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1. Introduction

The nonlinear Schrodinger (NLS) equation,
i = Y+ afyy, (1.1)

is one of most important soliton equations in mathematics and physics. The study of discrete
analogues of the NLS equation has received considerable attention recently from both physical
and mathematical point of view [1, 2]. The integrable discrete nonlinear Schrodinger (IDNLS)
equation is given by

dy,

i = Wt + Wt + W > (Wt + W1). (1.2)

The IDNLS equation was originally derived by Ablowitz and Ladik using the Lax formulation
[3, 4, 1]. Thus the IDNLS equation is often called the Ablowitz-Ladik lattice.
The IDNLS equation can be bilinearized into
DGy - Fy = Gpy1Fp—1 — Fp1Gp1 (1.3)
F?4+0G,G; = Fy1Fy (1.4)
through the dependent variable transformation y,, = (1)"%’: where F;, is a real function, G,
is a complex function and G; is its complex conjugate. With this bilinear forms the IDNLS
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equation in the case of o = 1 can be solved by the Hirota bilinear method, i.e. N-bright soliton
solutions are obtained [5, 6, 7, 8].

It is well known that the NLS equation with defocusing parameter (o < 0) has dark
soliton solutions. It is easily confirmed that there is a stationary dark soliton solution

Y, =e 2 sech? (k) tan—li((I;) tanh(kn) (1.5)

by the direct substitution of an ansatz of stationary solution into eq.(1.2). Understanding
various properties of dark solitons in discrete lattices is important from physical point of view

[9, 10, 11]. There is a result of the IDNLS equation under non-vanishing boundary condition
using the inverse scattering theory by Vekslerchik and Konotop [12]. However, it is difficult
to understand the dependence on a lattice space parameter of the N-dark soliton solutions in
the result. The N-dark soliton solutions of the IDNLS equation have not been studied much
until now.

The relationship between the IDNLS and relativistic Toda lattice (RTL) equation was
pointed out by several authors [13, 14, 8]. An interesting open problem was given in
conclusion in Ref.[8]: The 2-component Casorati determinant solution of the IDNLS equation
and RTL equation in Ref.[8] is different from the single-component Casorati determinant
solution of the RTL equation which was derived in Ref.[15]. Is there any relationship between
the 2-component Casorati determinant solution and single-component Casorati determinant
solution?

Our goal in this paper is to construct Casorati determinant form of N-dark soliton
solutions with a lattice space parameter and give an answer of the above open problem. In
this article, we give an explicit formula of the dark soliton solutions. It is known that the dark
soliton solutions for NLS are written in terms of Wronski determinants. We show that the
solution for IDNLS is given in the Casorati determinant form which is a discrete analogue of
the Wronskian.

This paper is organized as follows. In the next section, we discuss about the gauge
transformation and bilinearization of IDNLS equation. In section 3, we give bilinear identities
for Casorati determinant both for the Bicklund transformation of Toda lattice and the discrete
2-dimensional Toda lattice equation. In the section 4, we perform a reduction of the Casorati
determinant which derives the bilinear form for IDNLS given in section 2. The complex
conjugate condition is considered in the section 5. In the section 6, we give examples of dark
soliton solutions. We also clarify the relationship between the IDNLS and the relativistic Toda
lattice in the final section.

2. Gauge Transformation of IDNLS

First of all, we should examine the transformation of IDNLS equation by gauge. Applying

the gauge transformation,
i(Bn—or)

Y, = uzAe ,
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eq. (1.2) is transformed as

.du i —i
i dtn = — Oty + (1 + oA |y |*) (1€ + 1y 1679)

thus we can scale |ot| by using the amplitude A. To obtain the dark soliton solutions, we set
o= —(a®>—1)/a® (a>1). We also scale ¢ by t — a’t, then the IDNLS eq. (1.2) can be
bilinearized into
(iDt + (0>Gn By = Gn—HFn—leie + Gn—an—He_ie )
@Fy — (@ = 1)G,Gy, = Fyr1Fae1,

2.1)
(2.2)

through the dependent variable transformation,

v, = i_: ci(on—or)

where F;, is a real function, G, is a complex function and G, is its complex conjugate.

The above gauge factor el(On—r) g nothing but the carrier wave of the dark soliton, and
essentially u, = G, /F, gives the envelope of the soliton solution. In the context of NLS, in
order to construct physical solutions, it is more convenient to consider the above bilinear form
than the one in eqgs. (1.3) and (1.4). Using the bilinear forms, eqgs. (2.1) and (2.2), we present
the Casorati determinant form of dark soliton solutions of the IDNLS equation. Instead of
applying the Hirota bilinear method directly to eqgs. (2.1) and (2.2), we rather start from the
algebraic identities for Casorati determinant and derive the bilinear form of IDNLS equation

by using the reduction technique.

3. Bilinear Identities for Casorati Determinant

3.1. Bdcklund Transformation of Toda Lattice

We have the bilinear forms for Bicklund Transformation (BT) of Toda lattice (TL) equation,

(aDy — D)ty (k+ 1,1) -ty (k, 1) + T (k+ 1,1)Tht1(k, 1) =0, (3.1)
(bDy —D)tp1(k, 14+ 1) -1, (k1) +tp(k, L+ 1)t 1 (k, 1) =0, (3.2)
where a and b are constants.
Consider the following Casorati determinant solution,
n n+1 n+N—1
cpé ;<k,z> <p§ * ;<k,z> <p§ ’ 1§<k,z>
nkl n—Hkl n+N— k.1
Tn(k,l): (PZ .( ) ) (p2 '( ) ) (PZ ( I ) , (3.3)
n . n l' n —'1
o8 (k1) oy (k1) G (N)

(n)

where @;

discrete ones, k and [, which satisfy the dispersion relations,

i

1

(k,1),

’s are arbitrary functions of two continuous independent variables, x and y, and two

(3.4)
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3,0 (k,1) = 9" (k, 1), (3.5)
Ao (k1) = 0" (k, 1), (3.6)
Ao (k1) = "V (kD). (3.7)

Here Ay and A; are the backward difference operators with difference intervals a and b, defined
by
Sk, 1) = f(k=1,1)

Akf(k7l> = a > (38)
k,l)— f(k,—1
aufety = TED =L, (3.9)
For simplicity we introduce a convenient notation,
o (ki) o (kayla) - @™ (k)
(n1) (n2) (ny)
ki,l1 kp,l kn,1
|n1k17n2k27'“7nNkN‘: (p2 ( 1 l) (Pz (.2 2) (Pz (.N N) . (310)
ook Y o™ 1) 0™ (ke ) e o™
Oy (ki l1) @y (ks o) oy (kn,1y)
In this notation, the solution for BT of TL, t,(k,[) in eq. (3.3), is rewritten as
'cn(k,l):|nk,n—|—1k,~--,n+N—1k\, (3.11)

l [ l

or suppressing the index k and [/, we simply write as
T (k,l)=|n,n+1,--- ,n+N—1|.

We show that the above T, (k,[) actually satisfies the bilinear eqgs. (3.1) and (3.2) by using
the Laplace expansion technique[16, 17]. At first we investigate the difference formula for 7.
From eq. (3.6) we have

a@" V (k+1,1) = 0" (k+1,1) — " (K, 1).

Noticing this relation, we get

Tk + 10 =ln ont 1ot 2 n e N=1, |
l l l l
=lngntl ont2, ntN=1, |
l l l l
where we have subtracted the 2nd column multiplied by a from the 1st column,
e R e P

! ! ! !
where we have subtracted the 3rd column multiplied by a from the 2nd column,

= |nk,n+1k,---,n—|—N—2k,n—|—N—1k+1|,
l l [ [

(3.12)

that is,

Tk +1,0) = n+1,, - n+N=2,,n+N-1, . (3.13)

[ [ l l
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Moreover in eq. (3.13), multiplying the N-th column by a and adding the (N — 1)-th column
to the N-th column, we get

a’cn(k+1,l):|nk,n+1k,---,n+N—2k,n+N—2k+l\. (3.14)
l l [ [
Differentiating eq.(3.14) with x and using eq.(3.4) we obtain
aax’cn(k—i—l,l):|nk,n—|—1k,-~-,n+N—3k,n+N—lk,n+N—2k+1\
1 1 I I I
—|—|nk,n+lk,---,n+N—3k,n—|—N—2k,n—|—N—1k+1|
l 1 1 l 1
:\nk,n+1k,---,n+N—3k,n+N—lk,n+N—2k+1\+rn(k+1,l). (3.15)
1 I I I I

We have also

dTn(k, ) =|n,,n+1 - ,;n+N—=2 n+N_|. (3.16)

l l [ l
In short, we write
T (k+1,01)=|n,n+1,-- - n+N—=2.n+N— 14|, (3.17)
aty(k+1,1)=|n,n+1,--- n+N—-2,n+N—2;4], (3.18)
(ady — D)ty(k+1,1)=|n,n+1,---;n+N—-3n+N—1,n+N—2441], (3.19)
oxTu(k,l)=|n,n+1,--- . n+N—-2n+N]|. (3.20)
Let us introduce an identity for 2N x 2N determinant,
n+l -+ n+N-2 n+N n+N-—1 0] §n+N—1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, —0.
(0] §n+N n+N—1;4 n n+tl -+ n+N-2 n+N-—1

Applying the Laplace expansion to the left-hand side, we obtain the algebraic bilinear identity
for determinants,

In+1,---.n+N—-2n+N,n+N— 1| x|n,n+1,--- . n+N—-2n+N—1|
—|n+1,---;n+N-=2n+N—1,n+N—1;4| X|n,n+1,--- ;n+N—-2,n+N|
—|n+1,---.-n+N-2n+N,n+N—1|x|n,n+1,---,n+N—-2n+N—1;1| =0, (3.21)

which is rewritten by using egs. (3.17)-(3.20), into the differential bilinear equation,
(aax - I)Tn+1(k+ lal) X Tn(kvl) - a'rn+l(k+ lal)axrn(kvl) +Tn+l(k7l)’cn(k+ 171) =0.

This equation is equal to eq. (3.1).
Similarly we obtain

(b0y — 1)1 (k, L+ 1) X Tk, 1) — b1 (ky L+ 1)y Ty (ky 1) + Tyt (k, )Tk, L +1) = 0,

because the role of y, [ and b is parallel to that of x, k and a except that the ordering of index n
is reversed. The above equation is equal to eq. (3.2). Hence we have proved that the Casorati
determinant 1, (k,/) in eq. (3.3) gives the solution for the BT of TL equation.
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3.2. Discrete 2-dimensional Toda Lattice

Using the Casoratian technique, we show that the bilinear form of discrete 2-dimensional
Toda lattice (D2DTL) equation,

Tn(k+ 1,1+ 1)Ta(k, 1) = Ta(k+ 1,1)Tu(k, I+ 1)
=ab(t,(k+ 1,1+ 1)t,(k, 1) — Ty (k+ 1,01 (k, 1+ 1)), (3.22)
is also satisfied by the Casorati determinant.

Let us further examine the difference formula for the Casorati determinant T, in eq. (3.3).
Similarly to eqs. (3.17) and (3.18), we have

Tk, +1) = |nr,n+1,-,n+N—2,n+N—1], (3.23)
btu(k+1)=|n+14,n+1,-n+N—2,n+N—1]. (3.24)
Thus t,(k+1,/+ 1) is given by
Tk + LI+ 1) =|n, n+ L, n+N=20,n+N =Tl (325
I+1

In the following we show that the shifts of index k is condensed into only the right-most
column of the determinant. From eqgs. (3.6) and (3.7), (pl(") satisfies

AAG" =" (3.26)

that is,
o (k1) — 9" (k= 1,0) = 0" (kL = 1) + 91" (k — 1,1 — 1) = abg!" (k. 1), (3.27)

i
which is rewritten as

(1—ab) (k+1,1+1) = " (k, 1+ 1) + 0" (k+ 1,1) — ¢\" (k. 1)

= @E”)(k,u 1) +a<p§”+”(k+ 1,0). (3.28)

Therefore multiplying the both hand sides of eq. (3.25) by (1 — ab) and rewriting the 1st
column of the determinant by the use of eq. (3.28), we obtain
(1—ab)t,(k+1,14+1)
=ln  n+ligr, s n+N=20,n+N— 1|
I+1
+ a\n—f— 1k+1 A+ 1ger, o n+N—241,n+N— 1k+1|~ (3.29)
!

The second term in r.h.s. vanishes because its 1st and 2nd columns are the same. So we get
(1—ab)ty(k+1,1+1)=|np1,n+ lgyp, - ,n+N—241,n+N— 1] (3.30)
In the above determinant, by subtracting the (j -+ 1)-th column multiplied by a from the j-th
column for j =2,3,--- N—1,1,(k+1,l+ 1) is given by
(I—ab)ty(k+1,1+1)=|ny1,n+1,---.n+N—-2n4+N— 14| (3.31)
As is shown, even if the two variables k and [ are shifted, T, is also expressed in the

determinant form whose columns are almost unchanged and only edges are varied. Thus
we can use the Laplace expansion technique.
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We consider an identity for 2N x 2N determinant,

nyp n+l -+ n+N—2 n+N—1 n (0] §n+N—1
=0.

niiy (%) nin+l -+ n+N—-2 n+N-1

By the Laplace expansion, we have

lnji,n+ 1, n+N—-2n+N—1 | X|n,n+1,--- n+N—-2,n+N—1|

_‘n7n+1a"'an+N_27n+N_1k+l‘X|nl+l7n+1a"'an+N_27n+N_1|

+n+1,---n+N-=2,n+N—1,n+N— 1| X|ny41,n,n+1,--- . n+N—-2|=0. (3.32)

Using egs. (3.17), (3.18), (3.23), (3.24) and (3.31), we obtain from eq. (3.32),

(1 —ab)ty(k+ 1,1+ )T, (k,0) — T (k+ 1,0)t,(k, I+ 1)

+aty1(k+1,1)bt,—1(k, I+ 1) =0, (3.33)
which recovers eq. (3.22). This completes the proof that the Casorati determinant is indeed
the solution for D2DTL equation.

(n)

i

1 -1
of () =1 —ap) (15 ) i1 —ag) F (1-0 ) e, (.34
Di qi

For example, we can take ¢, as

1 1
& =pix+—y+&o, Mi=gx+—y+no,
Pi qi

where p;, g; and &9, n;o are arbitrary constants which correspond to the wave numbers and
") in eq. (3.34) actually

phase parameters of solitons, respectively. It can easily be seen that @,

satisfies the dispersion relations, eqs. (3.4)-(3.7).

4. Reduction to IDNLS

In this section, we give the reduction technique in order to derive the IDNLS equation from
the system of BT of TL and D2DTL. In eq. (3.34), we apply a condition for the wave numbers,

1 —b%
qi = —Piy - 4.1)
—api
Then we get
1— b%
Pi=—4i7 -, 4.2)
—adi
and thus
1-bl 1-bi
2 Pi 2 qi
N —gr—2 4.3
pll_api qll_aqi ( )

On this condition, (p(") in eq. (3.34) satisfies

1-bL
Qﬁﬂkk+1J—1):p3rré3¢”wa (4.4)
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Hence we obtain
N 1-bo
Tpio(k+1,1—1) = F—— 1k, D). 4.5
+ V] g G (4.5)
By using eq. (4.5), the bilinear forms for BT of TL and D2DTL, egs. (3.1), (3.2) and (3.22),
are rewritten as

(aDy — DTypq1(k+ 1,1) -ty (k, 1)+t (k+1,0)t041(k,1) =0, (4.6)
(bDy — Dty (k+1,1) -ty(k, ) + T2 (k+ 1,0)t,—1 (k,1) =0, “4.7)
Tt (k+ 1,0 T—1(k—1,1) — Tyr1(k, D) Tu—1(k, 1)

= ab(Ty1 (k+ 1,0 T 1 (k— 1,1) — T, (k, ) Tu(k, 1)) (4.8)

Here we may drop /-dependence, thus for simplicity we take / = O hereafter. Equation (4.8)
is nothing but the bilinear form of the discrete one-dimensional TL equation.
Let us substitute

X = lact, y = ibdt, 4.9)
where ¢ and d are constants. Then we have

—id; = acdy + bddy, (4.10)
and from the bilinear egs. (4.6) and (4.7), we get
(—=iDy —c—d)typ1(k+ 1) -T(k) + cTu(k+ 1)Tpr1 (k) +dTpso(k+1)T,—1(k) = 0. 4.11)
The Casorati determinant solution of egs. (4.11) and (4.8) (with [ = 0) is given by

or K 9l e

n n+ n+N—

(k) = (Pz.(k) 0, . (k) 0, . (k) ’
o k) o) - o™V (k)

0" (k) = p(1 —apy) *e5 + g (1 — ag)) e,

‘ bd ) bd
& =i acpi+— t+&io, Ni =1{ acqgi+— J1+MNo.

1 1

Here p; and g; are related by eq. (4.1).

By defining

fr=(0),  gn=Tur1(l),  h=Tp1(-1), (4.12)
from eqgs. (4.8) and (4.11), we obtain the bilinear form of IDNLS equation,

(—iDy—c—d)gn - fu+dgnt1fn—1+cgn-1fur1 =0, (4.13)

(iDy —c—=d)hp - fu+ chpsi fu—1 +dhn—1 fas1 =0, (4.14)

Jostfo—1 = fufu = (ab = 1)(fufu — gnhn) - (4.15)
By using the dependent variable transformation,

8n hy
Up = — vy =

=
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the above bilinear equations are transformed into

.duy,
i CZ = —(c+d)up+ (ab— (ab — Vupv,) (dugs1 + citn_1) , (4.16)
dvy

—i ;t = —(c+d)vy+ (ab— (ab—1)uyvy)(cvps1 +dvp—1). 4.17)

5. Complex Conjugate Condition

In order to take v, to be the complex conjugate of u,, we need to restrict f, as real and &, as
the complex conjugate of g, up to gauge freedom. Moreover to take u, to be regular (i.e., u,
not to diverge for real t), we need f;, 7 O for real ¢. In this section, we give the conditions for
the complex conjugacy and regularity for the Casorati determinant solution.
Firstly we take
b=a,

for simplicity, and next we take
a>1.

Then the conditions for complex conjugate are given as follows:

pi=a+Va*—1r, lril=1, (5.1)
NP\ e

eNio — e 5o, (5.2)
g qi — 9k
kA

d=c", (5.3)

where r; is a complex parameter of absolute value 1, and * means the complex conjugate. On
the condition (5.1), eq. (4.1) turns to be

qi— %>

=

and egs. (5.2) and (5.3) gives

N ;] *
eni — Pi— gk e_&-'i ,

w1 9i — qk
ket

for real ¢.
Now we summarize the final result of the Casorati determinant solution for IDNLS
equation. The bilinear form of IDNLS equation is given as

(_iDt —C— C*)gn “f +C*gn+1fn—1 +cgn-1futr1 =0, (5.4)
(iDt —C— C*)hn ot chur1 faa ‘|‘C*hn—1fn+1 =0, (5.5)
fn+1fn—1 — fufn = (az_l)(fnfn_gnhn)a (5.6)
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where a > 1 and t is real. The Casorati determinant solution for the above bilinear equations

is given as
010 9" (0) o0
n 0 n+ 0 n+N— 0
£ = (P2:( ) 9, (0) ) | (0) 7 5.7)
cpfg>+<3> <p§$+(”+<g> <p§€+(N+‘;)<o>
(p%n 9 (p%n ) %n o
n+ n+ n+
1 1 1
gn:(pzz() (Pz:() 2'(), (5.8)
of V1) a ey ™)
(P%" 1)(_1) <P%")(—1) : <P%" 2)( 1)
n— n n+N—
ov (=D ey (=1 - o™ (=)
where
N (Ve =1\ (& pipi—1
(n) . . 2 1%\ k& (_) a— M =&
S (k) = Vas—1lpir) "e¥ + | — ” T e i,
O, () p ) 2 < Diti ) gpk/lﬂi—l
k#i
ﬁi:ia(cpi+c_.)t+§io, pi=a+va*—1r;, rif =1

where r; is a complex parameter of absolute value 1 and & is an arbitrary complex parameter.
This Casorati determinant solution gives the N-dark soliton solution for IDNLS equation. r;
and &y parametrize the wave number and phase constant of i-th soliton, respectively.

After a straightforward and tedious calculation of expanding the determinants, f,, g, and
h, can be expressed in an explicit way as follows:

Firy--rn (Va2 —1)V
=F,G, =G - h,=H,G ———" 5.10
Tn=EnGo e =CnG o G oy (.10
where G 1s the gauge factor defined by
N
6= I (@—a)]]de",
N>i>j>1 i=1
and F,, G, and H,, are given as
N . 2
F,= I Piy — Piy H i [ 215+ (5.11)
M=0 1<i<iy<--<iy<N |[1<u<v<M piupzv 1
2
N M
p. - p.v P V . *
G=Y ¥ PPl T (=22 ) oo P, sa2)
M=0 1<ij<iy<--<iyg<N |1<u<v<M PiPi, — 1| v=1 Pvrlv
N R M
Hy=Y i f DT (-2 ) I e 5 (5.13)
M=0 1<ij<iz<--<iy<N |1<u<v<M PiuPi, — L e Piy
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Now it is clear that F; is real and H, = G, thus v, is the complex conjugate of u, up to
multiplication factor. Moreover since F, > 1, the regularity of u, is also satisfied.

From the bilinear eqs. (5.4)-(5.6), and the gauge transformation (5.10), the above F,, and
G, satisfy the bilinear equations,

(_iDt —C— C*)Gn Fy ‘|‘C*Gn+1Fn—1 +cGp1F1 =0, (5.14)
Fo1Fy 1 — F,F, = (a* = 1)(F,F, — G,G?). (5.15)
Let us take
c= e—ie

where 0 is a real parameter. By the variable transformation,

W, = @ei(en—ml)
n Fn Y
that is,
2 N
(Va* =1 jen
W, = Uiy el(en wt) 7

]/'l r2 e rN

where

ow=¢c®t+e = 2cos0,
we finally obtain the IDNLS equation,

i dy, a’—1

. 2

Thus we have completed the proof that the N-dark soliton solutions for the IDNLS equation
are given in terms of the Casorati determinant. Here we remark that a parameter a is related

to a lattice space parameter 8 = 1/a(< 1). Using a lattice parameter 8, we can rewrite the
IDNLS equation (5.16) into

A, W VYo 18
1;; :Wﬂgzw - 32 W l* (W1 + Wnt)- (5.17)

We see that the IDNLS equation is defocusing whenever a lattice parameter 9 is smaller than

1. When 8 = 1, the IDNLS equation reduces to a linear equation.

6. Soliton Solutions

In this section we give examples of dark soliton solutions for the IDNLS equation. By taking
N =11inegs. (5.11) and (5.12), we get the 1-soliton solution for the IDNLS eq. (5.16),

Gn ion—
WHZF:CI(GH ZICOSG),

where 0 is a real parameter and

Fy=1+|p |55, anl_%‘pl‘2n6§1+éf7

1"1
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Figure 1. Plots of 1-dark soliton. The vertical axis is |y,|. ((a) a = 2,r = exp(in),0 =7, (b)
a=1.1,r=exp(in),8 = m.)

where 0
_.(p1 ¢ _ 2 _
&1 =ia eT9+E t+E&o, pr=a+Va*—1r, lr|=1.

By rewriting as p; = pe'® and r| = re'®, we get a slightly simpler expression,

Fo=1+p/”e,  G,=1- #wme&&* :

where .
&zia<p+—)t+éo, p=ae ®4\/a2—1r, lr|=1.
4

Here arg(r) parametrizes the wave number of soliton, and R(&p) gives the phase constant
which parametrizes the position of soliton. Figure 1 shows a stationary 1-dark (black) soliton.
When a (> 1) is getting closer to 1, the width of a dip is getting wider. Figure 2 and 3 show
travelling 1-dark (gray and black) solitons.

Here we should comment about the difference of travelling velocity between black and
gray solitons. In the continuous case, the NLS equation (1.1) is invariant under the gauge and
Galilean transformations,

Wx, 1) — y(x — 2kt 1)el K1),

thus the travelling velocity of any solution can be shifted by 2k by using the above
transformation. If we normalize the freedom of Galilean transformation by requiring that
the carrier wave disappears (i.e. k = 0) and  represents only the envelope, then the velocity
of the envelope soliton is O if and only if the soliton is black. In the case of IDNLS, the
situation is almost same. When 6 = 0 (i.e. the case of carrier-wave-less) or 6 = 7 (i.e.
y, = (—1)" x (envelope soliton)), then the velocity of black soliton is 0 and the travelling
dark solitons are always gray solitons. We see this fact from Figure 1 and 3.

The 2-soliton solution is obtained by taking N =2 in egs. (5.11) and (5.12). Similarly by
rewriting as p; — p;e'® and r; — r;e'®, we get an explicit expression of the 2-soliton solution
for eq. (5.16),

v, = G i(0n—21cos0)
=

Fy ’
P1—P2 ?
Fy =14 |p1[e5 751 4 |py 16575 4 'W |p1pa| B HEIHRtE
5 —
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Figure 2. Plots of travelling 1-gray soliton. The vertical axis is |y,|. ((a) a = 2,r =
exp(3in/4),0 = 51/3.)
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Figure 3. Plots of travelling 1-black soliton. The vertical axis is |y,|. (a = 2,r =
exp(—5in/3),0 = 51/3.)

1 i 2 *
Gr= 1= Lo |y e84 — L2y e

PN P
2
P1— D2 P1 D2 * *
* %2 % 2 |P1P2‘2ne&l+&l+&2+&27
pips— 1| piri p3rs

where .
& =ia (pi+ 17) t+&0,  pi=ae?+Va—1n,  |nl=1.

1

Here the carrier wave of the dark soliton solution is given by the exponential factor,
el(®n=2rcos6) Fioure 4 shows 2-dark soliton interaction.
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Figure 4. Plots of 2-dark soliton interaction. The vertical axis is |y,|. (¢ =2,r =
exp(3in/4),r, = exp(in/4),0 = 5n/4)

7. Concluding Remarks

We have shown that the N-dark soliton solutions of the IDNLS equation are given by the
Casorati determinant. From the above derivation of the N-dark soliton solutions for the
IDNLS equation, we notice that there is correspondence between the Casorati determinant
solutions of the IDNLS equation and the RTL equation [15]. The RTL equation is decomposed
into three bilinear equations, i.e. the Toda lattice (TL) equation, the Béacklund transformation
(BT) for TL and the DTL equation (See appendix). The IDNLS equation is also decomposed
into three bilinear equations, i.e. two types of the BT for TL and the DTL equation.

This fact reminds us several works on the relationship between IDNLS and RTL
[13, 14, 8]. Moreover, our result is an answer to an open problem of Ref.[8], i.e., the N-bright
soliton solutions of IDNLS are written by the 2-component Casorati determinant in Ref.[8],
and the N-dark soliton solution are written by the single-component Casorati determinant
which is given in this paper and corresponds to the solution of RTL in Ref.[15].

It is interesting to investigate N-dark soliton solutions of the discrete time IDNLS
equation. It will be reported in the forthcoming paper.

The authors gratefully acknowledge valuable discussions with Prof. M. J. Ablowitz, Prof.
Y. Kodama, Prof. K. Yoshimura, Prof. B. F. Feng, Prof. K. Kajiwara and Dr. A. Mukaihira.
K.M. acknowledges support from the 21st Century COE program “Development of Dynamic
Mathematics with High Functionality” at Faculty of Mathematics, Kyushu University.
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8. Appendix

In this appendix we briefly explain T-functions of the RTL equation. The RTL equation
d’q, 1 1 exp(gn—1—qn)
= (14+=gn-1)(1+=4n)
dt? ¢ c” l—l—cizexp(qn_l —qn)
exp(gn — gn+1)
1+ ciz exp(gn — qn+1) ’

where g, is the coordinates of n-th lattice point and c is the light speed, was introduced and
studied by Ruijsenaars [18]. The RTL equation (8.1) is transformed into the three bilinear

1 1
- (1+56]n)(1+56]n+1) (8.1)

equations,
D)chn “Jn= z(gngn - fnz)v
(an_l)fn'fn—1+g_n—lgnzoa (82)
Bn18nr1 — f = (fur1fo1 — f7),

through the variable transformations,

gn = log f’}_l : (8.3)
2

g 1:" X, (8.4)
_ 2

o Vla @ 8.5)

In egs. (8.2), g and g are the auxiliary variables and D is the bilinear differential operator
defined by

Dif-g= (05— ) F(x)8(¥)|y=r-
Letting

fo=wn), gn="T1(n), gn="Tar1(n), (8.6)
we have three bilinear equations, the TL equation, the Bicklund transformation (BT) for TL
and the DTL equation,

D (k) - T (k) = 2(Tu1 (k) Tt (k) = Ta(k)Ta(K)),

(aDy — 1)t (k) - Ty (k— 1) + Tk — 151 (k) = 0, (8.7)

To(k+ 1)t (k— 1) — 1, (k)T (k)

= a?(Tpp1 (k+ DTy (k—1) — 1, (k)T (k).
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