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Abstract

We construct generating functions for the entries of Hankel determinant formula for the Okamoto polynomials which
characterize a class of rational solutions to the Pa@lg\equation. Generating functions are characterized as asymptotic
expansions of log derivative of Ai and Bi, which are solutions of the Airy equation.
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1 Introduction

In the theory of integrable systems, structure of exact solutions are considered to reflect essential mathematical struc-
tures behind the equations. In the soliton theory, as clarified by the Sato theory[12], the dependent variables which are
introduced intuitively in the Hirota’s method functions) are regarded as the most fundamental object, and determinant
or Pfdfian structure of the functions is reflection of the solution space and the transformation group acting on it. For
the Painle@ equations, it is considered that théunctions and their determinant structure are of the same importance
as the soliton equations, although the Paialequations are ordinaryftirential equations while the soliton equations
are partial diferential equations. In the series of works[15, 16, 17, 18], Okamoto has introduceélitinetions through
the Hamiltonians, and studied their properties. He has shown thatftivections satisfy the Toda equation in general,
and that some class of transcendental classical solutions (hypergeometric solutions, or special function solutions) can be
expressible in terms of determinants whose entries are given in terms of special functions of hypergeometric type. More-
over, for algebraic (or rational) solutions, which are another class of classical solutions to the&ainlations, it has
been revealed that the special polynomials that characterize the solutions are specialization of the Schur functions or their
generalization (universal characters) by studying the determinant formula of Jacobi-Trudi type [4, 7, 8, 10, 11, 14].

For example, the Painléul equation(R)
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admits a one-parameter family of transcendental classical solution expressible in terms of the solution of the Airy equation
whena is an integer, and rational solutions wheris a half-integer. As for the rational solutions, the following fact is
known: letTy (N € Z) be the polynomials which are generated by the Toda equation
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satisfy B (1) witha = N + % The polynomialdTy is called the Yablonski-Vorob’ev (Y-V) polynomials. It is known that
the Y-V polynomials admit the following determinant formula of Jacobi-Trudi type[7]:
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Since the Schur functio8y(ty, to, t3, . . .) associated with the 2-core Young diagram (N,N — 1,---, 1) is given by the
determinant in (4) withpy replaced byY >, pkd® = expXi ; thA" [12], the above formula immediately implies tHBg
are nothing but the specialization of 2-core Schur functions. Furthermore, since the 2-core Schur functions give rational
solutions to KdV or modified KdV equation[12], this coincides with the fact thatcBn be derived from similarity
reduction of the modified KdV equation(see, for example, [1]). In this manner, the determinant formula is useful to
clarify the essential property of the object.

On the other hand, it is known th@t, admits the following Hankel determinant formula[7]:
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If a determinant formula reflects some mathematical structure, what does this formula imply? In particular, what are the
entriesa,? In order to investigate this problem, a generating functioafevas considered in [2], and the following result
was obtained:

Theorem 1.1 [2] We define the generating functidf(x, t) of a, (n > 0) by
Foo) = > an (-2 @)
n=0
Then, the following asymptotic expansion arotiré oo holds for any subsector ¢drgt| < 3:

F(x.1) ~ % logd(x.1), 6(xt) = €3 Ai(t2 - x), ®)

whereAi is the Airy function.

This result is quite suggestive, since log derivative of the Airy function is another particular solutipnitofBct,

d
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satisfies p (1) with @ = 0. Is this phenomenon caused by an accident? In order to answer this question, it may be an
important problem to investigate whether similar phenomena take place for other Pagleations or not.
In this article, we consider the PainkV equation (/)
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wherea andg are parameters, and the Okamoto polynomials which characterize a class of rational solutigps for P
We construct the Hankel determinant formula for the Okamoto polynomials and discuss the generating functions for the
entries of determinants.



2 Okamoto polynomials and Hankel determinant formula

Let Q, (n € Z) be polynomials generated by the following Toda equation:

HQn = (Q)° = Qni1Qn1 — (@ +2n+ 1)QZ, (11)
Q=1 Qq=x+1 (12)
Then, it is known that [17, 13]
y= d log Qo1 _ (13)
dx ° Qv

satisfies R (10) witha = n+ 1,8 = 1. The polynomial€Q, are called the Okamoto polynomials.A Jacobi-Trudi type
determinant formula fo@, is discussed in [8, 14, 13], and it is shown tkgatare specialization of 3-core Schur functions.

Let us construct the Hankel determinant formula@r A Hankel determinant formula for the general solution of the
Toda equation has been presented in [6] as follows:

Theorem 2.1 [6] Let {rn}nez functions satisfying the Toda equation;
T =T = Tt Tl — Y9 T2, T1=Y, To=1 t1=¢. (14)

Let{an}nen, {bnlney be sequences defined by the recursion relation
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respectively. Then, is expressed as

n=_0, (16)
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Applying Theorem 2.1 to the Toda equation @ (11), we have the following formula:

Proposition 2.2
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Proof For technical reason, we separate the case$ andn < 0. PuttingQ, = e™R,in (11), we have

R/Ry — (R)% = RustRn1 — (& + 1)RZ,

, R (20)
R,i=¢€, Ry=1, R1=eX(X2+1).
Applying Theorem 2.1 to (20) with > 0, we have
2 -2 2
Ri=detd.j2), & =&+ ) &l F=€(C+1) (21)
k=0
Now puttinga,, = e°a, and noticing thaR, = €Q, , we obtain the formula fon > 0 as
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For the case ofi < 0, puttingQ, = e ™Y¥S ., we have
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2 2 (23)
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Applying Theorem 2.1 to (23) with < 0, we get the formula fon < 0 by similar calculationsJ
3 Generating functions
3.1 Mainresult
Let1,(2) be the modified Bessel function
i > (2/2)v+2k
() = Zo R DrkaysDy A< lagd<r (24)
We define the functions Adf and Bi@) by
. ks 2732 2732
AI(Z) = ? |_1/3 (T) — |1/3 (T)] y (25)
: z2 2732 2732
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respectively. It is known that Azf and Bi@z) are independent solutions of the Airy equation
d?u
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and that they admit the following asymptotic expansion araundw [9]:
Ai(2 ~U_(2) |argZ <,
. n (28)
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where (1) (5)
Ui(Z) = 2_\/E eXp(iT) 4 ; T (iT) . (29)

Now we define the generating functions for the entagandb, of the Hankel determinant formula &f, obtained in
Proposition 2.2 by

F(xt) = Z ant™",  G(xt) = Z bt 3", (30)
n=0 n=0
Then the main result of this article is stated as follows:

Theorem 3.1 Define the functiong; (X, t), 82(x, t) by

[t 6 x3
61(x,t) = Bi (Z - xt) exp(—l—2 + 7)
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respectively. Then, the following asymptotic expansions hold arbungh:

t4 0 X2 T
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3.2 Riccati equation

In the following we give the proof of Theorem 3.1. The strategy for proof is described as follows:
(1) We derive Riccati equations fér andG from the recursion relations (18) and (19), respectively.
(2) We then linearize the Riccati equations by a standard technique to yield the Airy equation.
(3) Finally we identify the functions by investigating asymptotic behaviours.

Proposition 3.2 F(x, t) andG(x, t) satisfy the folloiwng Riccati equations,

3 Z—E = —F2 4+ 35 - 2)F -t + 1), (34)
3 0G 2 | 43143 62
£ = -G+ (E + 296 - 1°(< - 1), (39)

respectively.

proof: (34) can be derived as follows:
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F
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where we have used (18) to derive the second equality. We obtain (35) by the similar caldulation.

SinceF(x,t) andG(x,t) are defined as formal series around o, it is useful to derive dferential equations with
respect td. For this purpose we present the following lemma:

Lemma 3.3 (1) a, andb, satisfy the following recursion relations,
a, = Xa,  + (30 + 1)an1, (36)
by, = —xbf,_; — (3n+ L)y 1, (37)
respectively.
(2) F(x,t) andG(x,t) satisfy the following linear gierential equations,

oF OF

(x— t3)a =t —4F - 2xt3, (38)
G 0G
(x+ t3)g—x = taa—t — 4G + 2xt3, (39)

respectively.

The first statement can be proved by a simple induction. The second statement follows immediately from (36) and (37).
O

From Lemma 3.3, we obtain the Riccati equations with respect to

Proposition 3.4 F(x,t) andG(x, t) satisfy the following Riccati equations

oF x-t° 6 33 2 3(13y2 1 13 _ 43

o Fe+ (-t° + 3t°x — 2X° + 4)F + t°(°X° + t° — X° + X), (40)
G t3

aa—t=—X:—SGZ+(t6+3xt3+2x2+4)G+t3(—t3x2+t3—x3—x), (41)

respectively.



3.3 Linearization and identification of functions
We obtain the Airy equation by linearization of the Riccati equations by standard technique.

Proposition 3.5 (1) Putting

V. t6

F=t32-xtt+ = 42
v xt° + > (42)

the Riccati equation (34) reduces to the following linear equation:
v 4 t3
ﬁ =t (—X+ Z)V (43)
(2) Similarly, putting
Fo v o (44)
C x-t3v 2’

the Riccati equation (40) reduces to the following linear equation:

A

t3
3\2
6t2 = —ma +t(X—t ) (—X+ Z)V (45)

(3) (43) and (45) are transformed into the Airy equation

2
3—2\2/ =2V, (46)
by the change of variable
t3
z_t(—x+ Z)' 47
A similar proposition holds foG(x, t):
Proposition 3.6 (1) Putting
- 3% t
G_tW+xt3+2, (48)
the Riccati equation (35) reduces to the following linear equation:;
Pw 4 t3
W =t (X+ Z)W (49)
(2) Similarly, putting
t* w t6
G_X+t3W+X +E, (50)

the Riccati equation (41) reduces to the following linear equation:

w3t ow 32 t3
Wzmﬁ-kt(x-’-t) (X+ Z)W (51)

(3) (49) and (51) are transformed into the Airy equation

d’w
E = ZVV, (52)
by the change of variable,
t3
z—t(x+z). (53)

We omit the proof since it is done by elementary calculations.



Remark 3.7 Assertions (1) and (2) in Proposition 3.5 are consistent. Namely, (1) and (2) can be transformed to each
other under the assumption th@t t) dependence af is given byu = u(z). A similar remark also holds for Proposition
3.6.

Let us finally identify the function by considering its asymptotic behaviour aréundo. Solving (44) in terms of,

we have from (30)
P t‘3”] . (54)
3n
n=0

The functionv is given as linear combination of A and Bi@z). We compare the above expression with (28) and (29).
Noticing that we have from (47)

1 1 1
V(X,t) = const x exp[—t6 - EXtS X n X exp

12

6
zzgt_mt 1t3+ Z‘%‘TL‘” \/§(1+X+...),

we find thatu should be
u(x, t) ~ U, (2), (55)

by comparing the exponential factors. This proves the statement reg&rdintheorem 3.1. The statement f8rcan be
proved in a similar manner by using Proposition 3.5.

4 Concluding remarks

In this article, we have shown that the generating functions associated with the Hankel determinant formula for Okamoto
polynomials can be characterized by the log derivative of solutions of the Airy equation. It is an interesting observation
that Bi and Ai, the solutions of Airy equation withftirent asymptotic behaviours, appear in opposite directions with
respect ta.

We have posed the question as to whether the appearance of the log derivative of the Airy function in the generating
function associated with Y-V polynomials is an accident or not. The result of this article appears to imply that the answer
is “No”. It may be an interesting problem to characterize generating functions associated with special polynomials for
other Painle& equations in terms of the log derivative of special functions of hypergeometric type.

If this phenomena is not caused by accident, we should clarify the reason and mechanism underlying it. Unfortunately
we cannot give an answer to this problem yet. Recently, Hankel determinant formula for generic solutipasdatiie
generating functions of its entries have been discussed in [3]. It is shown that the generating functions are also charac-
terized by log derivative of solutions of certain lineaffdiential equations, which are nothing but the auxiliary linear
problem for B. This result is not a conclusive answer to the problem, but it may imply some (unknown) correspondence
between the Painlévequations and their auxiliary linear problems. At least, it may be true that there is a nontrivial
mathematical structure behind Hankel determinant formulae, which deserves further study.

Acknowledgment The authors would like to thank Prof. Nalini Joshi and Dr. Marta Mazzocco for discussion and
encouragement. This work is partially supported by the JSPS Grant-in-Aid for Scientific Research.

References

[1] M. J. Ablowitz and H. SeguiSolitons and the Inverse Scattering Transfp8MAM Studies in Applied Mathematics
4 (SIAM, Philadelphia, 1981).

[2] K. Iwasaki, K. Kajiwara and T. Nakamur&enerating function associated with the rational solutions of the Painlevé
Il equation J. Phys. A: Math. Ger85(2002) L207-L211.

[3] N. Joshi, K. Kajiwara and M. Mazzocc@enerating function associated with the determinant formula for solutions
of the Painlevé Il equatiqrio appear in Agrisque, arXiv:nlin.SD406035.

[4] K. Kajiwara and T. Masuda®n the Umemura polynomials for the Painlevé Il equatiBhys. Lett.A260(1999)
462-467.



[5] K. Kajiwara and T. Masuda@ generalization of determinant formulae for the solutions of Painlevé Il and XXXIV
equationsJ. Phys. A32(1999) 3763-3778.

[6] K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamadeterminant formulas for the Toda and discrete Toda
equations Funkcial. Ekvac44(2001) 291-307.

[7] K. Kajiwara and Y. OhtaDeterminant structure of rational solutions for the Painlevé Il equatibnMath. Phys.
37(1996) 4162-4174.

[8] K. Kajiwara and Y. Ohtapeterminant structure of the rational solutions for the Painlevé IV equatioRhys. A:
Math. Gen.31(1998) 2431-2446.

[9] N. N. Lebedev,Special Functions and Their Applicatiofrentice-Hall, Englewood Giis, 1965).

[10] T. MasudaOn a class of algebraic solutions to the Painlevé VI equation, its determinant formula and coalescence
cascadeFunkcial. Ekvac46(2003) 121-171.

[11] T. Masuda, Y. Ohta and K. Kajiwara, determinant formula for a class of rational Solutions of Painlevé V equation
Nagoya Math. J1682002) 1-25.

[12] T. Miwa, M. Jimbo and E. DateSolitons. Djferential equations, symmetries and infinite-dimensional algebras
Cambridge Tracts in Mathemati@85 Cambridge University Press, Cambridge, 2000).

[13] M. Noumi, Painlevé equations through symmeffyanslations of Mathematical Monograpk®3American Math-
ematical Society, Providence, 2004).

[14] M. Noumi and Y. YamadaSymmetries in the fourth Painlevé equation and Okamoto polyngriatgpoya Math. J.
1531999) 53-86.

[15] K. Okamoto,Studies on the Painlevé equations. I. Sixth Painlevé equtipnAnn. Mat. Pura Appl146(1987)
337-381.

[16] K. Okamoto,Studies on the Painlevé equations. Il. Fifth Painlevé equa@gnlapan. J. MatHl3(1987) 47-76.

[17] K. Okamoto,Studies on the Painlevé equations. Ill. Second and fourth Painlevé equajpaad P, Math. Ann.
2751986) 221-255.

[18] K. Okamoto,Studies on the Painlevé equations. IV. Third Painlevé equajpnFunkcial. Ekvac30 (1987) 305—
332.



List of MHF Preprint Series, Kyushu University

MHEF2003-1

MHE2003-2

MHE2003-3

MHE2003-4

MHE2003-5

MHE2003-6

MHE2003-7

MHE2003-8

MHE2003-9

MHEF2003-10

MHEF2003-11

MHEF2003-12

21st Century COE Program
Development of Dynamic Mathematics with High Functionality

Mitsuhiro T. NAKAO, Kouji HASHIMOTO & Yoshitaka WATANABE
A numerical method to verify the invertibility of linear elliptic operators with
applications to nonlinear problems

Masahisa TABATA & Daisuke TAGAMI
Error estimates of finite element methods for nonstationary thermal convection
problems with temperature-dependent coefficients

Tomohiro ANDO, Sadanori KONISHI & Seiya IMOTO
Adaptive learning machines for nonlinear classification and Bayesian informa-
tion criteria

Kazuhiro YOKOYAMA

On systems of algebraic equations with parametric exponents

Masao ISHIKAWA & Masato WAKAYAMA
Applications of Minor Summation Formulas III, Pliicker relations, Lattice
paths and Pfaffian identities

Atsushi SUZUKI & Masahisa TABATA
Finite element matrices in congruent subdomains and their effective use for
large-scale computations

Setsuo TANIGUCHI
Stochastic oscillatory integrals - asymptotic and exact expressions for quadratic
phase functions -

Shoki MIYAMOTO & Atsushi YOSHIKAWA
Computable sequences in the Sobolev spaces

Toru FUJII & Takashi YANAGAWA

Wavelet based estimate for non-linear and non-stationary auto-regressive model

Atsushi YOSHIKAWA

Maple and wave-front tracking — an experiment

Masanobu KANEKO
On the local factor of the zeta function of quadratic orders

Hidefumi KAWASAKI
Conjugate-set game for a nonlinear programming problem



MHEF2004-1

MHE2004-2

MHE2004-3

MHE2004-4

MHE2004-5

MHE2004-6

MHE2004-7

MHE2004-8

MHE2004-9

MHF2004-10

MHEF2004-11

MHEF2004-12

MHF2004-13

MHF2004-14

Koji YONEMOTO & Takashi YANAGAWA
Estimating the Lyapunov exponent from chaotic time series with dynamic
noise

Rui YAMAGUCHI, Eiko TSUCHIYA & Tomoyuki HIGUCHI
State space modeling approach to decompose daily sales of a restaurant into
time-dependent multi-factors

Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Cubic pencils and Painlevé Hamiltonians

Atsushi KAWAGUCHI, Koji YONEMOTO & Takashi YANAGAWA
Estimating the correlation dimension from a chaotic system with dynamic
noise

Atsushi KAWAGUCHI, Kentarou KITAMURA, Koji YONEMOTO, Takashi
YANAGAWA & Kiyofumi YUMOTO

Detection of auroral breakups using the correlation dimension

Ryo IKOTA, Masayasu MIMURA & Tatsuyuki NAKAKI
A methodology for numerical simulations to a singular limit

Ryo IKOTA & Eiji YANAGIDA
Stability of stationary interfaces of binary-tree type

Yuko ARAKI, Sadanori KONISHI & Seiya IMOTO
Functional discriminant analysis for gene expression data via radial basis ex-
pansion

Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Hypergeometric solutions to the ¢- Painlevé equations

Raimundas VIDUNAS
Expressions for values of the gamma function

Raimundas VIDUNAS

Transformations of Gauss hypergeometric functions

Koji NAKAGAWA & Masakazu SUZUKI
Mathematical knowledge browser

Ken-ichi MARUNO, Wen-Xiu MA & Masayuki OTKAWA
Generalized Casorati determinant and Positon-Negaton-Type solutions of the
Toda lattice equation

Nalini JOSHI, Kenji KAJIWARA & Marta MAZZOCCO
Generating function associated with the determinant formula for the solutions
of the Painlevé II equation



MHEF2004-15

MHF2004-16

MHEF2004-17

MHEF2004-18

MHF2004-19

MHEF2004-20

MHEF2004-21

MHE2004-22

MHF2004-23

MHF2004-24

MHF2004-25

MHF2004-26

MHE2004-27

Kouji HASHIMOTO, Ryohei ABE, Mitsuhiro T. NAKAO & Yoshitaka
WATANABE

Numerical verification methods of solutions for nonlinear singularly perturbed
problem

Ken-ichi MARUNO & Gino BIONDINI
Resonance and web structure in discrete soliton systems: the two-dimensional
Toda lattice and its fully discrete and ultra-discrete versions

Ryuei NISHII & Shinto EGUCHI
Supervised image classification in Markov random field models with Jeffreys
divergence

Kouji HASHIMOTO, Kenta KOBAYASHI & Mitsuhiro T. NAKAO
Numerical verification methods of solutions for the free boundary problem

Hiroki MASUDA
Ergodicity and exponential -mixing bounds for a strong solution of Lévy-
driven stochastic differential equations

Setsuo TANIGUCHI
The Brownian sheet and the reflectionless potentials

Ryuei NISHII & Shinto EGUCHI
Supervised image classification based on AdaBoost with contextual weak clas-
sifiers

Hideki KOSAKI

On intersections of domains of unbounded positive operators

Masahisa TABATA & Shoichi FUJIMA
Robustness of a characteristic finite element scheme of second order in time
increment

Ken-ichi MARUNO, Adrian ANKIEWICZ & Nail AKHMEDIEV
Dissipative solitons of the discrete complex cubic-quintic Ginzburg-Landau
equation

Raimundas VIDUNAS
Degenerate Gauss hypergeometric functions

Ryo IKOTA
The boundedness of propagation speeds of disturbances for reaction-diffusion
systems

Ryusuke KON
Convex dominates concave: an exclusion principle in discrete-time Kolmogorov
systems



MHF2004-28 Ryusuke KON
Multiple attractors in host-parasitoid interactions: coexistence and extinction

MHF2004-29 Kentaro IHARA, Masanobu KANEKO & Don ZAGIER
Derivation and double shuffle relations for multiple zeta values

MHF2004-30 Shuichi INOKUCHI & Yoshihiro MIZOGUCHI
Generalized partitioned quantum cellular automata and quantization of clas-

sical CA

MHF2005-1 Hideki KOSAKI
Matrix trace inequalities related to uncertainty principle

MHF2005-2 Masahisa TABATA
Discrepancy between theory and real computation on the stability of some
finite element schemes

MHF2005-3 Yuko ARAKI & Sadanori KONISHI
Functional regression modeling via regularized basis expansions and model
selection

MHF2005-4 Yuko ARAKI & Sadanori KONISHI

Functional discriminant analysis via regularized basis expansions

MHF2005-5 Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Point configurations, Cremona transformations and the elliptic difference Painlevé
equations

MHEF2005-6 Kenji KAJIWARA, Tetsu MASUDA, Masatoshi NOUMI, Yasuhiro OHTA &
Yasuhiko YAMADA
Construction of hypergeometric solutions to the ¢- Painlevé equations

MHF2005-7 Hiroki MASUDA
Simple estimators for non-linear Markovian trend from sampled data:
I. ergodic cases

MHF2005-8 Hiroki MASUDA & Nakahiro YOSHIDA
Edgeworth expansion for a class of Ornstein-Uhlenbeck-based models

MHF2005-9 Masayuki UCHIDA
Approximate martingale estimating functions under small perturbations of
dynamical systems

MHF2005-10 Ryo MATSUZAKI & Masayuki UCHIDA
One-step estimators for diffusion processes with small dispersion parameters
from discrete observations

MHF2005-11 Junichi MATSUKUBO, Ryo MATSUZAKI & Masayuki UCHIDA

Estimation for a discretely observed small diffusion process with a linear drift



MHF2005-12 Masayuki UCHIDA & Nakahiro YOSHIDA
AIC for ergodic diffusion processes from discrete observations

MHF2005-13 Hiromichi GOTO & Kenji KAJIWARA
Generating function related to the Okamoto polynomials for the Painlevé IV
equation





