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Abstract

We consider a Hankel determinant formula for generic solutions of the Paihlev
equation. We show that the generating functions for the entries of the Hankel determi-
nants are related to the asymptotic solution at infinity of the isomonodromic problem.
Summability of these generating functions is also discussed.
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1 Introduction

In this article, we consider the PaineeW equation (R)),

2 2 2 2
%:%y(%’) +gy3—2ty2+(t§—a1+ao)y—§, (1.1)
whereq; (i = 0,1,2) are parameters satisfying + a; + @ = 1. We also denote Equa-
tion (1.1) as R[ao, a1, @] When it is necessary to specify the parameters explicitly. P
(1.1) has been studied extensively from various points of view. In particular, it is well-
known that it admits symmetries offane Weyl group of typeA(zl) as a group of Bcklund
transformations[15, 17, 18] (see also [13, 1, 3]). Moreover, it is known thaadmmits two
classes of classical solutions for special values of parameters: transcendental classical so-
lutions which are expressed by the parabolic cylinder function[18] and rational solutions
[10, 14]. Otherwise the solutions are higher transcendental functions[16, 19]. Among these
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solutions, particular attention has been paid to a class of rational solutions which are located
on the center of the Weyl chambers. Those solutions are expressed by logarithmic deriva-
tives of certain characteristic polynomials with integerfGoeents, which are generated by
the Toda equation. Those polynomials are called the Okamoto polynomials[15, 17, 18, 4].

The determinant formulas are useful for understanding the nature of the Okamoto poly-
nomials. In fact, it has been shown that the Okamoto polynomials are nothing but a spe-
cialization of the 3-core Schur functions by using the Jacobi-Trudi type determinant formula
[12, 15, 17]. Also, there is another determinant formula which expresses the Okamoto poly-
nomials in terms of the Hankel determinant. Therefore it is an intriguing problem to clarify
the underlying meaning of the Hankel determinant formula. In order to do this, generating
functions for the entries of Hankel determinants have been constructed in [9], and it is shown
that they are expressed as logarithmic derivatives of solutions of the Airy equation.

A similar phenomenon has been observed in the study of rational solution of the Bainlev
Il equation (R})[6]. Namely, the generating function associated with the rational solutions of
P, is also expressed as logarithmic derivatives of the Airy function.

Then what do these phenomena mean? In order to answer the question, the Hankel
determinant formula for thgenericsolution of R, was considered in [8]. It was shown
that the generating functions of the entries of the Hankel determinant formula are related
to the solutions of isomonodromic problem of P]. More precisely, the cdicients of
asymptotic expansion of the ratio of solutions of the isomonodromic problem at infinity give
the entries of Hankel determinant formula. The next natural problem then is to investigate
whether such structure can be seen in other Pardeuations or not.

The purpose of this article is to study the generating functions associated with the Hankel
determinant formula for the generic solutions @f PL.1). In Section 2, we give a brief re-
view of the symmetries andfunctions for R, through the theory of the symmetric form of
Pwv[15]. We then construct the Hankel determinant formula by applying the formula for the
Toda equation[11] in Section 3. In Section 4, we consider the generating functions for the
entries of the Hankel determinant formula. By linearizing the Riccati equations satisfied by
the generating functions, it is shown that the generating functions are related to the isomon-
odromic problem of B. We also show that the formal series for the generating functions are
summable. Section 5 is devoted to concluding remarks.

2 Symmetric Form of Py

In this section we give a brief review of the theory of the symmetric formypf ®/e refer to
[15]! for details.

1The convention of composition of transformations iefient from what is often used in generating com-
plex exact solutions from simple ones. See the section A.4 of [15] for details.



2.1 Symmetric form and Backlund transformations

The symmetric form of R (1.1) is given by

where’ = d/dtand

fg = fo(f1 — f2) + ao,
f]t = fl(fz - fo) + as,
le = f2(f0 — f]_) + ap,

a0+a1+a2:1,

f0+f1+f2:t.

(2.1)

(2.2)

We obtain R, (1.1) fory = f, by eliminating fo and f;. Ther functionst; (i = 0,1, 2) are
defined by

o= = -2,
To T1 T2
whereh; (i = 0, 1, 2) are Hamiltonians given by
h0:f0f1f2+a1—ozz a1+2a2fl_2a1+a2
3 3 3
_ 205 + (o7y) a2 — Qo as + 2&0
hl— foflfz— f1+
+32 2 3+ 3
Qg a1 Qo + a1 o — Q1
h, = fof, f fo — f
2 ofiT + 3 0 3 1t 3

fa,
f2,
f.

(2.3)

(2.4)

The symmetric form of g (2.1) admits the following Bcklund transformations (i =
0,1, 2) andn defined by Table 2.1.

Qo a3 @2 fo fy f 7o T1 T2
S —Qo a1 +ag a2+ Qo fo f]_ + fz - []f—g fori—gl T1 T2
S| o+ a1 -1 as + fo—?—l1 fl f2+(¥—ll To fl% T2
S|agt+arx a1+ a2 -2 fo + Q—; f]_ - fz To T1 szi—:O
T a1 (0% (044) fl fz fo T1 T2 To
Table 2.1: Table of Bcklund transformations forP2
Theorem 2.1 (i) s (i = 0,1, 2) andzr commute with derivation.
(i) s (i =0,1,2) andr satisfy the following fundamental relations
ﬁz = 15 (SS+1)3 = 15 7T3 = 19 7[3 = S+17T9 I € Z/sza

and thus(sy, s1, S, 1) form the extendedf@éne Weyl group of type(jﬂl.
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2.2 Bilinear equations fort functions
The f-variables and the functions are related by

5 Tt so(ro)To

f = — — = 4+ — = s

0 T2 T1 3 ToTq1
TI Tl t

oo T2 U s(mn 2.6)
To T2 3 ToT2

foT_To, L sl
T1 To 3 T1To

Moreover, it is shown that functions satisfy various bilinearftierential equations of Hirota
type. For example, we have:

0
t
(De+ 5) 271 = slro)me 2.7)
t
(Dt + é)TO cTo = Sg_(T]_)Tl, (28)
t
(Dt + é)Tl - To = Sp(72)72. (2.9)
()
D24 lp _ 22, 0 -0 (2.10)
t 3 t 9 3 TO T1 =V, .
D24 ip 22, %2 g (2.11)
t 3 t 9 3 1 2— Y .
» 2 2 @2~ Qo
Dt +§Dt—§t + 3 T2'T0:O. (212)
(1
1 2 a1 — a2
5Dt - 3 |To To= S1(11)S(12), (2.13)
1 O, —
50f = 5|11 71 = sa(r2)solro). (2.14)
1 g — «
50F 5|72 72 = so(ro)su(r). (2.15)

whereDy' is the Hirota derivative defined by

(2.16)

Lo {d dY
0 9= (5~ 55 10909

s=t



2.3 Translations andr functions on lattice

Define the translation operatofs(i = 1, 2, 3) by
Ti=78%s, To=aTurt=s7xs, Ti=aTr!=ssn. (2.17)
Then it follows that
TTi=TTi (#]), TiT.T3=1 (2.18)
Actions of T; on parameters are given by
Ti(@o) =ao+1, Ti(ar) =a1-1 Ti(e) = ay,

To(ao) = ao, To(ay) =a1+1, Tia) =ar-1, (2.19)
Ta(ao) = a0 -1, Ts(a1) = ay, Ts(az) = a2 + 1.
We define
Timn = Ty TOT (7o), (2.20)
so that
To =T000, T1=T100 T2=T00-1- (2-21)

We note thatr,kmiknik = 7T1.mn fOllows from T, T, T3 = 1. Applying T'ng’Tg1 on the bilinear
equations (2.7)-(2.15), we obtain the following equations:

()
t
(Dt + §)TI+1,m+l,n *T+1mn = TI+1,mn-1TI,mn, (2.22)
t
(Dt + é)TI,m,n *Tl+lmiln = TimeLnTl+1mns (2.23)
t
(Dt + §)TI+1,mn *Timn = TIm-1nTl+1L,m+1n- (2-24)
(N
t 2 ag—a1+2l—-m-n
th + =Dy — —t2 + Tmn * Tl+lmn = 0, (2-25)
3 9 3
t 2 ar—ax—l+2m-n
th + =D — —tz + T+imn * T+1m+1ln = 0, (226)
3 9 3
t 2 ar—ag—|l—-m+2n
th =+ —Dt - —'[2 + T+1,m+Ln ° Tlmn = 0. (2-27)
3 9 3
)
1 a1 —as—1+2m-n
(E th -2 2 3 )Tl,m,n *TImn = TI,m+1,nTI,m-1,n, (2.28)
1 az—ap—-|l—-m+2n
(E th _ 22 0 3 )TI+1,m,n *Tl+1mn = T+1,mn+171+1,mn-1, (2-29)
1 ag—a1+2l-m-n
(E th -2 ! 3 )TI+1,m+1,n CTI+Lm+Ln = Tl+2meLnTlmedn. (2.30)
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Remark 2.2 Supposerg = 1900, 71 = T100 &and 1, = 7110 Satisfy the bilinear equations
(2.10)-(2.12). Then,f f; and % defined by Equations (2.6) satisfy the symmetric form of
Pwv (2.1). This can be verified as follows. Dividing Equations (2.10) and (2.11)4hyand
7175, respectively, we have

—a

t 2 a
’ _ 2, = _ _~y2 0— —
(ho +hy)" + (hg — hy)” + 3(ho hi) gt 3 0,

t 2 a1 —«a
’ _ 2 - _ _4y2 # _
(hy + h2)" + (hy — hy)” + 3(h1 hy) 9t t—3

Subtracting the second equation from the first equation we have

0 (ho - hz), + (ho - h2)(h0 - 2h1 + hz) + %(hg - 2h1 + hz) + % -1

(ho—h2+%) +(h0—h2+%)(h0—2h1+h2)—a1:0

fl + fi(fo — f2) — aa,

which is the first equation in Equation (2.1). Here we have used the relations

t t t
ho—he=Ti—2, Mm-ho=f-z h-h=fh-z

which follow from Equation (2.4). Other equations in Equation (2.1) can be derived in a
similar manner.
Remark 2.3 Applying T TJ'TS on Equation (2.6), we have

/

/
T T t T T
| +m—n _ '+ Lmedn I+1,mn _ [+2,m+1,ntlmn

A s
TI,+1,m+1,n, Tl+1,mn 3 TI+1,m+1nTl+1mn
TITan(f ) _ Timn  T+Lmeln + t _ T mt1nTi+1mn (2 31)
1'2 '3\l1) = - Q- ’ :
Tl/,m,n TI+1/,m+1,n 3 T1,mnTl+1,m+1,n
T T t T T
I+1,mn I,mn Im=-1,ntl1+1,m+1n
TITITI(E) = _ Zmn 2 _ Tm-bnTlelmidn

Ti+1mn  Tlmn 3 Tl+1,mnTl,mn

3 Hankel Determinant Formula

Now consider the sequencewfunctionsr, oo (N € Z), which arer functions in the direction
of T, on the linea, = const in the parameter space. It is possible to regard this sequence as
being generated by the Toda equation

1

20~

ag—a1+2n-1
3

Tn,0,0 * Tn,0,0 = Tn+1,0,0Tn-1,0,0> (3-1)



from 79 = 1900 @andr; = 1100. We note that Equation (3.1) follows from a specialization of
Equation (2.30). Let us introduce the variabtggn € Z) by

iy = @3¢ 100, (3.2)
70,00
and put
K1 =Y, Ki=Ya, (3.3)
wherey.; = ¥.4(t). Then, Equation (3.1) can be rewritten as
%thkn ‘Kn = Kniikn1 — YoWikh, K =Yo, ko=1, ki =y, (3.4)

by using the identities
D;(ab) - (cb) = b’D,a- c,
DZ(ab) - (cb) = (D?a- c)b? + ag(D?b - b),

and Equation (3.1) witin = 0. It is known thaik, can be expressed by a Hankel determinant
as follows[11]:

Theorem 3.1 «, is given by

1 n=0 (3.5)
det®isj—2)1<ijgn N<O

where the entries are defined by the recurrence relations,

det@yj-2)1<ijen N>0
Kn =

n-2
Q=81+ ) Aok =i, (3.6)
k=0
n-2
bh=Db 1+ Z bkbn-2-k, Do =1_1. (3.7)
k=0
We note that " v
==L, =14, 3.8
Y-1 v Yo " (3.8)
satisfy R/ [ao — 1, @1 + 1, o] and Ry [ao, a1, 5], respectively. Moreover,
Yo = et K0 g (3.9)
Kn+l1  Kn
satisfies R [ao + N, @1 — N, a3),
d2y, 1 [(dy,\* 3 t2 a3
dtz” = E(d—t") +§y3n—2ty2n+(§—a1+afo+2n)yn—2—;. (3.10)

We also note that the determinant formula for treequences in the directions©f and T3
are formulated in a similar manner.



4 Generating Functions and Isomonodromic Problem

4.1 Riccati Equations

For the determinant formula Theorem 3.1, let us consider the generating functions of the
entries

Folt )= > A" Gu(td)= Y bya™, (4.1)
n=0 n=0

wherea, andb, are characterized by the recurrence relations (3.6) and (3.7). Multiplying
Equations (3.6) and (3.7) by™", and taking summation over, we obtain the following
Riccati equations for the generating functidhs andG,,.

Proposition 4.1 F..(t, 1) and G.(t, 1) satisfy the Riccati equations
oF

Aor = 1 F2 + 2°F - 2%y, (4.2)
oG
Aor = —1G? + 1°G — 2%y _4, (4.3)

respectively.

SinceF,, andG,, are defined as formal power seriesiat oo, it is convenient to derive
differential equations that they satisfy with respect.tdhe following auxiliary recurrence
relations fora, andb, are useful for this purpose.

Lemma 4.2 a, and k, satisfy

d
at [Y_18n — (W71 — tW_1)an1] + My_18,1 = 0, (4.4)
and q
at [1bn = (] + ty1)lon1] = ny1by1 =0, (4.5)
respectively.

The proof of Lemma 4.2 is achieved by tedious but straight-forward induction by noticing
the relations

WY+t + 20500 + (@0 — 1) Y1 = 0, (4.6)
Yl -ty + ZWllﬁgl +(@-a1-2)y_1=0, 4.7)
which follow from the bilinear equation (2.25) with, (n,n) = (0,0,0) and ¢1,0,0), re-

spectively. Lemma 4.2 yields the following linear partiaffeiential equations foF., and
Go:



Lemma 4.3 F.(t, 1) and G.(t, 2) satisfy the linear dferential equations
(/l +t w‘l) oF _%F

Ty ot Taa
=—[(1+1) ‘/"1—"/’-1+2 F+i(¢/_1¢1)', (4.8)
-1 -1 /)
_ Y1\ 9G _ G
( /l+t+¢’1) ot /la/l
o G R T A (4.9
1 1

respectively.

Eliminatingt-derivatives from Equations (4.2) and (4.8), and from Equations (4.3) and (4.9),
respectively, we obtain the following Riccati equations with respegt to

Proposition 4.4 F(t, 1) and G.(t, 1) satisfy the following Riccati equations

0F s 2

o= (/l+t $—1)w_1F
+A (2% + At + 201y + @0 — @a) F = 2 [(A+ Dy + 9], (4.10)
2@ _ _|_ ‘/’_/1 2

/18/1_ ( /l+t+1//1)l//lG

AP -+ 2y +a0- a1 - 2)G - P [(-A+ Dy —v/y], (411)

respectively.

4.2 1somonodromic Problem

The Riccati equations in Proposition 4.1 and Proposition 4.4 can be linearized into second
order linear diterential equations by the standard technique, which yields isomonodromic
problems associated withP

Theorem 4.5 (i) Itis possible to introduce the functions &hd Y; consistently as
A ( 1Y, /l)

Foo(t, /1) = E -

Y. ot 2
21

Y1 v
Vap+t-22

% i%+/1+t+l//_1l//1+a’o—l+%
Y, 04 2 A 1)’

N
Y2 = l/l_l( ot +2Y1). (413)

(4.12)
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Then the Riccati equations (4.2) and (4.10) are linearized to:

9 (Y —AYl a9V _BYl
oA\Y ] T\ ) at\Ya ] T\ Y )

1 t
-5 0 — u
A = 0 1 [+ _Z+adita t
2 u 2
a?
- z+§ uy_1 .
+ Z(Z+(122 a2 A,
uy_q 2
1
-—= 0 0 u
B = 2 1 |1+] zZrteita ,
0 > B u

where

’

-1

u= l//—la V-1 = _Z

+t, zZ=y_wWitao-1=y_ 11— a1—as.

(4.14)

(4.15)

(4.16)

(4.17)

Conversely, if Yand Y; are the solutions of linear system (4.14)-(4.16), then

Y2
F=a22,
Y1

satisfies the Riccati equations (4.2) and (4.10).
(i) Itis possible to introduce the functiong @nd 2 consistently as

i( 102, /_l)
Y

Goo(t,ﬂ) 2—154' 2
22 1

w/
i _a+t+ ¢—1

(1% —/l+t+l//_11//1+a’0—1+

“\Zax T2 s
Zz = —(— +—Zl).
Then the Riccati equations (4.3) and (4.11) are linearized to:
0 Zl _ Zl 0 Zl _ Zl
Oﬂ(zz)_c(zz)’ 6'[(22 =P Z )

10
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(4.20)

(4.21)



Remark 4.6 The linear systems (4.14)-(4.16) and (4.21)-(4.24) are nothing but the isomon-
odromic problem for R[ao — 1, @1 + 1, 2] and Ry[ao, a1, az], respectively[7].

where

V:lﬂl’ Yo = ﬂ t’

@)

I
—_——
o NIk
Nl ©
&

+
—_——
=
+
L |
P—‘I'_'_
+
Q
N
o |

<
N ——

\Y; 2
a2
w+? VYo
+[ W(W + a») s ]/ll,

VYo 2

—} 0 0 \Y;

D = 2 1 |1+] Wraita ,
0
0 > v

W=y 1 +ao— 1=y 11— a1 —ao.

(4.22)

(4.23)

(4.24)

(4.25)

Y1
Conversely, if Zand 2% are the solutions of linear system (4.21)-(4.24), then
Z;
G=1=
Zy

satisfies the Riccati equations (4.3) and (4.11).

compatibility condition of the linear system (4.14)-(4.16)

gives

oA 0B

+ AB-BA=
ot o 0

dz 7
- = + (ﬂ — Y—l) Z— (al + 012))’—1,
V-1
dys
dt

du
—( y_1 + t)u.

=27+ Y2, —ty_1 + ay,

Eliminating z, we have .9[@0 - La+ 1 a fory_;

2
@,

2
Y= (yyl) _y31 2ty21 (__0/1+CYO_ )Y1——-

2y_1

(4.26)

In fact,

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

This fact also establishes the consistency of two expressiong (bflrin terms of Y in
Equation (4.12). A similar remark holds true fot@, 1) and 4.
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Remark 4.7 From Equation (4.12), Ycan be formally expressed as

2

22t -
Y, = const x exp(—z - E)/l““”/ 2 exp[— nz:; A" f W_18,-1dt ] (4.32)
which coincides with the known asymptotic behaviorgdtéunda ~ co[7].

4.3 Solutions of Isomonodromic Problems and Determinant Formula

We have investigated the generating functithsand G, of entries of the Hankel deter-
minant formula and shown that they formally satisfy the Riccati equations (4.2), (4.10) and
(4.3), (4.11), respectively, and that those Riccati equations are linearized into isomonodromic
problems (4.14)-(4.16) and (4.21)-(4.24) foy P

Now let us start from the isomonodromic problem (4.14)-(4.16). We have two linearly
independent solutions around~ oo, one of which is related to the generating functfon
by F = 1 Y,/Y;. So let us consider another solution. It is known that the linear system
(4.14)-(4.16) admits the following formal solutions[7] arouhd o

Y<1)) ( A2 /lt) o[ 1 Y\

= exp(-— - 5| A/ [( )+( )/1‘ +oe

[ J=ool 52| o)

Y<2)) (42 /u) o[( 0 2\
=exp|= + = | [( )+( )/1 +oe

(e )=oolz - 2)r|(5) (34

These solutions give

b

Ve D1,
F(l)(t,/l)Z/lﬁ:/lxlfz;(l)/l_l-'_ —ag+adt+---,
! ¥
Y® 1+yPa ...
F(z)(t,/l) =4 % =AX zg'l_ = /12((;0 +c At +--0),
Y1 y(zl/1 Lo

respectively. Theorem 4.5 states that beth(t, 1) andF(t, 1) satisfy the Riccati equations
(4.2) and (4.10). Conversely, the above two possibilities of power-series solutions for the
Riccati equations are verified directly.

Proposition 4.8 The Riccati equations (4.2) and (4.10) admit only the following two kinds
of power-series solutions arounid~ oo:

[ee)

FOMA) = > ad™ FOLD) =2 ™ (4.33)
n=0 n=0

12



The proof of Proposition 4.8 is achieved simply by plugging the power-series solution

F=p Z Upd ™",
n=0

into the Riccati equations (4.2) and (4.10), and investigating the balance of leading terms.
Then we find thap = 0, 2. A similar result can be shown for the Riccati equations (4.3) and
(4.11).

Proposition 4.9 The Riccati equations (4.3) and (4.11) admit only the following two kinds
of power-series solutions arounid~ oo:

GOt A) = > bua™, GOt ) =42 ) dd ™. (4.34)
n=0 n=0

It is obvious thatFM)(t, 1) andGW(t, 1) are nothing bufF..(t, 1) andG.(t, 1), respectively.
Therefore it is an important problem to investig&@)(t, 1) andG@(t, 1). Now we present

two observations regarding this problem. The first observation is that there are quite simple
relations among those functions:

Proposition 4.10 The following relations hold:

/12

O = FOt, )’

GA(t, 1) = (4.35)

A
GO(t,-)’
Proof. SubstitutingF (t, 1) = 42/g(t, A) into the Riccati equations (4.2) and (4.10), we obtain
Equations (4.3) and (4.11), respectively, @&t, 1) = g(t, —1). Choosingy(t, 1) = GO(t, 1),

F(t, 1) must beF®@(t, 1), since its leading order i#&. We obtain the second equation by the
similar argumento

Secondly,F@Xt, 1) andG®@(t, 1) can be also interpreted as generating functions of the
Hankel determinant formula fory? Recall that the determinant formula in Theorem 3.1 is
for thet sequence, = e‘”tz/%n’o,o/ro’o’o. The following Proposition states thaf?(t, 1) and
G@(t, 1) correspond to dierent normalizations of thesequence:

Proposition 4.11 Let

2 (o)
FOL D) = —o > eal-D)™, (4.36)
-1 n=0
2 <
GA, 1) = -= Z dn(=)™", (4.37)
wl n=0

be formal solutions of the Riccati equations (4.2), (4.10) and (4.3), (4.11), respectively. Then
we have the following:

13



(i) co=-y1andg =y’ . Forn> 2, ¢;’s are characterized by the recursion relation

1S A (N VN
Chy1 =C+ — Z CkChsyik, C2= A L - (4.38)
Y1 /)

(i) do=—yqand d =y7. Forn> 2, d,’s are characterized by the recursion relation

, 1 n-1 W'lﬁl _ ((///)2 + lﬁ—ll/’3
ooy = 0+ - ; dtherke G = 2 m 3 (4.39)
(i) We put
0-n-1 = detCiij)ij-r.n (N>0), o1=1 (4.40)
One1 = det@ii)ij-1.n (N>0), 6,=1 (4.41)
Theno, and 6, are related tor, o as
o = Kn _ g2 Tn0O (n < 0), (4.42)
K-1 T-1,00
O = 0 = g 3-DEINO0 (o gy (4.43)
K1 71,00

Proof. (i) and (ii) can be proved easily by substituting Equations (4.36) and (4.37) into the
Riccati equations (4.2) and (4.3), respectively, and collecting th&icieaits of powers ofl.
For (ii), we notice that from the Toda equation (3.4) witlk —1, namely

W1 — (W) = ko — ¢,

we have
_ ‘V_,lw—l - (lﬂ'_l)z + 'ﬁﬁllpl . B .

2 = = 0 _-2.
/) K_1

Moreover, the cocient of the quadratic term in Equation (4.38) can be regarded as

1 Ko
— = — =009
Y1 Kk

Applying Theorem 3.1, we find that_,_; = deti.)i j=1-» (n > 0). The statement fau,
can be shown by a similar argumeant.
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4.4 Summability of the Generating Functions

To study the growth as — o of the codficientsa,(t) (or by(t)) in Equation (4.1), we use a
theorem proved in [5].

Theorem 4.12 (Hsieh and Sibuya [5], Theorem XIll1-8-3) Consider the following non-linear
differential equation in the variable s

sk+1‘jj—': = ¢(S)H + sh(s H) (4.44)

where Kk is a positive integer(s) is holomorphic in the neighbourhood o£s0 and 0) # 0,
and [(s, H) is holomorphic in the neighbourhood ¢4, H) = (0,0). Then equation (4.44)
admits one and only one formal solution(d) of the form H(s) = >..; a, S". Moreover, H
is k-summable in any directicarg(s) = ¢ except a finite number of valués Furthermore,
the sum of HI(s) in the directionarg(s) = ¢ is a solution of Equation (4.44).

Equation (4.10) can be put into the form (4.44) by changing variablg@s+td /s and taking
H =F —a = F — ;. We then obtain Equation (4.44) wik= 2, c¢(s) = -1 and

b(s H) = —tH+y)+ 5y aH = (a0 - a1)(H +yn))
+5°(ty 1 — ¢ g)(H + y1)°

Applying Theorem 4.12, we deduce that Equation (4.10) admits one and only one formal
solutionF.(2) of the form} ;’,a,A™". This formal solution is 2-summable in any direction
arg@l) = 9 except a finite number of valuésand its sum in the direction arg)( = 9 is a
solution of Equation (4.10).

The definition ok-summability implies thaF (1) is of Gevrey order 2, namely, for each
t, there exist positive numbe@&t) andK(t) such that

lan(®)] < CO)ZK@",  foralln> 1.

Clearly, one can prove a similar result for the fmgentsb, of the formal solution$s,, in
Equation (4.1), as well as the d&eientsc,, d, of the formal series in Equations (4.33) and
(4.34). For the formal solutions@(t, 1) (or G@(t, 1)), we need to apply Theorem 4.12 to a
newH(s) = £ F@ — ¢y (or G — dy).

We also note that summability of those series implies that they are expressible in terms
of inverse Laplace transformation of certain analytic functions. For details, we refer to [2].

5 Concluding Remarks

In this article, we have constructed a Hankel determinant formula for ssguence of
in the direction of translatiof;. Then we have shown that the generating functions of
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the entries are closely related to the solutions of isomonodromic problems. More precisely,
codficients of asymptotic expansion of the ratio of solutions for isomonodromic problem
give the entries of Hankel determinant formula. Moreover, we have shown that there exist
simple but mysterious relations among those generating functions. We also discussed the
summability of the generating functions.

Let us finally give some remarks. Firstly, in this article we have considered only the
T sequences in the direction ®f. It is also possible to consider the directiohg Tz by
the \TV(A(zl)) symmetry of R,. Secondly, it is surprising that the results obtained in this
article are completely parallel to theg ase [8], although concrete computations depend
on the specific situation for each case. In particular, it is remarkable that many formulas
have exactly the same form as thed&se, such as Equation (4.32) (except for the dominant
exponential factor), or formulas in Section 4.3. This coincidence may imply that (i) the
phenomena observed fof, Rnd R, could be universal; at least it can be seen for other
Painlee equations, (ii) the underlying mathematical structure may originate from the Toda
equation, rather than the Painkegquations themselves.

These points will be explored in forthcoming articles.
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