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Abstract: The main objective of this paper is to prove the essential self-adjointness of
Dirichlet operators in L?*(u) where u is a Gibbs measure on an infinite volume path space
C(R,R%). This operator can be regarded as a perturbation of the Ornstein-Uhlenbeck
operator by a nonlinearity and corresponds to a parabolic stochastic partial differential
equation (=SPDE, in abbreviation) on R. In view of quantum field theory, the solution
of this SPDE is called a P(¢);-time evolution.
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1 Introduction

The uniqueness problem for infinite dimensional diffusion operators plays a crucial role
in several areas of mathematical physics including Euclidean quantum field theory and
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statistical mechanics. Hence such problems are discussed in many areas of stochastic
analysis. However, these problems are still understood very insufficiently in the sense that
there are several important types of infinite dimensional diffusion operators for which it
is not known whether uniqueness holds or not. The most prominent example in which
essential self-adjointness is not known is the stochastic quantization of a P(¢)s-quantum
field in infinite volume. Even in finite volume, this problem was open for many years and
only solved in Liskevich-Rockner [17] and then independently in Da Prato-Tubaro [7].
We refer to Eberle [11] and references therein for a detailed review. However, we would
like to mention two references here, namely, Shigekawa [21] and Albeverio-Kondratiev-
Rockner [1]. In both papers, techniques were developed which work to prove essential
self-adjointness for special classes of operators. [21] is based on the Malliavin calculus,
while [1] is based on the analysis of stochastic differential equations associated with certain
approximating operators. An analytic variant of the latter led to the proof of essential
self-adjointness in [17] for the stochastic quantization of P(¢)s in finite volume.

All these approaches, however, do not apply to show the main result of the present
paper, namely the essential self-adjointness for the diffusion operators of P(¢);-quantum
fields in infinite volume. The diffusion operators are defined through Dirichlet forms on
an infinite volume path space C(R,R?) with a Gibbs measure. The Gibbs measure is
associated with the (formal) Hamiltonian

H(w) = %/le’(:ﬂ)|2d:c+/RU(w(:c))d:c,

where U : R? — R is an interaction potential function. Our methods are based on quite
recent work by Da Prato-Tubaro [8] and Da Prato-Rockner [6] where an LP-analysis of
Kolmogorov operators in infinitely many variables is developed. Their work is based
on the theory of SPDE in an essential way and gives a new approach to tackle such
uniqueness problems. In this paper we adopt their approach, however, with substantial
necessary modifications.

The organization of this paper is as follows: In Section 2, we present the frame-
work and state our main results. In Section 3, we present basic properties of parabolic
SPDESs. In Section 4, we give some results about the Ornstein-Uhlenbeck semigroup and
its generator. By using these results, we can state the key approximations by cylinder
functions. It implies that our Dirichlet operator can be regarded as a perturbation of the
Ornstein-Uhlenbeck operator by a nonlinearity. Finally in Section 5, we prove the main
theorem and discuss the connection with our SPDE. There is an enormous literature on
uniqueness problems for diffusion operators. We only mention here that a weaker type
of uniqueness, namely Markov uniqueness, was also studied intensively (see e.g. Takeda
[24] and Rockner-Zhang [25]). For the precise connections, we again refer to [11], where
non-symmetric operators are also treated and where it is discussed in detail why neither
Markov uniqueness nor essential self-adjointness (strong uniqueness) can be deduced from
the fact that the associated stochastic (partial) differential equation has a unique solution.

Finally, we would like to emphasize that to the best of our knowledge, this paper is the
first where essential self-adjointness for a Dirichlet operator is proved in infinite volume,



i.e., where the differential operator, which determines the drift term, is defined on an
unbounded domain.

2 Framework and Main Result

Let us introduce some notations and objects we will be working with. First we define a
weight function p, € C®°(R,R),r € R, by p,(z) := e™X@) 1 € R, where y € C*(R,R) is
a positive symmetric convex function satisfying x(z) = |z| for |z| > 1. We fix a constant
r > 0 such that K +2r? > 0, where the constant K; is denoted in condition (U1) below.
We set F = L?(R,R?) := L*(R,R% : p_o,(x)dz). This space is a Hilbert space with the
inner product defined by

(X,)Y)p = /]R (X(2),Y (2)) gap-2r(x)dz, XY € E.

Moreover, we set H := L?(R,R%) and denote by || - ||z and || - || the corresponding norms
of E and H, respectively. We regard the dual space E* of E as L*(R,R? : 2X(*)dz).
We also introduce a suitable subspace of C'(R,R?). For functions in C(R,R%), we set

|w|r00 :=sup |w(x)|p—(x) for r € R,
z€R

and consider
C:=[){we CRRY) ||| < oo}.

r>0

Then it becomes a Fréchet space with the system of norms || - ||, . We easily see that
the inclusion C € E N C(R,R?) is dense with respect to the topology of E. We endow
C(R,R?) with the o-field B generated by the point evaluation and denote by P(C(R,R%))
the class of all probability measures on the space (C(R,R%),B). For T' > 0, we also
denote by By and Br,. the o-fields of C(R,R?) generated by {w(z); —T < x < T} and
{w(x);x < =T,x > T}, respectively.

In this paper, we impose the following conditions on the potential function U &

C(R? R):
(U1) There exist a constant K; € R and a convex function U : RY — R such that

K ~
m@:—éwf+m@, z € R

(U2) There exist Ky > 0 and p > 0 such that
VU@ < K+ ]2), 2 €eR,

where 6}/](2) ‘= — K124 0yU(z),z € R% and 9,U is the minimal section of the subdiffer-
ential OU. (The reader is referred to Showalter [22] for definitions of the subdifferential
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for a convex function and its minimal section.)
(U3) im0 U(2) = 00.
As examples of U satisfying the above conditions, we can include the case

2m
U(z) :Zaj|z|j, a; =0, agy, >0, meN.

J=0

Especially, we are interested in a square potential and a double-well potential. Those are,
U(z) = alz|* and U(z) = a(|z|* — |2]?), a > 0, respectively.

Remark 2.1 In the case of U € CY(R%,R), VU defined in condition (U2) coincides with
the usual gradient VU. Moreover condition (U1) is equivalent to the following one-sided
Lipschitz condition:

(U].)’ (VU(Zl) — VU(ZQ), 21 — ZQ)Rd Z —K1|Zl — 22’2, 21, %9 € Rd.
Remark 2.2 For the convex function (7, we define the Moreau-Yosida approximation by

U,(z) := inf {ﬁ(z') +nlz — 2}, zeR%neN.

z’eRd
Then U, is differentiable and

nh_}lgO Un(2) = Ul(), 7}1_{120 VU, (z) = 8,U(2), z € R

Now, we introduce a Gibbs measure. Consider the Schrodinger operator Hy :=
—3A 4+ U on L*(R%,R), where A := Z?Zl 0?/0z? is the d-dimensional Laplacian. Then
the condition (U3) assures that Hy has purely discrete spectrum and a complete set of
eigenfunctions. We denote by A\g(> min U) the minimal eigenvalue and by 2 the corre-
sponding normalized eigenfunction in L?(R¢,R). It is called ground state and it decays
exponentially. See Theorems X. 28, XIII. 47, XIII. 67 and XIII. 70 in Reed-Simon [19]
for details.

Let W_r 112, T >0, 21,22 € R?, be the path measure of Brownian bridge such that
w(=T) = z1,w(T) = z. We sometimes regard this measure as a probability measure on
the space (C(R,R%), B) by considering w(x) = z; for # < —T and w(z) = 2 for z > T.
We define p(A) for A € By, T > 0, by

p(A) = 2T /Rd » Q(21)Q(29)p(2T, 21, 22)
CEWV-T,1:7,2 [exp (- /_i U(w(az))daz);A} dz1dzo, (2.1)

where p(t, 21, 22) is the transition probability of standard Brownian motion on R?. Then
by the Feynman-Kac formula and the Markov property of Brownian motion, we can see
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that p is well-defined as an element of P(C(R,R%)) and it satisfies the following DLR-
equation for every T'> 0 and p-a.e. £ € C(R,R%):

T

H(dwlBr)€) = Zikew (= [ U@ Worgnaan(do), (22
-7
where Zr¢ is a normalizing constant. See Proposition 2.7 in Iwata [14] for details. Al-
though generally there exist other p’s in P(C(R, R?)) satisfying the DLR-equation (2.2),
in this paper we only consider the Gibbs measure y which has been constructed in (2.1).

Remark 2.3 In [3], Betz and Lérinczi prove that if, for some a > 2, U(z) grows at
infinity faster than |z|* but slower than |z|**~2, then there is a unique Gibbs measure on

C(R,R%). See Theorem 3.4 of [3] for details.

Here we note that the Gibbs measure p is supported on C by using the standard
moment estimates of Brownian motion. Then by the continuity of the inclusion map of
C into E, we can regard p € P(F) by identifying it with its image measure under the
inclusion map.

By virtue of the DLR-equation (2.2), the Gibbs measure y is C§°(R, R?)-quasi-invariant,
i.e., u(-+ k) and p are mutually equivalent and

p(k + dw) = A(k, w)p(dw) (2.3)
holds for every k € C3°(R,R?). The Radon-Nikodym density A(k,w) is represented by
A(k, w) = exp { /R (U(w(m))—U(w(m)+k(m))—%|k/(x)|2+(w(x), Axk:(x))Rd)dx}, (2.4)

where A, := d?/dz?. For details the reader is referred to Theorem 3.21 in Iwata [14] or
Lemma 4.1 in Funaki [12]. Moreover, we have p is translation invariant, i.e., 7, o u = p,
where the shift operator {7,},cr on C(R,RY) is defined by m,w(-) := w(- — x),z € R.
Hence by combining this with the fact that {2 decays exponentially, we see that

/E </R |w(x)|2mp—2r($)dx),u(dw) < % g |2]*"Q(2)*dz < oo (2.5)

holds for any m € N and r > 0. These properties will be used below.
Now we define the space of smooth cylinder functions. Let K C E* be a dense linear
subspace of E. We say a function F': E — R is in a class FC;°(K) if there exist n € N,

{¢1,--+ ,on} C K and a function f = f(aq, ---,a,) € Cy°(R") such that
F(w) = f((w,gm) o (w, ), weeE. (2.6)
Here we use the notation ( fR x), (x))gadz if the integral is absolutely con-

verging and denote FCp° := ]—"COO (COO (R, Rd )) for simplicity.
Since K is dense in E, we have supp (u) = E. See Proposition 2.7 in Albeverio-

Réckner [2] for the proof. Hence two different functions in FC;°(K) represent two different
p-classes. Note that FCp°(K) is dense in L?(u).
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For F' € FC,°, we also define the H-Fréchet derivative Dy F' : E — H by

DuF)e) = Y- i (wpr) o ellefe). a€R(20)

We consider a pre-Dirichlet form (€, FCy°) which is given by

E(F.G) - % /E (DiF(w), DuG(w)), u(dw), F.G € FCF.

Then by virtue of the Cg°(R, R?)-quasi-invariance, we have the following integration
by parts formula for any F,G € FCp° and ¢ € C5°(R,RY):

/E (DuF(w), ¢) ,G(w)p(dw)
— —/EF(W)(%DHG(@U))H“(CZW)_/F(w)G(w)ﬁgp(w)u(dw), (2.8)

E

where 3, is the logarithmic derivative of the Gibbs measure p in the direction ¢ €
Cs°(R,RY) in the sense of

lim1 EF(w){A(sgo,w) — 1} p(dw) :/F(w)ﬁgp(w)u(dw), F e FCpr.

e—0 & E

Here by recalling Remark 2.2 and (2.4), we easily see that

Bo(w) = (w, Aip) = (VU (w()),0), ¢ € CF°(R,RY). (2.9)

Next we define a differential operator £y with domain FC;° by
1 1 = 1
LoF(w) = §Tr(D§{F(w)) — 5<VU(w(-)), DypF(w)) + 5<w, A;DpF(w(+))), (2.10)

that is, if F(w) = f({(w, 1), -+, (w, pn)), then

LoF(w) = 5> aaj(<w,s01>,~- (W, n)) (9 95)

+35 a—ai(<w,<ﬂ1>7 o (w,0n)) - {(w, Agpi) = (VU (w()), 03} }-

Then (2.8) and (2.9) imply the equality

E(F,G) = (- LoF,G) F,G e FCy. (2.11)

L3(p)’

This means the operator £ is the pre-Dirichlet operator which is associated with the pre-
Dirichlet form (&€, FCp°). In particular, (€, FC;°) is closable on L?(11). So we can define
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D(€) as the completion of FC;° with respect to 511/2—norm and (£,D(E)) is a Dirichlet
form.

(2.9) also implies that the operator Ly is symmetric in L?(x). In many applications,
it is an important problem whether one has essential self-adjointness for Lo, i.e., self-
adjointness of the closure (Lo, Dom(Ly)) of (Lo, FC;°) in L?*(u1). The reason is that in
general there are many lower bounded self-adjoint extensions Lo of Loy in L?*(p) which
therefore define symmetric strongly continuous semigroups {e?},50 generated by them.
In fact, there always exists one such extension called the Freidrichs extension which is the
operator corresponding to the Dirichlet form (£, D(E)). If Ly is essentially self-adjoint,
there is hence only one such semigroup. Consequently, only one such dynamics associated
with the Gibbs measure p exists.

The following is the main result of this paper. In Theorem 5.1, we give a more extended
statement, i.e., we show that our semigroup is not only unique but also represented by the
solution of a parabolic SPDE (3.2) on the infinite interval R in the case of U € C'(R% R).

Theorem 2.4 The pre-Dirichlet operator (Lo, FC3°) is essentially self-adjoint in L* ().

As a corollary of this theorem, we obtain the Markov uniqueness. See e.g. Chapter
1 in Eberle [11] for the proof. We recall that a Dirichlet form (£, Dom(€)) in L?(p) is
an extension of (Lo, FCy°) if FC° C Dom(€) and E(F,G) = ( — LoF,G) for any
F € FC;° and G € Dom(€).

L2(p)
Corollary 2.5 The Dirichlet form (£, D(E)) is the unique extension of (Lo, FCy°).

3 Preliminaries from Parabolic SPDEs

In this section, we make some preparations starting from the underlying parabolic SPDE
for our later use. Throughout this section, we suppose U € C1(R% R).

Let (©,F,P,{F:i}i>0) be a complete probability space with filtration on which an
{Fi }+>0-adapted H-cylindrical Brownian motion (white noise process) { B;}+>o is defined.
More precisely, for a complete orthonormal system (C.O.N.S.) {h;}%2, of H,

B = (B0hy()2, t>0, (3.)
where {3;}2

22, is a sequence of independent one-dimensional {F;};>o-Brownian motions.
See Chapter 4 in Da Prato-Zabczyk [9] for details.
We consider the following parabolic SPDE which is called time dependent Ginzburg-
Landau type SPDE:

dX,(z {A X,(z) — VU(X,(2)) }dt + dBy(z), z€R, t>0. (3.2)

Following e.g. [9], Iwata [15] and Shiga [20], we call a C-valued {F;}-adapted continuous
stochastic process X := {X;(z)} a mild solution of (3.2) with initial datum X, = w € C



if X satisfies the stochastic integral equation
Xi(z) = Gu(z ——/ / —s,2,y)VU(X;(y))dyds
// — s, 2,y)dB,(y)dy, reR, t>0, (3.3)

P-almost surely. Here we denote the heat kernel by

1 _ 2
g(t,z,y) = eXp{—(x v) } t>0,7,y €R

\ 27t 2t

and the heat semigroup by

Gy (x) == /Rg(t,x,y)w(y)dy, x € R.

It is well-known that SPDE (3.2) has a unique solution living in C([0,00),C) for every
initial datum w € C under conditions (U1)’ and (U2). Hereafter we sometimes consider
the solution as an element in C'([0, 00), E). Moreover, we also have that the solution is in
C([0,00), E) for any initial datum w € E in the case where VU is Lipschitz continuous.
See Theorems 3.2, 5.1 and 5.2 in [15] and Theorem 2.1 in Funaki [13] for details. In the
sequel, we denote by X" := {X}"(-)}+>0 the solution of SPDE (3.2) with initial datum
w € C and by P, the probability measure on C([0,c0), E) induced by X™.

We define the transition semigroup {P;}+>o by
P,F(w) :=E[F(X}")] = / F(y)P,(X; € dy), weC, FeCy(ER). (3.4)
E

Here we recall that the Gibbs measure p is a reversible measure of our dynamics. That
is,
/ F(w) PG (w)p(dw) = / PF(w)G(w)u(dw), t>0, (3.5)
E E
holds for F,G € Cy(E,R). See Lemma 2.9 in Iwata [14] for details. Then {P,};>¢ can be

extended to an L?(u) -symmetric strongly continuous contraction semigroup. We denote
by (L2, Dom(Ls)) its infinitesimal generator.

Now, we set

ez - N {rec=@ry | |22]_ <

k=07r>0

It is obvious that C$°(R,R?) C C and C% is dense in E. We remark that the differential
operators Dy and £, can be naturally extended to the domain FCp;°(CY) as (2.7) and
(2.10), respectively. To prove our main result, we need
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Proposition 3.1 We have (Lo, FC,°(CY)) C (L2, Dom(Ls)), that is, for F € FC;°(CY),
F e DOHI(EQ) and £2F = £0F

Proof. Let F € FC;°(CY) be given as (2.6). Then by similar arguments as in the proof
of Theorem 2.1 in [20], (3.3) implies that P-almost surely,

(57.9) = (o) +5 [ (X Aw)ts = 5 [ (TUKEO) @+ (Bg). 120 (36)

holds for every ¢ € CX. Where (B, ) is a one-dimensional {F;}-Brownian motion
multiplied by ||¢||z. Then the It6 formula implies

FO) = )+ Y [ Sh (X (X)X 0)

+1 Zl/o a f .(<X;U7901>’.“ ’<X;Uv‘:0n>)d[<X~w>S0i>v <X.w>30j>]s

= F(w)+/0t£0F(X;”)ds+/0t (DuF(XY),dBy) . (3.7)

Here we note that (2.5) implies LoF' € LP(u), p > 1. Then by taking expectation on
both sides of (3.7), we have

P,F(w) =E[F(X}")] = F(w) + /t P (LoF)(w)ds, weC. (3.8)
and thus
i - L (BP(w) - Fw) = 1&“%% Py(LoF)(w)ds = LoF(w), w e C.

Moreover, by taking into account the invariance of the Gibbs measure p, we have
1 2 2
3w = Fap|ue) = [ |7 / (LoF) (w)ds| (dw)
E

< [ a{ [ 1nicamywiun)

< /E Lo (w) Ppu(duw) < oo

Therefore by Lebesgue’s dominated convergence theorem,

1
lim — (PtF F)=LoF in L*(p).

t—0 ¢

This completes the proof. 1



Before closing this section, we give another representation of the stochastic integral

K
equation (3.3) for our later use. We fix a constant £ > 0 with x > 2r? and set w := 5 2,

We divide the potential function U into

U(z) = Sl = V(2), zeR,

and consider
Saw(z) = e "G w(x), r € R.

Then we have

Lemma 3.2 {S;}i>0 is a strongly continuous contraction semigroup on E and we have
the estimate
[Siwllp < e fwlp, weE. (3.9)

Proof. Since the strong continuity of the semigroup {G;}:>o on F is almost obvious (cf.
Lemma 2.2 in Funaki [13]), it is sufficient to show the estimate (3.9). To show this, we
need an elementary and useful estimate on g(¢,x,y). By |x/| < 1 and the convexity of ¥,
we easily have

1
éAxp—Qr(x) S 27'2p_2¢(l'), r €R.

Hence by standard potential theory, this leads us to

/ ot 2,90 (9)dy < > p_or(z), t> 0,z € R. (3.10)
R

(cf. e.g. Lemma 9.44 in Da Prato-Zabcyzk [10].)
Then we can proceed as

1Sl <

/ ( / o(t, 3, w(y)Pdy) pav () da
= e / () ( / 9(t,2,9)pas (2)dr) dy

< e A|w(y)|2(egrztp—zr(y>)dy

= e *uwl,

where we used (3.10) for the third line. This completes the proof. &

Let A : Dom(A) C E — E be the infinitesimal generator of {S;};>0. By the Hille-
Yosida theorem, (A, Dom(A)) is m-dissipative and (3.9) leads us to

(Aw,w)p < —w|lw||3, w € Dom(A). (3.11)
Moreover we note that C3 C Dom(A) and

1
Aw = iArw— gw, weCy.
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Remark 3.3 (A,Dom(A)) is not a symmetric operator on E. In fact, we obtain the
following expression of A* by an easy calculation:

1
A*w = §Axw —2rY'w +{2r*(x)? — rA.x — g}w, w e Cy.

The following proposition is more or less obvious, however we include a proof for the
reader’s convenience.

Proposition 3.4 Let X" be the solution of the SPDE (3.2). Then it is the solution of
the SPDE

1 1
dX,(z) = §(Ax — k) Xy(z)dt + §VV(Xt(x))dt +dBi(z), x€R;t>0,

with initial datum w. Namely, it satisfies the stochastic integral equation
Xp(@) = Swiz / / =912 (1 — s 3, 4)TV (X2 (y))dyds

+/ /e”(ts)mg(t —s,z,y)dBs(y)dy, xze€R, t>0, (3.12)
0o JR

holds P-almost surely. Moreover, the converse also holds.

Proof. First we note the equality
t
er=9/2 — 1 ¢ ge_’“/z/ e dr, 0<s<t. (3.13)

Then by (3.13) and the semigroup property for {G;}:>o, we have the following expansion
on the first term of the right hand side of (3.3):

t
Gw(x) Syw(z) + g/ "2 Syw(x)dr
0

- Stw(:zc)—I—g /O Si_r (Grw) (@) dr. (3.14)

Now we give the expansion on the second term of the right hand side of (3.3). By
using (3.13), Fubini’s theorem and the semigroup property for {G;}:>0, it holds that

/ / (t — s,2,y)VU (X" (y))dyds
= [ (U )) eis
= [sedvuaows
- /0 t e / t 7 dr ) - {VU(XE())}(x)ds

11



- [ 5 {TU(XP () Ha)ds
w5 [emn(( [ qvu )} wis)is
_ /Otst_s{vmxg”(-))}(x)ds

+2 [ sio( [ G0z} 0ds) (i (315)

Next we proceed to the expansion on the third term of the right hand side of (3.3).
Here we recall (3.1). By using (3.13), stochastic Fubini’s theorem and the semigroup
property for {G¢}i>0, we have

// — s,2,y)dB,(y)dy

Z/ S8,y () (s)
_ Z / Sueshy (@) (s Z / wn( [ o) s,y
_ Z / Sueohy () (s Z / ([ @) dr
- Z/St ei()dBi(s /st : Z/ Ge-shy()d3;() } (@)dr. (3.16)

Finally, we combine (3.14), (3.15) and (3.16). Then by (3.3), we have

X(z) = Sw(z ——/ S {VU(XY(- ds+2/ Si_shj(x)dB;(s

1
= Suw(z) — 2/ S {VU(XY(- ds+2/ Si_shj(x)dB;(s

t
+f/ S o (X2())

= Sw(z /St AVV(X2(- ds+2/ Sy_ohj(x)dB;(s
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1 t
= Swla) 4y [ [ eIl s ) VYK () dyds
0

R
t

+/ / e =920t — s 2,y)dB,(y)dy, reR, t>0.
0o Jr

The converse can be shown in the same manner. This completes the proof. I

Remark 3.5 Here we give an abstract representation of (3.12) for our later use. Let Q)
be a bounded linear operator on E defined by Quw := p_s,w,w € E. For the H-cylindrical
Brownian motion {Bi}i>0, we consider

Wi(-) = Zﬁj(t)(Q_l/zhj)(% t>0.

Then {W;}i>o is a E-cylindrical Brownian motion because {Qfl/th}j?'C:’1 is a C.O.N.S. of
E. Letb:C — C C FE be a continuous map defined by

w)() = 5(VV)(w(), weC,

By the proof of Lemma 4.1 below, we can see Sy_4+\/Q is a Hilbert-Schmidt operator on E.
Hence (3.12) is interpreted as the E-valued stochastic integral equation

t t
X;U = Stw + / St_sb<X;U)d8 —|—/ St_s\/édWs, t 2 0. (317)
0 0

4 Some Results on the Ornstein-Uhlenbeck Semigroup

In this section, we present some properties of the Ornstein-Uhlenbeck semigroup {R;}i>o
and its infinitesimal generator L. In this paper, we consider {R;};>¢ on suitable subsets
of continuous functions on E so that the domain of its generator L lies between FC;°
and Dom(L,). However, since {R;};>o is not strongly continuous, we need a more refined
treatment based on Da Prato-Rockner [6] and Da Prato-Tubaro [8].

4.1 Characterization of the Ornstein-Uhlenbeck Semigroup and
its Infinitesimal Generator

At the beginning of this subsection, we present a lemma which is necessary to define the
Ornstein-Uhlenbeck semigroup. Hereafter, we often use the notation e instead of ;.

Lemma 4.1 We define a bounded linear operator Q. : E — E by
Qoow :—/ Qe wdt, w e E. (4.1)
0
Then Q is invertible and Tr(Qs) < 00.
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Proof. For the first assertion, we need to show Ker(Q.) = {0} in E. We recall \/Qu =
p—rw,w € E. Then for w € Ker(Q.), we have

0= (Quow,w E_/ 1/ Qe wl|%dt.
0

Hence for a.e. t > 0, /Qe*"w = 0 holds and by the continuity with respect to ¢, we
obtain v/Qw = 0. This leads us to w = 0.

For the second assertion, we consider the natural embedding map ¢« : H — FE, i.e.,
i(h) := h,h € H. Then the adjoint operator ¢* : E — H is represented by i*(w) =
p_orw = Quw,w € E. By noting that ) = 2*, we can see that

Tr(Qu) < / T () ()Y < / A et

On the other hand, we have

leil}en = Ziie“* il
_ e"‘“tZH/g(t, i)y
j=1 R
_ e / (9t 2, ), 1)) yyp-2r (x)da
R

IA
o
§|
3| &
%\
A
<
—~
%\
Na}
~
)
=
e}
[\~]
3
=
)
~

VAN
o
2
~
%\,
D
no
S
&
by
[\~]
3
—~~
<
SN—
QU
<

2t

e—th

_ o dy = Ct—1/26—2wt’

where we used (3.10) for the sixth line. Therefore, we can conclude that

Tr(Qu) < C/ 1272t = CT(1/2) < oo

0

This completes the proof. 1
Now we are in a position to introduce the Ornstein-Uhlenbeck semigroup {R;};>0. Let
@:,t > 0, be a bounded linear operator on E defined by

t
Qiw ::/ Qe wds, w e E.
0
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We remark this operator is of trace class by Lemma 4.1. We denote by Ng, the Gaussian
measure on F with mean 0 and covariance operator @);.
Next we introduce some function spaces on which the Ornstein-Uhlenbeck semigroup

will act. We denote by UCy,»(E) the Banach space of all functions F' : E — R such that
£()

T is uniformly continuous and bounded. Endowed with the norm
E

F
HF||b2 sup ———— | ( )|

wer 1+ [wlg

UCy2(FE) is a Banach space. For E-valued continuous functions, we can also define
UCy»(E, E) in the same manner. Moreover, Cy,(E) denotes the subspace of UCy5(E) of
those functions F' which are continuously differentiable with

|DF(w)|| e

DF Sup ———— 15— )
1PFloz = o0 S

where DF : F — E means the E-Fréchet derivative of F'. We have the relation
DyF = QY?DF.

Then the Ornstein-Uhlenbeck semigroup {R:}+>o is given by
R.F(w) :== / F(e"w +y)Ng,(dy), w € E,F € UCyy(E). (4.2)
E

For F € UCy»(FE, E), { R¢}+>0 can be defined in the same manner as (4.2). In this case, the
integral should be regarded as a Bochner integral. The following result is straightforward.
We include a proof for completeness.

Proposition 4.2 R, maps UC,2(E) into itself for all t > 0 and
[BeFlp2 < (14 Tr(Quo)) [ F]Js,2- (4.3)
Moreover R; maps C’g}Q(E) into itself for allt > 0 and
DR Flp2 < (14 Tr(Qux)) [DF]fs,2- (4.4)

Proof. Since the proofs for the first assertion and the second assertion are almost the same,
we only show the second assertion. (For the proof of the first assertion, see Proposition
2.1 in Da Prato [5].) For F' € C},(E), we easily have

(DRF(w). k), = [E (DF(ew + 1), k) Noy(dy), & € E.

This implies the intertwining property of the Ornstein-Uhlenbeck semigroup

DR.F = e R,DF, F € Cp,(E).

15



Hence we have

DR,F A DR(
[DRF ()| _ /WM G w+yNEM%ww

1+ [lwlZ 1+ [w]Z
|IDF(e"w +y)| s
- JE L+ [Jw||%

L+ et + gl
< [1DFlha [ SN (dy)
e L+l

IDFlua [ (1-+ ) Ne,(dy
E
(14 T(Qx)) 1DF b,

NQt (dy)

IN

IA

where we used Lemma 3.2 for the second and the fourth lines. This leads us to the desired
estimate (4.4). 1

Lemma 4.3 The Ornstein- Uhlenbeck semigroup { Ry }+>0 has the following representation:
RF(w) == E[F(Y")] = / F(y)Ru(Y: €dy), weE, F e UCyy(E),
E

where Ry, is the probability measure on C([0,00), E) induced by the Ornstein-Uhlenbeck
process Y = {Y"(-) }+>0, i-e., the solution of the SPDE

dYy(z) = = (A, — K)Yy(2)dt + dBy(), reR, t>0, (4.5)

DO | —

with initial datum Yo =w € F.

Proof. By Proposition 3.4 and Remark 3.5, the solution of (4.5) is given by the following
representation:

th—emw—i-/ tSA\/_dWS, t>0.
0

Hence obviously Y;",t > 0, is a Gaussian random variable on £ with mean e
the covariance operator is given by

/Ot@W@ e\ /Q)ds = / A(JQPe ds = Qo

(See Theorem 5.2 in [9]). This completes the proof. 1

tAw and

The Ornstein-Uhlenbeck semigroup {R;}i>o is not strongly continuous in UCh2(E).
However, it can be proved that it is a 7m-semigroup in the sense of Priola [18]. Thus one
can define its infinitesimal generator L through its Laplace transform

U, F(w) = / MR F(w)dt, we B, A> 0.
0

16



By virtue of Proposition 4.2, it is easy to see that every U, maps UC)»(E) and Cl}’z(E)
into themselves for all A > 0, respectively, and that {U,} -0 is a pseudo-resolvent. Con-
sequently, there exists a unique closed operator L in UC}(E) such that

RMNL) =(A—L) ' =", A>0.

We call L the infinitesimal generator of R, on UC)o(E).
Since the image of the resolvent is independent of A > 0, we can set

D(L,UC(E)) i= RO\ L)UCh(E)), DL, CLy(E)) i= RO\, L)(Clay(E)).
Remark 4.4 It holds that F € D(L,UCy2(E)) and LF = G if and only if

(i) K% t<RtF( w) — F(w)) = G(w), we E. (4.6)
(i) sup | = Pl < . (4.7)

The reader is referred to Remark 2.2 in [5] and Proposition 2.2.8 in [18] for the details.
Proposition 4.5 FC;°(CY) C D(L, Cy,(E)) holds and we have

LF(w) = %Tr(D%,F(w)) +(w, ADgF(w)), F e FCR(CX). (4.8)

Namely, for F(w) = f((w,<p1>, e (w,pn), pi €CX, i =1,---,n, we obtain

9 Z 80@80@ 7901>7"' 7<w790n>><901,g0]>

il Z w LP1)y 7<w,<)pn>) . {<w,Axg0i> — r(w, gp>}

Proof. We denote the right-hand side of (4.8) by LoF'. Since (w, ADgF(w)) has a linear
growth with respect to [Jw||z and is smooth in the Fréchet sense, we have LoF' € Cy,(E).
First we show the inclusion FC;°(CY) C D(L,UCy2(F)). We only need to check two

conditions in Remark 4.4. By repeating the argument in the proof of Proposition 3.1, for
F € FC°(CY), we easily obtain

1% umw) F(w)) = LyF(w), wE€E. (4.9)

On the other hand, by noting that LoF' € UC,»(E), we also have

1 1/
IRE = Fluz < 5 [ IR LoFluads
0

IN

t
%/0 (1+ Tr(Qoo)) I Lo F [ 25
= (14 Tr(Qu)) I LoF 2, L10)
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where we used Proposition 4.2 for the second line. Hence by (4.9) and (4.10), we have
the expression (4.8).

Finally, by combining LoF € Cp,(E) and F = W,(LoF), it is easy to see that
FCP(CE) € D(L, Cyy(E)). This completes the proof. B

4.2 Approximations by Cylinder Functions

The main object of this subsection is to show that functions in D(L,Cj},(E)) can be
approximated point-wise in the graph norm by functions in FCp°(CY) with uniformly
bounded norm. These approximations are not possible by using simple sequences, but
k-sequences, k € N, that is sequences {F},} = {F},, ... n,} depending on k indices. We say
that {F),} is convergent to F' if

lim F,(w) := lim --- lim F,, .., (w)=F(w), wekE.

n—00 np—0oo Mg —00
Proposition 4.6 (1) Let F € D(L, Cy,(E)). Then there exists a 4-sequence { Fy, }pens =
{Fny . na} CFC(CY) such that for all w € E we have

nh_)n(;lo F,(w) = F(w), nh_{go DF,(w) = DF(w), nh_{glo LF,(w) = LF(w) (4.11)
and the estimates
Iz < o (14 Tr(@u)) - (IF bz + I ), (112)
IDEJbs < —or (14 TH(Qu)
X (2llF o2 + |DF |lo2 + 2 LE [lo2 + [IDLF|[32), (4.13)
ILE b2 < 1422+ Tr(Qx)) - (12 + 1 LEb.2)- (4.14)

(2) D(L, Cyo(E)) € Dom(Ly) and the following identity holds:
LoF = LF + (b,DF)p, F €D(L,C},(E)), (4.15)

where b : Dom(b) C E — E is a measurable mapping with Dom(b) = C is defined by

b(w)(-) = %%ww(-)), weC.

Before giving the proof, we need some preparations about the operator (Lo, Dom(Ly)).

Lemma 4.7 For all F' € FC;°(CY), we have
1
[ LoF@Pwntan) =~ [ 1DuF(w) fn(dw).
E E
Consequently, (Lo, FC;°(CX)) is dissipative in L*(p).
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Proof. Let F' € FC;°(CY) be given as (2.6) with K = C. We construct an approximating
sequence of FCp°. Let np € CP(R,R), k > 0, be a cut-off function such that 0 < n <1,
m(z) = 1if |z < k, n(z) =0 if |z| > 2k, |n,| < 2/k and |Ani] < 8/k?. We define Fj, €
FC k € N, by Fi(w) := f(<w, nkg01>, cee <w, 77k<Pn>)- Then we have the expressions

"0
DyFp(w) = Zaj‘j«w,nwl%--- AW, Men)) - M (4.16)

LoFy(w) = _Zaa A= ((w ), (o)) (e ;)
00

+§Z£(<waw1>w - (w n)

X {< m77k i + 2771@@1 + nk‘Aﬂc‘Pz> <VU( ( nk‘Pz>} 4 17

By noting (4.16), (4.17), nx — 1,1, — 0, Ayn — 0 as k — oo and the integrability (2.5),
we can use Lebesgue’s dominated convergence theorem, and thus we have

||F — Fk||L2(u) -+ ||DHF — DHFkHL?(;L;H) + HE()F - [/OFk”L%u) — 0 ask — oo. (418)

On the other hand, we have the equality E(Fy, F)) = ( — EOFk,Fk)LQ(M) for each
k € N by recalling (2.11). Hence we can complete the proof by combining this with the
convergence (4.18). 1

By this lemma, we see that (Lo, FC°(CY)) is closable in L?(11). Then we have the
following lemma:

Lemma 4.8 The closure of (Lo, FC;°(CX)) in L*(11) coincides with (Lo, Dom(Ly)).
Proof. We denote by (Eo,Dom(Zo)Lthe closure of (Lo, FC;°(CY)) in L*(n). We only

need to show that for any /' € Dom(Ly), there exists an approximation sequence of FCp°
with respect to the graph norm. First, we choose a sequence {F},}>°_; C FC;°(CY) such
that

~ 1
HF — FmHL2(M) -+ HﬁoF — ﬁoFmng(M) < E
We set F,(w) = frn((w,¢1), -+, (W, nim))), Where n(m) € N, 1, @pm) € CX and
fm € O (R™™). For each F,,, we construct an approximated sequence {Fy, ,}2°, C FCp°

by defining F, ;. := (F,)k. See the proof of Lemma 4.7 for the meaning of (£, ).
By (4.18), for each m € N, we have

HFm — Fm,kHL?(u) + ||£0Fm - LOFm,kHL2(,u) — 0 as k — oo.

Hence for each m € N, there exists a sequence {m(k)}3>; with limy_. m(k) = co and
1
T
Finally, we consider {Fp, )}y C FCp°. By the above arguments, we easily see
that it is the desired sequence. This completes the proof. I

1 E = Fonmll 220 + 1L0Fm — LoFmmy |l 22wy <
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Remark 4.9 By Proposition 3.1 and Lemma 4.8, we know that
(ZQ, DOHI(Z[))) C (ﬁg, DOHI([Q)) (419)
The hard part will be to prove the dense inclusion (see Subsection 5.2 below).

Proof of Proposition 4.6. (1) We mainly follow the argument in [8]. However, since we
need some modifications in our situation, we give the proof for the reader’s convenience.
We proceed in several steps.
Step 1: For F' € D(L, C’bl2( )), we construct an approximated sequence of cylinder
functions. Take {e;}52, C Cg°(R,R?) to be a fixed C.O.N.S. of E throughout the proof.
We define a ﬁmte dimensional projection Il,, : £ — E,n; € N, by
ny
I, (w) := Z(w,ej)Eej, weE,

j=1
and define F,,, : E — R by F,,(w) := F(II,,(w)). Moreover, we define f,, : R™ — R
by fo, (a1, an,) == Flager + -+ + ap,ep,) for o = (aq,--+ ,ay,,) € R". Then we

obviously have
( ) fm ((w €1> o 7<w7€n1)E)
and since F' € C},(E), we have that f,, € C" (R"l,R) and
(@] V()]
Fllpo , DFl2 4.20
ase%{"l 1+ | |2 = H ||b2 aSEII?{p 1+ |a‘ = || ||52 ( )

where V stands for the gradient on R™. We note that (4.20) means ||Fy,|lo2 < [[Flp2

and [[DF,,|lpe < ||DF|p2. Then by recalling that lim,, . ||IL,, (w) — w||zg = 0 and
DF, (w) = DF(Il,,,(w)) for w € E, we obtain
hm F,,(w)=F(w), lim DF, (w)=DF(w), we&E. (4.21)
ny— ny—oo

Step 2: Since F,,, is not bounded and smooth, we need next approximations. Let ¢, », €
C°(R™,R), ny € N, be a cut-off function defined by ¢, 5, (@) := 1, (|o]), @ € R™, where
T, 18 defined as in the proof of Lemma 4.8. We note that |V, n,| < 2/ns for all ny € N.

Now we choose a non-negative symmetric function ¢ € C§°(R™, R) satisfying ((a) =
for [a| > 1 and [, ¢(«)*da = 1. Moreover, we define (.(o) := e ™ ((av/¢) for € > 0 and
define by g. := (. * g) the mollification of a function g. Here we consider

F,© (w) = (Vs ) (W, e1)p, -, (w,en,)5), n2 € N,e > 0.

Then for sufficiently small € > 0, we have the estimates

|Fn§7)12 (w)| < 2|(wn1,n2 : fm) ((wa 61)E, T (w? enl)E)‘
Lt flwlE 1+HU}H%
2|fn1 ((w 61) o 7(w7€n1)E)}

1+ ||UJI|2E
2| F(IL,,, (w))|
14 ||, (w) I

<Pz . (4.22)
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and

IDES @)l 20V Wy o) ((w.01), - (w0, e0,)5)|

Lt flwlz  — 1+ [z
< 2|(¢n1,nzvfn1)((wvel)E7"' ;(waenl)E)‘
- 1+ [Jwll
+2|(fn1v¢n1,n2) ((w7 er)m, 5 (w, en1>E)‘
L+ [lwl%
, IDPL, )l | 4 |F(L,, ()
B 1+ [Jwll% ny 14wz
< 2||DF|lp2 + 4[| F[[p,2. (4.23)

Therefore, there exists a decreasing sequence {e(j)}32; such that lim.\pe(j) = 0 and
(4.22), (4.23) hold for every F,\").

Finally, we define by F), := an‘f,ﬁ’;?’” € FCp° for n = (n1,n9,n3) € N3. Then by noting
that

1_1{% H (wnl,ng : fnl)6 - ¢n1,7m ’ fn1 HLOO(]Rnl)
- g{% Hv(wmm ’ fnl)e B V(¢”1’"2 ' fm)HL“’(R"lvR"l) =0,

and recalling (4.21), we easily see that

lim F,(w) = F(w), lim DF,(w)=DF(w), w€E. (4.24)

n—oo n—0o0

We also note that (4.22) and (4.23) lead us to the estimates
[Falloz < 2 Fllo2,  [[DFalloa < 21D F[lo2 + 4[LFls.2-

Step 3: We proceed to give an approximation for LF' € C'bl,z(E). Weset G:= F—LF €
Cyo(E). By the above argument, there exists a 3-sequence {Gr} = {Gp,nyms} C FC°
such that (4.24) (with F' replaced by G) holds and

Gl < 2([[Fllb2 + 1 LE]b.2),
[1DGhlloz < 2([[DF[lo2 + [[DLF b2 + 2[[Fllo2 + 2| LF[s.2)-

Next we set F), := R(1, L)G,,. Then LF,, = F,, — G,, and by recalling Proposition 4.2,
we have

| Falls /’e%w&GAMMt
0

<
< (14 Tr(Qu))l| Gl
< 21+ Tx(@w)) - (IF 2 + ILF 1), (4.25)
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IDF,Js < / D RGoo it
0

IA

(1+Tr(Qx)) - (IDF||p2 + |DLF|p2 + 2||Fllo2 + 2| LE|lb2), (4.26)

[LFulloe < Ghllo2 + [1F0]ls,2
< 224 Te(Qw)) - (1F1lb2 + IILEs2)- (4.27)

Therefore Lebesgue’s dominated convergence theorem leads us to the convergence

lim F,(w) = F(w), lim DF,(w)= DF(w), lim LF,(w)=LF(w), w€E.

(4.28)

However, F, is not a cylinder function in general. Thus we need one more approximation.
Step 4: For any M, N € N, we set

N M
1
FmM,N(w) = MZZG (htk/M Rthk/MGn(UJ), w € E,

h=0 k=1

where Ry /Gy, is represented as

Rh+k/MG ( ) f(R G)(<w7 ()01>7 ) <’U}, §0n1>)7 fr(LR,G) € CIJOO(RnlvR)7

and {¢;}; is given by

pi(x) = e (R / g(h+k/M,z,y)p_s(y)ei(y)dy, =z €R.
R

Moreover, we note that each ¢;,i = 1,- -+, ny, does not have compact support. So, {¢;}:;
is not included in C§°(R,R?) but in CZ. Then we can see that F, yn € FC°(CY).
We have the following estimates on F), p; v and DF), s n:

N M
1
||Fn,M,N||b,2 S _Zze (ht-k/M) ||Rh+k:/MGn||b,2
k=1

i

N

< (e ZM/M (1+T(Qw) (IFllz + | LF 2)
h=0

< (4 T(Qu)) - (1l + [1FT2), (4.29)

N M
1
IDFnrnloe < MZZe PR D Ry ks Gl

h=0 k=1
2
< (14 Tr(Qx))
X([IDFlp2 + | DLF[p2 + 2[|Flls2 + 2[ LEly2)- (4.30)
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Next we proceed to the term LF,, y;n. By using a similar argument as in the proof of
Proposition 4.5, we easily see that LF, rn € D(L,C},(E)) and that

N
LEy un = Z e~ (MR R, ey (LGR)(w), w € E.

h: k=1
On the other hand, since G, € FC;°, both the maps ¢t — R;G,, and t — R,LG, are
continuous as UCyo(E)-valued maps. See Corollary 2.3 in [8] for the details. Moreover,
by the intertwining property DR,G,, = e!*" R,DG,,, we obtain that DR,G,, is also con-
tinuous on ¢ in UCyo(E, E). These properties yield the following convergence for any
n = (ny,ng,ng):

N M
. —t (h+k/M
g | [ e L3S

Therefore for any ny € N, there exist M(ny), N(nys) € N such that

W =0 4.31
s (4.31)

||LF — LFn M(n4 n4 ||b? < 1/7’L4 (432)

Hereafter we replace F, pr(ny) N(ng) DY Fn = Flninangng)- Then (4.27) and (4.32) imply
the estimate

ILE, b2 < 1/n + | LEy g llo2 < 14 2(2 + Tr(Qoo)) (I1F llo2 + I LF ||1.2).-
We note that (4.29) and (4.30) still hold for F,.

Finally, we note that a convergence similar to (4.31) also holds for R,G,, n,n, and
DR,Gp, nyny- Hence the above-mentioned argument and (4.28) imply the point-wise
convergence

lim F,(w) = F(w), lim DF,(w)= DF(w), lim LF,(w)=LF(w), w€E.

n—oo n—oo n—oo
This completes the proof of the first item.

(2) Let F € D(L,Cy,(E)). Then by assertion (1), there exists a 4-sequence {F,}nent €
FCp°(CY) such that the point-wise convergence (4.11) and

|Fu(w)] + [ DEu(w) || + | LF, (w)] < C.(1+ [Jwlf), w € E, (4.33)

holds. Here the constant C, > 0 is given by the sum of the right hand side of (4.12),
(4.13) and (4.14).
By noticing that

(b(w), DF,(w)), = (6V(w(m)), DF,(w)(x)) gap—2r(x)da
(w()), p2r(2) D Fo(w) () gap—2r () d

V(w()), DrF,(w))

/<\12 %\,%\
A
<

N N = DN~
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and combining this with Proposition 4.5, we have

LoF,(w) = LE,(w) + (b(w), DF,(w)),, w €C. (4.34)

B’

Then by taking limits on both sides of (4.34), we obtain the point-wise convergence

lim LoF,(w) = LF(w)+ (b(w), DF(w)),, weC. (4.35)
On the other hand, by (4.33)
[LoFn(w)] | LEy (w)| + [[b(w) [ - | DF (w)] 2

<
< G+ wlB) (1 + b(w)llE), wecC. (4.36)

Hence by recalling that u(C) = 1, condition (U2) and the integrability (2.5), it follows
that the right-hand side of (4.36) is in L?(u). Lebesgue’s dominated convergence theorem
then leads us to

lim £oF, = LF + (b, DF)

n—o0

E? in L2(/“L)

Finally, by remembering Lemma 4.8, we have F' € Dom(L,) and (4.15). This com-
pletes the proof. 1

5 Proof of the Main Result

In this section, we give a proof of the main result, namely, we show the following theorem.

Theorem 5.1 The pre-Dirichlet operator (Lo, FC;°) is essentially self-adjoint in L*(u).
Moreover, if we assume U € C1(R%,R), the semigroup {T; }+>o0 generated by (Lo, Dom(Ly))
satisfies the following identity for each F € L*(p):

T, F = PF, p-a.s.,
where { P, }1>0 is the transition semigroup corresponding to SPDE (3.2).

At the beginning, we make some preparations for the proof of Theorem 5.1. Let
U € C(R,R%) be given as in condition (U1). That is,

~ K 1
U(z) :=U(z) + 71|z\2 = V(@) 5Kt r)lef, 2 € RY.

We note that 80(7 : R — R? is monotone, i.e., we have
(80&(21) - 806(22), 21 — Z2)Rd Z 0, Z21,%2 € Rd. (51)

In this section, we consider SPDE (3.2) as the following stochastic evolution equation
on F given by

dX, = AX,dt+ b(X,)dt +/QdW,,
1 ~
= AXydt + 5 (K1 + 5) Xdt + b(X,)dt + V QAW (5.2)
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where the measurable map b : Dom(b) C E — E with Dom(b) = C is defined by

b(w)(-) = —%80U(w(~)), w € Dom(b). (5.3)

By (5.1), it is obvious that b is also dissipative, i.e.,
('LU1 - wQ,g(wl) —g<w2))E § 0, w1, Wa € Dom(g)

However b is not continuous on E in general.

In what follows, we give the proof of Theorem 5.1 based on Da Prato-Réckner [6]. We
divide it into two steps. In the first subsection, we solve an infinite dimensional elliptic
equation which is essential for the proof. We do this under the condition

(D) b: E — E is dissipative, smooth and has bounded derivatives of all orders.

Of course, in this case, b is Lipschitz continuous. Hence SPDE (5.2) can be treated
more easily. In the second subsection, we drop condition (D). By adopting the Yosida
approximation and regularizing the drift b, we can use the results in the first subsection.

5.1 The Elliptic Problem on the Hilbert Space

Throughout this subsection, we impose condition (D) denoted above. Under this condi-
tion, we can give the following proposition. Here CZ(E) denotes the space of all functions
F : E — R that are uniformly continuous and bounded together with their first and
second derivatives.

Proposition 5.2 Let ' € CZ(E) and let {P,};>0 be the transition semigroup for X
defined in (3.4). Then P,F € CZ(E) and it holds that

(DPF(w), k), =E[(DF(X}"), Zy(w; k) ], weE, t>0, (5.4)
for k € E, where Z;(w; k) is the mild solution of the first variation equation
d
% = Aug + Db(XP)[ugp, >0,
with tnitial datum ug = k and we have
1Ze(w; k)| < S22 k| g, P-as. (5.5)

Moreover

D*PF(w) [k ks) .y = B(DF(XP), Z(w; b, ko)) ]

E><E] )
holds for ki, ko € E, where Zy(w; k1, ka) is the mild solution of the equation

dUt

— = Avy + Db(X")[v] g + D*0(X[") [ Ze(w; k1), Zy(w; ko)

t>0, (5.6)

ExXE’
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with initial datum vg = 0. We also have the estimate

102
2K1 + 4T2

Proof. This proposition can be proved in just the same way as Chapter 4 of Cerrai’s
book [4]. Unfortunately, a complete proof would require several pages and is too long to
be repeated. Here we only explain the derivation of the estimate (5.7) for the reader’s
convenience. (Note that the estimate (5.5) is essentially obtained in Lemma 2.1 of Kawabi
[16].) We set v; := Z;(w; ky, ko) and multiply (5.6) by v;. Then by taking into account
(3.11) and the dissipativity of b, we have

[ Ze(w; ks Bo) || < BRI Ik |l ol P-as. (5.7)

d w
ol < =2wllullp +2(Db(X) s, vr)

) (D%(X;”) [Zu(w; k), Za(wi ko)) o vt)E

< (2w Ky + w)|orlf + 2(Db(X) [ g, v1)

F2([| D*blloo | Zs (w; k)| 21| Zs (w5 ko) | ) - v 2
< (2w Ky 4 &+ Dleg + 1D 11 2 (w; k) |21 Zs (w; k) I
< (2w K+ k4 D|v|:

F D2B]12, (2 ey | ) (U0 F 22 iy || )
(K1 +20% + D)o + 52 D213 [ k| K2 (5.8)

where we used (5.5) for the fourth line. Needless to say, by lack of regularity for vy,
the above computations are formal. However, we can approximate v; by means of more
regular solutions to justify (5.8). (For details of these approximations, see Proposition
6.2.2 of [4] or the mollifier technique in Lemma 2.1 of [16].)

By remembering K; + 2r? > 0, the Gronwall inequality leads us to

Il < eeaetn( [ nas) DU i
6(3K1+6r2+1)t " - ) )
< WIID O[Skl ol -
This completes the proof of the estimate (5.7). 1
Proposition 5.3 Let F € CZ(E) and we consider the elliptic problem
AD(w) — LO(w) — (b(w), D (w)) , = F(w), w e E, (5.9)

where A > EL + 12 Then (5.9) has a unique solution ® € D(L, Cyo(E)) NCH(E), which
s given by

d(w) = /OOO e MP,F(w)dt, w € E. (5.10)
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Proof. We show ® which is given in (5.10) belongs to D(L,Cy,(E)). By (5.4) and (5.5),
we have the following estimate:

(D (w), k)|

This implies the estimate

||D<I>

<

2
e < 5=

/Ooo e_ME[HDF(X;U>HE||Zt(w;k’)HE] dt

/ e—AtE[HDF<th)HE . {6(K1+2r2)t/2’|k”E}]dt

0

(/ 6_(2)\_K1—2T2)t/2dt> . ||DF|’oo||k||E
0
2

2\ — K — |DF|||lkllg, k,we E.

\IDFls, we€E. (5.11)
.

Next, we aim to check conditions (4.6) and (4.7) in Remark 4.4 as in the proof of
Proposition 4.5. We set

t
W)y 1= / Si—b(X¥)ds, weE, t>0.
0

By the mean value theorem, we have

1

S(Reb(w) — ()
= SE[@(") - B(u)]
= CE[B(XF - SO)(w),) - 2(w)]

= %(P@(w) -

Z(Po(w) -

(w))

P(w))
_/OllE[(DCID( — 08 (b)(w )),%S(b)(w)t)E]dH. weE (512)

By letting ¢ N\, 0 on the right-hand side of (5.12), we obtain

1 oo o
_ _< / e P, F(w)ds — / e‘AsPertF(w)ds)
0 0

t
)\t_l

[e§) 1 t
- ¢ / e M P,F(w)ds — n / e M P,F(w)ds
¢ 0

t

— AP(w) — F(w) ast\,0, weeE. (5.13)
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and

/ E [(D@(Xw — 0S(b)(w),). %S(b)(w)t)E} do

ast\,0, wek. (514)

_>/ [(DB(XE), b(XY)) )6 = (DB(w), b(w)) ,

Hence by combining (5.12), (5.13) and (5.14), we obtain the point-wise convergence

11{% (R@( ) — ®(w)) = A®(w) — F(w) — (D®(w),b(w)),, w e E. (5.15)
On the other hand, we can see that ® € CZ(E) by (5.10) and recalling Proposition 5.2.
Then we obtain that the right-hand side of (5.15) belongs to Cy,(E) by recalling (5.11)
and the drift b has a linear growth with respect to ||w||g. So, we can also check the second
condition (4.7) in Remark 4.4. Therefore, we conclude that ® € D(L,Cy,(E)) N C3(E)
and it satisfies (5.9).
Finally, we show uniqueness. We assume that there exists another solution ®' €
D(L,Cy,(E)) NCy(E) to (5.9). Then by Proposition 4.6, it follows that ® and @’ satisfy

_ — K
F=(\—Ly)®=(\—Lo)®, \> 71—1—7“2. (5.16)
Then by multiplying both sides of (5.16) by ® — ®" and by integrating with respect to p,
we obtain

_ K
2 _ 1 2
AP = @72y — (Lo(® = ). @ = @), =0, A> 5402 (5.17)

Moreover, by using the dissipativity of (Lo, Dom(Ly)), (5.17) leads us to ||(I>—¢)’||%2(N) <0.
This completes the proof of uniqueness. 1

5.2 Proof of Theorem 5.1

In this subsection, we give a proof of Theorem 5.1. We note that by Remark 4.9 it is
sufficient to prove only that (Lo, Dom(Ly)) generates a Cy-semigroup on L2(p). Since such
generators are maximal, it follows that we have the equality in (4.19) and all is proved.
For the proof, we use the result of the above subsection. So, we give an approximation
scheme of the drift b as follows: B

Firstly, we introduce the Yosida approximation of dyU. By (5.1), it is a maximal
dissipative mapping (see e.g. Proposition 1.5 of Chapter IV in Showalter [22]). For any
a > 0, we set

Jo(z) == (Ipa + a&)(N])_l(z), z € RY,

and define the Yosida approximation (o0 ), : R — R? by

(Bo0)a(2) = (BU)(Ja(2)), =€ R
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Then (80(7 )o is monotone and the following Lipschitz continuity holds:
_ . p
[(000)a(21) = (0oU)a(22)| < E|Z1 — |, 21,2 €RY
Moreover, it is well-known that

1(300)a(2)| < |06U(2)], =2 €RY, (5.18)

11{%(00(7)a(z) —0U(z), zeR% (5.19)

Za : ' — FE is defined in the same way as b with 8017 replaced by ((9017 )o- Note that ga
is Lipschitz continuous and dissipative on E.

Secondly, we introduce a further regularization. Let B : Dom(B) C E — FE be a
self-adjoint negative definite operator such that B~! is of trace class. For any «a, 3 > 0,
we set

ba,g(w) = /]EeﬁBga (eﬁBw + y)N%B_l(eng,l)(dy), we b,

Then by Theorem 9.19 in [9], we can see that ga,5 satisfies condition (D) and

lim b, = by (w), cE. 5.20
lim sw) (w), w (5.20)

We also see that for any o > 0, there exists C, > 0 such that

[bap(@)le < Call + [lwlz), weE. (5.21)
Finally, we are in a position to give the proof for our main result.
Proof of Theorem 5.1. Let F' € C(FE) and we consider the function

D, 5(w) ::/ e NPYPE(w)dt, weE,
0

where A > £ 4 r? and {P%P},~ is the transition semigroup defined as {P,},o with b
replaced by by, 3. Then by Propositions 4.6 and 5.3, we know that ®, 3 € D(L, C} ,(E)) C
Dom(L) and we have

(A= Lo)@as = F + (bag — b, D g) 12 - (5.22)
The right-hand side of (5.22) can be estimated as follows:
Lr = [ (o) = D). Do p(w)) ()
< [ Pastw) =B} - D))
< (mg=gaIPFIe) [ ustw) =Bl foutaw). (523
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Hence by recalling (5.20) and (5.21), we have

2 2 [ = g
limsup I, 5 < ( DF) | [balw) ¥ dw).
msup I,y < (5—ge =z DFll) [ [alw) =B ()
Moreover, by recalling (5.18), (5.19) and using Lebesgue’s dominated convergence theo-
rem, we have
lim lim I, 53 = 1i limsup I, 3) = 0. 5.24
A o s = J (o o) .

Therefore, by combining (5.22) and (5.24), we see

lim im (A — £o)®ap = F  in L?(u).

lim lim( 0)Pa,s in L*(p)

This means the closure of Range(A — L) contains CZ(E). Since C?(E) is dense in L?(p),
Range(\ — L) is also dense in L*(p). Then by the Lumer-Philips theorem (see The-
orem 1.1 and Theorem 1.2 in [11] for details), we can see (Lo, Dom(Ly)) generates the
Co-semigroup { P, };>o. This completes the proof. 1
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