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MATRIX TRACE INEQUALITIES
RELATED TO UNCERTAINTY PRINCIPLE

HIDEKI KOSAKI

ABSTRACT. In their recent article S. Luo and Z. Zhang conjectured the matrix trace
inequality mentioned in the introduction below, which is motivated by uncertainty
principle. We present a proof for the conjectured inequality.

1. INTRODUCTION

For a fixed density matrix p the covariance

Cov,(X,Y) = Tr(pXY™) — Tr(pX) - Tr(pY)
gives rise to a positive sesquilinear form on the space of matrices. Heisenberg’s
uncertainty principle (in the matrix setting) states

1 Tr(p[A, B> < Var,(A) - Var,(B)

for observables (i.e., self-adjoint matrices) A, B. Here, Var,(A) (= Cov,(A,A) =
Tr(pA?)—(Tr(pA))?) is the variance of A relative to p. This estimate is a consequence
of the Cauchy-Schwarz inequality, and the left side here (i.e., the commutator part)
arises from the imaginary part £ Tr(p[A, B]) of the covariance Cov,(A, B). The real
part can be expressed in terms of a certain anti-commutator, and a stronger estimate
including its effect (known as Schrédinger’s uncertainty principle) is also possible (see
§2, especially Remark 2). On the other hand,

Corr,(A, B) = Tr(pAB) — Tr(p"/? Ap'/*B)

is called the Wigner-Yanase correlation ([7]), and the (Wigner-Yanase) skew infor-
mation I(p, A) = Corr,(A, A) (= —1Tr([p'/?, AJ?)) has been investigated by many
authors as a certain measurement of information content of p relative to A. Quite a
thorough account on these and related subjects can be found in [6].

In the recent article [5] S. Luo and Z. Zhang discussed various aspects of quantum
measurement and the above-mentioned uncertainty principle with strong emphasis
on the use of the skew information I(p, A). Among other things the inequality

HTr(p[A, B))|* + &[1(p, A+ B) = 1(p, A= B)|> < 1(p, A) - 1(p, B)
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2 H. KOSAKI

was claimed as a main result in their article (see [5, Theorem 2 in p.1571]), which is
equivalent to a certain Cauchy-Schwarz type estimate (see §2 and §4.1 for details).
Motivated by this claim, they conjectured

Var,A - Var,B — |Cov,(A, B) + Cov,(B, A)|?
> 1(p, A) - 1(p, B) — L|Corr,(A, B) + Corr,(B, A)|?

(see [5, p.1572]), and its validity for 2 x 2 matrices and some other cases was checked.
The conjecture means that the claimed inequality is stronger than Schrodinger’s
uncertainty principle in the sense that the former (together with the conjectured
inequality) implies the latter.

The purpose of the article is to present a proof for their conjecture (i.e., the above
second inequality). More generally we will deal with the famous one-parameter fam-
ily {I(p, 4; @) }o<a<1 introduced by Dyson: I(p, 4;a) = —iTr([p*, Al[p'~*, A]). Our
main result (Theorem 5 in §3) actually covers this family, and we will also clarify the
equality condition for the inequalities in question (Proposition 6). In §4.1 we will
point out that the above first inequality (i.e., the one claimed as [5, Theorem 2] by
S. Luo and Z. Zhang) is unfortunately false.

The author would like to thank H. Araki for informing him of the conjecture studied
in the article and also F. Hiai for discussions on presented materials.

2. NOTATIONS AND PRELIMINARIES

We will denote the set of all n x n matrices (resp. all n xn self-adjoint matrices) by
M, (C) (resp. M,(C)s,). General matrices will be denoted by X,Y,--- while letters
A, B,--- will be used to express self-adjoint ones. We assume that p € M,(C) is a
(distinguished) density matrix, i.e., a positive matrix satisfying Tr(p) = 1.

Lemma 1. We assume 0 < a < 1.
(i) We have
| Tr(pX)|? < Tr(p®Xp'~*X*), X € M,(C).

In particular, A € M, (C)s, satisfies (TT(pA))2 < Tr(p™Ap'==A).
(ii) A normal matriz X € M,(C) satisfies

Tr(p"Xp' =" X") < Tr(p| X ),
and hence A € M, (C),, satisfies Tr(p®Ap'=*A) < Tr(pA?).
Proof. Let us consider the map
(X,Y) € M,(C) x M,(C) — Tr(p*Xp'~*Y*) € C.

Since

Tr(peY pl-aX*) = Tr(Xp' =Y *p) = Tr(p* X p'~2Y™),
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the above gives rise to a sesquilinear form. It is also positive, i.e., Tr(p*Xp!=*X*) >
0, and the Cauchy-Schwarz inequality tells

Tr(pX)[? = |Te(p* Xp~*1%) 2 < Tr(p*Xp'X") - Te(p"1p' 1),

showing (i) because of Tr(p) = 1.

To show (ii), we consider the bounded continuous function f(z) = Tr(p* X p! > X*)
on the strip 0 < Rz < 1, which is analytic on the interior. Boundary values admit
the following upper bounds:

[fit)] = |Tr(p"Xp'/2p " p!/2X")]
< X0 sl X s = 11X .
[F(L+it)] = |Te(p"pXp " X*)| = |Te(p"p'? X p~" X" p'/?)|

< P2 X o7 sl P2 X || us = |02 X | |56

Here, ||- || ms means the Hilbert-Schmidt norm and ¢t € R. The normality of X implies
| X024 = ||p"/2X]|%5 = Tr(p| X |?) so that the desired estimate follows from the
maximum modulus principle. [

The estimate in Lemma 1,(ii) means ||p®/2Xp1=%/2||gs < |[p"?X||ns. Extensive
investigation on more general estimates in this nature (for general unitarily invariant
norms) was carried out in [2].
For a fixed a € (0,1) and X,Y € M, (C) we set
Corr,(X,Y;a) = Tr(pXY™) — Tr(p* X p'~*Y™), correlation.

Hence, for A, B € M,(C),, we have

Corr,(A, B;a) = Tr(pAB) — Tr(p*Ap'~“B),

Corr, (A, A; o) = — LTr([p®, Al[p* ™2, A]).
In the literature (see [1, 6, 7] for instance) the quantities

I(p, A;1/2) = Corr,(A, A;1/2)

and Corr,(A, B;1/2) are often called the Wigner-Yanase skew information and cor-
relation, and the former is regarded as a certain measurement of information content
of the density p with respect to A. Its generalization to

I(p, A; o) = Corr, (A, A; ) (> 0)

was suggested by Dyson, and the convexity of I(p, A; ) as a function of p was es-
tablished in the celebrated work [4] by Lieb. We will denote Corr,(A, B;1/2) and
I(p, A;1/2) simply by Corr,(A, B) and I(p, A) respectively.

We have just observed Corr,(X, X;a) > 0 for X normal (Lemma 1,(ii)), but let
us emphasize that the sesquilinear form

(1) (X,Y) € M,(C) x M,(C) — Corr,(X,Y;a) € C



4 H. KOSAKI

is not positive, i.e., Corr,(X, X;a) 2 0. Indeed, for
. )\1 0 . 0 a
AR

Corr, (X, X;a) = AF (A7 = A7) Jal® + A3 (A7 = A7) [b]?

we easily compute

(which is negative for either (a,b) = (1,0) or (0,1) as long as A; # A3). On the other
hand, although the quantity Corr,(A, B; ) may not be real, the correspondence

(A, B) € M, (C)sq X M,(C)sq — RCorr,(A, B;a) € R

certainly gives rise to a positive bilinear form on the real vector space M, (C),, so
that the Cauchy-Schwarz inequality yields

(2) (R Corr,(A, B;a))* <1(p, A;a) - 1(p, B; a).

S. Luo and Z. Zhang derived the inequality mentioned in §1 (i.e., [5, Theorem 2])
from the stronger estimate |Corr,(4, B)|* <1(p, A) - 1(p, B) (for a = 1/2). However,
(1) is not a positive sesquilinear form on the vector space M, (C) and the author sees
no a priori reason for the validity of such a strong Cauchy-Schwarz type estimate (on
the absolute value). The above (non-) positivity seems to be the point overlooked in
[5], and [5, Theorem 2] (or equivalently, the above estimate on the absolute value) is
indeed false as will be clarified in §4.1.

Remark 2. The correspondence

(X,Y) € M,(C) x M,(C) — (X,Y) = TH{pXY*) — TH{pX) - TI{pY) € C

is a positive sesquilinear form. Indeed, the positivity is a consequence of the Cauchy-
Schwarz inequality (applied to (X,Y) — Tr(pXY™)):

| Tr(pX)[? = | Tr(pX1*)|* < Tr(pX X*) - Tr(p11*) = Tr(pX X*).
For A, B € M,(C)s, we set

Cov,(A,B) = (A, B) (= Tr(pAB) — Tr(pA) - Tr(pB)), covariance,

Var,A = (A, A) (z Tr(pA?) — (Tr(pA))Q) , variance.

Lemma 1,(i) means
Var,(A) > 1(p, A; a)
(see [5, Theorem 1]), and the Cauchy-Schwarz inequality (applied to (-,-)) tells

(3) |Cov,(A, B)|* < Var,A - Var,B.
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The product Tr(pA) - Tr(pB) being real, we have
R Cov,(A,B) = RTr(pAB) — Tr(pA) - Tr(pB)
= 5 (Tr(pAB) + Tr(pBA) — 2Tr(pA) - Tr(pB)),
S Covp(A,B) = S Tr(pAB) = & (Tr(pAB) — Tr(pBA)).
By setting Ag = A — Tr(pA)l, By = B — Tr(pB)1, we easily observe
Tr(pAB) + Tr(pBA) — 2Tr(pA) - Tr(pB) = Tr(p{ Ao, Bo})
with the anti-commutator {Ag, Bo} = AgBo + BoAg so that (3) means
3 Tr(p{ Ao, Bo}) P + H T(plA, B < Var,A - Var, B.

This inequality is known as Schrodinger’s uncertainty principle whereas the weaker
(commutator) estimate

L Tr(plA, B)|)? < Var,A - Var,B

is referred to as Heisenberg’s uncertainty principle in the literature.

3. MAIN RESULT
In [5] the inequality

(4) Var,A - Var,B — |Cov,(A, B) + Cov,(B, A)|?
> 1(p, A) - 1(p, B) — L|Corr,(A, B) + Corr,(B, A)|?

was conjectured (and its validity was checked for 2 x 2 matrices and some other
cases). We prove the conjectured inequality (4) in this section. We will actually
obtain a one-parameter version involving quantities such as I(-; ) and Corr,(-, -; @),
ae(0,1).

We may and do assume that the density matrix p is diagonalized so that in the
rest we will assume

p = diag (A1, Ao, -+, An)

with \; > 0. The general case \; > 0 can be obtained by the limiting argument
thanks to the obvious continuity of relevant quantities. We begin by expressing these
quantities in terms of matrix components.

Lemma 3. For self-adjoint matrices A = [a;;], B = [b;j] € M,(C)s, we have
xr T?”(pAB) = Z Qg R ((IZ]E) + Z /\Za”bm with Q5 = )‘z + /\j,
1<i<j<n i=1
and

R Tr(p*Ap'*B)= > B3R (aiﬁj) > Nagbi with B = XA + AN

1<i<j<n i=1
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In particular, with A = B we have

TT(pA2) = Z al]|aZ]|2 + Z /\ CL”,

1<j

TT(pB2) = Zalj|bij| +Z/\bzz7

1<j

Tr(paApl_aA) = Z ﬁi]|alj |2 + Z )\ azz’

1<j

Tr(paBpl_aB) = Zﬁu|bw|2+z)‘b

1<J
Proof. 1t is plain to see

Tr(paApl_aB Z /\OtA1 aCLZjTJ Z )\Oé)\1 aazjaj + Z /\Za”bu

1,j=1 i#£]

because diagonal components a;;, b; are real. Then, the trivial fact R (aﬂ@) =

R (E) =R (aijaj) yields

RTr(p"Ap' ™ “B) = z:/\a/\1 *“R (aw U) + Z)\ a;i;bii
i#£]

=Y ()\?)\Jl._a + A;‘)\g_a) R (aijbij) + Z Aiiibii,

i<j

which is exactly the second equation in the lemma. The first is just a special case of
the second (with a =1). O

It is easy to see

(5) { Corr,(A+ al, B +bl;a) = Corr,(A, B; o),

Var,(A+ al, B +bl) = Var,(4, B)

for a,b € R. Thanks to this invariance, to prove (4) or its one-parameter version,
(by considering A — Tr(pA)l and B — Tr(pB)1) we may and do assume Tr(pA) =
Tr(pB) = 0. This assumption means

Var,A = Tr(pA?), Var,B = Tr(pB?), Cov,(A, B) = Tr(pAB)
and hence

Var,A - Var,B — 1|Cov,(A, B) + Cov,(B, A)?
= Tr(pA?) - Tr(pB?) — (R Tr(pAB))>.
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On the other hand, we compute
I(p, A; ) - I(p, B; o) — L|Corr,(A, B;a) + Corr,(B, 4; o)
= (Tr(pAQ) — Tr(paAplfo‘A) (Tr(pBQ) — Tr(po‘Bplfo‘B)
- (?R Tr(pAB) — RTr(p O‘Aplfo‘B))2
= Tr(pA?) - Tr(pB?) + Tr(p*Ap'~*A) - Tr(p*Bp'~*B)
—Tr(pA?) - Tr(p*Bp'~*B) — Tr(pB?) - Tr(p* Ap'~* A)
— (RTr(pAB))* — (RTx(p"Ap'*B))’
+2 (?R Tr(pAB)) (?R Tr(pO‘Apl_aB)).
We set
I =Tr(pA?) - Te(p* Bp'~"B) + Tr(pB?) - Tr(p*Ap' =" A),
J = 2<§RTr(paAp1_o‘B)) (9? Tr(pAB)),
K = Tr(p*Ap*~@A) - Tr(p*Bp'~*B) — (?RTr(paApl_o‘B))Q,

and observe that (4) (or rather its one-parameter version) means I — J — K > 0.
Note that I consists of products of “first terms” (i.e., off-diagonal entries), products
of “second terms” (i.e., diagonal entries), and “cross terms”. More explicitly, thanks
to Lemma 3 we have
I =1+ Iy + I

with

]11 = (Z ozij\aij|2) (Zﬁ”‘bUF) + (Z Oéij‘bij|2) (Zﬁzghh]ﬁ) )
Ly = (Z O‘z’j‘@ijP) <Z Aﬁi) + (Z ﬁij!biﬁ) (Z AM%)
i<j i i<j ‘

+ (Z Oéij|bz'j\2) <Z /\ia?z) + (Z @j\azj\?) (Z Az"%)

— (Z (aij + Bij) \amP) (Zm ) (Z (aij + Bij) !%\2) (ZA%)’

1<j 1<j

It is plain to see
I = Z (i Bre + owelBiz) ’aij\Q\bkz\Q-

i<j, k<t
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The coefficients here are unchanged under the transpositions (i,7) < (k,£), which
enables us to rewrite I;; in the following “more symmetric” fashion:

1

(6) I = 5

D (0Be + awelBij) (|aij|2|bk:€|2 + |ak£|2|bij|2) :

i<j, k<t
Similarly, we express J, K as
J=Ju+ Jia+ Jo, K=K+ Kig+ Ko,
and (to prove I — J — K > 0) we will look at
Iy = Ju — K, Ly — Jig — Kig, Iog — Jag — Koo
separately. Let us recall
J=2 (Z Bi; R (aijaj) + Z )\iaiibii) (Z a;; N (aijaj) + Z )\iaiibii)
i<j i i<j i

(see Lemma 3). From this expression we conclude

Ju = 2 Zﬁw (aw Z])) (ZO‘U (a” Z]))’

1<j 1<J
Ji2g = 2 Zﬁzj (am U)) <Z)\ Qi u) +2 (Z Qi (@13 Z])) (Z)\ Qi m)

= 23 (o + i) R (s ])) <Z)\ aib ) :

i<j

2
Jyp = 2(2)\iaiibii> .

We have
(7) Ji o= 2 > ifuR (%‘Ej) R (akéb_ke)
1<j, k<l
= > (0B + arlBiy) R (%‘Ej) R (akéb_ke)
i<, k<t

because the products R (aij@) Did (akgb_kg) are unchanged under the transpositions

(i,4) < (k. 0).
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It remains to compute K1, Kio, K95. Lemma 3 implies

(Z@J‘&’JF_‘_Z)‘ &w) (Zﬂl]‘bmp_'_z)‘ b )

1<j <]
2
- (Z Bij R (az‘ja‘j) + Z /\iaiibii) ;
i<j i
and we observe

Ku = (Z@j\am?) (Zﬂmbm?) (Zﬁu (a U)) :

i<j i<j i<j

Ky = (;ﬁz‘j\%F) <§Z: Az‘@%) + (; ﬁz‘j|bz‘j|2) <§Z: AN%)
) (Z Bij R (ai;b ])) (Z)\ aiib ) ,

i<j

2
Koy = (Z /\ia?z') <Z Aib?@') - (Z Aiaiibii) :

We note
(8) Kiu = Y BiybBreai)lowe” — > Bijﬁld%(@ijaj)%(@kfb_ké)
i<j, k<t i<j, k<t
]‘ 2 2 2 2
= 5 2 BB (laglouel® + larel05")
i<j, k<t

> BiiBuR (%‘E‘j) R (akeb_ké)

1<j, k<l
1 _ _
= 3 > BiiBre (|aij|2\bké\2 + |agel*[bi|* — 2R (aijbij) R (akebké)) ;
i<j, k<t

where the second equality follows from the invariance of the products (;;5r, under
the transpositions (i, j) < (k, ¢).

We are now ready to look at [;; — J;; — K;; ((4,7) = (1,1),(1,2),(22)). The easiest
one to deal with is lo9 — Jo9 — K9y Indeed, it is plain to see

2
(9) Iy — Jog — Kpo = <Z )\i@?z‘) (Z )\ib?i> - <Z )\i@n’bii> .
From (6) and (7) we get

1 _ _
Ly —Jn =z Z (03 Bre + arefis) (\&ijIQ\bkzP + ‘@M‘Q‘bz’j’Q —2% (@ijbij) R (&kzbkz)) .

i<y, k<t
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Therefore, (8) implies

(10) Ly —Jn—Kin = Z (ﬁzg (Oék-e - %ﬂke) + Bre (Oéij - %ﬂzg))

1<j, k<t
X (|az'j|2\bké|2 + [age*|bi|* — 2R (%‘Ea‘) R (akéb_ké)) :

Finally, all the cross terms sum up to

N —

Ly — Jio — Ky
- (Z (azj +ﬁm ‘aw|2) <Z)‘ b ) (Z (azj +ﬁm |sz‘2) (Z/\ azz)

=) (Z (cvij + i) R (@i ) (ZA aiib )

1<j

- (Z ﬁij|aij‘2) Z Ai b (Z 5za\bza|2) Z Aia?i)

1<J 1<J

42 (Z 5y @@)) (z )\iaiibii>

i<j

i (Z o (0 Z])> (me )

i<j
The first term in the above last expression can be rewritten as
2 2 2 2
> aijlaij] <Z /\ibn) Z Mk | D cuisbigglais]
1<j 7 1<j

Note that the first factor in each of the last three terms contains the identical coeffi-
cients «;;, which enables us to rearrange the above sum into

(11) Lo—Jip—Kin = D> M\ (Z Qg (bik\asz + aiplbi | — 2akbR (%E)))

k i<j
= Z)\k Z&U]bkkaw akkbij’2 .
1<J

Summing up the computations so far (see (9), (10) and (11)) and recalling the
definitions of «;;, 8;; in Lemma 3, we conclude
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Lemma 4. We have

I—J—-K
=5 2 {(ee ) (e = (e A
1<j, k<t

+ (N NTNT) (NN — 5 (AT + )\}“‘)\?))}

(
X (\@ij\leke\Q + Jage|*|bi|* — 2R (@z’ﬁj) R (akeb_ke))

+> Ak (Z (Ai + ) [brrai; — &kkbiﬂQ)
k

i<j

2
+ (Z )\ia?i> <Z Aib?i> - <Z /\iaiibii> .

The last part (3; Mia2) (32; Aib3) — (3 Miabs)? is non-negative by the Cauchy-
Schwarz inequality while the arithmetic-geometric mean inequality guarantees
|ij * bre* + lane|*[bs; |

2

v

|| Brel X |anel [bij] = laijbi| X |arbye|
> o) 2 )
> R (ayBy) R (ardbir).
It remains to check behavior of the coefficient
fla) = (ST ATAY) (A A — 3 (AT + MT9N))
(AR HATNT) (N A — 3 (A0AT AN
(for each fixed i, j, k, ¢) appearing in the first sum. We obviously have the symmetry

fla) = f(1 —«) (e €(0,1)), and for the special value a = 1/2 we have

f(1/2) =24/ i)\ (/\k + N — \/)\k/\g> + 24/ Mg ()\i + A — \//\i/\j) > 0,

showing [ —J — K > 0 for « = 1/2, i.e., the conjectured inequality (4) is valid. With
r = \;/\ and y = A\y/ A\ we have

J;(i: = (2" +a2) (Lty =4 (v +y%))
+ () (1 — & (a0 + )
— \/@ ((xl/Qa _'_xa*l/Q) (y1/2 _i_yfl/Q . % (yl/Qfa —l—ya*l/Q))

+ (yl/Qfa +ya71/2) (:1:1/2 +:1:*1/2 B % (xl/Qfa _i_xal/Q)))'

(12)
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1

5 1og y) we need to consider the function

Therefore, (with s = 1logz and ¢ =
fl@) = cosh((2a—1)s) (2cosh () — cosh ((2a — 1)1))
+ cosh (2 — 1) #) (2 cosh (s) — cosh ((2a — 1) ).
It is elementary to see
f(a) = 4s sinh((2a — 1)s)(cosh(t) — cosh((2 — 1)t))
+4t sinh((2o — 1)) (cosh(s) — cosh((2a — 1)s)),

and we note

{ cosh(t) > cosh((2a — 1)t) and cosh(s) > cosh((2a — 1)s) for a € (0, 1),
s sinh((2a—1)s) > 0 and ¢ sinh((2a —1)t) >0 for a € [1/2,1),

showing that f(a) (and hence f(a) as well) is increasing on the interval [1/2,1).
From Lemma 4 and the discussions so far we obtain the following main result in
the article:

Theorem 5. We assume that A, B are self-adjoint matrices and p is a density ma-
triz. Then, the quantity

F(a) = (VarpA - Var,B — 1| Cov,(A, B) + Cov,(B, A)\Q)
— (Ip, A; @) - I(p, B; @) = 4| Corr,(A, B;a) + Corry(B, A; o))

defined for o € (0, 1) satisfies F'(1/2) > 0, that is, the conjectured inequality (4) holds
true. Moreover, the function F(a) (= F(1 — «)) is monotone increasing on the right
half interval [1/2,1).

The equality condition for the inequality in the theorem can be also determined
(under the additional assumption that p is invertible) from the explicit expression
given by Lemma 4.

Proposition 6. We assume that the density matriz p is invertible and o € (0,1).
Then, the inequality in the preceding theorem reduces to the equality

Var,A - Var,B — 1| Cov,(A, B) + Cou,(B, A)|?
= I(p, A; ) - I(p, B; o) — 1| Corr,(A, B; a) + Corr,(B, 4; a)|?
for A, B € M,(C)s, if and only if the two matrices A — Tr(pA)l and B — Tr(pB)1
are proportional.

Proof. Thanks to the invariance (5) we may and do assume Tr(pA) = Tr(pB) = 0
in what follows. When A, B are proportional, the expression in Lemma 4 readily
shows the equality in question. We conversely assume this equality in the rest (and
will show that A, B are proportional), which forces that all the three parts of the
expression in Lemma 4 must be zero.
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Case 1. (ay1, a2, - ,an,) =0 (as a vector) and (b1, bag, -+ , b)) # 0

The second part 35 \x (EKJ' (N + Aj) |brraij — @kksz’Q) of the expression in Lemma
4 must be zero. Thus, by choosing k € {1,2,--- ,n} with by, # 0 we must have
Yicj (N + X)) biglaij|> = 0. Thus, we get a;; = 0 for each i < j, showing A = 0.
Case 2. (b1, b2, ,bnn) =0 and (a11, a2, ; Gpn) # 0

By exchanging the roles of a’s and b’s in the previous case, we get B = 0.

Case 3. (a11,(122, T ,@nn) # 0 and (5117522, T 7bnn> #0

The last part (32, \ia2) (3, Mib2) — (X Miaiibi;)* of the expression in Lemma 4 is zero
so that we must have agr = ybgr (K =1,2,---,n) for some v € R\ {0}. By choosing
brr # 0, from the second part we get

0= (\i+A) [brray — amnbig|* =D (N + Ag) Uil — 703,
i<j i<j
showing a;; = vb;; for each ¢ < j and hence A = vB.

Case 4. (a11,(122, T ,@nn) = (511, baa, - -+ 7bnn) =0

We can assume A # 0 and B # 0 since we have nothing to prove otherwise. Only
the first part of the expression in Lemma 4 provides us meaning information in the
present case. Namely, all the three inequalities in (12) have to be equalities (for each
i < jand k < /). Let us assume a;; # 0 for some ¢ < j. The equality condition for
the first inequality in (12) (i.e., the arithmetic-geometric mean inequality) says

(13) |a;;bre| = |akebi;| (for each k < ¢).

By choosing k < ¢ with by, # 0, we observe b;; # 0 (and age # 0). By the symmetric
reasoning, b;; # 0 also implies a;; # 0. For convenience we set

A={(i,j); 1<i<j<nanday#0} (={(i,j); 1 <i<j<nandb;#0}).

The above equality condition (13) also yields that ratios |a;;|/|b;;| are constant, i.e.,
|a;;| = 7v|bi;| (for each (i, j) € A) for some v > 0. It is elementary to see

|217Z2] = |R (z172) | if and only if argz; = argz, or argz; = arg zp + 7.

Thus, the requirement that the second inequality in (12) must be the equality further
forces a;; = £vb;; (for each (i, j) € A). The parity here depends upon (7,7) € A at
this stage, but v and —y cannot actually mix because the third inequality in (12)
is also the equality. Indeed, if both of a;; = vb;; and ax, = —~by, occured for some
(1,7), (k,€) € A, then we would get two different values

R (%‘E‘j) R (akéb_ké) = ('7|bij|2) <—7|bke|2) = —%[b;; |*brel?,
‘3? (%‘E‘j)‘ X ‘5}3 (akéb_kﬁ)‘ = 32 [bi;|*|brel?,

a contradiction. Thus, we conclude either A = vB or A = —vB, and we are done. []
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Each of the quantities appearing in the theorem and the proposition is known to
make a perfect sense in the general von Neumann algebra setting, and the notion
of skew information was indeed useful in [3] (where the homogeneity of the state
space of a type I11; factor was established). Our arguments presented in this section
depend heavily upon manipulations of matrix components so that our method cannot
be employed in the general setting. A suitable way to avoid this difficulty has to be
found, and the author hopes to be able to come back to this problem.

4. DISCUSSIONS

4.1.
In [5, Theorem 2 in p.1671] the inequality

(14)  3Te(p[A, B)* + f[lp, A+ B) = 1(p, A = B)|* < I(p, A) - 1(p, B)
was claimed. The real and imaginary parts of Corr,(A, B) are given by

(A Com 4 51+ Com 5,49 = 4 s 5114 ),
+(Corr,(A, B) — Corr,(B, A)) = £Tr(p[A, B]),

and (14) is actually equivalent to the following Cauchy-Schwarz tye estimate:
|Corr, (A, B)|? < Corr,(A, A) - Corr,(B, B) (=1(p A) - I(p, B)).

However, the presented argument in [5] has a gap (see the paragraph right before
Remark 2), and (14) (i.e., the above Cauchy-Schwarz type estimate) is false even for
2 X 2 matrices.

To see this, let us set

. /\1 0 . a1 a . b11 b
p‘[o AJ’ A—la Cm]’ B_[E 622]

with a;;, b; € R and \; > 0, A\; + Ay = 1. Lemma 3 (or direct calculations) shows

TI‘(pAB) = /\1&11[)11 + )\1@5 + /\gﬁb + )\2@22()22,
Tr(p*Ap*~*B) = Ajai1biy + AP, %ab 4+ A\~ *A\S @b + Agagabos.

Since

(15) Corr,(A, B) = Tr(pAB) — Tr(p"/? Ap'/*B)

= )\1&5 + )\Qab —\/ )\1)\2 &E —\/ )\1)\2 ab

= ()\1 + X —2 )\1)\2) R (ag) +i(M =) S (05) ;
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we observe

|Corr, (A, B)|? = ()\1 + g =2 /\1/\2)2 (R (aB)) + (A1 — Ao)? (Cs (ab))2

= (V=) @)+ (V=) (V) ()"

COI"I"p(A, A) : COI‘I‘p(B, B) (: I(P, A) : I(P, B))
2 4
_ ()\1 -2 )\1)\2> laf2|[b]2 = (\/A1 _ \/)\2> a2 (b2,

Consequently, if (14) were valid, then it would mean

(Vo= ) (Ve /) (3 (@) < (V= /) (3 (aB))’
But, when & (al_)) # 0 and \; # \g, it would be impossible for A; close to 1/2.

4.2.

One of the reasons why the inequality in Theorem 5 (with o = 1/2) was conjectured
n [5] was that this together with (14) would imply Schrodinger’s uncertainty principle
(explained in Remark 2). However, (14) is not valid, and the best we can hope in
this direction is the estimate

(R Corr, (A, B))* < I(p, A) - 1(p, B)
(see (2)). Note that the difference between the left side here and that of (14) is
(S Corry(4, B))® = (S Tr(pAB))* (= 3| Tr(p[A, B))?) .
Therefore, a natural alternative question is whether the estimate
F(1/2) > (3 Corr,(A, B))®

(which is stronger than that in Theorem 5 by the above difference) is valid.
Actually this estimate is not valid. In fact, for

. /\1 0 . /\2 a o )\2 b
p—[o AJ’ A—[a —AJ’ B_lB —)\1]

(satisfying Tr(pA) = Tr(pB) = 0) Lemma 4 yields
(16)  F(a) = MAgja— b
2 (ASA HATA) (12 (A + Ag)) (S (aD))
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In particular, we have

F(1/2) = MXsla—b* +4 (M - )‘1)‘2> (% (ag))Q
I S

(which is non-negative due to /A1 Ae < (A1 + A2)/2 = 1/2). In [5, p.1574] this value
of F'(1/2) was computed to confirm the conjecture (i.e., Theorem 5 with a = 1/2)
for 2 x 2 matrices. On the other hand, (15) shows

(S Corry(4, B)* = (A — Ao)* (3 (b)),
and it is plain to see
F(1/2) — (S Corry(A, B))? = MAsla — b + (4 Mo — 1) (3 (ab))”

(thanks to A; + Ay = 1). This quantity cannot be non-negative for \; sufficiently
small (as long as & (aE) #0).

The situation cannot be improved even if F(«) (> F(1/2)), a € (0,1), is used. In
the limit case (o = 0 or 1) we have I(p, A,a) = I(p, B, ) = R Corr,(A, B;a) = 0 so
that

F(0) = F(1) = Var,A - Var,B — |Cov,(A, B) + Cov,(B, A)|%.

We note that F(1) > (S Corr,(A, B;1))* = 0 is obviously true while
F(0) = (3 Corr, (4, B;0))* = §|Tx(p[A, B))I?

is nothing but Schrodinger’s uncertainty principle (explained in Remark 2).
However,

F(a) — (S Corr,(A, B;a))® 20
can be easily checked for each o € (0,1). In fact, similar computations as (15) show
 Corry(A, Byar) = (A1 = XA} + A[7A3 — Xy) S (ab)
so that with (16) we get
F(a) — (3 Corr,(A, B;a))?
— Aol — b + (2 (Ao +A17oag) (1= 3 (0A ™ + A1oxg))

= (u = A - ) ) (3 (a))

As A\ \, 0 (and hence Ay = 1—A; 7 1), this quantity tends to — (% (aE))Q, showing

that F(a) — (3 Corr,(A, B;a))? cannot be always non-negative.
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