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Abstract. We describe an algebraic transition system called an abstract
collision system. An abstract collision system is an extension of a billiard
ball system. Moreover, it is also an extension of a cellular automaton,
a chemical reaction system and so on. We introduced an abstract colli-
sion system and investigated its properties [4]. In this paper, we study
about simulation of abstract collision systems by cellular automata. It is
impossible to simulate some abstract collision system. However, some of
them can be easily simulated by a cellular automaton. First, we describe
definitions of components of an abstract collision system. Next, we intro-
duce how to construct a cellular automaton which simulates an abstract
collision system. Finally, we investigate properties and conditions about
simulations.

1 Introduction

Recently, there are many investigations about new computing frameworks which
considered as the replacement of current electric computer devices and digital
computers. One of main frameworks is the collision-based computing [1] which
includes cellular automata and reaction-diffusion systems. We consider these
new computing as a discrete transition system. Our purpose is constructing
a computational models and investigating computational capabilities of those
models.

Conway introduced ‘The Game of Life’ which used two-dimensional cellular
automaton [2]. On ’The Game of Life’, some patterns in cells called “gliders”
are objects. Their collisions are brought by transitions of the cellular automaton.
He showed that it can simulate any logical operations using “gliders”. Wolfram
and Cook [6, 3] found “glider” patterns in the one-dimensional elementary cel-
lular automaton CA110. Cook introduced a cyclic tag system (CTS) as a Tur-
ing universal system. He proved that CTS was simulated by CA110. Recently,
Morita [5] introduced a reversible one-dimensional cellular automaton which sim-
ulates CTS. We introduced an abstract collision system (ACS). It is an extension
of a billiard ball system. Since it is defined as an abstract system, it is also an
extension of a cellular automaton and a chemical reaction system. We proved
some properties of these systems. In particular, we proved that a discrete billiard
system is universal for computation [4].
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In this paper, we consider simulation of abstract collision systems by cellular
automata. It is impossible to simulate some abstract collision system. However,
some of them can be easily simulated by a cellular automaton. In Section 2,
we introduce an abstract collision system. Further, we reformulate a billiard
ball system using our abstract collision system and prove their properties. In
Section 3, we introduce how to construct a cellular automaton which simulates
an abstract collision system. Further, we investigate properties and conditions
about simulations.

First, we show an example. We consider chemical objects a, b, and c. We
assume that they change within an unit time if they are particular state, for
example the changing follows Table. 1.

Table 1. Transition rule

Before After

’a’ ’a’, ’a’

’a’, ’a’ ’a’, ’a’, ’a’

’a’, ’a, ’a’, ’b’ ’c’

’c’ ’c’, ’c’

’c’, ’c’ ’a’, ’b’

We denote state which has one ’a’ and one ’b’ by {A1, B1}. Then an example
of state transition is figured in Fig. 1.

a,b

a,a,b

a,a,a,bc

c,c

},{ 11 BA

},{ 12 BA

},{ 13 BA}{ 1C

}{ 2C

Fig. 1. Transition

Like this example, an abstract collision system can describe a reaction-
diffusion system.
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We show an example of a one-dimensional billiard ball system as ACS. A ball
has a velocity, a label and a position. We consider discrete time transitions. A
ball moves to left or right according its velocity within an unit time. Let (2, A, 1)
be a ball with the velocity 2, the label ’A’ and the position 1. At the next step,
the ball becomes (2, A, 3) (cf. Fig. 2).

0 1 2 3 0 1 2 3

Fig. 2. Moving

That is the velocity and the label are same and only the position is changed.
Some balls may crash in some unit time. In our paper, we do not describe a crash
using positions and velocities. We define a set of balls which cause collisions
and assign the result of the collisions. For example, a collision set is {(2, A, 1),
(−1, B, 2)}. We define the result of the collision by a set {(2, B, 3), (−1, A, 1)}
and write it as f({(2, A, 1), (−1, B, 2)}) = {(2, B, 3), (−1, A, 1)} (cf. Fig. 3).

0 1 2 3 4 0 1 2 3 4

Fig. 3. Collision

We describe this example more concretely. Let V = {−1, 2} and S = {(u,A, x)|
x ∈ Z, u ∈ V } ∪{(v, B, y)| y ∈ Z, v ∈ V }. We define a collision c and its result
f(c) by Table. 2. Then, an example of transition is figured in Fig. 4.

Table 2. Collision and its result

c f(c)

{(2, A, 1), (−1, B, 2)} {(2, B, 3), (−1, A, 1)}
{(2, A, 1), (−1.B, 3)} {(2, B, 3), (−1, A, 2)}

{(2, A, 1), (2, A, 2), (−1, B, 3)} {(2, A, 3), (2, B, 4), (−1, A, 2)}
{(u, A, x)} {(u, A, x + u)}
{(v, B, y)} {(v, B, y + v)}

We note that {(4, A, 2), (−1, B, 6)} does not cause a collision, because it is
not listed in the table. In this case, balls (4, A, 2) and (−1, B, 6) are applied
transition rules which are in the bottom row of the table separately.
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0 1 2 3 4 5 6 7

Fig. 4. Transition

2 An abstract collision system

In this section, we define an abstract collision system.

Definition 1 (Set of collisions). Let S be a non-empty set. A set C ⊆ 2S is
called a set of collisions on S iff it has the following conditions:

(SC1) s ∈ S ⇒ {s} ∈ C.
(SC2) X1, X2 ∈ C, X1 ∩ X2 ̸= ϕ ⇒ X1 ∪ X2 ∈ C.
(SC3) A ∈ 2S , p ∈ A ⇒ [p]AC ∈ C

where [p]AC := ∪{X | X ∈ C, p ∈ X,X ⊆ A}.

We note that the condition (SC3) can be omitted if C is a finite set.

Proposition 1. Let C be a set of collisions on S. For any A ∈ 2S and p, q ∈ A,
we have the followings:

(1) [p]AC ̸= ϕ.
(2) [p]AC ∩ [q]AC ̸= ϕ ⇒ [p]AC = [q]AC .

Proof. (1) Since {p} ∈ C, p ∈ {p} and {p} ⊂ A, we have {p} ⊂ [p]AC . Hence
[p]AC ̸= ϕ.

(2) We assume [p]AC ∩ [q]AC ̸= ϕ. Since [p]AC , [q]AC ∈ C, p ∈ [p]AC ∪ [q]AC ∈ C and
[p]AC ∪[q]AC ⊆ A, we have [p]AC ∪[q]AC ⊆ [p]AC . Hence [p]AC = [p]AC ∪[q]AC . Similarly,
we have [q]AC = [p]AC ∪ [q]AC . Hence [p]AC = [q]AC .

Definition 2 (An abstract collision system). Let S be a non-empty set and
C be a set of collisions on S. Let f : C → 2S. We define an abstract collision
system M by M = (S, C, f). We call the function f and the set 2S a local
transition function and a configuration of M , respectively. We define a
global transition function δM : 2S → 2S of M by

δM (A) = ∪
{
f([p]AC ) | p ∈ A

}
.
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Proposition 2. For a given binary relation RS on S, we define C[RS ] by

C[RS ] := ∩
{
C | C is a set of collisions on S such that

(x, y) ∈ RS ⇒ {x, y} ∈ C

}
.

Then C[RS ] is a set of collisions on S.

Proof. (1) Let s ∈ S and C be a set of collisions on S. Then we have {s} ∈ C
by (SC1). Hence {s} ∈ C[RS ].

(2) Let X1, X2 ∈ C[RS ] with X1∩X2 ̸= ϕ. Let C be a set of collisions on S such
that (x, y) ∈ RS ⇒ {x, y} ∈ C. Since X1, X2 ∈ C, we have X1 ∪ X2 ∈ C by
(SC2). Hence X1 ∪ X2 ∈ C[RS ].

(3) Let A ∈ 2S and p ∈ A. Let C be a set of collisions on S such that (x, y) ∈
R ⇒ {x, y} ∈ C. Since C[RS ] ⊆ C, we have [p]AC[RS ] ⊆ [p]AC ∈ C by (SC3).
Hence [p]AC[RS ] ∈ C[RS ].

Next we define a discrete billiard system as a special case of an abstract collision
system.

Definition 3. Let L be a finite set of labels, V be a finite subset of Z and
B = V × L × Z. We define a binary relation RB on the set B by

((vl, al, xl), (vr, ar, xr)) ∈ RB ⇔ 0 <
xr − xl

vl − vr
≤ 1.

Definition 4 (Shift). For any X ∈ 2B and d ∈ Z, the d-shift of X, which is
denoted by X + d, is defined by

X + d := {(v, a, x + d) | (v, a, x) ∈ X} .

We define a binary relation Rshift on B as follows:
(X1, X2) ∈ Rshift iff there exists d ∈ Z such that X2 = X1 + d.

Proposition 3. This relation Rshift is an equivalence relation.

Proof. Since

(1) X = X + 0,
(2) X2 = X1 + d ⇒ X1 = X2 + (−d) and
(3) X2 = X1 + d1, X3 = X2 + d2 ⇒ X3 = X1 + (d1 + d2),

it is clear that Rshift is an equivalence relation.

Definition 5 (Complete system of representatives).
For the above set B and the relation RB, consider a set

∪{b | [b] ∈ C[RB ]/Rshift}

of representative elements. It is not determined uniquely. However, we take one
of such sets and denote it by F [B], and call it complete system of represen-
tatives of C[RB ]/Rshift.
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Definition 6 (A discrete billiard system). A discrete billiard system is de-
fined by M ′ = (B,F [B], fF [B]), where fF [B] : F [B] → 2B has

fF [B]({(v, a, x)}) = {(v, a, x + v)} ,

and we call the function a local transition function of M ′. Moreover, we
define a function f̂M ′ : C[RB ] → 2B by

f̂M ′(X + d) = fF [B](X) + d ( for X ∈ F [B], d ∈ Z). (1)

We define a global transition function δM ′ : 2B → 2B of M ′ by that of an
abstract collision system (B, C[RB ], f̂M ′).

Definition 7 (Simple billiard system). Let B = V × L × Z, and M ′ =
(B,F [B], fF [B]) be a discrete billiard system. We call M ′ a simple billiard sys-
tem (or perfectly elastic billiard system) iff the local transition function fF [B]
has

fF [B](X) = {(v, a′, x + v) | (v, a, x) ∈ X} (a, a′ ∈ L).

3 Simulation by cellular automata

In this section, we describe simple billiard systems which are simulated by cel-
lular automata.

Definition 8 (A cellular automaton). Let r be a non-negative integer, Q be
a non-empty finite set of states of cells, and f : Q2r+1 → Q be a local transition
function. A cellular automaton with radius r (or 2r + 1 neighborhood cellular
automaton) C is defined by C = (Q, f). A configuration of C is a mapping
q : Z → Q. The set of all configurations is denoted by Conf(C). A global
transition function δC : Conf(C) → Conf(C) of C is defined by

δC(q)(i) = f(q(i − r), · · · , q(i − 1), q(i), q(i + 1), · · · , q(i + r)) for any i ∈ Z

Next, we consider simulations of simple billiard systems by cellular automata.
The most easy example is a simple billiard system that all balls have same
velocity. We can easily translate this one into a cellular automaton.

Proposition 4. Let V = {v}, L be a finite set, B = V × L × Z, and M1 be
a simple billiard system M1 = (B,F [B], fF [B]). Then, there exists a cellular
automaton with radius |v| (2|v| + 1 neighborhood) C1 = (Q1, f1) and bijection
π1 : 2B → Conf(C1) such that

π1 ◦ δM1
t(A) = δC1

t ◦ π1(A),
π1

−1 ◦ δC1
t(q) = δM1

t ◦ π1
−1(q),

(2)

where δM1 and δC1 are global transition function of M1 and C1, respectively.
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Proof. On this simple billiard system M1, balls never cause collision, that is
RB = ϕ. Hence C[RB ] = {{s} | s ∈ B}. By definition of a discrete billiard
system, for any A0 ∈ 2B and t ∈ N,

δM1
t(A0) = {(v, a, x + v × t) | (v, a, x) ∈ A0}.

We define a cellular automaton C1 = ({ε} ∪ L, f1), where ε /∈ L and

f1(x−|v|, · · · , x−1, x0, x1, · · · , x|v|) = x−v.

For any configuration q ∈ Conf(C1), integer i ∈ Z, and positive integer t ∈ N,
the global transition function δC1 has

δC1
t(q)(i) = q(i − v × t).

Moreover, we define a bijection π1 : 2B → Conf(C1) by

π1(A)(i) =

{
a if (v, a, i) ∈ A

ε otherwise
(3)

Then, we have

π1
−1(q) = {(v, q(i), i) | q(i) ̸= ε (i.e., q(i) ∈ L ) }, (4)

and they have Eq. (2).

Corollary 1. Especially, if #L = 1 and V = {v}, |v| ≤ 1 then the simple bil-
liard system corresponds to 1-dimensional, 2-state, 3-neighborhood cellular au-
tomaton.

Table 3. Velocity v and Rule number of CA.

Velocity v Rule number

-1 170

0 204

+1 240

Next example is a simple discrete billiard system but there are some collisions.

Proposition 5. Let V = {0, 1}, L = {a0}, B = V ×L×Z, and M2 be a simple
billiard system M2 = (B,F [B], fF [B]). Then, there exists a cellular automaton
with radius 1 (3 neighborhood) C2 = (Q2, f2) and bijection π2 : 2B → Conf(C2)
such that

π2 ◦ δM2
t(A) = δC2

t ◦ π2(A),
π2

−1 ◦ δC2
t(q) = δM2

t ◦ π2
−1(q),

(5)

where δM2 and δC2 are global transition function of M2 and C2, respectively.
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Fig. 5. Behavior of the discrete billiard system (left side), and local transition function
of the cellular automaton (right side).

Proof. We compute a set of collisions C[RB ], and it is

C[RB ] = {{b} | b ∈ B} ∪ {{(1, a0, x − 1), (0, a0, x)} | x ∈ Z} .

We take a complete system of representatives F [B] as follows:

F [B] = {{(0, a0, 0)}, {(1, a0, 0)}, {(1, a0, 0), (0, a0, 1)}} .

Since M2 is simple billiard system, the local transition function fF [B] is

fF [B]({(0, a0, 0)}) = {(0, a0, 0)},
fF [B]({(1, a0, 0)}) = {(1, a0, 1)},

fF [B]({(1, a0, 0), (0, a0, 1))} = {(1, a0, 1), (0, a0, 1)}.
(6)

Then the global transition function δM2 has followings:
for any A0 ∈ 2B and t ∈ N,

δM2
t(A0) = {(v, a, x + v × t) | (v, a, x) ∈ A0}.

We define a cellular automaton C2 = (Q2, f2), Q2 = {0, 1, 2, 3}, where f2 is given
by Table 4.

For any configuration q ∈ Conf(C2), integer i ∈ Z, and positive integer
t ∈ N, the global transition function δC2 has

δC2
t(q)(i) = 20 × [q(i)]0 + 21 × [q(i − 1 × t)]1,

where [q(i)]k ∈ {0, 1} is a k-th digit of binary number representation of q(i),
that is

q(i) = 20 × [q(i)]0 + 21 × [q(i)]1.

We define a map π2 by

π2(A)(i) =


3 if (0, a0, i), (1, a0, i) ∈ A,

2 if (0, a0, i) /∈ A, (1, a0, i) ∈ A,

1 if (0, a0, i) ∈ A, (1, a0, i) /∈ A,

0 otherwise ,

(7)
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Table 4. The local function f2 of the cellular automaton C2

(x, y, z) f(x, y, z) (x, y, z) f(x, y, z)

(0, 0, z) 0 (2, 0, z) 2

(0, 1, z) 1 (2, 1, z) 3

(0, 2, z) 0 (2, 2, z) 2

(0, 3, z) 1 (2, 3, z) 3

(1, 0, z) 0 (3, 0, z) 2

(1, 1, z) 1 (3, 1, z) 3

(1, 2, z) 0 (3, 2, z) 2

(1, 3, z) 1 (3, 3, z) 3

then they have Eq. (5).

Fig. 6. Behavior of the discrete billiard system, and local transition function of the
cellular automaton.

Let L be a finite set, V be a finite subset of Z, B = V × L × Z, and M be a
simple billiard system M = (B,F [B], fF [B]). We put vmax = max{|v| | v ∈ V }.
Then the simple billiard system M seems to be simulated by a cellular automaton
with radius vmax (2vmax+1 neighborhood). However, there is a counter-example.

Lemma 1. Let V = {v1, v2}, v2 − v1 > 1, L be a finite set, B = V × L × Z.
Then there is a simple billiard system M3 = (B,F [B], fFB) which can not be
simulated by any cellular automaton with finite radius.

Proof. We show the case of v2 − v1 = 4. We can prove other cases similarly.
Let V = {1, 5}, L be a finite set, B = V ×L×Z, and M3 be a simple billiard

system M3 = (B,F [B], fF [B]). Then, the set of collisions C[RB ] has following
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sets:

X2 = {(5, b,−5), (1, a,−4)} ,
X3 = {(5, b,−5), (1, a,−4), (5, b,−7)} ,
X4 = {(5, b,−5), (1, a,−4), (5, b,−7), (1, a,−6)} ,

X2n = {(5, b,−2i − 3), (1, a,−2j − 2) | i, j = 1, 2, · · · , n} ,

X2n+1 =
{

(5, b,−2i − 3), (1, a,−2j − 2)
∣∣∣∣ i = 1, · · · , n + 1,

j = 1, · · · , n

}
.

(8)

We take a complete system of representatives F [B] which has these sets. More-
over, we define the local transition function fF [B] by

fF [B](X2) = {(5, a, 0), (1, b,−3)} ,
fF [B](X3) = {(5, b, 0), (1, a,−3), (5, b,−2)} ,
fF [B](X4) = {(5, a, 0), (1, a,−3), (5, b,−2), (1, b,−5)} ,

fF [B](X2n) =
{

(5, b,−2i + 2), (1, a,−2j − 1)
∣∣∣∣ i = 2, 3, · · · , n,
j = 1, 2, · · · , n − 1

}
∪ {(5, a, 0), (1, b,−2n − 1)} ,

fF [B](X2n+1) =
{

(5, b,−2i + 2), (1, a,−2j − 1)
∣∣∣∣ i = 1, 2, · · · , n + 1,

j = 1, 2, · · · , n

}
(9)

On this situation, we cannot determine a state of cell of position 0, with only
radius 5 (11 neighborhood). For example, by comparing two sets X2 and X3, we

Fig. 7.

found that configurations in neighborhood with radius 5 are equal. However, the
state of ball which appear in the position 0 is different (cf. Fig. 7). Similarly, X2n

and X2n+1 have same situation. So we need information of an infinite number
of cells to determine the state of position 0.
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We investigated that some of simple billiard systems can be simulated by cellular
automata and others can not. Therefore, it is problem that what kind of system
can be simulated. If an infinite number of balls cause collision like above counter-
example, it is impossible to simulate by cellular automata with finite radius. So
we should investigate what conditions need to simulate. In this paper, we give
constraints to velocity of each ball.

Theorem 1. Let L be a finite set, V = {v1, v2}, B = V × L × Z, and M be
a simple billiard system M = (B,F [B], fF [B]). If v2 − v1 = 1, that is V =
{v1, v1 +1} then, a set of collisions C[RB ] does not have any infinite set. On the
contrary, if v2 − v1 > 1, C[RB ] has infinite sets.

Proof. If v2 − v1 > 1, C[RB ] has an infinite set as follows:

{(v2, ak, (v2 − v1 − 1)k), (v1, bk, (v2 − v1 − 1)k + 1) | k ∈ Z, ak, bk ∈ L} .

On the other hand, if we assume that v2 − v1 = 1, then we have

RB = {((v + 1, a, x), (v, b, x + 1))} | x ∈ Z, a, b ∈ L} .

We set C0 by

C0 = {{(v, a, x)} | (v, a, x) ∈ B}

∪
{

bl ∪ br | bl ∈ 2(1,L,x), br ∈ 2(0,L,x+1), x ∈ Z
}

,

L(v0, x0) := {(v0, a, x0) | a ∈ L},
2(v0,L,x0) := 2L(v0,x0) \ ϕ.

We note that if (bl, br) ∈ RB , then one of two sets {bl} and {br} is an element
of 2(1,L,x) and the other is an element of 2(0,L,x+1). Therefore, a set C0 has

(x, y) ∈ RB ⇒ {x, y} ∈ C0,

and C0 is a set of collisions. It says that

C[RB ] ⊂ C0.

We note that C0 does not have any infinite set. Hence C[RB ] does so.

4 Conclusion

In this paper, we described properties of an abstract collision system. We inves-
tigated if a cellular automaton can simulate a simple billiard system which is
one of abstract collision systems. We proved that some of simple billiard system
corresponded to a cellular automaton.

On the other hand, there are simple billiard systems which has collisions of
an infinite number of balls. It is impossible to simulate such systems by cellular
automata with finite radius. We describe one condition to simulate simple billiard
systems by cellular automata.

However, if an infinite number of balls cause collision, some properties of
local transition function may enable simulation. We should investigate these
conditions.
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