 3e] ®ejes

for instance. The irreducible decomposition of (Sym’(C?))? is given as

l
(Sym'(C?))®? = P M),

s=0

The following lemma plays a fundamental role in the discussion below.

Lemma 2.1. Let I, be the identity matrix of size n. Then it holds that (Syml((C"))®” Ugl,) - eln.
Namely, the vector e'n = e} @ eb @ --- @ €L, is a cyclic vector of the U(gl,,)-module (Sym'(C™))®™.

Proof. Fix a positive integer [. Let I\7J1n,l be the subset
M, ={M eM,, | eM cu(gl,) e’}
of M,, ;. Let us prove (Sym'(C"))®" = Drein, , C- e, or equivalently

(2.2) M,,; D M,
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by induction on n.
The universal enveloping algebra U(gl,,_;) is embedded in U(gl,) as a subalgebra in a natural way.
Assume that the inclusion (2.2) holds up to n — 1. Then the matrices of the form

M @ ()=

are contained in Mnyl by the introduction hypothesis. Applying several E;,’s successively to eM'a) suitably
many times, we first see that any matrix of the form

Min
(23) M : (M/ € Mnfl,l; Zmzn = l)
Mp—1,n i=1
0 0 mnn

belongs to anl.
Next, we put

Mn,l(p):{MeMn,l ’je{p+1,p+2,...,n—1} and i€ {1,2,....5—1,n} = mijzo}

for each 0 < p < m — 1. Notice that M, ;(0) € M, ;(1) C --- C M, (n —1) = M, ;. We show that
M, (p) C Mn,l for any 0 < p <n — 1 by induction on p. By definition, we see that any element in M,, ;(0)
is of the form (2.3), so that we have M, ;(0) C Mn,l- Assume M, ;(p — 1) C Mn,l for 1 <p<n-—1. Take
any matrix M = (m;j)i<i j<n in My ;(p), and put M=M+ Zf;ll mipRgi + mpp RE™. Equivalently, Mis a
matrix defined by

Mip +Map + -+ Mp_1,p +Mpp + My, ifi=p,
Mip = § Mip ifp+1<i<n-—1

0 otherwise,

and m;; = my; for j # p. It is easy to see that M e M, ;(p — 1). Then, using Lemma 2.2 below, we get

Mip ppM2p Mp—1,p ppm M _ M N
BBy - By P ERe - e = (non-zero constant) x e (mod @ C-e).
NeMn i (p—1)

Therefore we have M € I\NAIM by the induction hypothesis on p, and hence M, ;(p) C I\\]In,l. In particular, we
get M, ; =M, ;(n — 1) C M, ;, which is the desired conclusion. O

In the proof, we have used the following lemma which is readily verified.

Lemma 2.2. Suppose that M € M, ;(p—1) and 1 < i,k <p—1. Then M + Rff =M - Rii €M, i(p—1).
In particular,

EgjeM = mpp(Mpp — 1) -+ (mypp —d + 1)eM*dR5i (mod @ C-e")
N€EMp,i(p—1)

holds for d > 1. O
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The linear map pg : U(gl,,) — Endc(A(Maty,)) defined by
. 0 .
(Pat, (Ei) - D) =Yg (X) (U<ij<n, [ eAMat)
k=1 J

determines a representation of U(gl,,) on A(Mat,). We abbreviate pg (E;;) as Ejj.
For each M € M, ;, put XM = I = ;7. The action of U(gl,) to XM is given by
n
qu'XM:qukXM+Riq (1<p,qg<n).
k=1
Combining this with (2.1) and Lemma 2.1, we see that the linear map e +— XM (M € M,,;) gives the
isomorphism

(2.4) (Sym'(©)® = @ € XM =u(gl,) - ohyaby 2l C AMaty).
MeM,,

3 The cyclic modules U(gl,) - det®(X)!

3.1 o-determinants and intertwiners

Let o be a complex number. We consider the cyclic module U(gl,,) - det'™ (X)! for a positive integer I.
When o = 0, we have det(o)(X) = T11%22 * * * Tpp. From (2.4) we obtain the irreducible decomposition

(3.1) Ugl,) .det(o)(X)l o (Syml((cn))@n o~ @(MA)@KHZ’W.

n
AFln

In general, the module U(gl,) - det® (X)! is a submodule of U(gl,) - det'® (X)! because det'®(X)! e
@Brren, , C- XM =U(gl,) - det® (X)!. Therefore we have

Theorem 3.1. It holds that \
U(gl,) - det'® ()" = G (M) Emma),
A-ln

A

where my

(a) is a nonnegative integer at most Kygny and m%7l(0) = Kxgn)- O

In order to obtain further properties of the multiplicities m; ;(a), we construct a U(gl,,)-intertwiner from
(Sym'(C™)®™ to U(gl,,) - det® (X)! explicitly for each a.

For a sequence (ky,...,ky) € [n]*", define
Thyl Thky2 --- Thin

D (ky, ... ky) = det® Thil Tk oo Than

Tk, 1 Th,2 --- Thyn

For a matrix N € M, 1, there exists some (k1,...,k,) € [n]*" such that N = (J; ,)1<i,j<n- Then we let
DY(N) =D (ky,... k).

Let M = (msj)i<ij<n € My;. A sequence (My,...,M;) € (Mn)l)’(l is called a partition of M and
denoted by (My,...,M;) I M if My +---+ M; = M. We also put M! = szzl m;;!. For instance,
(II,)! = I'". Now we define the element D(®) (M) € A(Mat,,) by

M!
(3.2) DOM) =g 2 DOGWDO(MM)--- D (M),
My, M) IFM

where the sum runs over all partitions of M. It is clear that D@ (II,,) = det(*)(X).
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Example 3.1.

D) ((2) D _ D@ ((1) é) D@ ((1) ‘1)> — D1, 1)D)(1,2).

2
(o) @ (1 1\ pe(l 0\ pe(0 0 @ (1 0 p(0 1
b (1 2 {6D (0 O)D (0 )P0 1) 3P o0 1) P o

2D (1,1)D(@)(1,2)D(®) (2, 2) +D(“)(1,2)2D(°‘)(2,1)).

N

—
~__

Il

—~

[

=
[\v]

O
Take M = (mi;)1<i,j<n € M, and suppose that mg;, > 0. Then M +RY? € M, ;. Let (My,...,M;) - M

and (M{,...,M!)IF M + R We write (M, ..., M) 225 (a1,
M/ = M; + §;;RY?. We notice that

., M) if there exists some j such that

(3.3) #{(M{,...,M[)H—M+R£q (M, ..., M) 2E5 (Ml,...,Ml’)}:mqk

because M; + RY? € M, if and only if (M;), = 1 so that the number of such choices of j is just
Mgk = Z;Zl(Mj)qk. We also notice that

k E
(My, ..., M) 255 (MY, ..., M]) = (M],..., M) 225 (M,,..., M).
The following fact is crucial.

Proposition 3.2. For any p,q € [n] and M € M,,;, we have
(3.4) Epq - D) (M) = mgp D\ (M + RP).

k=1

Example 3.2.

p@(2 1) _gp@(? 1 p@(2 N _pe(3 1 (@ (2 2
En-D <1 2>3D (12, Bip-D(] ) =D (1 o) +2D (] 1],
p@(2 1) _gp@(l 1 @ (20 p@(2 1) _gp@(? 1
Es - D (1 2)_2D (22 D] 5], Ew-D@(] o) =3D(] ,].

Proof of Proposition 3.2. First we notice that we can verify the case where [ = 1 easily (see Lemma 2.1 in
[MW]). By using this result, for any M € M,, ;, we have

O

E,, - D! )(M):(” I Z ZD( N(My) -+ (Epg - D(M;))--- D) (M)
(M., My)IFM j=1

= M"i z Z kD( )..D( (M +Rk3) (a)(Ml)

k=1 (My,...,M;)IFM j=1

M' -
= .Z ) > D (M) - D (M)
1(My,...,M;)FM (M{,...;M])lF M +R??
(Moo, M) 2L (M)
M & N N
= 0 > > > D@ (MY ... D@ (M)).

k=1 (M],....M})lFM+R?* (My,...,M;)IF M
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By (3.3), we see that

3 1:#{(M1,...,Ml) Ik (M + RY) + R® | (M,... M) 25, (Ml,...,Ml)}
(My,...,M)IFM
(M., M) 225 (A M)

= (M + qu)pk = mpr + 1.

Hence it follows that

B DG =Y (mpt s S D) D)
k=1 (M{,...,M])l- M+ RP
= mqeD (M + R}Y)
k=1
since (mpr + 1)M! = mg(M + RY")!if mgi, > 0. Thus we have proved (3.4). O

Now we give an explicit intertwiner from (Sym!(C™))®" to U(gl,,) - det'® (X)!. The following proposition
is a generalization of Lemma 2.3 and Proposition 2.4 in [MW] for the case where [ = 1.

Proposition 3.3. We have
U(gl,) - det(X)' = Y C- DM

MeM,

Furthermore, the linear map ®@) determined by
@ (eM) = DV(M), M eM,,
gives a surjective U(gl,)-intertwiner from (Sym'(C™))®™ to U(gl,) - det'™ (X)L,

Proof. From Proposition 3.2, the space 3, C- D) (M) is invariant under the action of ¢(gl,,). Since
D@ (11,,) = det'® (X)), the space U(gl,) - det!™ (X)! is a submodule of > yem, , C- D@ (M). Furthermore,
by (2.1) and Proposition 3.2, the linear map ®(® determined by

o (M) = D (M), M € M,,,

gives a surjective U(gl, )-intertwiner from (Sym'(C"))®" to > mem,, C- D) (M). Tt follows from Lemma
2.1 that |

Y.DM=Y C-e (M) cugl,) () =uU(gl,) - det'™ (X)!
MeM, ; MeM, ;
as we desired. O

3.2 Transition matrices

We show that the multiplicity mﬁﬁl(a) in Theorem 3.1 is described as a rank of a certain matrix for each
highest weight .
The module (Sym'(C™))®" is decomposed in the form

KA(ln)

(Sym!(C™))®n @@L{

AFnl i=1
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Here v (i=1,..., K\qn)) are highest weight vectors corresponding to the weight A\. Under the isomorphism
®©) and burjectlve intertwiner ®(®) we see that

Kxan)

Ugl,) det (X)) = P ut,) 2Ow),
Abnl i=1
KA([TL)

U(gl,) det(X) = > ugl,) - & (@}).

AFnl i=1

Since ®(®)(v) is the highest weight vector unless it vanishes, there exists a matrix Fﬁ,z(a) = ((Fﬁ\z(a))w)
of size K(jn) such that

K)\(ln)

(3:5) @ (0}) = Y (Fi(@) 2 ()

=1

for each j. We call the matrix F?

() the transition matriz. We notice that the definition of F,

A
Kk(l")

definition, its entries belong to Q[a]. We now obtain the

n, l(a) is

dependent on the choice of vectors v7,...,v but Fﬁl(a) is uniquely determined up to conjugacy. By

Theorem 3.4. For each a € C and A F nl, the multiplicity m;\hl(a) in Theorem 3.1 is equal to the rank of the

matriz F7’1\7l(a) defined via (3.5). Namely, the irreducible decomposition of the cyclic module U(gl,)-det (™ (X)!
s given by

(3.6) Ugl,) - det(X)! = @ (M))@kFiile),

AFnl
£LA)<n

O

We need to obtain an explicit expression of the matrix Fri‘ ;(a) to evaluate the multiplicity mf‘h (). When
n = 2, we show that the matrix F2 (@) is of size 1 and given explicitly by a hypergeometric polynomial. See
the next section for the detailed discussion for this case. In general, it 15 not easy to calculate the matrix
Fri‘,l(a), and we have no effective method to evaluate the multiplicity mn, ().

We give several examples of an explicit calculation of transition matrices for the highest weights with
special types.

Example 3.3. If [ = 1, then we have F});(a) = fa(a)I for any partition A of n, where fx(a) is defined in
(1.3). See Corollary 3.4 in [MW]. O

Example 3.4. For A = (nl), the Kostka number K is equal to 1. The vector v —el@el @---@e}
is the highest weight vector with the highest weight (nl). By Proposition 3.3 we have

n—1 I n—1
@(00) = DO (1,1, ) = {T] U+ j)anan -+ zun} = [J (14 o)l 2O i)
j=1 j=1
and hence
n—1
FYV() = [T+ jo)
j=1
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Example 3.5. For A = (nl —1,1), the Kostka number Ky is equal to n — 1. Put

i-th
l l -1 l
w=e;RQe Qe ek--RQe

for each 1 <7 < n. Then vgnl_l’l) = w; —wi+1 (1 <4 < n—1) are linearly independent highest weight

vectors corresponding to the weight (nl — 1,1). It is easy to see that
n—2
() (,Ul(nl—l,l)) =(1-a)1+(n— l)oz)lil H(l +ja)l . ‘I)(O)(vl(nl—l,l))
j=1

which readily implies

n—2

F T (0) = (1= a)(1+ (0= D) [T+ o) Lo,

4 U(gly)-cyclic modules and Jacobi polynomials

In this section, we study the case where n = 2. The transition matrix FQ):l(a) is of size 1 and explicitly given
by a hypergeometric polynomial in « which is in fact the Jacobi polynomial. Moreover, we see that these
Jacobi polynomials are unitary.

4.1 Explicit irreducible decomposition of U(gl,) - det'® (X)!

For a non-negative integer n, complex numbers b and ¢ such that ¢ # —1,-2,...,—n+ 1, let F(—n,b,c;x)
be the Gaussian hypergeometric polynomial

" (—n Lk
F(—n,b,c;x) = 1+Z((il)€;fb)kk'
k=1 ’

Here (a)y stands for the Pochhammer symbol (a); = a(a+1)---(a+ k —1). For any partition A of 2{ with
length < 2, we have Ky(;2) = 1, whence F;:l(a) is a scalar.
Theorem 4.1. For non-negative integers | and s such that 0 < s <[, we have
(4.1) Fyy (@) = (14a)*G(a),
where G (x) is the polynomial given by
Gl(z) =F(—n,y—n+1,—v;—x).

By the hypergeometric differential equation satisfied by G7(x), the explicit form of Féilis’s)(a) given in

Theorem 4.1 shows that Féilis’s) () satisfies the following singly confluent Heun differential equation (see

[SL]).

Corollary 4.2. The polynomial f(x) = Féilis’s)(—x) satisfies the differential equation

(4.2) {£+<xili>;+W}ﬂx)o.
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Remark 4.1. Since it seems difficult at present to obtain the transition matrices explicitly in general, we
are naturally lead to the following questions: Can one obtain the equation (4.2) directly by investigating (a

certain structure of) the cyclic module U(gl,) - det'™ (X) itself? If it is possible, is the derivation of the
differential equation generalized to the cases where n > 37

The roots of the polynomial G} (x) satisfy the following property.

Proposition 4.3. For a real number vy such that v > n, the polynomial G7(x) is unitary, i.e., every root
of G}(x) is on the unit circle T = {z € C | |z| = 1}. Furthermore, G3,(1) # 0 and Gy, (1) = 0 for any
nonnegative integer n.

Therefore we obtain the following irreducible decomposition from Theorem 3.1 and Proposition 3.4.

Corollary 4.4. For any a € C\ T, we have

l
Ulgly) - det'® ()" = (Sym'(€?)®* = P M.

s=0
For a = £1, we have
i 20—24,2j
U(gly) - per(X)' = @@ ME' ™) = Sym (Sym®(C?)),
=0

U(gly) - det(X)! = C - det(X)' =2 MY,

4.2 Proof of Theorem 4.1

The highest weight vector associated with the highest weight (2/ — s,s) in the module (Sym'(C?))®? (=
EBISZOM?H’S)) is given by

S
e = S (Ve e o
J

The image of this under ®(®) is

(4.3) () (p(2=59)) — ZS:H)J' (S) D@ (l F 7 fj;. j) .

=0 J

Lemma 4.5. For 0 < p < g <, we have
D@ (l -p - Q>
p q

! min{p,l—q} I —
— p p D(a)(L1)lqurD(Oé)(1’2)qu+rD(a)(271)TD(a)(2,2)pfr.
q —~ \g-p+r)\r

Proof. Sequences (My, ..., M;) € (Mg 1)*! satisfying My + --- + M; = (l;p lj]q) are permutations of

l—q—r q—p+r r p—r

G o)loa) (b 1)o 1) (o) (o) (8 00)
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where r runs over 0,1,...,min{p,l — ¢}. Since the number of such sequences is (I)/{(l —¢—7)!' (¢ —p+
r)! (p — r)!}, we have

D@ (z —p 1- q> _(=p - gtplg " "
p q ()2 = (U—q—r)g—p+r)ri(p—r)
« D(a)(l7 1)l—q—TD(Oé)(1’ 2)q—p+rD(a) (2, 1)TD(0t)(27 2)P~
This completes the proof. O

The polynomial F2(21 **)(@) is determined by the identity (@) (v(2l=5:9)) = Fz(il_s’s)(a)é(o)(v(m’svs)).

By comparing the coefficients of z},z!5°25, in the both sides, we see that
By~ (0) = oy w3, () (0 ),
Here [z, 28525, 23] f (711, 212, T21, Z92) stands for the coefficient of z¢, 28,25, 2%, in f(211, T12, To1, T22). By
using Lemma 4.5 together with
D (1,1) = (1 + a)z11219, D (1,2) = 211299 + a1 212,
D)(2,1) = az11722 + T21712, D(2,2) = (14 a)za 22,
we have

l l—s_.s o
[Inxu T3] D(

-(5) ()
_ =D =s+5)!

(i —s)

for 0 < j < s/2. We can check that this identity holds for any 0 < j < s in a similar way. Hence it follows
from (4.3) that

(l j l—s+])
J s—1J

[(z11212) 5] D@1, 1)“5) : ([(wllmgg)s]D(o‘)(l,2)S_jD(“)(2, 1)]’)

(1+a)' "%

(20—s,s) a s! (l — ]) (l - S +j) (_a)j
B e = g et Z (5= i
_ =) (= s+)! (~a)
= @+a) ; NI- OG-l

=(1+a)*F(=s,l—s+1,—1;—a).

Thus we have proved Theorem 4.1.

4.3 Proof of Proposition 4.3

Let v be a positive real number and n a non-negative integer such that v > n. We prove the unitarity of
the polynomial G7(x) by the property of the Jacobi polynomial (see e.g. [S])

1_
p,sa@(w):(Ha)F(_“””“’a“? 233)‘
n

We see by definition that

—1
SV |
(4.4) () = (n Z ) plr=129-2n40) (1 4 9y,

We recall the following formulas ((4.1.3), (4.22.1), and (4.1.5) in [S]).
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Lemma 4.6. For any o, 8 € C and non-negative integer n, the following formulas hold.

(4.5) PP (@) =(-1)" ffo‘) )
+3
4 Ped) (g —r p<szﬁ1m rTo
(46) ( . 113,
o 1)"n! o
(4.7) P (g) = (%?(a+n+1) TEO) (] 92,
(4.8) PP (2) ijlﬂ—(a+u+1)n+1xp(2’)( — 22?).
e (2n +1)!
O
From (4.4) and (4.5), we have
~1
G (z) = (n -7 1) (_1)nP(2'y—2n+1,—’y—1)<_1 — 2x).
n n n
By (4.6), it follows
G’Y(x) _ n—vy-—1 _1(_1)11(1 + x)np(—'y—l,—'y—l) L_l )
" n " x+1
Applying (4.7) and (4.8) to this expression, we obtain the following lemma.
Lemma 4.7. It holds that
2
v _(‘Umm! 2mP( 1/2,=v-1) (1 _9 z—1
2
Y _ (_1)m+1m! _ 1 1 QTYLP(l/Q,—’y—l) 1 _ 2 xr — 1

In particular, G3,,,(1) # 0 and G3,, (1) = 0. O

In general, the distribution of the roots of Jacobi polynomials are described as follows.

Lemma 4.8 (Theorem 6.72 in [S]). For any real number u, let E(u) be the Klein symbol, i.e.,

u—1, ifu is an integer and u > 0,
E(u) = q |u], ifu is not an integer and u > 0,
0 ifu < 0.

Let o and 3 be complex numbers and n a non-negative integer. Assume [[_, (a+k)(8+k)(n+a+8+k) # 0
Define three numbers X, Y, and Z by

s
n

(2ntat bl Ia—|ﬁ|+1)),

(—|2n+a+ﬁ+1|+a|—|ﬁ|+1)),

h<

I

=
Af\f\
N~ N~ N

(Bn+a+ﬂ+ﬂa|Hm+U).
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Then, if we denote by N(I) the number of roots of P}f”’f’)(m) on an interval I C R, we have

21X +1)/2), i ()" ("5) ("47) > 0,

N(( 1 1)) { LX/QJ +1 ( ) (n+a)(n+ﬁ) <0
Y 11)/2 2n+a+p\ (n+3
N((—OO,_l)) { Iéf/;j-i-){ J 52n+a+ﬂ; Eniﬁg
7 2n+a+0) (n+a
N((1,00)) = {2 t( /—j b2l Ezn+a+ﬁg Eniag

O

Let us set « = —1/2, 8 = —y—1and n = 2m (resp. a« = 1/2, 8 = —y—1land n = 2m+ 1) in
the lemma above and assume that v > n. It follows that X =Y = 0 and Z = m, from which we have
N((-1,1)) = N((—o0,—1)) = 0 and N((1,00)) = m. Since the degree of the polynomial P 1)( )
(resp. P/ 777D (z) Vis m, all roots of P /77D () ( (/27771 ()
Therefore it follows from Lemma 4.7 that

resp. Pm belong to the interval (1, 00).

-1
a€C, Gla)=0 = 2L _ciR = |a=1
a+1

This completes the proof of Proposition 4.3.

5 Several remarks on the future study

We give here several comments for the future study.

5.1 Permanent cases

When o = —1, det(_l)(X ) is just the ordinary determinant and we can easily see that the cyclic module
U(gl,) - det "V (X)! is isomorphic to M. However, in the case where a = 1, we have not obtained the
irreducible decomposition of the cyclic module U(gl,,) - det(l)(X )! generated by the permanent per(X) =
det(l)(X ). Actually, only we can give here is the following conjecture.

Conjecture 5.1. U(gl,,) - det™ (X)! = Sym!(Sym™(C™)).

This claim is equivalent to the assertion that the character of U(gl,,) -det™ (X)! is given by the plethysm
hiohy. (For the definition of the plethysm for symmetric functions, see [Mac, Section I-8]). We have already
verified this conjecture in the following cases: (i) I =1 (see [MW]), (ii) » = 1,2 (see the previous section),
(iii) n = 3 and [ = 2 (see Example 5.1 below).

Example 5.1. Let n = 3 and [ = 2. If we take a suitable highest weight vectors and employ a similar
calculation in the proof of Theorem 4.1, we have

FO(a) = (1+a)?(1 +20)?,

F5Y () = (1= a)(1+ a)(1 + 2a) Iy,

Fgfj12’2)(04) = (1+a)®-diag (2(1 — a),2(1 — a),2 — 2a + 3a?),
Fyst(a) = %(1 —a)(1+a)(2=5a%),

Fi5P () = (1-0)2(1+a?),
F{D (@) = (= a)(1+ )4 ~ 60+ 5a) Iy,

(1—a)*(2 - 20+ 5a?).
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In particular, when o« = 1 we see that

0 otherwise

még(l) _ {1 A= (6)’ (472)7

and hence it follows that
U(gly) - per(X)? = M @ M? = Sym?(Sym*(C?))

which agrees with our conjecture.

5.2 Complex powers of a-determinants

An appropriate reformulation of a setting is necessary to study “the cyclic module U(gl,,) - det(® (X)*” with
a complex number s. Here we introduce a suitable space in which we can treat such cyclic modules.
We take a U(gl,,)-submodule

MLy =S Fy - F | k>0, Fe € C-xM
MeM, 1

of A(Mat,,), and consider the tensor product
o
ML? ®¢ (@ C-w(a,s— k:))
k=0
where {w(w, s — k) }r>o are formal vectors. We introduce a U(gl,,)-module structure on it by
(5.1) Y- (Fouw(a,s—k) = -F)@uw(as—k)+(s—k)FY -det' (X)) @ w(a,s — k —1)

for Y € gl,, and F € ML?. Let ML, (e, s) be the quotient ¢(gl,,)-module of ML} ®¢ (P, C - w(e, s — k))
with respect to the submodule generated by

(5.2) (F-det (X))@ w(a,s — k) — F@w(a,s —k+1) (FeMLS, w(a,0) = 1).

For F(X) € ML?® and k € Z,, we denote by F(X)det'® (X)** the element in ML, (a, s) represented by
F(X)®w(a,s — k). We notice that det'® (X) det(®) (X)s=% = det(®) (X)s=++1 by (5.2).

Denote by V(a,s) the submodule of ML, (a,s), generated by the vector det!™(X)*(= 1 ® w(a,s)).
When s is a non-negative integer [, we can naturally consider that

ML, (a,l) C ML,
because 1 @ w(a, 1) = det'™ (X)! @ 1 so that it follows that
V(1) 2 U(gl,) - det'@ (X)L

Thus we regard the space V(a, s) as a suitable formulation of the cyclic module ¢(gl,) - det(®) (X)* for s € C.
We note that ML, (a, 1) can be realized in the quotient field for the algebra ML} when [ is a negative integer.

Example 5.2. Let a« = —1. Then V(—1,s) = U(gl,) - det(X)® is one-dimensional space and we have
By - det ™Y (X)® = sdet™1 (X)* for any 1 < p < n from (5.1). Thus the module V(—1, s) is the irreducible
module with “highest weight (s,s,...,s)”. O
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The module V(«, s) is infinite dimensional in general. For instance, if « = 0 and s € C\ Z,, then we see
that
EfQ . det(o) (X)s = S(S — 1) e (8 —k + 1)(.%’11.%‘12.2?33.’1744 s xnn)k det(o) (X)S_k

for each k > 0 and these vectors are linearly independent, and this obviously implies dim¢ V(0, s) = co. In
the infinite dimensional cases, the following two problems are fundamental:

1. Unitarizability of each irreducible subrepresentation appearing in the decomposition of the cyclic mod-
ule U(gl,,) - det™) (X)®.

2. Description of the “content function” for each isotypic component in U(gl,,) -det(o‘)(X)s as a certain
special function such as a solution of some Fuchsian type ordinary differential equation. (See Remark
4.1.)

We will treat these problems in our future studies.

5.3 Generalized immanants

Let ¢ be a class function on &,,. We define the p-immanant by

lmmSD(X) = Z 90(0)1'10(1) “ Tno(n)-
ceG,

For [ class functions ¢1, ..., ¢, consider the cyclic module

!
U(gt,) - T imm# ().
i=1
which is the submodule of @MEan C - XM In the article we discuss the special case where ¢;(0) =

-+ = (o) = a”(?). The discussion, and hence several propositions, in Section 3 can be extended to this
generalized situation because we do not use any special feature of the function a*(?). See the Appendix
below.

Acknowledgement. The authors thank Jyoichi Kaneko for fruitful discussion on the Jacobi polynomials.

6 Appendix: Transition matrices and zonal spherical functions
BY Kazurumt KIMOTO

We investigate the structure of the cyclic module V,, ;(a) = U(gl,,) - det™ (X)! by embedding it to the
tensor product space (C*)®™ and utilizing the Schur-Weyl duality. We show that the entries of the transition
matrices Frf‘,l(a) are given by a variation of the spherical Fourier transformation of a certain class function
on &,,; with respect to the subgroup &} (Theorem 6.4). This result also provides another proof of Theorem
3.4. Further, we calculate the polynomial Fé%lis’s) () by using an explicit formula of the values of zonal
spherical functions for the Gelfand pair (627,,76” x &,,) due to Bannai and Ito (Theorem 6.11).

6.1 Irreducible decomposition of V, ;(a) and transition matrices

Fix n,l € N. Consider the standard tableau T with shape (I™) such that the (i, j)-entry of T is (i — 1)] + j.
For instance, if n = 3 and [ = 2, then

T =

Cﬂw»—t‘
o:.nm‘
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We denote by K = R(T) and H = C(T) the row group and column group of the standard tableau T
respectively. Namely,

(6.1) K={ge6ul|lg)]=[z],zenl]}, H={gec6Gu|gx)=a (modl), z € [ni]}.
We put
(6.2) e= |K|k;(kec nil-

This is clearly an idempotent element in C[G&,,;]. Let ¢ be a class function on H. We put

=" p(h)h € CSp].

heH
Consider the tensor product space V = (C")®"!. We notice that V has a (U(gl,,), C[&,,])-module structure
given by

s-th
Eij'ezl ®€1 ” Zalsﬂell Qe ®---®ein“

e, ® e, 0= €i, 1) ®---® €iynt (U € Gnl)

where {e;}_; denotes the standard basis of C". The main concern of this subsection is to describe the
irreducible decomposition of the left ¢(gl,,)-module V - e®e.

We first show that V,,;(a) is isomorphic to V - e®e for a special choice of ¢. Consider the group
isomorphism 6 : H — &' defined by

0(h) = (0(h)1,...,0(h)); O(h)i(x) =y <= h((z—1)l+1i)=(y— 1)+

We also define an element D(X; ) € A(Mat,,) by

n l n l
D(X50) =Y o) ]] H 6(h)»(a o) [T 1T 2000570

heH g=1 heH q=1p=1
n
1
= ) 00 (o1, o)) [T T] #oniara
01,..,01€E6, g=1p=1

We note that D(X;a’")) = det'® (X)! since v(0(o1,...,01)) = v(o1) + -+ v(oy) for (o1,...,00) € &
Take a class function g on H defined by

U

We see that D(X;65) = (211222 - . . Tpn ). We need the following lemma (The assertion (1) is just a rewrite
of Lemma 2.1, and (2) is immediate to verify).

Lemma 6.1. (1) It holds that

Ugl,)  e¥' @ - @ e =V .e=Sym'(C")®"
n 1
Ugl,) - D(X;0m) = @ C- H H Tipgq = Sym!(C™)®"
ipe€{1,2,...,n} g=1p=1

(1<p<i, 1<q<n)
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(2) The map

n l
T:u(g[n)~D(X;5H)3HH:QMH(em®~~®ei“)®~~~®(eim®~-~®e%)~eeV~e

qg=1p=1
is a bijective U(gl,,)-intertwiner. O
We see that
n l
T (D(X:9)= > @h)T (H 1T ffe(h)pm),q)

heH q=1p=1
=Y oM (eamny ) @~ @ ey 1)) © - ® (€o(ny, (m) @ - © Eg(nyy(m)) - €

heH
_ ol ®! _ ol ®!
=e7'®---®e; -z:gp(h)h-e—e1 ®--®ed - ede

heH
by (2) in Lemma 6.1. Using (1) in Lemma 6.1, we have the

Lemma 6.2. It holds that
U(gl,)  D(X;p0) 2V - ede

as a left U(gl,,)-module. In particular, V - e®e =V, () if p(h) = oM. O
By the Schur-Weyl duality, we have
VM RSt
Abnl

Here S* denotes the irreducible unitary right &,,;-module corresponding to A\. We see that

dim (S’\ . e) = <indf( 1k, SA>G = K\@n),

nl

where 1k is the trivial representation of K and (m, p>6nl is the intertwining number of given representations
7 and p of &,;. Since Kgn) = 0 unless £(\) < n, it follows the

Theorem 6.3. It holds that

V-ebe = @ M;\L&(S’\-efbe).
Abnl
L(N)<n
In particular, as a left U(gl,,)-module, the multiplicity of M; in V - e®e is given by
dim (8’\ ePe) = tkpna(sr.c)(e®e).
O

Let A F nl be a partition such that ¢/(A\) < n and put d = Kyg»). We fix an orthonormal basis
{e},..., e?k} of 8* such that the first d vectors e}, ..., e} form a subspace (S*)X consisting of K-invariant

vectors and left f* — d vectors form the orthocomplement of (S*)¥ with respect to the &,,;-invariant inner
product. The matrix coefficient of S* relative to this basis is

(6.3) ;\J(g) = <ef‘ - g, e;\>5A (€6, 1<i4,j < f)‘).
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We notice that this function is K-biinvariant. We see that the multiplicity of M7 in V - e®e is given by the
rank of the matrix

(Z () g<h>> :
heH 1<i,j<d
As a particular case, we obtain the

Theorem 6.4. The multiplicity of the irreducible representation M2 in the cyclic module U(gl,,)-det™ (X )!
s equal to the rank of

(6.4) Foya) = (Z a”“wg@)) :
1<i,j<d

heH

where {1/11)‘]}” denotes a basis of the A-component of the space C(K\G,;/K) of K-biinvariant functions on
S, given by (6.3).

Remark 6.5. (1) By the definition of the basis {7} }; ; in (6.3), we have F,,(0) = I.
(2) Since a”@ ") = (@) and Vg™t = ¥7;(g) for any g € &y, the transition matrices satisfy FY (o) =
Fp (@)

(3) In Examples 6.6 and 6.8 below, the transition matrices are given by diagonal matrices. We expect that
any transition matrix Frﬁ)l(a) is diagonalizable in Matk, ., (Cla]).

Example 6.6. If [ =1, then H = G = &,, and K = {1}. Therefore, for any A - n, we have
A n! A
(6.5) Eale) = g3 (e X Mg, 1
by the orthogonality of the matrix coefficients. Here x* denotes the irreducible character of &,, corresponding
to A. In particular, if p = )| then
(6.6) Fpi(a) = fa(e)]

since the Fourier expansion of o*() (as a class function on &,,) is

fA
(6.7) o’ =3 = fala)x,

AFn

which is obtained by specializing the Frobenius character formula for &,, (see, e.g. [Mac]).

Example 6.7. Let us calculate Fr(:ll)(a) by using Theorem 6.4. Since S is the trivial representation, it
follows that (S™))K = S and

F'a) =Y a"M(e-ney= Y o). 0" =(1+a)1+2a)...(1+ (n—1)a)),
heH 01,-,01EG,
where e denotes a unit vector in S,
F(nl—l,l)

n,l
S,-module S 1Y) can be realized in C™ as follows:

Example 6.8. Let us calculate () by using Theorem 6.4. As is well known, the irreducible (right)

nl
Z(Ej = 0}
Jj=1
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This is a unitary representation with respect to the ordinary hermitian inner product (-, -) on C™. It is
immediate to see that

K
(8(’”_1’1)) = {(:zcj);‘l:1 g stni=1.) ‘xpl+1 =Tpiy2 = =Ty (0<p< n)} '
Take an orthonormal basis e1,...,e,_1 of (S("l’lvl))K by
1 ! 1
e; = (aﬂ,...,w],wJ,...,wJ,...,wm,...,w"J) (1<j<n-1),

Vil
(’I’Ll*l,l) (a) iS

where w is a primitive n-th root of unity. Then, the (7, j)-entry of the transition matrix .

n l
Z av(h) (e;-h, ej)= % Z Z Z @) qrlen),oap)i-p]

heH 01,..,00€G, p=1g=1

-1 n
_ <Z aum) (711 3 Zauw)wa(mi—m)_

TES, ceG, p=1

The first factor is ((1+ a)(1+2a)...(1+ (n—1)a))'"". We show that

1 - .
= 3> @i = (1 — )1+ @) (1+2a) ... (L4 (n—2)a)d; (i, =1,2,...,n—1).
n

c€G, p=1

m

For this purpose, by comparing the coefficients of ™™™ in both sides, it is enough to prove

1 n o n—1 n—1
il o(p)i—pj _ _ - o — _
- E Zw {[m—l] [ - ]}5” (t,7,m=1,2,...,n—1),

€6, p=1
v(o)=n—m

where [ | denotes the Stirling number of the first kind (see, e.g. [GKP] for the definition). Since

("4 z=p,

#{aeen;vw):n—m,a<p>=w}={[n—1] 2 #p

for each p,x € [n], it follows that

1 - R, frn-1 , n—171 .
- v(o) ,o(p)i—pj _ — —pj pi xi
=D ID LY IR N PSS L

(] asee
{20

xi

which is the required conclusion. Here we notice that ) LpW" = —wP? since 1 < i < n. Consequently, we
obtain

FI (@) = (L= a) (L + )1 +20) ... (1+ (0= 2)a) (14 (= D)5,

R

—
(=]

1<ij<n—1’

so that the multiplicity of M1 in Voi(e) is zero if o € {1,-1,-1/2,...,-1/(n — 1)} and n — 1
otherwise.
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The trace of the transition matrix Fﬁ\,l(a) is

(6.8) (@) =tr (o) = ) " Mw(h),
heH

where w? is the zonal spherical function for A with respect to K defined by

g) = ﬁ S (k) (g€ Su).

keK

This is regarded as a gencralization of the modified content polynomial since f; () = f* fa() as we see

above. It is much easier to handle these polynomials than the transition matrices. If we could prove that

a transition matrix F7};(«) is a scalar matrix, then we would have F, (o) = d~'f /()] (d = dim(S*)*)

and hence we see that the multiplicity of M} in Vo,i(a) is completely controlled by the single polynomial

fﬁ"l(a). In this sense, it is desirable to obtain a characterization of the irreducible representations whose

corresponding transition matrices are scalar as well as to get an explicit expression for the polynomials
1(a). Here we give a sufficient condition for A - nl such that F,;(«) is a scalar matrix.

Proposition 6.9. (1) Denote by Ng(K) the normalizer of K in H. The transition matriz F?

n,l(a) is
scalar if (SM)E is irreducible as a Ng(K)-module.
(2) If X\ is of hook-type (i.e. A= (nl —r,1") for some r < n), then F,i:l(a) is scalar.

Proof. Notice that Ny (K) = &,,. Consider a linear map 7' € End((S*)%) given by

d
T(x)=)_ <Z o™ (x - h, e§->sx> e} (ze(SMH),

Jj=1

where d = dim(S*)X. Tt is direct to check that T gives an intertwiner of (§*)¥ as a Ng(K)-module. Hence,
by Schur’s lemma, T is a scalar map (and F)}'; (a) is a scalar matrix) if (S*)* is an irreducible Ny (K )-module.

When \ = (nl —r,17) for some 7 < n, it is proved in [AMT, Proposition 5.3] that (S("~—"1"))K =~ S(n=r17)
as Ny (K)-modules. Thus we have the proposition. O

Example 6.10. Let us calculate f,(fllfl’l)(a). We notice that (™11 (g) = fix,;(g) — 1 where fix,,; denotes

the number of fixed points in the natural action &,,; ~ [nl]. Hence we see that
ni—1, v 1 v 1 »
L) = 3 @M 3 (k) = 1) = 35 @M e 3037 unae = 3 o,
heH keK heH k€K zc[nl] heH
Tt is easily seen that khx # x for any k € K if ha # x (x € [nl]). Thus it follows that

1
@ Z Z 5khm,x = Z

1 1
6}”7%@ Z 5kx,x = 7 ﬁxnl(h) (h S H)
keEK z€[nl] z€[nl]

keK

Therefore we have

nl—1, 1 v . . ~ i
f’l’(L,l ' 1)(0‘) =7 Z o™ fix,; (h) — Z o’ = fq(%l)(oz)l 1 7(“1 1 1)(0¢)

heH heH
=(n-1)1-a)(1=(n-1)a)" H(l + i)

Since the transition matrix F,(ﬁl_l’l) is a scalar one and its size is dim S~ 1Y) = n—1, we get FT(:ll_Ll)(Oé) =
(1-a)(1—(n—1)a)t H?':_f(l +ia)ll,_; again.

We will investigate these polynomials ffl‘ ,(a) and their generalizations in [K].
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6.2 Irreducible decomposition of V;;(«) and Jacobi polynomials
In this section, as a particular example, we consider the case where n = 2 and calculate the transition matrix

F;:l(a) explicitly. Since the pair (&g, K) is a Gelfand pair (see, e.g. [Mac]), it follows that

K)\(lz) = <ind[6(2l 1K, 8)\>6 =1
21

for each \ F 2n with ¢(\) < 2. Thus, in this case, the transition matrix is just a polynomial and is given by

l
s

l
(6.9) Fy(e) =tr Fy(a) = Y oMot (h) =>" (

heH s=0

)P o

Here we put gs = (1,1 4+ 1)(2,14+2) ... (5,1 + 8) € Ga,. Now we write A = (2l — p,p) for some p (0 < p <1).
The value w@~PP)(g,) of the zonal spherical function is calculated by Bannai and Tto [BI, p.218] as

WP (g) = Qs —1 — 1, -1 — 1,1) = é(—m (f) (21 _f + 1) (;)‘2 (;)

- (—n,n+a+pB+1, -2
Quiaia ) = (" FO IR0

S0 )

J

where

; J;) the hypergeo-

is the Hahn polynomial (see also [Mac, p.399]). We also denote by ,41F), (b1 N S T

metric polynomial

ay a al (a1)j...(ap); 2’
F~‘ PR p ;x> — j .o p j il
P q(b1,...,bq_1,—N Z(bl)j...(bq_l)j(—N)j j'

j=0
for p,q, N € N in general (see [AAR]). We now re-prove Theorem 4.1 as follows:
Theorem 6.11. Let [l be a positive integer. It holds that

l
Fy () =Y ( )Qp(s;l —1,1—-1,0)a° = (1 + a) PG ()

l
S
s=0

forp=0,1,...,1.
Proof. Let us put z = —1/a. Then we have

Zl: <i> Qp(s;l—1,1—1,0)a° = zp:(_l)j <I;) <21 —;)4— 1) (j)_loﬂ'(l oy

£ Q)
and

(1+a) PG (@) =2 (& —1)'7 f:(—l)j <p_> (l o j) (l,)l(—x)p—f.

J J
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Here we use the elementary identity

3 () G = (o

Hence, to prove the theorem, it is enough to verify

eo RO =000 e

Comparing the coefficients of Taylor expansion of these polynomials at x = 1, we notice that the proof is
reduced to the equality

ol L) B )

for 0 <r < p, which is well known (see, e.g. (5.26) in [GKP]). Hence we have the conclusion. O

Thus we obtain the irreducible decomposition

(6.12) Vau(-1) = MEY Ve @ METPP (a# 1)
0<p<i
GL ()70

of V2 (a) again.

Remark 6.12. (1) The calculation above uses the advantage for the fact that (&,,;, &7) is the Gelfand pair
only when n = 2.

(2) We have used the result in [BI, p.218] for the theorem. It is worth mentioning that one may prove
conversely the result in [BI, p.218] from Theorem 4.1.

Acknowledgement. The author would thank Professor Itaru Terada for noticing that his work [AMT] is
useful for the discussion in Section 6.2.
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