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1 Introduction

Let (X, H, ) be an abstract Wiener space, i.e., X is a real separable Banach space, H is
the Cameron-Martin space and p is the Wiener measure on X. Let Y be another real sepa-
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rable Banach space and w := (w;)o<¢<1 be the X-valued Brownian motion on a completed
probability space (2, F,P) associated with p. We consider a class of Y-valued Wiener
functionals X© := (X[)o<i<1 defined through the following formal stochastic differential
equation (SDE) on Y:

dXF = o(X7) o edwy + b(e, XF)dt, X5 =0, (1.1)

where the coefficients o and b take values in L(X,Y) and Y, respectively, with a suitable
regularity condition. In this paper, L(B, B") denotes the space of bounded linear maps
from B to B’ for real separable Banach spaces B and B’. We note that, since the diffusion
coefficient o takes values in L(X,Y'), we cannot interpret the equation (1.1) through the
usual theory of SDEs generally when X and Y are infinite dimensional Banach spaces.
See Section 3 for the precise formulation of these Wiener functionals X¢. As examples of
(1.1), we can give a class of heat processes on loop spaces and the solutions of SDEs on
M-type 2 Banach spaces. See Inahama-Kawabi [8] for details.

The main objective of this paper is to discuss the precise asymptotic behavior of the
Laplace type functional integral E[G(X?) exp(—F(X¢)/e?)] as e \, 0. For heat processes
on loop spaces, Laplace’s method was studied in the earlier paper Inahama [6]. In this
paper, as a continuation of [6] and [8], we establish the asymptotic expansion formulas for
wider classes of (infinite dimensional) Banach space-valued Wiener functionals by using
the fact that the rough path theory of T. Lyons works on any Banach space.

To establish the Freidlin-Wentzell type large deviation principle for X¢, due to the
lack of the continuity of the Ito6 map w +— X°¢, Schilder’s theorem and the contraction
principle may not be used directly. To overcome this difficulty, Freidlin and Wentzell
developed refined techniques involving the exponential continuity (see Deuschel-Stroock
[5]). On the other hand, recently, Ledoux-Qian-Zhang [13] gave a new proof for the large
deviation principle by using the rough path theory. The basic idea in [13] is summarized as
follows: First, they show that the laws of Brownian rough paths satisfy the large deviation
principle. Next, they use the contraction principle since the It6 map is continuous in the
framework of the rough path theory. Hence their approach seems straightforward and
much simpler than conventional proofs. In [7], it is shown that their approach is also
applicable to a class of stochastic processes on infinite dimensional spaces.

As an application of the large deviation principle, Laplace’s method is investigated in
many research fields of probability theory and mathematical physics. In finite dimensional
settings, Schilder [15] initiated the study in the case of X® = ew and Azencott [3] and
Ben Arous [4] continued this study for (1.1). (For results concerning with more general
Wiener functionals, see Kusuoka-Stroock [10], [11] and Takanobu-Watanabe [16].) In these
papers, the stochastic Taylor expansion for X< plays an essential role. The problem of [15]
is rather easier because each term of the expansion is continuous, which comes from the
fact that X* is nothing but the scaled Brownian motion. So, there is no ambiguity in the
formulation. However, in general, it is very complicated to give a precise interpretation on
each term of this expansion through conventional stochastic analysis because the It6 map



is not a continuous Wiener functional. On the other hand, Aida [1] proposed a new proof
with the rough path theory for this problem recently. In [1], he obtained the stochastic
Taylor expansion with respect to the topology of the space of geometric rough paths for
finite dimensional cases. Since the It6 map is continuous in the rough path sense, each
term of the expansion is continuous. Hence we do not need to face the difficulty mentioned
above. Based on the idea of [1], the first author [6] has already showed the stochastic
Taylor expansion up to the order 2 in an infinite dimensional setting.

The organization of this paper is as follows: In Section 2, we give a simple review of the
rough path theory and introduce the Cameron-Martin theorem and Fernique’s theorem
in the framework of Brownian rough paths. In Section 3, we give the framework and
state the asymptotic expansion formula in the case where the phase function has a unique
non-degenerate minimum point (Theorem 3.2). In Section 4, we establish the Taylor
expansion for our Wiener functionals X¢ in the sense of rough paths. This expansion
plays an essential role in this paper. It is deterministic in this case and, hence, the term
“stochastic Taylor expansion” may not be appropriate anymore. In Section 5, we estimate
the remainder terms of the Taylor expansion. In Section 6, we prove Theorem 3.2 and
give the explicit representation for the coefficients in the asymptotic expansion (Theorem
6.5). Finally, we also establish the asymptotic expansion formula in the case where the
phase function has finitely many non-degenerate minima (Theorem 6.6).

Throughout this paper, we denote by ¢ unimportant positive constants which may
vary from line to line. When their dependence on some parameters are significant, we
specify as c(||v]l1), ¢(ro, 1), ete.

2 Preliminaries from the rough path theory

In this section we set notations and review some basic results of the rough path theory.

2.1 A review of the rough path theory

First, we recall the definition of spaces of geometric rough paths. Let B be a real separable
Banach space. The algebraic tensor product is denoted by B ®, B. We consider a norm
| - | on B®, B such that |[x®y| < |z|-|y|p holds for all z,y € B. We denote by B® B the
completion of B ®, B by this norm. We often suppress the subscripts of Banach norms
when there is no fear of confusion. We also use the notation B" .= B & --- & B.
n—times

Let 2 < p < 3 be the roughness and fix it throughout this paper. A continuous map
T = (1,71,%2) from the simplex A := {(s,t)] 0 < s <t < 1} to the truncated tensor
algebra T®)(B) := R @ B @ (B ® B) is said to be a B-valued rough path of roughness p
if it satisfies that, for every s < u <'t,

T1(s,t) = Ti(s,u) + 71 (u,t),
To(s,t) = Ta(s,u) + Ta(u,t) + T1(s,u) @ T (u,t) (2.1)



and

- N J/p )
Iy 2= (sup D [t 0)7) " <00 forj=1.2,
=1

where D = {0 =ty <t; <--- <t, =1} runs over all finite partition of the interval [0, 1].
Equation (2.1) is called Chen’s identity and the norm || - ||, is called p-variation norm.
| - ||p,js,5 denotes the p-variation norm on the time interval [s,t]. We define by ,(B) the
set of B-valued rough paths of finite p-variation. The distance between T and 7 in Q,(B)
is defined by

(@ T) = 11 = Tl + 172 — Tl

We also set £5(T) == ||71]|, + H@H;g In the sequel, we will suppress the subscript in the

case where B is the abstract Wiener space X.

Let P(B) := {z € C([0,1],B) | o0 = 0}. For x € P(B), we define the norm by
|z|lpB) = SupPp<i<; |2:|p and sometimes write x(t) for z;. We often write z(-) for
71(0,-) € P(B) for simplicity. We define by BV(B) := {v € P(B) | ||7]1 < oo}, where
|7]|1 denotes the total variation norm of v. For v € BV(B), we set 7 = (1,7,,7,) by

t
71(5,1) = 7 — e, %@sz/k%—wo®wm 0<s<t<l,

where the right-hand side of 7, is the Riemann-Stieltjes integral. A rough path obtained
in this way is called the smooth rough path lying above v. A rough path obtained as the
d,-limit of a sequence of smooth rough paths is called a geometric rough path and the set
of all the geometric rough paths is denoted by GQ,(B). It is well-known that GQ,(B) is
a complete separable metric space.

We set

t 1
H(B) = L(B)i= {y € P(B) | v = [ wids with Iyl i= | Il < oc}.
0 0

Clearly, there are natural continuous injections H(B) — BV(B) — GQ,(B). Note that
H(B) is dense in G2,(B) and, when B is a Hilbert space, it has a natural Hilbert structure.
Now we present a simple lemma which will be used in Section 4. We set

BV(L(B,B)) = {(M, N) | (M —1dp, N —1dg) € BV(L(B, B)*?),
M;N, = N;M, = 1dp for t € [0, 1]}.
We say M € BY(L(B, B)) if (M, M~') € BV(L(B, B)) for simplicity.

Lemma 2.1 Let M € BV(L(B, B)). We define a map T' : BV(B) x BV(L(B, B)) —
BV(B) by

t
L(h, M), =T (h,(M,M™")), := Mt/ M dhs, 0<t<1
0
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for h € BV(B). Moreover we assume that there ezists a control function w such that
\Ei(s,t)] < w(s,t)i/p, i=1,2, (2.2)
| My — Mi|ps.p) + My = M psm) < w(s,t), (2.3)
hold for 0 < s <t < 1. Then we have the following assertions:
(1) For h € BV(B) and M € BV(L(B, B)),
|m.(s,t)| <cw(s, )P, i=1,2, (2.4)

where ¢ and cy are positive constants depending only on w(0,1).

(2) T extends to a continuous map from GQ,(B) x BV(L(B,B)) to GQ,(B). (We
denote it again by (h, M) € GQ,(B) x BV(L(B, B)) + T'(h, M) € GQ,(B).) Clearly,
[(ch, M) = L' (h, M) holds for any h € GQ,(B), M € BV(L(B,B)) and € € R.

Proof. At the beginning, we define A(h, M) € BV(B) by
Ah, M), = /Ot dM, (M;lhs - /O dM;lhu>, t>0.
We note I'(h, M)y = 0 and
dl'(h, M), = dM, /Ot M 'dh, + dh;, t>0.

Then by the integration by parts formula, it is easy to see

t t s
T(h, M), = /dh5+/ dMS(/ M;ldhu)
0 0 0
t s
= ht+/ dMS<MS‘1h5—/ dMu—lhu> =hi+ Ah, M), t>0. (2.5)
0 0

On the other hand, we have an estimate

|A(h, M)y — X(h, M),|

t t u
< ( / dM, (M h,,) dM,( [ dM;'h,)
s S 0
< llee X+ [IMTHIDIM |1 s + 1B - 1M - 1M ] s
< 2||hllp) (1 + [MTHDI M1 gs.0- (2.6)

Then by noting |2 pzy < w(0,1)'/7, (2.5) and (2.6), we obtain an estimate on the first
level path of I'(h, M) as follows:

}F<h7 M)l(‘gﬂt)‘ |F(h7 M)t _I‘(haM)s’
|h1(8at)| + |/\<h7 M)t - )‘(ha M)s|
(s, 002+ 2Bl (1 + 1M )M g
w(s, )P +2w(0, 1) (1 + w(0,1))w(s, )

(1 +2w(0,1) + 2w(0, 1)?)w(s, t) /7. (2.7)

VAN VAN VAR VAN
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For the second level path of I'(h, M), we also have

|F(h, M)Q(‘S?t)‘ =

< |h25t\+\>\hM st}+‘/ hs) @ dA(h, M),
t
+) (A(h, M), = Mh, M),) ® (hy — hy) — / (b, M)y @ (hy — hy)
< w(s, )P+ A, M)IE o g + Il - AR, M) 1 s
+2[[ AR, M) 1,157 - [1ellp, 15,
< w(s, )P + Al Al by (1 + 1M )M 4

+3{ 2[Rl ey (L + (M) M s} - 1] s
< w(s, t)¥P + 4w(0, 1)2/p(1+w(0 1))%w(s, t)?
+3{2w(0, )MP(1 + w(0,1))w(s, t) jw(s, t)/

< (1+46w(0,1) 4+ 10w(0,1)* + 8w(0, 1) + 4w(0, 1)*)w(s, t)*/7.

This completes the proof of the item (1).

Next, we aim to show the item (2). For h,k € BV(B) and M, N € BV(L(B

assume that (2.2), (2.3) and

]Ei(s,t)| < w(s,t)i/p, |E (s,t) — E( )| < &w(s,t)i/p, i=1,2,
|Ny — Ns|rB,B) + \Nt - N, |L(B B) < w(s,t),
‘(M—l o N_l)t . (M—l o N—l)s

hold for 0 < s <t < 1. Under these conditions, we have

[A(h, M), (s, 1) = A(h, N)y (s, )|

< | / M, / AN, (N'h,)
t u
+‘/ dM, / dMT‘lhT)—/ dNu(/ dNZ'h,)
s 0
< ‘/ (M — N)u(M:hy) dN (M-* = N-Y)h,

+‘/ d(M—N)u(/O dM;lhT)

dNu{ / dM——N"!
s 0

+ (A(h, M), —A(h,M)S)}®d(h+)\(h,M))u’

(2.8)

B)), we

(2.9)

< Nhllpa (T + 1M 7H) - IM = Nl + [1llp@) M~ = N7 IV s
Halle@ M7 - 1M = Nl g + 1l M7 = N7 [N
< ew(0, 1)YP(1 4 4w(0,1))w(s, t).



Then by noting (2.6), (2.9) and the equality A(h, M) — XNk, M) = A(h — k, M), we
have the following estimate on the first level path:

L'(h, M), (s, t) — F(k N),(s,1)|

< fha(s,t) = ka(s, )] + [N — K, M), (s,t)| + [A(k, M), (s,t) — Ak, N), (5, 1)

< ew(s, )Y+ {2 h = Kl|p B>(1+ M) - M s}

+ew(0,1)7(1 + 4w(0, 1)) w(

ew(s,t)/? + 2ew(0,1)M7(1 + w(O 1)w(s,t) +e(w(0,1) + 4w(0,1)*)w(s, t)'/?
e(1+ 3w(0,1) + 6w(0,1)?)w(s, t) 7. (2.10)

IN A

For the second level path, we can proceed as

D (h, M)y(s,t) — T(k,N),(s, )]
< { a5, 8) — Fals, 8)] + [N, M),y (s, £) — A, M)y(s, 1))

t t
+|/ hi(s,u ®d)\(h M), —/ k(s u) @ dM(k, M), |

t—
(s,u) @ dh, —/ Nk, M), (s, u) @ dk,| }

{yAkM o(5,t) — Ak, N)y(s,1)| +

/ Ku(s,u) ® d(A(k, M) = A(k, N)),

: |

/: (0K 31, (5. ) — Ak N, (s, w))

+

< { ew(s, t)?/? +

/t AMh —Fk,M),(s,u) ® d\(h, M),

S

+/tk(’f7 M), (s, u) @ dA(h = k, M),

+ /t (h —k),(s,u) @ d\(h, M), + /tEl(s, u) @ d\(h — k, M),

+ /tA(h—k,M)l(s,u)®dhu+/ Ak, M), (s,u) @ d(h — k),

s

)

+{

/3 t (AR 31, (5, u) = (K ), (s5,0)) @ dA(k, M),

+

u

/t Ak, N),(s,u) ® d(A(k, M) — A(k, N))

+ /tEl(s,u) ® d()\(k‘,M) - )\(k‘,N))

u

/: (ACE 313, (5.u) — AR N, (s, w))

+
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< {ew(s )7+ M=k, M)l sy - (IR M)l s + MK, M) gs.)
| = Ellp s - (A M) [+ 2[IA R, M) gs.)
HIACR =k, M) s - @Rl s + 1Elpgsa) }
LA, M) = Mk, N1 - (A, M) s + A, N lisa)
+3[ Ak, M) = Mk, N) 10 - (15 llp. s }
< {ew(s, )+ 4lh— ko) - (Ihllem + [klem) - 0+ 1M 1) 1M
+2([lhllp) + 20kl p) - (L1M7 R - (1M |gsa - 1B = Ellpsa
2/ = kllp@y - (L1M7 1M s - Al sg + [Elpsa) §
HIAG, M) = Ak, N)[lis - (1A M) 11 s + IA N) s + 3l 1s0)
< {sw(s, t)Q/p + 8zw(0, 1)2/p(1 + w(0, 1))2w(s, t)2
+12w(0, D)VP(1 + w(0,1))w(s, t)1/7}
+ew(0, D)VP(1 + 4w(0,1))w(s, ) - {4w(0,1)P(1 + w(0,1))w(s, t) + 3w(s,t)"/7}
< {1481 +w(0,1))%w(0,1)% + 12(1 + w(0,1))w(0,1) bw(s, )7
+e{4w(0,1)*(1 + 5w(0, 1) 4+ 4w(0, 1)%) + 3w (0, 1)(1 + 4w(0, 1)) }w (s, t)*/?
< g(1+15w(0, 1) + 36w (0, 1)* + 36w(0, 1)* + 24w (0, 1)*)w(s, ). (2.11)

Then (2.10) and (2.11) lead us that T is locally Lipschitz continuous on BV(B) X
BV(L(B, B)) with respect to the product topology induced by the distance d, on G, (B)
and || - ||; on BV(L(B, B)). Hence by remembering that BV(B) is dense in GQ,(B), the
map I' extends to a continuous map from GQ,(B) x BV(L(B, B)) to G§,(B). The final
assertion is almost trivial. This completes the proof. i

Before closing this section, we review integrals along rough paths. Let B’ be another
separable Banach space and [ € CilOC(B,L(B,B’)), ie., Vif, i =0,1,2,3, exist and
are bounded on every bounded set of B. Here, V denotes the Fréchet derivative on B.
For k € N, V¥f is a map from B to L¥(B, ..., B; L(B,B")). Here L*(By,..., By; Bry1)
denotes the space of bounded k-linear maps from the direct sum of Banach spaces @le B;
to another Banach space By.

For B-valued rough path 7 € GQ,(B), we consider

Jor = f(xs)T1(s,t) + Vf(z)[Ta(s,t)], 0<s<t< 1

We see that there exist constants 7y,7, € (0,1), which may depend on s < u < t, such
that

ot — Jsu — Jup = —%VQf(xs + mTi(s,w) [T (s, u) @ T1(s,u) @ T (u, t)]
—V2f (25 + mT1 (s, u)) [F1(s,u) @ To(u, t)], (2.12)

where we used the Taylor expansion for the function f and Chen’s identity (2.1) for Z.
Equation (2.12) will be used in Section 5.



For f denoted above and T € GQ,(B), we define [ f(x)dT € GQ,(B’) by
(/f(:v)df)l(s,t) = hm Z bitiins
(/f(x)df)Q(sat) = hm Z { ) ® f(y, )) [EZ(ti,tiJrl)}

1:0

+ / F@)an) (5.0 ( [ a1 tiin)

where D := {s =1ty <t <ty <--- <ty =1t}. When 7 is in a bounded set of GQ,(B),
the sup-norm of the first level path Z;(-) is also bounded. Hence, we easily have the
following continuity theorem by Theorems 5.2.3 and 5.3.1 in Lyons-Qian [14]. In the
sequel, we often take integrands of the form Idg @ f € C3,.(B, L(B, B ® B')), where
f € Cliloc(B7 L(Bv B/))'

Theorem 2.2 Let 7,y € GSU,(B). We assume that there exists a control function w such
that

1Zi(s, )| V [7:(s, 1) < w(s, )P, |[Ti(s,t) —Ti(s,t)| < ew(s, t)/P, i=1,2.
Then there exist positive constants Cy and Cy depending only on p, w(0,1) and sup{|V? f(x)| :
lz] < w(0,1)YP},j =0,1,2,3, such that
/ F()dz) (5,)] < Creo(s, )7,
/f )dz) (s,1) /f <5C’2w(s t)i/P,

hold forv=1,2.

2.2 Some fundamental results for Brownian rough paths

In this subsection, we introduce Brownian rough paths on an abstract Wiener space
(X, H, ). Let w = (wy)>0 be the X-valued Brownian motion introduced in the previous
section. For e > 0, the law of ew on P(X) is denoted by P.. Then (P(X),H(H),P}) is
also an abstract Wiener space. We write H := H(H) for simplicity. When |- |xgx and u
satisfy the following exactness condition

(EX): There exist constants C' > 0 and « € [1/2, 1) such that, for any N € N and for any
sequence {G;}# of independent X-valued random variables with common distribution
1, it holds

N
IEH; Gar_1 ® GQl‘X@)X} < CN°. (2.13)



(cf. Definition 1 in Ledoux-Lyons-Qian [12]), the Brownian rough path exists (see Theo-
rem 3 in [12]). Let w = (1,w;,ws) be the Brownian rough path. It is the P-almost sure
limit of the W as m — oo in G, (X)) with respect to d,-topology, where w(m) is the m-
th dyadic polygonal approximation of w. Note that w; (s, t) = w; —w; for P-almost surely.
We denote by P.,e > 0, the law of the scaled Brownian rough path gw = (1, ewy, e%ws).
Now we present a theorem of Fernique type for Brownian rough paths. The following

proposition is taken from Theorem 2.2 in [6]

Proposition 2.3 There exists a positive constant 8 such that

Blew (3] = |

GQp(X)

exp (B€(@)? )Py (dm) < o

Finally, we give a theorem for absolute continuity of the laws of shifted Brownian
rough paths. It is similar to the well-known Cameron-Martin theorem. For 7 € G€,(X)
and v € BV(X), we define the shifted rough path =+~ € GQ,(X) by

(x+7),(s,t) = Ta(s,t) +7,(s,1),

(x+'7)2(87t) = 52(3775)"1—/fl(sau)@)d'yu"f—/(’Yu_'YS)®El(svdu)+ﬁ2(s7t)'

Here the second and the third terms on the right-hand side are Young integrals. It is well-
known that the map (Z,v) — = £~ is continuous from GQ,(X) x BV(X) to GQ,(X).
(See Theorem 3.3.2 in [14].) The following proposition is taken from Lemma 2.3 in [6].

Proposition 2.4 Let € > 0 and h € 'H. Then for every bounded measurable function F'
on GQ,(X), it holds that

[ PR = [ p@ess (5 00 gl )P0

where fol B (t)dw, (t) is the stochastic integral with respect to the scaled Brownian motion
(@1(0,t))o<t<1 defined on the probability space (G,(X),P.). (Hereafter we sometimes
denote it by [h|(wW) for simplicity.)

3 Framework and the main result

In this section, we set notations, introduce our Wiener functionals through the It6 map in
the rough path sense and state our results. From now on, we only consider the projective
norm on the tensor product of any pair of Banach spaces, and we assume the condition
(EX) for | - |xex and p to treat Brownian rough paths. Note that (EX) holds with
a=1/2if dim(X) < oo.
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First, we set notations for coefficients. Let ¢ € C°(Y,L(X,Y)) and by,...,by €
Ce(Y,Y), N € N. V denotes the Fréchet derivative on Y. For k € N, V¥o and V*b
are maps from Y to LF(Y,...,Y;L(X,Y)) and L*¥(Y,...,Y;Y), respectively. We set
X := X ®R" and define 5 € C°(Y, L(X,Y)) by

a(y)[(z,u)] ¢ = o(y)z+ Zbi(y)ui, yeY,r € X,u=(u,...,uy) € RY.

=1

Next, we consider the following differential equation in the rough path sense:

Then for any 7 € GQ,(X), there exists a unique solution Z € GQ,(X @ Y) in the rough
path sense. Note that the natural projection of Z onto the first component is Z. Projection
of Z onto the second component is denoted by 7 € GQ,(Y) and we write ¥ = ®(Z) and
call it a solution of (3.1). The map ® : GQ,(X) — GQ,(Y) is called the Ité6 map and is
locally Lipschitz continuous in the sense of Lyons and Qian. See Theorem 6.2.2 in [14]
for details. If Z; = (y, AE”, . ,/\EN)) is a X-valued continuous path of finite variation,
the map t — ®(7);(0,¢) is the solution of

N
dye = o(y)dy + Y bi(y)dN  with g =0

i=1

in the usual sense and Z is the smooth rough path lying above (Z;, ®(7);(0, t))o<i<1-
For A = (AW ... AM) € BV(RY) and 7 € GQ,(X), we set +(T,\) € GQ,(X) by
(T, N)1(s,t) = (T1(s,t), \r — As) and

(7 Nals.t) = (Fals. ), /: (s, 1) @ dA, /:uu A @ T (s, du), /:(Au “A)@d)).

Here the second and the third component are Young integrals. If & is a smooth rough path
lying above h € BV(X), then ¢(h, \) is a smooth rough path lying above (h, \) € BV(X).
Note that the map ¢ : GQ,(X) x BV(RY) — GQ,(X) is continuous.

For ¢ € [0,1], we define \* € BV(RY) by A(¢) := (ai(e)t,...,an(e)t), where a =
(ar,...,ax) : [0,1] — RY is a R¥-valued smooth curve. In what follows, we usually use
the notation

al (¢) Zﬂ : (y),  J,keNU{0}.

cJ
1=1

Next, we regard the It6 map defined above as a map from BV(X) to BV(Y). We
define ¥, : BV(X) — BV(Y) by W.(h); := ®(c(h,A)),(0,2) for 0 < ¢ < 1. That is,
y := W.(h) is the unique solution of the ordinary differential equation

dys = o(yr)dhy + a(e) - b(y,)dt  with yo = 0. (3.2)
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We note that U, also maps H(X) to H(Y).
For the X-valued Brownian motion w, let w be the Brownian rough path over X. For
e € [0,1], we define a Wiener functional X¢ € P(Y) by

X7 = @ (uzw, X)), (0, 1), 0<t<1.

We investigate the asymptotic behavior of the law of X< as € \, 0. First, we recall a large
deviation principle which was essentially shown in Theorem 4.9 of Inahama-Kawabi [7].

Theorem 3.1 For ¢ > 0, we denote by V- the law of the process X¢. Then, {V-}cs0
satisfies a large deviation principle as € \, 0 with the good rate function A, where

A(g) = {%inf {HVH% ¢ = ‘110(7)}, if = Wo(y) for some vy € H,

00, otherwise.
More precisely, for any measurable set K C P(Y), it holds that

— inf A(¢) < liminfe?log V.(K) < limsupe®log V.(K) < — inf A(¢).
peK° eN\0 e\.0 PeK

As a consequence of Theorem 3.1, we have the following asymptotics for every bounded
continuous function F' on P(Y):

liir(l)gzlog Elexp (— F(X?)/e*)] = —inf{F(¢) + A(¢) | ¢ € P(Y)}.

This is Varadhan’s integral lemma. See [5] for example. Our next concern is to investigate
the more precise asymptotics of a generalization of the integral on the left-hand side of
above equality. That is, we aim to establish the asymptotic expansions of the integral
E[G(X?)exp (— F(X®)/e?)] as e \, 0.

In this paper, we impose the following conditions on the functions F' and G. In what
follows, we especially denote by D the Fréchet derivatives on BV(X) and P(Y).

(H1): F and G are real-valued bounded continuous functions defined on P(Y).

(H2): The function Fy := F o ¥y + || - ||3,/2 defined on H attains its minimum at a
unique point v € H. For this v, we write ¢ := Wy(y). At the point v € H, we consider
the Hessian A := D?(F o W)(7)|nxw. As a bounded self-adjoint operator on H, the
operator A is strictly larger than —Idy in the form sense. (By the min-max principle, it
is equivalent to assume that all eigenvalues of A are strictly larger than -1.)

(H3): The functions F' and G are n + 3 and n + 1 times Fréchet differentiable on a
neighborhood B(¢) of ¢ € P(Y), respectively. Moreover there exist positive constants
My, ..., M,.5 such that

|DkF(n) [y, . ,y”
}Dk’G(n) [y, . ,y} }

Millylpey, k=1.....,n+3,
Millylpey, k=1,....n+1,
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hold for any n € B(¢) and y € P(Y).

Now we are in a position to state our main theorem. The explicit values of {ay,}7_,
will be given later since we need to introduce a few more notations which we cannot
introduce briefly. See Theorem 6.5 for the detail.

Theorem 3.2 Under the conditions (EX), (H1), (H2) and (H3), we have the following
asymptotic expansion:
E[G(Xf) exp (— F(X) /52)]
= exp(— Fa(7)/e?) exp (—c(7)/e) - (ap + e + - + ane” + O(e"™)), (3.3)

where the constant c(7y) in (3.3) is given by c(7y) := DF(¢)[Z1(7)]. Here Z;(v) € H(Y) C
P(Y),j € N, is the unique solution of the differential equation

dZy — Vo (d)[Ze, dy] — a(0) - Vb(dy)[Z]dt = a(0) - b(¢y)dt  with Z,=0. (3.4)

4 Taylor expansion in the sense of rough paths

In this section, we establish the Taylor expansion for the differential equation (3.2) in the
sense of rough paths. In Sections 4 and 5, we discuss without conditions (EX), (H1),
(H2) and (H3). In particular, v € BV(X) and ¢ = Wy() are not the special elements
as in (H2). Notice also that we do not need the imbedded Hilbert space H C X, neither.

At the beginning, we discuss in a heuristic way in order to find out what the terms in
the expansion are like. Fix v € BV(X) and ¢ = ¥y(y) € BV(Y). Suppose that we have
an expansion around ¢ as

Ap:=0(u(y+eh, )1 —p~ep +---+e""+---, ase 0.

Of course, we also have

a(e) ~a(0) +ea’(0) + -+ 4"

+ as €\, 0.

From the equation (3.2),

d(¢+Ap) ~ o(¢+Ad)d(y+ch) + (Ze ) oo+ Ag)dt
~ ( %V”o(@[A(b,---,A¢ad(7+€hﬂ)

+(ie”@> : ( - n'V"b(ng) (A, .. .,Agzﬂdt). (4.1)

Picking up terms of order n € N, we see the following definition is quite natural.
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Definition 4.1 For fized v € BV(X), We set ¢° = ¢ by
déy = o(d)dv + a(0) - b(éy)dt  with ¢ = 0 (4.2)
and set ¢ by
Ao} — Vo (6)[6F dv] — a(0) - V(@) (@1t = o(é)dh, + a'(0) - b(g)dt  with ¢} = 0.
Forn=2,3,..., we set ¢" = ¢"(h,y) b

doy — Vo()|dy, dy] — a(0) - Vb(¢)[¢)]dt
= dk(¢, ¢, ..., " LR+ dk(d, Y, o), with ¢ = 0. (4.3)

Here k(¢, ¢, ..., ¢" L h); and l;:(gb, Oy, ") are defined by

K6, Y, 6" h), = /OZ S Vel et dn],  (44)

Ho.d i =[50 5 pete@fet .. ol ]

S DIED SR R RIS

Lo a¥(0) i1 i
+/0 ' A Z » ]‘k" 'vb(gbs)[s)"'agbs}d‘g

t
+/ —a™(0) - b(¢s)ds, (4.5)
0
where the sum on the right-hand side runs over
Spi={(i1,...,i) ENFl i; > 1 forall1 < j<kandi,+---+ir=n }.

Before providing the main theorem of this section, we recall a lemma which will play
a key-role in the sequel.

Lemma 4.2 Let v € BV(X). We define by M(v) : [0,1] — L(Y,Y) the solution of
th = dQ(’y)tMt with MO == Idy, (46)

where

A7) = Vo ()|, dve] + a(0) - Vb(gy)dt, > 0. (4.7)

Then we have the following assertions:
(1) For allt € [0,1], the inverse M(v);* exists and it is the solution of

dM; ' = — M 'dQ(y), with Myt = Idy. (4.8)
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(2) For k € BV(Y), we define by I'(k,~) :=T'(k, M(vy)) € BV(Y), i.e.,
L(k, ), / M (), dk,, t>0. (4.9)

Then it is the unique solution of

(3) I': BV(Y) x BV(X) — BV(Y) extends to a continuous map from G§,(Y') x BV(X)
to G, (Y). (In the sequel, we denote it again by (k,v) € GQ,(Y) x BV(X) — ['(k,7) €
GQ,(Y), and usually abbreviate as T'(k) if the dependence of v is not significant.)

Proof. Since (1) and (2) are shown in Lemma 3.1 of Inahama [6], we only give the proof
of (3). Let 7,4 € BV(X). We set a control function w; by

N

wi(s,t) = s + s + 7y = s + D lai(0)] - (¢ =s), 0<s<t<L
i=1

We note that w; satisfies
Ve =l V e = sl Swilsit),  |(r =) — (v = A)s| Sewn(sit), 0<s<t<L

), ... an(0)t) and 4, == (3, a1(0)t, ..., an(0)t). These
= 0( ) and ¢ = Uy(%). Since ¢ is the solution of the

First, we set % := (v, a1(0
are of BV(X). We consider ¢
differential equation

doy = (o) dV with ¢ =0,
we may apply Theorems 2.3.1 and 2.3.2 in Lyons-Qian [14]. Then there exists a positive
constant K depending only on ||V |ao, [[Vbi|leo, - - - |VON]|eo and wy(0, 1) such that

|¢t_¢s| < K1w1<87t)7 |(¢_Q§)t_(¢_q3)s} §€K1w1(87t)7 (41())

hold for 0 < s <t < 1.
Next, we consider (). By (4.7) and (4.10), we have the following estimates:

N
200 = Q)| < IVollsolhsg + Y 1ai(O)] - [[Vbilloo - (¢ = 9)

i=1

< ([[Volle + [max [Vbilloc) - wi(s, 1), (4.11)
[(Q2(7) = 2(%)), — (27) = 2(%)),]
< IVolloolly = Allsa + 1V loolld = dllsall ¥l s
N
+ Y 1ai(0)] - [Vbilloollé = @l s - (¢ = 5)
=1

< g{HVUHOO + Kywi(0,1) - (HVQUHOO + max \|Vbi||oo)} ~wi(s, ). (4.12)

15



Here we set a control function wsy by
wa(s,t) == {||Volls + (1 + Kiwi(0,1)) - (V0| + max V0] o) Jer (s, ¢).

Then (4.11) and (4.12) imply N
12(7)e — Q)| V) — QH)s|

[(Q(7) = Q(H), = (2(1) — (),

for 0 < s <t < 1. Hence, we may apply Theorems 2.3.1 and 2.3.2 in [14] again for
differential equations (4.6) and (4.8), and we also have that

[M(7)e = M()s| VM) = M) < Kawa(s, t),

|(M(y) —M®#)), — (M) — M) | < eKows(s, 1),

[(M(y)™ = ME)T), = (M) = M#)™),| < eFKowa(s, 1),
hold for 0 < s <t < 1, where K, is a positive constant depending only on wy(0,1).
We note that these estimates means that the maps v € BV(X) — M(y) € BV(L(Y,Y))

and v € BV(X) — M(y)™! € BV(L(Y,Y)) are locally Lipschitz continuous. Hence by
recalling Lemma 2.1, we can see our desired continuity. This completes the proof. il

wa(s, 1), (4.13)

<
< ews(s,t), (4.14)

Next we iptroduce another maps which are similar to ¢! and ¢?. For given v € BVA(X )
and each h,h € BV(X), we define x = x(h) := x(h;7v) and ¢ = ¥(h, h) = (h, h;7)
through Y-valued differential equations

dXt - VO’(¢¢)[X15, d'}’t] — (I(O) . Vb(¢t)[xt]dt = U(Qst)dht with X0 — O, (415)
and
dipy — N o (o) [Yr, dye] — a(0) - Vb(¢r)[1]dt
= V(o)X (h; V)i, dhe] + Vo (o)X (hs ), dhy]

+V20 (00 [x (h: ¥)ts X (hi )ty de] + a(0) - V2b(e) [x (Bs )¢, x (s y)eldt  with g = 0.
(4.16)

We should note that
X(h;v) = DUo(7)[h],  ¥(h;v) = D*Wo(7)[h, h]. (4.17)

By recalling Definition 4.1 and Lemma 4.2, we can easily see the representation of
Zi(7),7 € N, and the following relationship between ¢!, ¢ and x;, 1.

Lemma 4.3 Let U, : BV(X) — BV(Y) and Z;(v) € BV(Y),j € N, be defined as in
Section 3. For h € BV(X), we consider x(h),¥(h,h) € BV(Y) as above. Then we have

=0 = 1 [ 0 -bods),
¢ (h,m)e = x(h)e +Z1(0)r,

X
Pl = 5B+ Y (i) + S0,

16



hold fort > 0. Here Y (h;vy) € BV(Y) is defined by

Y (h; ) .
= F(/O Q(VO) (¢8) [El (7)& dhs} + (VQU) (¢s) [QX(h)s + E'1 (7)57 E1 (7)57 d75}>t

-|-F( /0. (2a/(0) b(¢s) [X(h)s + E1(7)s]

+a(0) - V2b(¢) [2x(h)s + 51(7)3,51(7)5})&9) L t>0.

t

Now we are in a position to state the main theorem in this section.

Theorem 4.4 Let~y € BV(X) be given and ¢™ = ¢"(h,~),n € NU{0}, be as in Definition
4.1. Then, the map ¢" : BV(X) x BV(X) — BV(Y) extends to a continuous map
o™ GQ,(X) xBV(X) — GQ,(Y'). Moreover, there exists a positive constant ¢ = ¢(||v||1)
independent of h € GQ,(X) and v € BV(X) such that the following estimate holds:

Hqs"(ﬁ,y)lnp < c(1+&(R)" (4.18)

Proof. As we will see the continuity is almost obvious from the integration theory in
the sense of rough paths. Since we prove the estimate (4.18) by mathematical induction,
we divide the proof into two steps. In this proof, we set x := £(h). By recalling (4.10),
the boundedness of ||7v||; leads us to the boundedness of ||¢||;.

Step 1: We consider the case of n = 1. We set a control function w; by

_ T NI 2
wi(,8) = [Tl o + 5 PRI g + 6P Ball22 gy O0<s<t<L

Then we can see that wy(0,1) < 1+ |7,|1. It is also easy to see

hllpgsg < ser(s, )77, allpgsg < %wr(s, )7 and - [Fllig < wils,t). (4.19)

We denote by (h, ¢) := ¢(h, ¢) for h € GQ,(X) and ¢ € BV(Y). We note that (h, ¢), (s, )
(hi(s,t),¢r — ¢5). Then by (4.19), we have

(B, ) (5, 1)) < e(1+ wwn(s, )7, [(hy @)y (5,8)] < e(1+ k)%wn (s, t)>? (4.20)
Let Vi :=X@®Y and Vo : =X @Y @Y. Weset f: V] — LV}, V) by
f(l‘17$2)[771,772] = (7]1,77270(902)7]1) for x1,m € X, 29, €Y.

Clearly, f € Cp°(Vy, L(V1, V3)). Hence, the integration with respect to f defines a continu-
ous map from GQ,(V;) to GQ,(V2). It is also bounded on every bounded set in the follow-
ing sense: if v € GO, (V1) satisfies &, (D) < ¢ for a constant ¢ > 0, then &y, ([ f(v)dv) < ¢
holds for some constant ¢ > 0 which depends only on ¢, p and f, but not on v.
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Therefore we have the following composition of continuous maps:

(hy) € G(X) x BV(X) o (7 9) € GQ,(Vi) -2 / £(h, 8)d(h, ) € GO, (Va),

where I = 1ga, ) © (Idaq,(x) X o). Hence by (4.20), we have

([ 100003 5.0] < 14 mnts 0 (121)
([ 10 0)d03) s.0] < et (s, (122
holds for some constant ¢ > 0 depending only on p,ry and f, but independent of h,~y €

BV(X) with [[y[[i <ro.
Here we note that if & is a smooth rough path lying above h € BV(X),

t

([ 100)d.37) (5,00 = (.00 00— 6. [ atou)in).

where the third component on the right-hand side is the usual Riemann-Stieltjes integral.
Then by (4.21) and (4.22), we can conclude that

/ o(6.)dh,
/St(/8“0(¢v)dhv> ®dh,| < 0(14_5(5))2%(8’15)2/3

< c(14+&M)wnls t)P,

Next, let M(7); be as in Lemma 4.2 and set M(v), = Idx & Idy @& M(v),. Note that,
if ||7]l1 is bounded, then ||M(7)||; + ||M()~}||; is bounded, too. Clearly, M(vy) satisfies
the assumption of Lemma 2.1 with B=1V,=X®Y &Y. By using M(’y), we can define
[ in the same manner as (4.9). Furthermore we set g(h, ¢) € BV(V3) by

hoé), = (0,0, [ da'(0)-b(¢)ds), t>0.
o) = (0.0, [ @(0) o))
Then we can see that
£ [ 10,0003 ) (5.0) + (53] ) (5:8) = (e = husn = 66— o)
holds at least if h € BV(X). Clearly, the map (h,y) — (h, ¢, ¢') extends to a continuous

map from GQ,(X) x BV(X) to GQ,(V2). By Lemma 2.1, the third component of the first
level path satisfies that

¢ —
| [6-ohen

< (14 &M)wals, 1),

< e (1+&(R) wals, ),
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for a control function w, defined by

was.t) i= en(s.8) + (= )+ IV gon + IV oy 0<s<E< 1,
Note that w9 (0, 1) is dominated by a positive constant independent of h,v € BV(X) with
|17]l1 < 7. Hence we have (4.18) for n = 1.

Step 2: We set V,, :== X @ Y™ for n € N. In order to use mathematical induction, we
aim to show the following Proposition P(n). Note that P(1) has already been shown in
Step 1. As before v € BV(X) is arbitrarily given.

Proposition P(n): The map (h,7y) — (h,¢, o, ,qb”) extends to a continuous map
from GQ,(X) x BV(X) to GQ,(Viq1). There exists a control function w such that

6] — @il < (1+ER) wis, ),
(&7 - dh)(s,t)] < (L+&m) w(s, )P, j=1,....n,
holds for all h € BV(X) and v € BV(X) with ||v|1 < 1o. Here

(@ an)(s,0) = [ (6L~ ) @ an,

and w(0,1) is dominated by a positive constant ¢ = ¢(ro) which may depend on n, but not
on h,y € BV(X) with ||v|1 < 0.

From now, we will prove Proposition P(n) under P(n-1). First we treat the first
term on the right hand side of (4.3). For simplicity, we set &, := k(¢, ¢',...,¢"~; h); and
ki :=k(p, 0, ..., 0" ). Then we easily see that

t n—1 1 ' '
kt—ksz/ > Hv’“a(%)[ 0L dhy].

For each (iy,...,4) in the above sum and s < ¢, we set

Tt = V(g [0l ... 6%, (s, 1)]
+VE o (g [0, 02, . .., 0k, o ][(¢ - dh)(s,1)]
k

+3 V() [0, g, e gL o, e ] [(67 - dh)(s,t)],
j=1

n—1
1 .
[ T1yeeey 1k
Js,t = E E Ejs’t .
k=1 (iy,....ix)eSp "

For a partition D = {s =ty < t; < --- < ty =t} of the interval [s,], we set J,,(D) :=
SN iy Tt is well-known that lim|p|—o Js¢ (D) = ky — ks, where | D| denotes the mesh
of the partition D.
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Here we set a control function wsz by

wols,t) = <t—s>+|m||1[st+||¢1||1[sﬂ+ﬁpnmnpsﬂwpnhgnp/z[st

n—

—

3 (1 + k) p]Hd)Jle;[&t] 4_2(14_%) P(i+1)/2| i 'dh”zjl[s,t]?

7=0

g

Il
—

j
for 0 < s < ¢ < 1L
independent of h € G,

ince we assume P(n-1), w;3(0,1) is dominated by a constant
X) and v € BV(X) with ||y]|1 < ro. It is easy to see that

/\m

n—1
| Jos| < Z |J;1t ~~~~~ H < e (1 R)" (wsls, )VP 4 wa(s, 1)) (4.23)
k=1 (; ;

holds for some constant ¢ > 0 independent of A and v € BV(X) with |||, < ro.
Now we estimate |Js; — Js — Jut| for s < u < t. By Chen’s identity, we see that

Jigi — Jigein it
- (v a(ass)[;a..mzk,a(u D] = VEa(gu) [0l 0 Tu(u, )] )
+VH o () [e, 0, ... 0%, o[y (s,u) ® hy(u,t)]
+(V*Ho (o) e 0t d .}
—vk“a(qsu) (o000t o] ) [(@- dh)(uw,1)]

k
+D Vio(ea)[or oy e gt 0k, e ] [(671(5,u) ® B (u,1)]
=1

k
+3(VEo(0) [0, 0 e 06 ]
j=1

~VEo(0) [0 B 0 0 otk o] )[(6Y - dh)(u, )]
=. ]1+"'+]5. (424)

By using P(n-1), it is easy to see that |I5| + |I5| < ¢ (1 + &)"ws(s, t)*/? for some constant
¢ > 0 independent of i and v € BV(X) with ||v||; < 7o.
Fory = (Yo, y1,.-.,yx) € Y* weset g: Y — L(X,Y) by

g(Y) = vko.<y0) [yb - Yk .]Y’“XX‘
Then, by straight forward computation,

Vi(y)[Ay, Ay] = V*0(yo) [Ayo, Ayo, Y1, Yk, ]
k
+2 Z Vk+10-(y0) [Ay(hyl; SR Aym < Yk .}
j=1

+2 Z vka<y0)[y17-'-vAyia"'7ij7"'7yk7.}‘

1<i<j<k
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It is well-known that there exists a constant 6 € (0,1) such that

9(y + Ay) —g(y) — Vyly)[Ay] = %VZg(y +0Ay)[Ay, Ay].

By letting y; = ¢% and Ay; = gy = ¢, (s,u) for j =0,1,...,k, we see from (4.24)
that )
L+L+1,= —§V29(y + 0Ay) [Ay, Ay] [El(u, t)}

for some 6 € (0,1). Then we have
11+ I + Iy < (1 + r)"ws(s,1)3/P

for some constant ¢ > 0 independent of h and vy € BV(X) with ||y||; < ro. Therefore, we
see that

i
L

1 . o o
o = o = Jugl < Do g e = T
F=1 (iy,.ip)esp ™
< (14 K)"ws(s, t)*P, (4.25)

where c is a positive constant independent of s < u < ¢, h and v € BV(X) with |7/, < 7.
Then it is a routine to see from (4.25) that

| Jsa(D) = Jo| < c2%P((p/3)(1 + k) ws(s, )7 (4.26)

for any partition D of the interval [s,t], where ( denotes the (-function. Combining this
with (4.23), we have

ke — ks| = | lim Jy,(D)|

|D|—0
c(l+ fi)”(wg(s, t)l/p + ws(s, t)2/p + ws(s, t)3/p)

<
< (14 K)"ws(s, ). (4.27)

Next we estimate the p/2-variation norm of (s,t) — f;(ku — ks) ® dh,. For each
(i1, ... i) € S " and s < t, we set

Kipie = <vkg(¢s)[ BBk, e ] ®IdX) [ha(s,t)] €Y @ X,

Clearly, it holds that
|Ksi| <c(1+ k)" (s, t)YP

for some ¢ > 0 independent of s < ¢, h and v € BV(X) with ||v|/; < ro.
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Let D be a partition of the interval [s,t] as above. We set K, ,(D) by

N

Ks,t(D) = Z (Ktifhti + El (to, Zfifl) ® El (tl',l, ZfZ)) . (428)
i=1
It is well-known that lim|p|_o Ks¢(D) = fst(ku — ks) ® dh,, holds.
For each (i1, ...,4) in the above sum and s < u < t, we see from P(1),...,P(n-1) and

Chen’s identity that
’K;'j;'""k — Kt — Rt — Jiteis ®El(u,t)‘

U

< (Vo061 0k, o] = VEo(0u) [61.. 01, o] ) @ Tdx[Fau, )]

+‘(Vk+1cr(¢s)[0, N9k, e] [(é-dh)(s,t)}) ®El(u,t)‘

+Zk:] (VEo(@)[6r,. - 00, o 00, o, o] [(67 - dh)(s,1)]) ®El(u,t))
j=1

< (14 k)" Hwg(s, )P, (4.29)
Summing up with respect to (i1, ..., i),
’Ks,t K= Kuy — Juu ® Ty (u, t)‘ < (14 k)" ws(s, )7, (4.30)

where ¢ > 0 is independent of s < u < t, h and v € BV(X) with ||y||; < 7o.
Then it is a routine to see from (4.26), (4.28) and (4.30) that

|Kyi(D) — Ky < c2¥P((p/3)(1+ k)" wy(s, ).

Therefore, we have
t
| / (ky — k) @ dh| = | lim Ky (D)] < e(L+m) (s, 0?7, (431)

where ¢ > 0 is independent of s < ¢, h and v € BV(X) with ||y]|; < ro.
From (4.3) we see that
A} — Vo (o) (87, dve] — a(0) - Vb(éy) [¢)]dt = dk, + dh,
where k satisfies that
kllsa < e(L+ )" { I lhsn + (=)}
Therefore, we see that
((k+ k) — (k+k)s] < c(l+r)"ws(s,t)"?,

|/t((k: + k) — (k+ l%)s) ®dhy| < (14 k)" Mws(s, £/, (4.32)
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Here, ¢ > 0 is independent of s < t, h € GQ,(X) and v € BV(X) with ||y, < ro. Note
that we have seen that (h,v) — (h, ¢, d1,...,0n_1,k + /Nf) extends to a continuous map
from G$,(X) xBV(X) to GQ,(V,,11), which maps a bounded subset to a bounded subset
in GQp(Vn—i-l)-

Finally, let M(7); be as in Lemma 4.2 and set M (), = Idx & Idy»—1 & M(7), and a
control function

wi(s,t) == ws(s,8) + [IMN) |15 + 1M D)1 s
Then by using Lemma 2.1 for M(y)t and (h, @, ¢1, ..., ¢n_1, k+k), we can draw the same

argument as in Step 1. Hence, we obtain P(n). This completes the proof. i

By combining Lemma 4.3 and Theorem 4.4, we can easily see

Corollary 4.5 Let x; = x(h; ), ¥y = ¥(h,h;y)e and Y =Y (h;v), be as in Lemma 4.3.
Then the maps (h,7y) € BV(X) x BV(X) — x(h;7),%(h,h;v),Y (h;v) € BV(Y) extend
to continuous maps from G,(X) x BV(X) to GQ,(Y). Moreover, there exists a positive
constant ¢ = c(||v|1) independent of h € GQ,(X) and v € BV(X) such that

s Dally + 1Y B )illy < e (LHER), o El, < e (L+ €M) (4.33)

5 Estimate for remainder terms

In this section, we estimate the remainder terms of the Taylor expansion for the differential
equation (3.2). Let v € BV(X). For € € (0,1] and h € BV(X), we define R} = R!(h) =
RZ(h,7),n €N, by

n—1

R2(h,y) = @y + b, A)), = 0= 3 &0/ (h7).

The following theorem gives an estimate of the remainder term R defined above.

Theorem 5.1 Forn € N, € € (0,1], and h,y € BV(X), let R = RZ(h,v) be as above.
Let ro and ry be any positive constants. Then, there is a positive constant ¢ = ¢(ro,71)
such that

n

1Rz (7, ), llp < (e +&(eh)" = ce(L+£(R)" (5.1)
holds for all v with |[F||; < ro and h with £(eh) < Tl Moreover, for fized ¢, (h,~y) —
R?(h,~y) extends to a continuous map from G,(X) x BV(X) to GQ,(Y). (We denote it

again by T € GQ,(X) x BV(X) — R}T) = R (T,7) € GQ,(Y).)

Proof. We show the estimate (5.1) by mathematical induction. We divide the proof into
several steps. In this proof, we set x := £(eh) for simplicity. We also note that eh; = &'h;
holds for i =1, 2.
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Step 1: We consider the case of n = 1. Set a control function w by

_ I o= 1P/2
w(s,t) = [Tllg+5 p”gthZ,[s,t] + K p||5h2|‘§?2,[5,t}

X s + A s + 7 A = A0 J1psgg, 0<s<t<1

Then it is easy to check that there exists a positive constant ¢ = ¢(rg, 1) > 0 such that
w(0,1) < ¢, and that, for j = 1,2,

(7. 20(5,8)| +

(FER Y (5.1)] < ewls, ),

‘L(ﬁ, A%),(s, ) —L(—fy+5h,)\5)j(8,t)‘ < cle + R)w(s, )P

hold. Then by Lyons’ continuity theorem (Theorem 6.2.1 in Lyons-Qian [14]), it holds
that there exists a positive constant ¢ = ¢/(rg,r;) such that

‘z(@, X)) (s,1) = Z(u(y + 2B, X)) (s, t)‘ < (et Rw(s, )P forj=1,2. (52)

Here, 2(7) € GQ,(X @ Y) is the unique solution of the differential equation (3.1). Note
that the Y-component of Z(Z) coincide with ®(Z). The Y-component of the above in-
equality (5.2) immediately implies that there exists a positive constant ¢ = ¢(rg,71) such
that

RI(0), (5,1)] < e (e + € ER)wls, 1)

holds. Therefore we obtain our desired estimate |[R!(h),|, < c(c + &(ch)) for some
positive constant ¢ = ¢(rg, r1).

Step 2: Next we prove that

t—

o] (REy - dm) (s 1) = / RIR), (5, 0) @ edh| < (e + #)%w(s, 077 (5.3)

for some control function w such that w(0,1) < ¢ = ¢(rg,r1). In what follows, we denote
P (L(y +eh, )\8))1 by ¢° = ¢(h,~) for simplicity of notation. Then by considering ¥ ® X-
component of (X @ Y)®% = ((X @ RY) @ V)2, we see from (5.2) that

/ (65— 60) ® i+ <h) - / (Gum b @] < e+ mw(s 7. (54)
From the estimate for R!(h) = ¢° — ¢, we see that
/:<¢i — ¢5) @ dyy — /:<¢u — bs) @ dry| < (e + K)w(s, 1) (5.5)
(5.4) and (5.5) imply that
[ 0@ 2] < e+ mputo (56)
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From (3.2) and integration by parts, we see that

/t RL(h),(s,u) @ edh, = RL(h),(s,t) @ chi(s,t)

t

(U(¢Z) - U(¢u)>d7u & 5_hl (S, u)

t

o(¢)edh, @ ehy (s, u). (5.7)

/
~ [ (ale) b6 = a(0) - o)) (5, )
/

The first, second and third terms on the right hand side of (5.7) are easily dominated by
c(e 4 k)?w(s, 1)*/?, respectively.

Next we fix the interval [s, t] and consider fst o(¢5)edh, ®ehi(s,u). Fors <n <7<t
we define

T = (065 (n,7)) @ (s, m)
+(Vo(é5) (65 =dh)(n,7)] ) @ ha(s,m) + F(65)[ Ehaln, )]

where f(y)[z ® 2] := (o(y)2') ®z € Y ® X for z,2' € X and y € Y. As usual, we see
from (5.6) that, for any s <n <v <7 <t,

< cle+r)w(n ),

Jn’T - JT]?U - JU7T

and it leads us to
’Js,t(D) - Js,t‘ S CC(3/p)(€ _'_ H)QW(S, t)3/p

for any partition D of [s,t]. By noting that
| Jos| < e+ K)2w(s, )P

holds, we see that

t
[ ot@iledn, o (s, 0| = lim |..(D)

|D|—0

S hmsup |Js,t(D) - Js,t| + |Js,t| S C(E + /{;)2(")(371;)2/17'
|D|—0

Combining this with (5.7), we obtain (5.3).

Step 3: We denote by (R? - dh)(s,t) := fst(R?(h)u — R?(h);) ® dh, and V,, = X @ Y
as before. Here we aim to prove the following proposition:

Proposition Q(n): The map
(h) 7) = (6h7 CD(L(V + 8h7 AE))la ¢7 ¢17 s 7¢n—17 R?)
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extends to a continuous map from GSU,(X) x BV(X) to GQ,(Vy42). Moreover,
R (h), — Ri(h)s| < (e +&(eh)) "w(s, )7,
t
| / (RU(R)u — RE(),) @ edhy| < (e + EER)" (s, 1)/ (5.9)

hold for all h € BV(X) with £(eh) < ry and v € BV(X) with |||, < ro. Here, w(0,1) is
dominated by a positive constant ¢ = c(rg, 1) which depends only on ro and 1.

We will show Q(n+1) under the assumptions Q(1),..., Q(n). We also set n"*! =
et (h) by

d??n+1 (h) = ( i)gdht — O'((bt)gdht

—Z > k, fo(gn) [, ey, edhy].

L CTI i)V Ls]

Since we assume Q(n), the right-hand side can be regarded as integral in the rough path
sense. We set

Jsp = (a(qbi)—o(gbs))shl(s t)
—Z > Evk o(¢s) [0, ... ek, ehy(s,1)]

(i1 ..... ’Lk)EUn ISJ

+Vo(¢7)[(¢° - edh)(s,t)] — Vo(os)[(¢ - edh)(s, t)]
-> Z %Vkﬂa(gzﬁs)[o,s“ b ek, o] (¢ edh) (s, )]

n—1 k 1
- > 2w
k=1 (iy,..., ig) €U 153 j=1
xV¥o(¢s) e 92, ..., ek, o] [h(¢" - edh)(s,t)], s<t. (59)

We will show that |Jy,| < c(e+ £(€_h))n+1 (w(s, )7 + w(s,1)*?) for some control
function w such that w(0,1) < ¢ = ¢(rg,r1). First we will consider the first and the
second terms on the right-hand side of (5.9). By the Taylor expansion of o at ¢,

(0(¢2) — 0(s))eha(s, )

= Y Vo) [Rilh)er. . Ri(h).,Ehn(s.)]

[y

0 (00 + RS R ()ss . T (s, 1)], (5.10)
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where

RE(h) = ¢ —p=c¢' + -+ '¢" + R (h) (5.11)

and 0 € (0,1) is some constant. From the estimates for R5(h) and from the boundedness
of V"o, we easily see that the second term on the right-hand side of (5.10) is dominated
by c(e + k)" w(s, t)Y/P, where k = &(eh). Put (5.11) in the first term on the right-
hand side of (5.10) and, then, expand it. In that expansion, terms of order 1,...,n is
exactly the same as the second term on the right-hand side of (5.9). (Here, we say a term
is of order k if its absolute value is dominated by c(e + x)Fw(s,t)/?.) Because of the
cancellation, the first and the second term on the right-hand side of (5.9) is dominated
by c(e + k)" lw(s, 1)/

Next, we will consider the last three terms on the right-hand side of (5.9). Set Z =
Y @ X and fi(y,2) := Vo(y)[z] for y € Y and z € Z. Clearly, f; € Cp3,.(Y @ Z,Y). It is
easy to see that

V*(y, 2) [A(y, 2), .., Ay, 2)} = Vilo(y) [Ay, .o Ay, z]
+kVEa(y) [Ay, . Ay, Az} . (5.12)

It is also easy to see that

i
L

| =

fily+ Ay, z+ Az) —fi(y,2) = VL (y, 2) [A(y, 2), ..., Ay, 2)]

b
Il

1

1
+EV"f1(y + 0Ay, z + 0Az) [A(y, 2), ..., Ay, z)} (5.13)

for some 6§ € (0,1). Now we will use (5.12) with y = ¢, Ay = ¢ — ¢, = RL(h),
z = (¢-edh)(s,t), and

Az = (¢ - edh)(s,t) — (¢ - edh)(s,t) = (RL(h) - edh)(s, ).

Note that Az is of order 2 by (5.3) while Ay and z are of order 1. Therefore, the second
term on the right hand side of (5.13) is dominated by c(e + )" 'w(s, t)¥?.
We put (5.11) and

Az = (R5(h) - edh)(s,t) = ((agbl e+ R (D)) - 5dh> (s,1), (5.14)

in the first term on the right hand side of (5.13) and, then, expand it. We will use P(n),

Q(k), 1 <k < n, and the symmetry of V¥o. In that expansion, terms of order 1,...,n,

is exactly the same as the fourth and the fifth terms on the right-hand side of (5.9).

Therefore, the third, the fourth, and the fifth terms on the right-hand side of (5.9) are

dominated by c(e+x)"*'w(s, t)??. Thus, we have obtained the desired estimates for |.J, |-
Now we show that, for all s < u < t,

|<]s,t - Js,u - Ju,t| S & (5 + g(E_h))n+lw(S7t)3/p
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holds for some control function w such that w(0,1) < ¢ = ¢(rg,ry).
Here we apply (2.12) to (5.9). In this case, (minus of) the first term on the right-hand
side of (2.12) can be explicitly written as follows:

20( i,u:n) [El(sv u) & El(sv u) ® g_hl (u7 t)] - v20(¢8,u1n) [51(87 u) ® 51(87 u) ® 5_hl(u7 t)]

1 . .
N 3 V0 () [0 @ Bl By ]

3
|

[51(5 u) ®51($ u) ®E1(u t)}

1
_22 Z Z k[vk—H ¢SUW)[. 821¢sun7“' Zk¢sun7 ]
..... i) EUSZ L) g=1
[@1(s,u) @ 967, (s, u) @ eha (u, 1)]

_zz S Y ) [y e e S, )

in)eUnTLs] 1<]<l<k

[6”%1(3, u) ® it (s,u) @ ehy (u, t)], (5.15)

.....

where ¢%,., is a shorthand for ¢ —1—175?“ (s,u), etc. Similarly, (minus double of) the second
term on the right-hand side of (2.12) can be explicitly written as follows:

fan) [071(5,0) @ (67 - edh)(u, 1) ] — V20 (s i) [61(s,0) @ (- edh)(u, )]
—Z Z .Hv’f”a(qss,w,)[. LT A Y
[01(s,u) ® (¢ - edh)(u, )]
- Ekj,j,v’f“ (Buon) 822 Gy 80 0]

- Z Z EV U<¢s,u:77) [811 ?,u:m"w o, ..y .7-“78% ?fu:n’ .]
‘k)EU

n—1qj 1<5<I<
] Si 1<5<I<k

Now we will show that (5.15) and (5.16) are dominated by c(c + k)" lw(s,t)>/?.
Here, we note that neither ¢ nor w(0,1) must depend on 7. For y,z € Y, we set
£ € O35, (V2 L(X,Y)) by £a(y, 2) i= Vio(y) [z @ 2, o).
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Then for k£ € N, we have

Vrby(y, 2) [Aw, ). . Ay, )]
Vi 2o (y) [Ay, LAY 2 ® 2, o} + 2kVF o () [Ay, LAY 2 ® Az, o}
+k(k —1)VFo(y)[Ay,..., Ay, Az ® Az, o, ]. (5.17)

By the Taylor expansion for f5, we see that

f2(y + Ay, z + Az) — f5(y, 2)
n—1
1
= Z Ekaé(yv Z) [A(y7 Z)a ce >A(y7 2)]
k=1
1
+5vnfg(y + 0Ay, z + 0Az) [A(y, 2), . Ay, z)] (5.18)

for some @ € (0,1). As before, we set y = @ ., and z = ¢, (s, u). By recalling Proposition
Q(n), we can write as

Ay = i,u:n - ¢s,u:n = Ri (h) (Sa u: 77) = 8¢;,u:n +et 8n71¢?7;:1n + Rg(h> (57 u: 77)7
and
Az = El(su U) - 51(57 U) = R;<h‘)<57u) = ‘C’:E(Sa U) et gnilw(& u) + R?(h)(S,U)

Then, from (5.17), the remainder term on the right hand side of (5.18) is dominated as
follows:

1 —
mv%(y +0Ay, 2+ 0A2)[A(y, 2), ..., Ay, 2),eh (u, t)] )Y
<cle+r)"Mw(s, )¥P, (5.19)

where c is independent of 7,60 and of s < u < t.

Then, we expand the first term on the right-hand side of (5.18) by using (5.17). In the
same way as before, the terms of order k,1 < k < n, are exactly the same as the third,
the fourth, and the fifth terms on on the right-hand side of (5.15). Hence, they cancel
each other. Notice that we have repeatedly used the symmetry of V¥o.

In a similar way, we will estimate (5.16). In this case we set, for y,z € Y and w €
Y@X, f5(y, z,w) :== V2o (y)[z,w]. Then, it is easy to see that f5 € C}3,.(Y?® (Y ©X),Y).

By using the Taylor expansion for f3, we obtain in the same way that (5.16) is domi-
nated by c(e 4+ )" 'w(s, t)*?. In this case, however, we also need the following identity:

Aw = ((¢5—¢)~5dh>(u,t)
(RL(R) - edh) (u, 1)
= (e¢" -edh)(u,t) + -+ (""" - edh)(u, t) + (RZ(h) - edh) (u,t),
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where we used Proposition Q(n) for the last term above.
Then by combining these, we obtain the desired estimate for |Js; — Js — Jus|. By a
routine argument, we see that

2t =0t < ele+ )" w(s, 1),

where ¢ and w(0, 1) are independent of s,t,e and h € BV(X).
Next, we will prove the estimate

t
(™ edh) (s, )] = / (et =it @ edhy | < cle+ k)" Pw(s, )7, (5.20)

where ¢ and w(0, 1) are independent of s,t,e, and h € BV(X). We set, for s < t,

Koo = ((0067) = 0(6.) ® 1dx ) [ Zha(s.)]

—_

_ %(Vk0'<¢s) [€i1¢ila e 75ik¢?€7 .} ® IdX> [€_h2<87 t)] <5'21>

L iy,sin) €Ul 2] SY

3

i

Then, in the same way as above, we can see that
[Koal < c(e+r)" (s, )P,

where ¢ and w(0, 1) are independent of s,t, h, €. o
Now, we will estimate |Ks; — K5y — Kyt — Jsu @ €hy(u, t)| for s < u < t. Here Jg,, is
defined in (5.9). By using Chen’s identity, we obtain that

Koy~ Ky — Ky — Jou @ hy(u,t) = I, — I,
where
L = <O(¢§) ® Iy — o(¢5) ® IdX> [2ha(u, 1)]
~((00) @ Tdx = 0(9) @ 1y ) [Fhalu, )]

- %(Vka(gbs) [egl,. .. ek, o] @ Idy

—VRo(g) [ g1, .. ek, 0] @ IdX> [eha(u, 1)]

- S (V@ [e s o]

F=1 (iy,...,ix)€UTZ] 8]

[(¢ - edh)(s, u)]) ® ehy (u,t)
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n—1
_ iZ(Vko'(qﬁs)[Eu 217-‘-,'--.,€ikgz5i’“,o}

(256" - edh) (s, )] ) @ Eha (u, ).

In the same way as before, we can see that the Taylor expansion leads us to
Kot = Ky = Kop = Jou @i (u,8)] < |L] + |5
< cle+r)"uw(s, 1),
where ¢ and w(0, 1) are independent of s, u, t,e and h € BV(X). We have already obtained
|(Jor = 0¥ (s,0)) @ eha(u, 1)] < e(e + 1) Pw(s, 1) 7.
For a partition D = {s =ty < --- < tiy = t} of the interval [s, ], we set
N

Ks,t(D) = Z (Kti—lati —+ T]n+11<t0, tz’—l) ® 5_]11 (ti—la tz>) . (522)

i=1
It is well-known that lim|p|_o K, (D) = fst(nZ“ — ") ®edh,. From the above inequal-
ities, we see from a routine argument that

[Kaa(D) = K| < e2¥7C(p/3) - (e + 1) (s, )17,
Combining this with the estimate for |K;|, we obtain that

t
/ (™ =) ® edh,
Thus, we have shown the desired estimates for "1, (s,t) and for (n"** - edh)(s, t).
From (4.3) in Definition 4.1, we see that
ARI (D), = Vo (@) [RE ()i, o] — a(0) - Vb(o) [REF ()] dt = dn ' (t) + dC,
where C} is a continuous path of finite total variation, which is explicitly given by

dCy = (U(Qﬁ) - U(¢t))d% - VU(@) [Qﬁ — ¢, d%}
- Z Z %Vka'(gf)t) [gilqbil: ) 6ik qﬁk? d’Yt}
k=2 )

(314, ik)GU?:IS]lC

+a(e) - b(d7)dt — a(0) - b(¢r)dt — a(0) - Vb(¢r) [¢5 — o] dt

(W“-MM@JWZ < (e + K)" 2w (s, )P,

_ % V() [ g de
k=2 (iy,...,ix)EUR_, SL
N el (0) _, i1 i1 U bk
. g Ve[ g
J=1 k=1 (3y ip)eur T st
1,
A N al! ©) (¢e)dt
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Here we note that the terms 77", C' do not involve ¢". By the Taylor expansion for o

and b, we can easily see as before that
1y — Cy| < c(e+ k)" w(s,t),

where ¢ and w(0, 1) are independent of s,t,e and h € BV(X).

Therefore, (n2+! + C),(s,t) and [(n"*' + C) - edh](s, t) satisfy the desired estimates.
By using Lemma 2.1, Wl(s, t) and (R - edh)(s,t) satisfy the desired estimates, too.
Thus, we have obtained Q(n—+1). This completes the proof. I

6 Proof of the main result

In this section, we prove our main results. First, we devote ourselves to give the proof of
Theorem 3.2 based on the argument of Albeverio-Réckle-Steblovskaya [2]. We consider
the precise asymptotic behavior of the following integral as € ™\, 0:

1) = exp (Fa(1)/2) exp (c(1)/2)
x/ G@m@mwgmﬁ—ép@mmmeWMM)
GQp(X)

= /GQ - G((I)<L(€_w, )\5))1) exp |:C(€—/y) — éFA ((I)(L(g—w7 AE))l)}Pl(d@) (6.1)

xwdi———ﬂ@MWAMﬂ®®&MWw) (6.2)

where F) is a non-negative bounded continuous function on P(Y') defined by Fj(-) :=
F(-) = Fx(7). In (6.2), H(RY) denotes the closure of H(RN) := Ly (RY) in BV(RY). We
work on this subspace since it is clearly separable and complete unlike BV(RY).
We divide the proof into several steps.

Step 1: Let B(¢,p’) be an open ball centered at ¢ with radius p’ in P(Y") on which
DF i=1,....,n+3,and D'G, i = 1,...,n + 1, exist and are bounded. Let v € H
and ¢ € H(Y) be as in the condition (H2). For p > 0 and v € H, we denote by
F+U, ={x++ve€GQ,(X) | £&(Z) < p} and by (7 +U,)° the complement set of ¥+ U, in
GQ,(X). Then by the continuity of the maps T — x £ 7, {F+U, } >0 forms a fundamental
system of neighborhood of 7. Then by the continuity of the Ito map, there exists p > 0
such that ®(«(Z,1))1(0,) € B(¢) if T € 7+ U, and A € {\ € H(RN) | ||X = Ay < p}.
Here B(¢) is the neighborhood of ¢ in P(Y') which is denoted in the condition (H3).
In the following we assume that p > 0 is sufficiently small so that it satisfies the above
condition. Later, we will choose p > 0 sufficient small so that the integrability theorem
of Fernique-type holds.
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We divide the integral () into as
I(e) = Io(e) + L (¢),

where Iy(e) and I;(¢) are defined as (6.1), with G(®(c(zZw, X*)),) replaced by 15y, (W) -
G(®(v(zw, \°))1) and 1(z40,)-(EW) - G(P(L(Fw, X*))1), respectively.

Here we investigate the decay of the integral I;(e). We recall that the family of
measures {P. ® d: }.~¢ satisfies a large deviation principle on the space G€,(X) x H(RY)
with a good rate function A given by

0, otherwise.

AN = {%llh”%, if (7,\) = (R, \%) for some h € H,

It is a corollary of the large deviation principle for Brownian rough paths. See Lemma
3.9 in [7] for the proof. As a consequence of this large deviation principle, we have the
following assertion: there exist positive constants a and gy such that

exp (—c(y)/e) - [11()]

< [ lG(@0Em )| - exp | - SFa(@(Em 2)) [Pyl
(F+Up)e €

1 .
_ ||G||OO/ exp | = = Fa (@, \)1) | (P. @ by )(dwar)
(T+Up)e X H(RN) <

< |Gl - exp(—a’/e?) (6.3)
holds for all 0 < ¢ < ¢gy. See Lemma 8.2 in [6] for the proof. Then we have
|I(e)| < ce™, meN, 0<e<e, (6.4)

where ¢ is a positive constant depending on |G|, a, ¢(y) and m.

Step 2: Let us now consider the integral Iy(e). By using the Cameron-Martin formula
for Brownian rough paths (Proposition 2.4), we can calculate Iy(e) as

1

/GQ (X) 540, ()G (B(ED X)) exp [@ - I (e(ED, A5))1)]]?1(@)

- /GQ (X) Lysv, (W+7)G(2(u(w +7, X))

<esp [0 L iy (@@ T7,5),) |y (0)

e2

N / Ly, (W +7)G(2((w +7,A9))
GQp(X)

X exp [0(6—7) — SR (@M@T )] exp ([_ZL@) _1 _222”%)1@6(61@)
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- /ﬁ L0, (B0 5 7)G(@(EW T 7, A)))
GQp(X)

D) L A(@Em T ) esp -

B /GQ (X) Ly, (@)G (2 (5w +7,A))

@) vl
2e2

)Pl(dw)

xexp[

X exp [@ —~ éFA(é(L(m, )\8))1)] exp ( N Mi@ B ”;ﬁ)ﬂ”l(dw),
(6.5)

where P, _ is the law of P; induced by the map W +— cw —~. We note that w —
O (t(ew + 7, A%)); is the continuous extension of the map h — W.(ch + 7). Thus all the
integrands are everywhere-defined on G§2,(X) and we may change variables.

Then by using the Taylor expansion for F' and Theorems 4.4 and 5.1, we can develop
F(®(c(ew+7,X%))1) into a Taylor expansion with respect to a parameter ¢ € (0,1]. For
n € NU {0}, we have

n+2

F(OEw 7, X)) = Y ™I () (@) + Ry (e, 0) (). (6.6)
m=0
Here the functions J}m)(@(-) GO(X) = Rym=0,...,n+ 2, are given by

T () @) = F(9),
kl( 3 DkF(@[qsil(w)l,...,w(w)l}),m:1,...,n+2,

k=1 """ (i1,...,ix)ESP

where SI" and ¢'(w) := ¢'(w,7),i = 1,...,n+2, are defined in Definition 4.1 and Theorem
4.4, respectively.
Besides, the remainder term R;?Jrg)(a, ¢) : GQ,(X) — R is given by

RO (e, ) (@) = Z% Z D*F(¢) [REF3(iy; @), . . ., RO (i )]

/0 D"+3F(9¢ +(1—0)0((Fw T, )\5))1>
[RY(®@)y,..., R(w),]do, (6.7)

(n+3)!

where R*3(m;-) : GQ,(X) = R,m =1,...,n+ 3, are defined by
R (m;w) :=e"¢™ (W), m=1,...,n+2, and R'3(n+3;w):=R"*(w).
We note that the all functions in (6.6) are continuous on G2,(X).
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For our later use, we need estimates on Jl(,m) (¢)(w), m=0,...,n+2, and R;?J’?’) (e,0)(wW).
By Theorem 4.4, we have

|77 (9)(@)| < i%( > Mkﬁnw(mlnp)
< c{i%~(ZL__D}-(1+§(w))m:c(1+§(w))m, (6.8)

where ¢ is a positive constant independent of .
On the other hand, by Theorem 5.1, we can obtain the following estimate for the
remainder term R ("+3) (e, )(w) under |[7]|; < ro and &(FW) < p:

n+2

n — 1 n
R Eam] < 3 (5 Rzl
k=1 (31, zk)es’”?’
Mn+3 __ n+3
+(n+3)uHR(l)(w)al
n+3M _'_2 o
< c{;k—f <Z_1> bt (14 g(m@) ™
= "1+ ¢(w)" (6.9)

where ¢ = ¢(n + 3,79, p) is a positive constant independent of w € GQ,(X).

Next we recall the condition (H2). Since the function Fj : H — R attains its minimum
at a unique point 7, it holds that

0 = (7v,h)y +DF()[x(h)]
(7, 1), + DE(9)[¢' (h)] = ()

for any h € H. Here we used Lemma 4.3 for the second line. By Theorem 4.4, h — ¢'(h)
extends a continuous map on G€2,(X). Hence the extension

/0 2 (#)dw, (1) + DF(6)[¢ @)] = e() (6.10)

holds P.-almost surely, where fo t)dw (t) is the stochastic integral and we write [v|(w)
for it. For the more detailed derwatlon of (6.10), the readers are referred to see pages 190
and 191 in [6]. Then (6.10) leads us that

T (6) (@) = DF(¢) [6"(@)1] = e(v) — [y](w) (6.11)

holds P.-almost surely.
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Now we return to the integral Iy(e). By (6.5), (6.6) and (6.11), we can proceed as

e = GG X)) ey el _ Bl(m) _ Il

€ € 2e2

xexp [ - 5 {F(0) + () — b))

n+2

+ 2 )) + R e o)) HPatam),
- /GQ (X) 1Up/a<w)G(@(L(5w + Y, A° ))1) - exp ( — J}(wz)(¢)<w))
X exp [— ng 2J sz(n+3)(€ o) (@ )]Pl(dw)

- /GQ x) 1Up/g(w)G<(I)(L(€w + 7, A° ))1> - exp ( — t]?)(¢)(w>>

xexp | - Z = 21((0) (@) | Py (dw)

+ / 1y, (@)G(P(u(EwF7, X)) - exp ( — Ji (¢) (W)
GQp(X)

n+2

xexp [ - > 21 (6) ()] - [exp (- 5—121-25;”3)(5, 6)(m)) — 1] (dm)
@)+ 6. (6.12)

Next we expand in a similar way G(®(c(ew + 7, X%))1) in a Taylor series with respect
to ¢, and insert this expansion into Iy;(¢). Then we obtain

@) = [t (R 0m) e (- 0m)

xexp [ = 3 eI () (@) | Pa(dw)

m=3

gy e IR 0)) e (= 7))

xexp[ Z&?m 2J }Pl(dw)
= Iya(e) + I (). (6.13)

Moreover by expanding the exp-function appearing in the right-hand side of Iy (),
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we can rewrite as

he® = [ . 1Up/5<w>-(j§;ewg><¢><w>)-exp(—Jé%)(w))

X[HZ - (ng 21 (6) () ) B ()
+/GQP(X) 1y,,. (@) <§€ng)(¢)(w)> exp (=5 (0)()

k=n-+1 ’ m=3

= Ios(e) + IP(e). (6.14)

We denote by G(k,n) the set of all maps 7 : {1,...,k} — {3,...,n+ 2} for k =

1,...,n. By using this notation, we can rewrite Iy 3(c) as follows:

Ios(e Z ¥ / VI (6)(@) - exp (— I (6)(w)) Py (d)

GO, (X

D % / L@ (0)(@) - exp (— I (0)())

G (X)
x Y RO f[ TS () (@)P (dw). (6.15)
We now have the disjoint union G(k,n) = G,(j, k,n) U G(j, k,n) UG (4, k,n), with
G(j.kon) = {rm€Glkn) }]+Z —~2) <n},
Gikn) = {x e GEn) |5+ 30 -2 =}
pa

k
G'(j,k,n) = {7r €G(k,n) | j—l-Z(ﬂ'(i) -2) > n}

For our later use, we also set

=1

Gi(j.km) = {redlhn) | j+ Y () ~2) <n}
G(4, k,n) UG(j, k,n).
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By inserting these into the right-hand side of the second term of (6.15), we obtain

lose {Zaf / @I @)@) - exp (— 2 (6) () Py (d)

+ZZ}—!/GQP<X> Lo,,.(@) ¢ (8)(®@) - exp (= 17 (6)(@))

=0 k=1

k
D ) | L)

7€G, (5,k,n) i=1
- (D ) w O g1
+{j:0]; Kl /GQP(X) 0, (@)1 (@) (@) - exp (= I (0) (w))
k
xS IELEO T I (6) (w)Py( dm)}
meG(4,k,n) i=1
= Ioa(e) + 15" (o). (6.16)

We observe that Iy 4(g) contains only terms where ¢ is taken to a power less than or equal

to n and Iél), e 71(54) contain only terms with higher powers of ¢.
Finally, we want to remove the characteristic function 1y, _(w) from Ip4(g). We divide

Ioa(e) by Toa(e) = Los(e) + IS (), where

hae) = 32 [ I (@) -exp (- I(0) @) Py

im0 JGNW(X)
~x— (-DF ) o (2 1\
+33 5 /GQP(X)JG ()@ - exp (~ J2(6)(w))
x Y etEn HJ}” )P, (dw), (6.17)
n€G, (Gkn)
) = =& / oy L0 DG (V@) - exp (=T (6)()) ()

S [t @I ) e (- 10 m)

7=0 k=1

k
x Y R EODTT g () ()P (dw). (6.18)
7€G| (j.k,n) =1

Here we note that Theorem 4.4 and Lemma 6.4 denoted below, the integrand in (6.17) is
integrable on G€,(X) with respect to P;. (See Step 3 for more detailed discussions.)
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n

We remark that y5(¢) can also be written as Io5(e) = Y. _ m(y)e™ with

m=0
ao(7) = G(9) exp (= Ji(6) (@) Py (dw)
GQp(X)
and
(m) — —< (—1>k (4) =
am(y) = E @ @) + 30> I o) @)
GQp(X) j=0 k=1
x [T/5V@)@)] - exp (= I (6) @) Py (dm)
meG(j,k,m) i=1
for m = 1,...,n. This proves the asymptotic expansion (3.3) claimed in Theorem 3.2,

provided we give suitable estimates on Y, ](()k) (¢) given below. Note that we have
already estimated I;(g) in Step 1.

Step 3: We start by estimating the term Iél) (¢). By the mean value theorem, there exists
some constant 6 € (0, |R7 (¢, ¢)(w)|/e2) such that

lexp (~ 5 RE o)) — 1| < (] RE (e 6)m))

holds. Moreover by using the estimates (6.8) and (6.9), we obtain the following estimates
forw € U,).:

IR @)@ < e+ +E@), k=10, (6.19)

SR @] < a1+ @) < ol + M (1 +HE@)P, (620

where ¢; = ¢ (k) and ¢y = ¢3(n, 1) are positive constants.
Then we have

1O < 6. [ e (- I 0)m@)

G, (X)
X exp [( ”z_: ci(m)(e + p)m> (1+ 5(@))2]

xexp |eale + )" (L + (@) (2 (1 + @)™ ) By (d)
Cn—l—l ex _ 72 w
< e /GQP(X) p(— J2(0)()
X eXp [03(1 + g(m))?} (1+ £(@))"Py (dw), (6.21)

where ¢3 = c3(n, rg, €, p) is a positive constant, and note that the constant ¢ tends to 0
as ,p "\, 0.
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Now we use the fact that exp(—JI(,Q)(ng)(-)) belongs to LY(GQ,(X),P;) for some ¢ > 1.
(This is shown in Lemma 6.4 below.) We take ¢,p > 0 sufficiently small such that
4e3q < B(q — 1) holds. Moreover by Proposition 2.3, it holds that for any m > 0,

/GQP(X) exp (mé(w)>IP’1(dw) +/ £(W) Py (dw) < oo. (6.22)

GQp(X)

Then Holder’s inequality leads us that
/ exp (= J2(6)(@)) - exp es(1 + €)1 (1 + ()" Py ()
GQp(X)

< { [, oo (e @)rEm)”

[ e (2 0+ ) e}

2g(n+3) -1

x{/GQ @) Pi(dm)} 7 <oo.  (623)

By combining (6.21) and (6.23), we see that 15”(5) < ¢1(n)e™™ holds.

The contribution for Iéz)(e) is treated in the same way as above and we can ecasily see
the estimate I\ (g) < co(n)e™.

Next we proceed to estimate the term Iég) (¢). We use an elementary inequality

s
‘Zk;‘ ‘_n' reRneN.

By inserting this estimate and recalling (6.19) and (6.20), we have the following estimate:

el < [ @ (@) e (- I 0)m)

Lot (Ee i omi)™
X exp (gs“wém)(w @) J7i(em
/ o) L0 -(gej\J§5><¢><w><)-exp(—J?(@(m))
X{(iﬁm‘3!Jém)(¢)<@>l)n+lexp(i 21 (0)(@)]) b am)
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{ cm)(e+ o) (14 g@)*)""
X exp (Z ce(m)(e+p)™ 2 (1+ f(w))2> }pl(dw)
< et [ e (= AP O)@) - (1 g@)* "
GOp(X)
x exp (<(1 + &(w))?) Py (dw), (6.24)

where ¢ = /(n,e, p) is a positive constant, and note that the constant ¢ tends to 0 as
g,p \, 0. Now we take ¢, p > 0 sufficiently small. Then we may apply Proposition 2.3.
Therefore by using Holder’s inequality and (6.22), we get, in a similar way as for the term
19(e), that I (e) < cs(n)en .

Let us now consider the term I(()4) (¢). We note that the number of elements of G(k,n)
is less than n*. Then we have

e < ey L /Gﬂpm 6 (@) - exp (= I (6)())

=0 k=1

X Z €J+Zz L(m(1)=2)—(n+1) H }J )(w)‘ P, (d@)
weGl(j,k,n)
w1 ~nt )4\ (m
< ce™Mn+1)Y exp (— Jp ' (¢)(w))
K Jaa,ox)
x (14 &@))" ™" PP, (dw).  (6.25)
Hence Holder’s inequality and (6.22) lead us that 1'54) (e) < cy(n)e ™.

Finally, we give an estimate on the term Ié5) (¢). By using similar estimate to (6.25),
we have

n

c(n+1) Zk' / 0,00 (@) - exp (= I (6) ()

x (1+ &@))" 2Py (dw).

Here we prepare the following Gaussian estimate by remembering Proposition 2.3:
2
Pu(w) 2 2) <o [~ 0(2)] [ ew (ps@p?)Biim). (620)
< £ GQp(X)
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For the constant ¢ > 1 denoted in Lemma 6.4 below, we take positive constants qi, qo
such that 1 < ¢; < ¢ and 1/¢; + 1/g2 = 1. Then by Hélder’s inequality and (6.26), we
can continue to estimate as

1P < CPl(g(m)Zp/g)l/qz

SOtV

7=0

n n n
4 F{/ +£(E)) a+k(n+2)q1
GQp(X)

k=1

(1 + €)™ - exp (— 01T (@) @)1 (dm) )

Q

Qp(X

3

X exp ( —q1 Jz(vg)(@ (m))ﬂml(dw)}l/ql}

< con[-2(2)]

Therefore this estimate leads us that ][(55) (e)] < c5(m)e™ holds for all m € N.
Hence by getting together this estimate and the previous estimates on [, [él), cee [(54),
we complete the proof of the asymptotic expansion formula (3.3).

Step 4: In the following, we discuss the higher integrability of exp (— J2(¢)(-)) based on
6] and [8]. First we give an explicit representation of the Hessian A which are defined in
Section 3. By recalling (4.17) and using Lemma 4.2, we have that for each h, h € H,

(Ahjb)H = DF(@[DQ‘I’O(V)[haiLH +DQF(Cb)[D‘I’O(V)[h]aD\I’O(V)VLH
= DP@[T( [ (V)@ [x(herdh] + (Vo) (00) [x(h.,dn]

+F(/O.(V2")(¢s)[X(h)s,x(ﬁ)s,d’ys} +a(0) - V2b(¢s)[x(h)s,x(h)s]ds>]

+D*F() [x(h), x(h)] (6.27)

holds, where x(h) := x(h;~) is defined through the differential equation (4.15).
We define a bilinear map V : H x H — P(Y') by

Vi) =T( /0'<w><¢s>[x<h>s,dﬁ] (Vo) (o) [x(B)sdh]) , 120, (628)

and define a bounded self-adjoint operator A on H by

(An,h), = DF(¢)[V(h,h)]  for h,h € H. (6.29)
Then by (6.27), (6.28) and (6.29), we obtain
(A= A)n,h),,
— DF(o)|r( / (20)(0:) [x(B)er X(h)ar ] + a(0) - T2b(00) [x(h), x(R).]ds) |
+D*F(9) [x(h). x(h)]. (6.30)
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By drawing the proof of Lemma 5.1 in [6], we can see the following: there exists a
positive constant ¢ such that ||x(h)|prvy < c¢||h||px) holds for any h € H C BV(X).
Hence (6.30) leads us that

|((A=A)h,h), | < clx(W)lpay - IxB)lpey < e llhllpe - 7] pe

for some constant ¢ > 0. Now we may apply Theorem 4.6 in [9] to an abstract Wiener
space (P(X),H,P)) to obtain that A — A is of trace class operator on H.

The following properties on the operators A and A are taken from Lemma 4.6 in 8].

Lemma 6.1 (1) A and A are self-adjoint Hilbert-Schmidt operators on H.
(2) The continuous extension of the quadratic form defined by A — A is expressed as

(A—Aw,w) = D*F(¢)[x(w)1, ()]

+DF(9)|1( /0'<vza><¢s> X(@)1(5), X(@)s(5), ds]
N / a(0) - V?b(6.) [x(@)1 (), x() ()] ds )]

Next, we consider the stochastic integration of the kernel associated with A. Since
H = L2([0,1], H) = L*([0,1],R) ® H, any self-adjoint Hilbert-Schmidt operator S on
H corresponds to a kernel function Kg € L*([0,1] x [0,1], H ® H) with Kg(u,s) =
Kg(s,u)* for almost all (u,s). Here ® denotes the Hilbert-Schmidt tensor product. The
correspondence S +— Ky is isometric. Then for the X-valued Brownian motion w =
(w¢)o<t<1, an iterated stochastic integral

1 s
Rg(w) =2 / / Ks(u, 5)[dwy, dw,]
o Jo
is well-defined. Clearly, this random variable is in L?(IP}) with expectation 0. The corre-

spondence S +— Kg € L*(P)) is isometric.
For y € Y, we define Q(y) € L*(X, X;Y) by

Q) w:] = (V)W) [ol)m,w)ys mrmr e X.

Then by Theorem 3.1 in [9], we can define Tr(Q2)(y) € Y by

Te(Qy)(y) = /X Qu(y)w 2luldr),  yeY.

The following lemma is essentially shown in Corollary 7.3 and Lemma 7.4 in [6].

Lemma 6.2 (1) For each o € P(Y)*, aoV is a Hilbert-Schmidt symmetric bilinear form
on H. (We also denote by ao V' the self-adjoint Hilbert-Schmidt operator on H associated
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with this bilinear form.)
(2) For any o € P(Y)*, it holds that

a(O(W)) = Kaov (W), Py -almost surely,

where
o) = w(m,m)l—r(/O'Tr@g)(qss)ds)
([ (oG R@n) 0@ (s). ]
+a(0) - V?b(6.) [x(@)(s), X(@)(s)] ds ).

In particular, DF(¢)[0(W)] = K ;(w,) holds Py-almost surely.

Next we present the following integration formula. See the proof of Lemma 8.3 in [6]
for details. This formula plays an important role to compute the quantity ay.

Lemma 6.3 It holds that

1/~ - .
[ e[ = g (Ram) + (4= Ayww))|Badm) = e D dety (1 -+ 4) 12
G (X)

where dety denotes the Carleman-Fredholm determinant.

Now we discuss the integrabilities of exp(—J}Z)((b)()). By Lemma 4.3, we have

TRO)@) = D@ + 5 D*F(6)[6" @), 6! w)]
= S (DF@)[w@m), + Y (@) +220)]
+D2F(9) [X(®@)1 + Z1(3), x(@)1 + Z1(7)] )
<DF(¢) [¢(w,W)1] + D*F(¢)[x(W)1, x(@)l])
+% (DF(¢) [V (w)1] + 2D*F(¢) [x(W)1, Em])
+% (DF(¢) [E2(7)] + D*F(¢)[Ea(v), El(v)D
= i (9) @) + TP (9) @) + T (9).

Here we note that J1(7272)(¢) (w) = 0 and J[(TQ’S)(QZ)) = 1DF(¢)[Z2(7)] hold if a’'(0) = 0. By

Lemmas 6.1 and 6.2, we can proceed as follows on the term J}Q’l)(qﬁ) (w):

1
2

1N @)@) = 5 (Ratm) + DF@) [T | T(@a)(ods)] + (4 - A )
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Then Lemma 6.3 implies

[ e (= a0 @) e
G2 (X)

— exp ( - %Tr(A — A)— DF(e)[( / | Tr(QQ)(qbs)ds)D deto(Iy + A)7V2.(6.31)

0

On the other hand, by the condition (H2), there exists a constant ¢y > 1 such that
(Ig + qoA) is strictly positive. Hence by (6.31) and qOJI(f’l)((b) (w) = Jq((?};)(gb)(w), we can
see that exp ( — Jg’l)(qb)(-)) € L°(GQ,(X),Py) holds. Moreover, by Corollary 4.5, we

have |JI(;2’2)(¢)(@)| < ¢ (1+ &(w)) for Py-almost surely w € G€,(X). Therefore for any
1 < q < qo, by (6.22) and Holder’s inequality, we have

[ e (- a0 @) Py
Gp(X)
oxp (— g J&3) ) exp (= qo (2,2) D)) P, (4@ a/q0
< exp(—qJp(9)) (/GQP(X) p (= qJ&7 (8)(w))Py(d ))

<0 (— dod  ;(2,2) _ /o
([, o (= a2 o) @) )

< exp (a9 - ( /G (- w02 (0) () By (dm)) "

X (/GQ O (c (1+ g(w)))m(dw))l_q/qo < .

Hence we have shown
Lemma 6.4 There exists a constant ¢ > 1 such that
exp (— J2(0)() € LUGQ,(X),Py).
Finally, by summarizing above all arguments, we can state

Theorem 6.5 We have the asymptotic exzpansion (3.3) and the coefficients {c, }_, are
gien by

a0 = aoly) = G(0) /G o, O (=IO ),

< > TIHD @ @) - exp (- 2 (6) @) Py (am),

7€G(j k,m) i=1
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where
pe@ = 5( X DFEO @ ok mn]),

k=1 (i1, ik ) ESY,

and
G(j, k,m) = {W:{l,...,k}—>{3,...,m+2} | j+Z(7r(i)—2):m}.

Moreover if we add a condition a’(0) = 0, then ¢(y) = 0 and the coefficient oy has the
explicit representation

0 = exp [ = 3T(A = 4) = DF(@)[5%2() + T | T(Q)(60)as)]] - detallis + 4),

where dety denotes the Carleman-Fredholm determinant.

Finally, we generalize Theorem 6.5 to the case where the phase function has finitely
many non-degenerate minima.

Theorem 6.6 We assume that the phase function Fy has a finite set M := {71, ..., Y%}
of minimum points and the condition (H3) holds separately for every ~v;, i = 1,... k.
We denote by c¢(M) = inf{c(y)|y € M} and J :={j € {1,...,k}c(v;) = c(M)}. Then
we have the following asymptotic expansion formula:
E[G(X)exp (= F(X)/2%)| = exp (= Fa(n)/=?) exp (- c(M)/e)

X (ag + are + -+ ane” + 0O(e")), (6.32)

where the coefficients {am }r_y in (6.32) are given by o, = Zam(yj), 0<m<n.
JjeJ
Proof. We denote ¢; := Vy(7;),i = 1,...,k, and choose p, p’ > 0 sufficiently small such
that open balls B(¢;, p') C B(¢;),i =1,...,k, are pairwise disjoint in P(Y") and
{@0@N),0.) | T+ U, A=Vl <} € B(ow.p'/4)

holds. Here B(¢;) is the neighborhood of ¢; € P(Y) in the condition (H3). We define
a cut-off function n € CP(R,R) by n(z) = 1 for |z| < p/2, n(z) = 0 for |x| > p and
0<n<1. Foreachi=1,..., k, we define a continuous function G; : P(Y’) — R by

Gily) = 77<2||y — @l\P(Y)) -G(y), yePY)

We define Gy := G — Zle G;, so that Zf:o G, =G. Foreachi=1,..., k, we also define
a continuous function F; : P(Y) — R by

Fiw) = {1=n(lly = 6ll o)) } + Fw). w € P(Y).
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Then the functions {F;}% , and {G;}¥, satisfy conditions (H1), (H2) and (H3) in
Section 3, where each (F;)a := F; o W + || - ||3,/2 achieves its minimum at the unique
point ~v; € H. Moreover we can see that for v =1,... k,

/GQ (X) Gi(®(c(zw, A))1) exp [— éF(‘I)(L(%, AE))l)}Pl(dE)

_ / L GRUEm ) e [~ SF (0w, ), | Py (dw).

Then by noting above, we have

/ G (D(c(zw, A))1) exp [— 8—12F(c1>(b(5—w, Aé))l)]n»l(dw)
G2, (X)

k
) 1 o -
= 3 g SR AN) 0 [ - (@) P

— / . Yo ((I)(L(S_IU, )\5))1) exp [— 6—12f7(CI)(L(5—w7 As))l)}Pl(d@)

k

G:(2(Ew, X)) exp | — S (@((Em,2)),) | Ba(am)
i=1 Y GOp(X)

= To(e) + > _Tile). (6.33)

=1

For the term Zy(e), we note that the following equality holds:
exp (Fa(m)) - Zo(e)
1 -
_ / Go(®(1(, 3))1) - exp [ — 5 Fa (D(Ew, X)) | Py ().
o1 (Tt Up)e €

Here we recall the estimate (6.3). Then there exists positive constants a and ¢y such that
exp (Fa(m)) - |Zo(e)] < kGl - exp(—a?/2) (6.34)

holds for all 0 < ¢ < &g.

For each term Z;(¢),i = 1, ..., k, we may apply Theorem 3.2. Therefore we get together
estimates (3.3) on Z;(¢),...,Zx(e) with (6.34), and insert these into (6.33). Then we can
obtain the desired asymptotic expansion formula (6.32). i
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