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1. Introduction

The search for discrete integrable systems has received a lot of attention in the past decade.
This has resulted in the discovery of integrable mappings of the second-order, e.g. the
QRT mapping [1], and discrete Painlevé equations [2]. Apart from second-order integrable
mappings, the results for higher-order integrable mappings are few [3, 4, 5, 6, 7, 8,9, 10, 11].
Discrete integrable systems have applications to various areas of physics, such as statistical
mechanics, quantum gravity, and discrete analogues of integrable systems in classical
mechanics and solid state physics. Here we study a novel class of higher-order integrable
mappings which have bilinear forms.
As an example, we discuss the following 6th-order mapping:

2 3 33 2 2 2.2
DXy 13X, 19X 4 1% 1 X —2Xn—3 + AXn 12X, 1 X,X;,_ 1 Xn—2 + Bxpp 1X0X0—1 +C = 0. ()

(Here and below A,B,C,D are arbitrary parameters). How can we obtain integrals for this
mapping? In the paper [3], a method for construction of integrals was proposed and integrable
third-order mappings which possess two integrals were obtained. However, this method is not
applicable to higher-order mappings because this method uses some ansatz at first and needs
the help of high performance computers. If we consider 6th-order, 8th-order and higher-order
mappings, this method does not work, as current computer power is not sufficient [12].

In this Letter, we propose a systematic method to construct integrals for a class of higher-
order integrable mappings without the help of computers. Our method proposed here is based
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on discrete bilinear forms related to the AKP and BKP soliton equations. Conservation laws
for integrable partial difference equations have been studied in [13, 14].

2. Conservation Laws for Discrete Bilinear Forms

Before we discuss conservation laws for discrete systems, let us briefly recall conservation
laws for continuous systems [15]. To this end, consider a (scalar) partial differential equation
(PDE) Alx, u(i)] = 0. A conservation law of such a PDE is a divergence expression

oP;
— =0
;axj'

which vanishes for all solutions of the given system. It follows that there exists a function A
(called the characteristic of the given conservation law) such that

oP;
Y =L =AA.
J ox j
Similarly, a conservation law of a scalar partial difference equation A[n,u,] = 0 is an
expression

) (Sj—id)P; =0,

J
which vanishes for all solutions of the discrete system. (Here §; is a unit shift in the n;
direction, and A[n, u,| denotes a smooth function depending on n, u, and finitely many iterates
of u,). It follows again that there exists a function A such that
Y (Sj—id)P; = AA. (2)
J
We will call A the characteristic of the discrete conservation law.
Here we give a list of characteristics of the discrete AKP and BKP equations.
Discrete BKP equation
The discrete BKP equation [16] is given by

ATt m W g+ 1m+1 + B 1Tk 1,0 m+1 + C% L+ 1T+ 1,0+ 1,m + DT g Tet1,04+1,m+1 = 0. (3)

We have found the following 12 explicit rational characteristics for the discrete BKP equation:

Tk—1,1+1,m+1 Tk+2,1
A]ZA( 7+7m+ _ +77m
Tl m+1 Tk I+ 1,m+1Tki+1,m  Tk+1,1,mTk+1,014+1,mTk+1,1,m+1
Tk—1,1,m Th+2,14+1,m+1
o ] |
Tl m Ve l+1m Tkl m+1 Ck+1,04+1,m41Tk+1,04+1,mTk+1,0,m+1
Thk+1,1—1,m+1 Tk,1+2
A2 — B ( + 9 7m+ _ I + 7m
T+ 1,0 mTk+1,01,m+1 Tk Im+1 Tk I+1,mTkI+1,m+1Tk+1,0+1,m
Tk, i—1,m Th+1,1+2,m+1
oo . |
Tt m Tk I m+1T+1,0m  Thk+1,041,m+1Tk,I+1,m+1Tk+1,01+1,m

Thk+1,1+1,m—1 Tkl m+2
A3 — C ( + I + 7m _ 9 7m+
T+ 1,141 m Tk +1,mTk+10m Tkl m+1TkI+1,m+1Tk+1,1,m+1
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D ( Tkl m—1 B Thet 1 1+1,m42 )
)
T+ 1, Lm Tk I+1,m Tk im  Tk+1,041,m+1Tk I+1,m+1Tk+1,1,m+1
Ai=C ( Thd—1m+1 B T+ 1,142,m )
Tk+1,0,m+1 T Lm+1TkIm Ck4+1,041,m Tk, I+1,mTk+1,1+1,m+1
‘A ( Thet 11— 1m B Th 4+ 2,m+1 )
Y
T+ 1, Im T I mUk+1,0,m+1 Tk I+1,m+1Tk I+1,mUk+1,01+1,m+1
Ace A ( Thet 1L m—1 Th,+1,m+2 )
5= -
T+ 1,01+, mTk+1,0mThkim  ChkI+1,m+1Tk 1 m+1Tk+1,14+1,m+1
B ( Th 1 m—1 B Thet 1 Lm+2 )
Y
T +-1m T I mCk+1,0+1,m  Tk+1,1m+1Tk 1, m+1Tk+1,1+1,m+1
A — B ( Tk—1,1+1,m B Tkt 2,1 mt 1 )
T l+1,m+1 Tk +1,mTkim  Ck41,0,m+1TCk4+1,0,mTk+1,1+1,m+1
e < Th—1 Lm+1 B Tht2,141,m )
9
Tl m+ 1Tk I m Tk i+1,m+1  Tk+1,041,mTk+1,0,mVk+1,1+1,m+1
Iy = A= 1)f ( Tk 1,0 41,m+1 N Tkt 2,0m )
Tl m A1V I+ 1,m+ 1Tk i+ 1m Tk 1L mTk+1,0+1,mTk+1,1,m+1
Tk—1,1lm Th+2,14+1,m+1
+D04V( + ,
Tl m Tk -1 m T lm+1  Ch4-1,041,m4+1Tk+1,14+1,mTk+1,0,m+1
Iy = B(—1) ( Thot 1,11 ,mt1 N Th,1+2,m )
Th+1,0mCk+1,0m+1Tk I m+1 Tk I+1,m Tk I+1,m+1Tk+1,1+1,m
Tk, l—1.m Th+1,142,m+1
+D@4y< + ,
Tl m Tk I m+1Tk+10m  Ch41,041,m+1Tk,I+1,m+1Tk+1,04+1,m
Is = C(—1)" ( Tkt 1,04+1,m—1 N Tk, m+2 )
Th+1,0+1,m T I H1mCk+1,0m Tk lm+1Tk 1+1,m4+1Tk+1,0,m+1
Tk,l,m—1 Tk+1,1+1,m+2
Tk+1,1m Tk I+ 1mThlm  Th+1,041,m+ 1Tk I+ 1, m+1Th+1,0,m+1
I, — C(—l)l ( Th,i—1,m+1 i Tk+1,1+2,m >
Th+1,0,m+1T I m+1TkIm  Ck+1,041,m Tk I+1,mTk+1,1+1,m+1
Tk+1,1—1,m T, 1+2,m+1
+A&4Y( + ;
Th+1,0,m Tk L mUk+1,0m+1 Tk I+1,m+1TkI+1,mTk+1,1+1,m+1
I = A(—1)" ( Th+1,0,m—1 n Thl-+1,m42 )
T+ 1,1+1,m T+ 1,0 mThkim Tk I+1,m+1Tk I m+1Tk+1,1+1,m+1
T, l+1,m—1 Tk+1,1,m+2
T l+1,m U I mTk+1,0+1,m Ck+1,Lm+1Tk, 1 m+1Tk+1,1+1,m+1
I = B(—1)* ( Th—1,1+1,m N Tkt 2,1 m+ 1 )
T d4+1,m+1 T +1,mTkim  Ck4+1,0m+1Tk+1,0,mTk+1,1+1,m+1

Thk—1,1,m+1 Tk+2,14+1,m
+C¢4V( + .
Tl m+1TU I m T l+1,m+1 Tk+1,04+1,mTk+1,LmTh+1,1+1,m+1
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From these characteristics we can obtain the associated conservation laws, using eq.(2). For
example, Py, P, and Pz associated to A are
Tk—1,1+1,mTk+1,0,m

_A2Tk71,1+1,m+1’ck+1,l,m _Dzﬂckfl,l,mfck+1,l+1,m+l B

P = AB
T+ 1,14+1,mTk+1,1,m+1 T 14+-1,m Tk I m~+1 Tl mVk,I+1,m
_BDTk—Ll—Q-I,mTk—i—Ll-i-l,m-i—l _ACTk—LLm-I—ITk—H,l,m _CDTk—17l,m+ITk+1,l+17m+1
T l+1,m+1Tk I+1,m The,l.m kI m+1 Tk l+1,m+1Tk [ m+1
_AD (Tk—1,l,mTk,z+1,m+1Tk+1,l,m I Tk,z,mfk—l,1+1,m+1fk+1,1+1,m+1)
)
T, lm ke 1+1,m Tkl m+1 Tk l+1,m+1Tk 14+1,m Tk I m+1
Tk+1,1,mUk—1,1,m+1 Tk—1,1,mTk+1,1,m+1
PZZAC +77m a7m+ _BD 77m +7am+ ,
Tl ,m+1Tk,I,m Tl m+1Tk,I,m
Th4+1,0,mTk—1,1+1 Tk—1,1,mTk~+1,1+1
P3:AB +77m a+am_CD 77m +7+am.
Tl mk,1+1,m T, 14+1,m Tk I ,m

Discrete AKP equation
The discrete AKP (Hirota-Miwa) equation [17, 16] is given by

ATkt 1m Tk i+ 1m0 T BTt m Tk 1,0 me1 + Ch 1 Tk 1,i+1,m = 0. “4)

Note that the discrete AKP equation is the special case D = 0 of the discrete BKP equation.
The discrete AKP equation inherits the above 12 characteristics (with D = 0) from the discrete
BKP equation and we have found the following 2 additional characteristics:

A Tk,l,m Th+1,14+1,m+1
7 = - )
Tk 1,Lm T d+1,m Tkl m+1 Tk l+1,m+1Tk+1,0m+1Tk+1,041,m
Tk,l,m Th+1,14+1,m+1
1—~7 _ (_1>k+l+m ( + )
Tk+1,1m Tk I+1,m Tk I m+1 Tk I+1,m+1TCk+1,0,m+1Tk+1,1+1,m

3. Reduction to Finite Dimensional Mappings and Construction of their Integrals

First example Consider the following 4th-order mapping:
D215 -1 X2 + A1 XX 1 + B+ — =0, (5)
n
Using the transformation of the dependent variable
o Tn+1Tn—1
n= T7
we obtain a bilinear form
Dtn+3tn—3 +A7n+2tn—2 ‘f‘BTn—i-lTn—l + CT% =0. (6)
This bilinear form is obtained from the discrete BKP equation by applying the reduction
Ty = Tz,k+2,1+73m Where Zy = 1,7, = 2,73 = 3. Using the characteristics of the discrete BKP
equation, we obtain the following integrating factors for the discrete bilinear form (6):

Tn+1 Tn—1 Tn—4 Tn+4
A1:A< L )+D( . - )z—A6,
TnTn+2Tn—1 Tn—2TnTn+1 Th—3Th—1Tn Tn+3ThTn+1

Th—1 Tn+1 Th—5 Tn+s
A2:B( n . n+ )+D( n B n+ :—A4,
Th—2Tn+1Tn Th—1Tn4+2Tn Th—3TnTh—2 Tn+3Tn4+2Tn
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T T Ty— T A B
C n—3 n+3 >—|—D< n—6 B n+6 ):—A4—|——A6,

TnTn—1Th—2 TnTn+ZTn+l Th—2Tn—1Tn-3 Tn+3Tn+2Tn+1

C( Th—2 Tht2 >—|—A( Th—4a _ Tni4 ) ’
Tn+1ThTh—-3 Tntn—lrn+3 Th—2Tn—3Tn+1 Tn+2Tn—1Tn+3

Th—5 Tn+5 Tn—4 Tn+4 A B
B - = —ZAs——A
) + < ) D 4 D 65

=A

ThTn—2Tn-3 Tn+27ntn+3 Tn—1Th—3Tn Tn+1TnTn+3

Ac =B ( Th—2 Tni2 >+C( T—1 Tl )
Tn+2Tn—1Th—3 Tn+ltn—21n+3 TnTn—3Tn+2 ThTn—2Tn+3

It is confirmed by using the bilinear form (6) that the integrating factors Ay, A, A3 and As
lead to the indicated linear combinations of A4 and Ag. Note that the two integrating factors
A4 and Ag are independent and that the characteristics 1, of the discrete BKP equation do
not reduce to integrating factors of (6). From the above integrating factors, we can make
integrating factors in terms of the x-variable:

- 1 1
Ay =T 1Tap 1Ay =C < - +A (Xp—2Xp-3 — Xp13Xn42) 5
Xn—1Xn—-2  Xn4+2Xn+1

Ao = Tn—1Tut+106

1 1 1 1
We then obtain the following two integrals:

2 2 2 2 2.2
Q4 = CDxyy 2%, 1 X Xn—1 — ADXp 13X, 0 X, 1 XX 1Xn—2

2 > 1 1
— A% (Xn 43X 42X 41X Xn—1 + Xn+2Xn+1XnXn—1Xn—2) — C ( + )
xn+2xn+1xn Xn+1XnXn—1

1 1 1 Xn+3— jXn+2
~BC ( + + ~AB Z Xat3 o —AC Z ah e
Xn+2Xn+1 Xn+1Xn  XpXp—1 =0 j=0 Xn—j

1 1 1 1
Q6 = BDx; 1 2Xp 4 1XnXn—1 4+ CD(Xy42Xp 41Xy + Xpg1X5Xp—1) — AB ( + +—+ )
Xn+2  Xp+l  Xn Xp—1

1 1 1 B2 C?
—AC < + + ) — —

Xnt2Xnt1 Xnt1Xn  XnXn—1/)  Xnt2Xp1XnXn—1  Xps2Xe, | XaXp_]

1 1
—BC 2 + 2
xn+2xn+1xnx,,_1 xn+2xn+1x,,xn_1

It is not difficult to show that Q4 and Qg are functionally independent.
In the special case D = 0, the fourth-order mapping (5) reduces to the second-order

mapping
C
AXpp1X0Xn—1 +B+x_ =0, (7
n
which is a special case of the QRT mapping [1]. Using the transformation of the dependent
variable

~ Tt 11

X, =
n T% )



Letter to the Editor 6
we obtain a bilinear form
ATyi2Th—2+ BTyt 1Th—1 + C’cﬁ =0. 8)

This bilinear form is obtained from the discrete AKP equation by applying the reduction
Ty = T7,k+2,1+7;m Where Zy = 1,2, = 2,73 = 3. Using the characteristics of the discrete AKP
equation, we obtain the following integrating factors for the discrete bilinear form (8):

Tn+1 Tn—1
A= < - )
TnTn+2Tn—1 Tn—2TnTn+1

Th—2Tn+1Tn Th—1Tn+2Tn

Th—3 Tn+3 C
Az = ( - =—Ap,
ThTh—1Tn-2 TnTn+2Tn+1

Th—2 Tn+2 Tn—4 Th+4
A4:C( L — >+A( ” - nt — BA;,
Tn+1TnTh—3 TnTn—1Tn+3 Tn—2Tn-3Tn+1 Tn+2Tn—1Tn+3

2

Th—5 This Th_4 Thid C
A5:A< n . n-+ )+B< n . n-+ :__Al,
TnTn—2T-3  Tn2TnTni3 Tn-1T-3Tn  Tnt1TnTrt3 A

Th—2 Th+2 Th—1 Tn+1
A6:B< L — s >+c( L — = —AA;,
Tn2Tn—1Tn-3  Tn+1Tn—2Tn43 TnTn-3T4+2  TnTn—2Tn43

Th_3 Tni3 C
Ay=—2" — = AL
Tn—2Tn—1Tn  Tn2Tn+1Tn A

There is only one independent integrating factor, A;. From A, we can make an integrating

factors in terms of the x-variable:
1 1

A= Tn+11n—1A1 = .
Xn+1  Xn—1

We then obtain the following integral:

1 1 C
Q1 = —Axpi 1%, +B ( + —) + .
Xn+1  Xn Xn+1Xn

Second example
As a second example, let us discuss the following 6th-order mapping

2 3 3.3 2 2 2.2
DXy 13X, 19X 4 1% 1 X 2Xn—3 + AXn 12X, 1 X,X;, 1 Xn—2 + Bxpp1X0X0 -1 +C = 0. 9

Using the transformation of the dependent variable
_ Tnt1Tn—1
n T% )
we obtain a bilinear form
AT, 3T 3 +BTu0T 2 +CThi 1Tt +DTpiaTh g =0. (10)

This bilinear form is obtained from the discrete BKP equation by applying the reduction
Tn = Tz k+2,0+7;m Where Zy = 1,2y = 2,723 =5 or Z1 = 1,Z, = 3,Z3 = 4. Using the
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characteristics of the discrete BKP equation, we obtain the following integrating factors for
the discrete bilinear form (10):

Th42 Th—2 Tn—5 Th+5
A1:A( n+ _ n )-I—D( n o n+ :—AG,
Tn+1Tn+3Tn—2 Tn—3Tn— 11n+2 Tn—4Tn—2Tn+1 Tn—1Tn+2Tn+4
Th—6 Tnt6
- +D ( - A47
Th— 3Tn+21n+1 Th— Z’Cn+31n 1 Tn—4Tn—3Tn+1 Tn—1Tn+3Tn+4
Thn—6 Tn+6 Th—9 Tn+9
— C n— _ n—+ —|—D ( n _ n—+ —A5,
Th—1Th—2Th-3 Tn+1Tn+3Th+2 Th—4Th—-3Th—2 Tn+2Tn+3Th+4

+
=

(Tn 3Tn—4Tn+2 Tn+3Tn 2Tn+4
B( Th—17 B Tnt7

Th—2Tn—4Tn—1 Tn+27n+lrn+4

Tn+21n+1'tn 4 Tn 1Th—2Tn+4
Th—8 B Tn+8
Tn—1Tn—3Tn—4 Tn+3Tn+1Tn+4

A

_I_

-5 ) )-
= ) )-
c ( Tnt 1 ) Tn—5 Tnts )
= ( ) )

Tn-3 Tn+3
A6 — B < n . n+ > +C < Tn N ) .
Tn+3Th—2Tn—4  Tni2Tn—3Tn+4 Tn+1Tn—4Tn43 Tn—ltn—3tn+4

It is confirmed by using the bilinear form (10) that integrating factors A, Ay and A3 lead to
Ag, A4 and As respectively. Note that the 3 integrating factors A4, As and Ag are independent
and that the characteristics I';, of the discrete BKP equation do not reduce to integrating factors
of (10). From the above integrating factors, we can make integrating factors in terms of the
x-variable:

Ay =Ty 1T1M4

C 1 1
= 5 SR - s | T (Xn3%n—4 — Xn14Xn13)
Xn+1XXn—1 \ X, 1 X _9Xn—3  Xn43X, 0% 1 Xn+1XnXn—1
3 .4 4 3 2 2 3 4 4 3 2
As = Tu1Tu1As = AXu (01 X0 2% 33040 _5%n_ 6T = Xnt X 6% 54 4%+ 350425 1)
3 3 3 2 3 3 3 2

+an( Xn—1Xn—2Xn—3Xn—4Xn—5%n—6 _xn+6xn+5xn+4xn+3xn+2xn+l)7
- B 1 1
A6 = Tn1Tu—106 = PR -

Xn+2X, 1 X0 X,_1Xn—2 \Xn-3  Xn43

C 1 1
+x X2 32 x X1 Xn—2Xn—3  Xn+3XnioX '
n+2X, 4 1Xnry—1An—-2 n—1An—2An-3 n+3An+24n+1

We then obtain the following three integrals i:

2 2 2 2 2.2
Q4= CD(xn+3xn+2xn+1xn T+ Xn 42X, 11X, Xn—1 +xn+1xnxn—1xn*2)

2 2 2 2.2 2 2
— ADXp 14Xy 3% 40X 41 XX 1 X —0Xn—3 — A" Xn+:3Xn+2Xn-+1XnXn—1Xn—2 (Xn+4 + Xn—3)
2 1 6
—BC Z D) 5 —AB Z Xn+d—jXn+3—j
j=0Xn+3—jX; 0 Xy Kn—j j=0

1 1 Xn+4— jXn+3—
~C? >+ —— Ay, s
Xn4+3X 40X 11 XnXn—1 Xn+2X, 1 X3 X,_1Xn—2 j= —0 *n+1—jXn—jXn—1— J
3

_ 22 3 4 5 5 5 4 3 2 .
Os =AD Z Xnt+T—jXn4-6— j*n+5— jXnt+d— jXn+3— jXnr2— jXnr1— jXn—jXn—1—jXn—2—jXn—-3—j
Jj=0

1 Note that the map (9) can be used to eliminate e.g. x,,+4 and x,,_3 from Q4. Similarly for Qs and Qg.
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2
2 3 4 4 5 4 3 2
+BD Z Xn+6— jXn+5— jXn+4— jXnt+3— jXn+2— jXnt1— j¥n— j¥n—1— jXn—2— jXn—3—j

J=0
2y 2 3 4 4 4 4 302
+4 Z Xn+7—jAn4-6— jXn+5— jXn+d— jxn+3— jXn+2— jXn+1- jn— jAn—1- jXn—2-j
J=0
. 2 3 3 4 4 302
+AB Y X6 Xni s Xnta a3 Fni2 Ant1—Xn K1 An—2—
Jj=0
S 2 3 4 4 3 3 2
+AB Z XntT—jXn+6— jXn+5— jXn+d— jXnt3— jXn2— jxn+1- jXn— jXn—1-j
J=0
2% 2 3 3 3 3 2
+B Z Xn+6—jXn+5— jXntd— jxn43— X2 jKnt1— jXn—jXn—1-j
j=0

5
2 3 3 3 2
+BC Z An+6—jXp+5— jXnta— jXn+3— jXnt+2— jXnr1—jXn—j
Jj=0

6
2 3 4 4 3 2
+AC Z Xn+7—jXn+6— j*n+5— jXn+4—j*n+3— jXn+2— jXnt1—jXn—j
j=0
3
Q6 = BDxy43Xn12Xn+1XnXn—1Xn—2 + CD Z Xn+3— jXn+2— jXn+1—j
j=0
> 1 2 1
—ABY —— —AC
j=0*n+3—j j=0Xn+3—jXn+2— jxn+1—jXn—j
B C?
Xn+3Xn+42Xn+1XnXn—1X, 2_x x2 x3 x3x2 X
n+3An+2Xn+1AnAn—1An— n+3%, 10X L 1A Ay —1An -2
BC BC

2 2 - 2 .2 :
Xn43Xn42X,, 1x1%xn—1xn*2 Xn43X, 49X, Hx,%xnflxnfz

Using e.g. Mathematica, one can show that Q4, Q5 and Qg are functionally independent.
We consider the 4th-order mapping

Axn+2x3,+1xflxrzl_1xn_2 + Bxp11X0x,—-1+C =0. (1D

This mapping is the special case D = 0 of the 6th-order mapping (9). Applying

_ Tnt1Tn—1

Xn e
2

we have a bilinear form

A1n+3tn—3 +Btn+21n—2 + CTn—‘rlTn—l =0. (12)
This bilinear form is obtained from the discrete AKP equation by applying the reduction
Tn = Tz k+2y1+2sm Where Zy = 1,72, = 2,73 =5 or Z) = 1,7, = 3,Z3 = 4. Using the
characteristics of the discrete AKP equation, we obtain the following integrating factors for
the discrete bilinear form (12):

Tni2 Th—2
A= - ’
Tnt1Tn43Tn—2 Tn-3Th—1Tnt2
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Tn Tn
Ay = - )
Tn—3Tn+2Tn+1 Tn—2Tn+3Tn—1
Tn—6 Tnt6 C2 32C
As = - — A - A,
Tn—1Tn—2Tn-3  Tn+1Tn+3Tn42 A A
Tn—1 Tn+1 Th—5 Tn+5
A4:C( L — s )+A( L - as = —BA,,
Tn2Tn+1Tn—4  Tn—1Tn—2Tn+4 Tn—3Tn—4Tn+2  Tn+3Tn—2Tn+4
Tn—8 Tn+8 Tn—7 Tn+7
AS —A ( n o n+ ) +B ( n . n+
Tn—1Tn—3Tn—4 Tn+3Tn+1Tn+4 Tn—2Tn—4Tn—1 Tn+2Tn+1Tn+4
¢’  B?
— A+ A,
A2 A3
Th—3 Thn+3 T T
A6:B< n _ n+ )—I—C( n N n )Z—AAI,
Tn4+3Tn—2Tn—4 Tn+2Tn—3Tn+4 Tn+1Tn—4Tn43 Tn—1Tn—3Tn+4
Tn—4a Th+4 C
Ay = n . n+ =——A.
Tn—3Tn—2Tn+1 Tn+3Tn+2Tn—1 A

It is confirmed by using the bilinear form (12) that the two integrating factors A; and A
are independent and the characteristics I, of the discrete AKP equation do not reduce to
integrating factors of (12). From the above integrating factors, we can make integrating factors
in terms of the x-variable:

~ 1 1 1
AL =Tur1Th—1A1 = - ;
Xn+1XnXn—1 \Xn+2  Xn-2
~ 1 1 1
Ao =Tpp1T-1A2 = 5 — :
Xn+1XXn—1 \Xn—1Xn—-2  Xn+2Xn+1
We then obtain the following two integrals:
1 1 1 1 C
01 = —AXp12Xn4+1XnXn—1 + B + +—+ + )
X2 Xntl  Xp Xp—1 Xn+2Xn+1XnXn—1
1 1 C
Q2 = A(Xn+2Xn+1 + X 1% + XnXn—1) —B( + - PR :
Xn2Xn+1Xn  Xp4+-1XnXn—1 Xn42X, 4 1 XpXn—1
We note that the map (11) preserves the symplectic structure
0 Xn—2Xn—1 —Xn—-2Xn  Xp—2Xn+1
—Xn—1Xpn—-2 0 Xn—1Xn  —Xp—1Xn+1
Y
XnXn—2 —XnXn—1 0 XnXn+1
—Xn+1Xn—-2  Xp+1Xn—1 —Xnp+1Xn 0

and that the two integrals Q1 and Q> are in involution w.r.t. this structure, giving an
independent confirmation of the integrability of the map (11).

4. Conclusions

We have studied a class of integrable mappings which have bilinear forms. We have proposed
a method to construct integrals of these higher-order integrable maps. The key to the
construction are the conservation laws of the discrete bilinear forms of the associated AKP
and BKP equations. Note that, generalizing the examples in this Letter, we can construct a
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family of higher-order mappings from the discrete AKP and BKP equations, by applying the
reduction T, = Tz k4+7,i+2zym for any Zy, Z, and Z3.

We hope to discuss details of our methods and higher-order mappings in the class given
here in a forthcoming paper.
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