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Abstract
We present energy stable finite element schemes for two-fluid problems
with interfacial tension. The interface is captured by solving numerically
ordinary differential equations and the interface tension is brought in into
the weak formulation of the finite element scheme. Some numerical results
of rising bubble problems show the robustness and the applicability of these
schemes.

1 INTRODUCTION

Many numerical schemes have been developed and applied to two-fluid flow problems
with surface/interfacial tension, see e.g., [7, 8] and references therein. It is, however,
not an easy task to construct numerical schemes, stable and convergent. To the
best of our knowledge, there are no numerical schemes whose solutions are proved
to converge to the exact one. There are very little discussion even for the stability
of schemes. When there is no surface tension, we have developed energy stable
finite element schemes from the approach of the density-dependent Navier-Stokes
equations and applied them to the Rayleigh-Taylor problem [5, 4]. These schemes
are proved to be unconditionally stable in the energy sense. In this formulation the
density is treated as a field function solved in the whole domain, and it also works
as a level set function.

Here we extend the energy-stable finite element schemes to two-fluid flow prob-
lems with interfacial tension. In order to get the correct interfacial tension we need
more precise position of the interface. We distribute particles on the interface, and
solve numerically ordinary differential equations. The Navier-Stokes equations writ-
ten in the weak formulation including the interfacial tension are solved in the fixed



finite element mesh. A similar idea for the total scheme has been already presented
in [8], where the Navier-Stokes equations are solved by a finite volume projection
method. We employ the P2/P1 finite element to get the velocity and the pressure,
whose convergence theory has been well established [2, 1]. Caused by the effect of
interfacial tension, the obtained scheme is not proved to be stable a priori. We give
another more stable scheme. In this paper we do not discuss the analysis of these
schemes, but present the formulation and show some numerical results obtained
from them.

2 TWO-FLUID FLOW PROBLEMS WITH IN-
TERFACIAL TENSION

Let Q be a bounded domain in R? with piecewise smooth boundary I', and T" be
a positive number. At the initial time ¢ = 0 the domain €2 is occupied by two
immiscible incompressible viscous fluids; each domain is denoted by Q9 k = 1,2,
whose interface 9QY N OQY is denoted by I'%,. We assume that I'Y, is a closed curve,
which means that one fluid, say, fluid 1, is in the interior of the other fluid 2. At
t € (0,7) the two fluids occupy domains Q(t), £ = 1,2, and the interface curve is
denoted by I'1o(t). Let pr and py, k& = 1,2, be the densities and the viscosities of
the two fluids. Let

u: Q2 x(0,T)—R?* p:Qx(0,T)—R

be the velocity and the pressure to be found. The Navier-Stokes equations are
satisfied in each domain Q4 (t), k = 1,2, t € (0,7T),

ou
p{ G+ (0 V= VWD) + Ve = i, (12
Vou = 0, (1b)
where f : Q x (0,7) — R? is a given function and D(u) is the strain-rate tensor

defined by
1 /0u; Ou;
D;i(u) == ‘ 7.
" (U) 2 (81‘] + 8331)

On the interface I'12(t), t € (0,7"), interface conditions

W =0, [o(uu,p)n] = yorn (2)
are imposed, where [-] means the difference of the values approached from both
sides to the interface, x is the curvature of the interface, 7, is the coefficient of the
interfacial tension, n is the unit normal vector, and o is the stress tensor defined by

o(p,u,p) = —pl +2pD(u).
On the boundary T', ¢ € (0,7, the slip conditions

u-n=0, o(pe,u,p)n xn =20 (3)



are imposed. Initial conditions at ¢ = 0 for the velocity
u = u’ (4)

are given.
In order to derive numerical schemes we reformulate the problem as follows: find

functions
x:[0,1] x (0,7) = R? (u,p):Qx(0,T) - R*xR

satisfying for any ¢ € (0,7)
ox
ot
and (1) in Qk(t), £ = 1,2, with interface conditions (2), slip boundary conditions
(3), and initial conditions (4) and

u(x,t),  (s€l0,1]) ()

X(-,0) = x", (6)

where x : [0,1] — R? is an initial closed curve in Q. For any ¢, x(1,t) = x(0, ) and

{x(s,t);s €10,1]}

shows a closed curve C(t) in Q. C(t) is nothing but the interface curve at t, and
Qk(t), k = 1,2, are defined as the interior and the exterior of C(t), respectively.

3 ENERGY STABLE FINITE ELEMENT SCHEMES

We now present energy-stable finite element schemes for the problem described in
the previous section. We prepare function spaces,

X ={x € H0,1)%x(1) = x(0)},
V={ve H(Q)*v-n=0 (z )},

Q = L(Q),

where unknown functions x(¢),u(t), and p(t) are sought. Let X, Vs, and @) be
finite-dimensional approximation spaces of X,V and ). Let At be a time increment
and Ny = |T/At]. We seek approximate solutions xj,uy, and p} at ¢ = nAt in
Xn, Vi, and Qy, respectively. More precisely, these approximate function spaces are
constructed as follows. Dividing the domain €2 into a union of triangles, we use
P2 and P1 finite element spaces for Vj, and @, respectively. They are fixed for
any time step n. On the other hand X}, is composed of functions obtained by the
parameterization of polygons. We denote by {s € [0,1];i = 0,---, N} the set of
parameter values such that sj = 0 and s, = 1 and that {x}(s}');i} are vertices
of a polygon. The number N may change depending on n. We also introduce an
auxiliary function space ¥ = H'(2) and the P1 finite element approximation space

U,. We denote by Da, the backward difference operator, e.g.,

n n—1

Davuiy = =7,



Scheme I: Find {(x},u},p}) € Xp X Vi, X Qp;n =1, , Ny} satisfying

Daci = Sui 07 — 520G - A G, s (7a)
(PZﬁlDAtUZL + %UZDAtPZ, Uh) +ai(ph, up s uys vn) + aolph ug, on) + b(on, py)
= (ppnf" vn) — d(xh, v Cy), Vo € Vi, (7b)
b(up,qn) =0,  Van € Qn (7¢)
subject to the initial conditions
Xn = X", up = . (8)

Here 11 is the interpolation operator to the corresponding finite-dimensional space,
(-,-) shows the inner product in L*()?, and

1 1
ay(p, w,u,v) = /Q {g(w - Vp)u + ép(V cw)u+ p(w - Vu} - v de,
calp.v) = [ 2up) Va0 do,

bmm:—éwwmm,

Ng
d(u, v;Cp) = Z%DASUZDAS% (si = sim1)/Ixi = xi-1l-
i=1
Let 7 be the tangential to the interface C. The bilinear form d(u,v) is an approxi-
mation to

Ou Ov

57 o7

which is derived from the interfacial tension. Once x} is known, we can define 7,

k = 1,2, as the interior and the exterior of the polygon, respectively. In (7b) p, € ¥y,
is an auxiliary function defined by

dl,

ph(Pi) = Pk

if the node P; belongs to Q7,. (7a) is based on the Adams-Bashforth method for
the numerical solution of ordinary differential equations. N shows the number
of particles on the interface at time step n. We control N’ so that the particles
may distribute uniformly in a sense. (7b) and (7c) consist of an energy-stable finite
element scheme developed in [5] when there is no term d.

Scheme II: We add the term
At d(uy,vp; Cp) (9)

to the left-hand side of (7b). The other parts are same as Scheme I. This means
that the curvature of the interface is computed implicitly using the unkown uj. For
the idea of the introduction of this term we refer to [6]. Scheme II is more stable
than Scheme I, which is recognized in the next section.
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Figure 1: Statement of the problem and a mesh, N, = 4, 500

4 NUMERICAL RESULTS

4.1 A rising bubble in a channel
Let 2 =(0,1) x (0,2) and 7' = 10. Setting

1 1 1 1
X' (s) = (5 + 7 608 27s, 5 + 2 sin 27s)

we see the initial domains 20 and Q9 shown in Fig. 1. We take the following values,
(p1, 1) = (10,1),  (p2, o) = (100, 2)
and the initial velocity and the outer force,
u’ = (0,007, f=(0,-1)T.

We divide the domain €2 into a union of triangles. The sides AB and CD are divided
into 32 equal segments, and the other sides are divided into 64. The mesh is made
by FreeFEM [9]. The total element number N, is equal to 4,500.

4.1.1 The comparison of Schemes I and 11

We compare the stability property of Schemes I and II. Both schemes are proved to
be unconditionally energy-stable, i.e., for any At > 0

max{/pﬁ]uﬁﬁdm; n=20,--- ,NT} < 00
Q
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Figure 2: Scheme 1. Qy(¢) at t = 0.0,2.5,5.0,7.5,10.0 (7o = 1.0, At = 1/16)
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Figure 3: Scheme 2. (¢) at t = 0.0,2.5,5.0,7.5,10.0 (7o = 1.0, At = 1/8)

if 70 is equal to zero [5]. In the case of 7y > 0 we see Scheme II is more stable than
Scheme I. Let 9 = 1.0 and At = 1/8. Then we cannot get any solution in Scheme
I due to the instability caused by the interfacial tension, but we get the solution in
Scheme II. By setting At = 1/16 we can get the solution in Scheme I, though the
small oscillation is seen in the interface at ¢ = 10, see Figs. 2 and 3.

4.1.2 The effect of the interfacial tension coefficient

We use Scheme II and set At = 1/8. We take 79 = 0.0,1.0,2.0. Their interface
curves at t = 0,2.5,5.0,7.5,10.0 are shown in Figs. 4, 3, and 5. As 7 becomes
larger, the shape of the interface becomes more round because of larger interfacial
tension. Fig. 6 shows the elevations of the pressure at ¢ = 5.0 in those cases. In these
figures the front side is CD. When vy becomes large, the pressure in €2y increases.

4.2 A rising bubble in a swayed channel

Our scheme is based on the finite element method, which has an excellent geometrical
flexibility. Fig. 7 shows a numerical result of a rising bubble in a swayed channel.
The values p; and pu;, © = 1,2, and the positions of four corners are same as those of
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Figure 4: Q,(¢) at ¢ = 0.0,2.5,5.0,7.5,10.0 (o = 0.0)
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Figure 5: Q4(t) at t = 0.0,2.5,5.0,7.5,10.0 (7 = 2.0)

the previous problem, and both swayed walls are expressed by
T1 = asinmxy, 1+ asinmr,, a=0.2.

The initial interface curve is defined by

1 1 1 1
x(s) = (§ + - Cos 27s, = + R sin 27s).
The domain is divided into a union of triangles. The total element number N, is

equal to 5,914 and At is set to be 1/8.

5 CONCLUDING REMARKS

We have developed stable finite element schemes for two-fluid flow problems with
interfacial tension and presented some numerical results for rising bubble problems.
These are robust and mathematically sound schemes. Their stability analyis will be
given in a forth coming paper.
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Figure 6: Elevations of the pressure at t = 5.0 (7, = 0.0, 1.0, 2.0)
ACKNOWLEDGMENTS

This work was supported by the Japan Society for the Promotion of Science un-

der Grant-in-Aid for Scientific Research (S), No.16104001 and by the Ministry of
Education, Culture, Sports, Science and Technology of Japan under Kyushu Uni-

versity 21st Century COE Program, Development of Dynamic Mathematics with
High Functionality.

References

[1] F. Brezzi and M. Fortin. Mized and Hybrid Finite Element Methods. Springer,
New York, 1991.

[2] V. Girault and P. A. Raviart. Finite Element Methods for Navier-Stokes Equa-
tions, Theory and Algorithms, Springer, 1986.

[3] M. Tabata. Numerical simulation of Rayleigh-Taylor problems by an energy-

stable finite element scheme. To appear in Proceedings of The Fourth Interna-
tional Workshop on Scientific Computing and Its Applications, 2006.

[4] M. Tabata and Y. Fukushima. A finite element approximation to density-

dependent Navier-Stokes equations and its application to Rayleigh-Taylor in-
stability problem. In S. M. Sivakumar et al., editors, Advances in Computa-

tional & Ezxperimental Engineering and Sciences, pp. 455-460. Tech Science
Press, 2005.



1)) )9 )
BN

Figure 7: A rising bubble in a swayed channel at ¢t = 0.0,2.5,--- ,17.5 (7 = 1.0)

[5]

[9]

M. Tabata and S. Kaizu. Finite element schemes for two-fluids flow problems.
To appear in Proceedings of 7th China-Japan Joint Seminar for Computational
Mathematics and Scientific Computing, Science Press, 2006.

M. Tabata and D. Tagami. A finite element analysis of a linearized problem of
the Navier-Stokes equations with surface tension. SIAM Journal on Numerical
Analysis, Vol. 38, pp. 40-57, 2000.

T. E. Tezduyar, M. Behr, and J. Liou. A new strategy for finite element com-
putations involving boundaries and interfaces - the deforming-spatial-domain
/space-time procedure: 1. Computer Methods in Applied Mechanics and Engi-
neering, Vol. 94, pp. 339-351, 1992.

G. Tryggvason, B. Bunner, A. Esmaeeli, D. Juric, N. Al-Rawahi, W. Tauber,
J. Han, S. Nas, and Y.-J. Jan. A front-tracking method for the computations

of multiphase flow. Journal of Computational Physics, Vol. 169, pp. 708759,
2001.

http://www.freefem.org/.



List of MHF Preprint Series, Kyushu University

MHF2005-1

MHE2005-2

MHF2005-3

MHF2005-4

MHF2005-5

MHF2005-6

MHF2005-7

MHF2005-8

MHF2005-9

MHEF2005-10

MHF2005-11

MHF2005-12

21st Century COE Program
Development of Dynamic Mathematics with High Functionality

Hideki KOSAKI

Matrix trace inequalities related to uncertainty principle

Masahisa TABATA
Discrepancy between theory and real computation on the stability of some
finite element schemes

Yuko ARAKI & Sadanori KONISHI
Functional regression modeling via regularized basis expansions and model
selection

Yuko ARAKI & Sadanori KONISHI

Functional discriminant analysis via regularized basis expansions

Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA

Point configurations, Cremona transformations and the elliptic difference Painlevé
equations

Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Construction of hypergeometric solutions to the ¢- Painlevé equations

Hiroki MASUDA
Simple estimators for non-linear Markovian trend from sampled data:
I. ergodic cases

Hiroki MASUDA & Nakahiro YOSHIDA
Edgeworth expansion for a class of Ornstein-Uhlenbeck-based models

Masayuki UCHIDA
Approximate martingale estimating functions under small perturbations of
dynamical systems

Ryo MATSUZAKI & Masayuki UCHIDA
One-step estimators for diffusion processes with small dispersion parameters
from discrete observations

Junichi MATSUKUBO, Ryo MATSUZAKI & Masayuki UCHIDA
Estimation for a discretely observed small diffusion process with a linear drift

Masayuki UCHIDA & Nakahiro YOSHIDA
AIC for ergodic diffusion processes from discrete observations



MHEF2005-13

MHEF2005-14

MHF2005-15

MHF2005-16

MHF2005-17

MHF2005-18

MHF2005-19

MHF2005-20

MHF2005-21

MHEF2005-22

MHEF2005-23

MHF2005-24

MHE2005-25

MHF2005-26

MHF2005-27

Hiromichi GOTO & Kenji KAJIWARA
Generating function related to the Okamoto polynomials for the Painlevé IV
equation

Masato KIMURA & Shin-ichi NAGATA
Precise asymptotic behaviour of the first eigenvalue of Sturm-Liouville prob-
lems with large drift

Daisuke TAGAMI & Masahisa TABATA
Numerical computations of a melting glass convection in the furnace

Raimundas VIDUNAS
Normalized Leonard pairs and Askey-Wilson relations

Raimundas VIDUNAS
Askey-Wilson relations and Leonard pairs

Kenji KAJIWARA & Atsushi MUKAIHIRA

Soliton solutions for the non-autonomous discrete-time Toda lattice equation

Yuu HARIYA

Construction of Gibbs measures for 1-dimensional continuum fields

Yuu HARIYA
Integration by parts formulae for the Wiener measure restricted to subsets
in R?

Yuu HARIYA
A time-change approach to Kotani’s extension of Yor’s formula

Tadahisa FUNAKI, Yuu HARIYA & Mark YOR
Wiener integrals for centered powers of Bessel processes, |

Masahisa TABATA & Satoshi KAIZU
Finite element schemes for two-fluids flow problems

Ken-ichi MARUNO & Yasuhiro OHTA
Determinant form of dark soliton solutions of the discrete nonlinear Schrédinger
equation

Alexander V. KITAEV & Raimundas VIDUNAS
Quadratic transformations of the sixth Painlevé equation

Toru FUJII & Sadanori KONISHI
Nonlinear regression modeling via regularized wavelets and smoothing
parameter selection

Shuichi INOKUCHI, Kazumasa HONDA, Hyen Yeal LEE, Tatsuro SATO,
Yoshihiro MIZOGUCHI & Yasuo KAWAHARA
On reversible cellular automata with finite cell array



MHE2005-28

MHF2005-29

MHF2005-30

MHF2005-31

MHF2005-32

MHEF2005-33

MHF2005-34

MHF2006-1

MHF2006-2

MHEF2006-3

MHF2006-4

MHFE2006-5

MHF2006-6

MHEF2006-7

Toru KOMATSU
Cyclic cubic field with explicit Artin symbols

Mitsuhiro T. NAKAO, Kouji HASHIMOTO & Kaori NAGATOU
A computational approach to constructive a priori and a posteriori error
estimates for finite element approximations of bi-harmonic problems

Kaori NAGATOU, Kouji HASHIMOTO & Mitsuhiro T. NAKAO
Numerical verification of stationary solutions for Navier-Stokes problems

Hidefumi KAWASAKI
A duality theorem for a three-phase partition problem

Hidefumi KAWASAKI

A duality theorem based on triangles separating three convex sets

Takeaki FUCHIKAMI & Hidefumi KAWASAKI
An explicit formula of the Shapley value for a cooperative game induced from
the conjugate point

Hideki MURAKAWA
A regularization of a reaction-diffusion system approximation to the two-phase
Stefan problem

Masahisa TABATA
Numerical simulation of Rayleigh-Taylor problems by an energy-stable finite
element scheme

Ken-ichi MARUNO & G R W QUISPEL

Construction of integrals of higher-order mappings

Setsuo TANIGUCHI
On the Jacobi field approach to stochastic oscillatory integrals with quadratic
phase function

Kouji HASHIMOTO, Kaori NAGATOU & Mitsuhiro T. NAKAO

A computational approach to constructive a priori error estimate for finite
element approximations of bi-harmonic problems in nonconvex polygonal
domains

Hidefumi KAWASAKI
A duality theory based on triangular cylinders separating three convex sets in
RTL

Raimundas VIDUNAS
Uniform convergence of hypergeometric series

Yuji KODAMA & Ken-ichi MARUNO
N-Soliton solutions to the DKP equation and Weyl group actions



MHE2006-8

MHF2006-9

MHF2006-10

MHEF2006-11

MHF2006-12

MHF2006-13

MHF2006-14

MHF2006-15

MHEF2006-16

MHF2006-17

MHF2006-18

MHF2006-19

MHF2006-20

Toru KOMATSU
Potentially generic polynomial

Toru KOMATSU
Generic sextic polynomial related to the subfield problem of a cubic polynomial

Shu TEZUKA & Anargyros PAPAGEORGIOU

Exact cubature for a class of functions of maximum effective dimension

Shu TEZUKA
On high-discrepancy sequences

Raimundas VIDUNAS

Detecting persistent regimes in the North Atlantic Oscillation time series

Toru KOMATSU
Tamely Eisenstein field with prime power discriminant

Nalini JOSHI, Kenji KAJIWARA & Marta MAZZOCCO
Generating function associated with the Hankel determinant formula for the
solutions of the Painlevé IV equation

Raimundas VIDUNAS

Darboux evaluations of algebraic Gauss hypergeometric functions

Masato KIMURA & Isao WAKANO
New mathematical approach to the energy release rate in crack extension

Toru KOMATSU
Arithmetic of the splitting field of Alexander polynomial

Hiroki MASUDA
Likelihood estimation of stable Lévy processes from discrete data

Hiroshi KAWABI & Michael ROCKNER
Essential self-adjointness of Dirichlet operators on a path space with Gibbs
measures via an SPDE approach

Masahisa TABATA
Energy stable finite element schemes and their applications to two-fluid flow
problems



