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Abstract

In this paper, the investigation into stochastic calculus related with the
KdV equation, which was initiated by S. Kotani [4] and made in succession
by N. Ikeda and the author [2, 11], is continued. Reflectionless potentials
give important examples in the scattering theory and the study of the KdV
equation; they are expressed concretely by their corresponding scattering
data, and give a rise of solitons of the KdV equation. N. Ikeda and the au-
thor [2] established a mapping 1 of a family Gy of probability measures on
the 1-dimensional Wiener space to the space =g of reflectionless potentials.
The mapping gives a probabilistic expression of reflectionless potential.
In this paper, it will be shown that 1 is bijective, and hence Gy and =g
can be identified. The space =g was extended to the one = of general-
ized reflectionless potentials, and was used by V. Marchenko to investigate
the Cauchy problem for the KdV equation and by S. Kotani to construct
KdV-flows. As an application of the identification of Gy and Z¢ via 1,
taking advantage of the Brownian sheet, it will be seen that convergences
of elements in Gy realizes the extension of =g to =.

Key words: Brownian sheet; reflectionless potential; Ornstein-Uhlenbeck

process,
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1. Introduction

Let W be the space of all R-valued continuous functions w on [0, c0) with w(0) =
0, and B be its Borel o-field, W being equipped with the topology of uniform
convergence on compacts. The coordinate mapping on W is denoted by X (z);
X(z,w) =w(x), we W, x € [0,00). Let ¥y be the set of measures on R of the
form Y77 | ¢35, for some n € N and p; € R, ¢; > 0, 1 < j < n with p; # p; if
© # j, where 0, is the Dirac measure concentrated at p. For o € X, set

e<($+y) — 6C|$_y‘
Raeg) = [ S5 oldd),
S
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and let P? be the probability measure on (W, B) so that { X (z)}.>¢ is a centered
Gaussian process with covariance function R, (a construction of P will be given
in Sect. 2). Put

go = {PG|O' S 20}

N. Ikeda and the author ([2]) showed that, for each P7, the function

1) w<P”><x>=4(%)21og(/W exp(—é /O$X<y>2dy)dpo), 020

is well defined and coincides with the restriction of a reflectionless potential to
[0,00), and the associated scattering data was specified in terms of o. Since
reflectionless potentials are real analytic, we may and will think of ¢ as a mapping
of Gy to the space Zy of reflectionless potentials. It should be recalled that
reflectionless potentials give a rise of solitons of the KdV equation ([6, 8]). A
review on these results and the definition of reflectionless potential will be given
in Sect. 2. The first aim of this paper is to show that the mapping ¢ of Gy to
Zo is bijective. See Theorem 1. In this sense, the set =y of analytic future and
the set Gy of probabilistic future are identified. Moreover, we shall establish a
probabilistic expression of u € =y through 1. See Corollaries 1 and 2.

A generalized reflectionless potential u is a limit of a sequence {u,} of reflec-
tionless potentials u, such that Spec(—(d/dz)* + u,) C [~Xg,0), n = 1,2,...,
for some A\g > 0 in the topology of uniform convergence on compacts, where
Spec(—(d/dx)* + u,) denotes the spectrum of —(d/dx)* + u,. The space = of
generalized potentials was used by V. Marchenko ([7]) to study the Cauchy prob-
lem for the KdV equation, and by S. Kotani ([4]) to construct KdV-flows. Let ¥
be the space of all finite measures on R with compact support, and

G={P°|o € X},

where we have naturally extended the notation P? to . On account of the
identification of =y and G stated in the above paragraph, arises a natural question
if one can describe the relation between convergences of reflectionless potentials
to generalized ones and convergences of probability measures in Gy to those in G.
The second aim of this paper is to answer affirmatively to this question. Namely,
we shall study the convergence of ¢)(P?)’s with P? not only in Gy but also in G. In
particular, the convergence of elements in =y defining those in = will be realized
through the convergence of elements in Gy to those in G. Moreover, we shall show
that the surjectivity of 1) on Gy extends to G; every u € = admits P° € G so that
¥(P?) = u on [0,00). The expression of such u on (—o0,0] by ¢ and o will be
also given. For these, see Theorem 3 and Remark 1. A key ingredient for the
investigation is to realize the above P? by using the Brownian sheet and reduce
every estimations to the ones for Wiener integrals associated with the Brownian
sheet.

The organization of the paper is as follows. In Sect. 2, we shall show the bi-
jectivity of ¢ in (1) after reviewing the result in [2]. In the section, a construction
of P? for o € ¥ is given. Sect. 3 is devoted to introducing compound Ornstein-
Uhlenbeck processes which are indispensable to discuss the convergence of P?’s.



The Brownian sheet plays a key role to construct such processes. Another real-
ization of P? with the Brownian sheet will be also given there. In the last section,
we shall observe the uniform convergence on compacts of reflectionless potentials
via the convergence of P?’s. The surjectivity of ¢ : G — = will be seen there.

2. Reflectionless potentials

We start this section by reviewing the result in [2]. In what follows, every element
in R" is regarded as a column vector, and !4 stands for the transpose of matrix
A.

Let

Yo = {i c?épj

J=1

Cj>07pj€R>pi7épj(i7éj)an:1727"'}7

where 9, denotes the Dirac measure concentrated at p. For o = Z?Zl CJQ- »; € 2o,
we define the n-dimensional Ornstein-Uhlenbeck process {&,(y)},>0 and the 1-

dimensional Gaussian process {X,(y)},>0 by

)= e [ e eapzy = (e [ e .
o) $o(y)=e /06 (2) ="(e /Oe () 1<j<n

Xo(y) = (¢, & (y)),

where {B(y) = (B'(y), ..., B"(y))},>0 is an n-dimensional Brownian motion on
a probability space (Q, F, P), dB(z) stands for the It integral with respect to
B(z), D, denotes the n x n diagonal matrix with py, ..., p, as diagonal entries,
et = Y22 A/l for nox n matrix A, ¢ = “(c1,...,¢,), and (-,-) is the inner
product in R". It should be mentioned that the law of X, does not depend on
the order of pairs (p;, ¢;)’s, while &, does. It is easily seen that

no 2
/XU(:L')XU(y)dP = Z;—]{e”j(”y) — epiliul)
Q = Dj
64(90+y) — 6<|m_y|
- [0 = R,
R

Hence P7 is realized as the induced measure of X, on W; P? = P o X;!. Note

that J
2 o _ 2¢x
_das/WX(x) dP /Re o(dq).

Hence o = p if P° = P*. Thus Y is identified with G.

Let S be the set of all sequence {n;,m;}1<j<, of length 2n, n = 1,2,..., of
positive real numbers such that n; < --- < n,. The reflectionless potential ug
with scattering data s = {n;, m,}1<j<n € S is by definition the function

d\2
us(x) = —2(%> logdet(I + Gs(z)), = €R,
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where Gg(z) is the n x n matrix given by

e~ (Mitn;)z
N e
Gs(x) = ( ’ > :
1<,5<n

N + 1

Set
=0 = {ug|s € S}.

Solving the scattering problem for the Sturm-Liouville operator —(d/dx)? + us,
one obtains scattering data s € S from us ([3, 6, 7]). Thus, Z¢ and S are identified.
It may be interesting to recall ([6, 8]) that if we set

s(t) = {ny,m; exp(=21;1) h<j<n,
then the function v(z,t) = —ugq) () solves the KdV equation

dv 3 ov N 10%
ot 2"0x 402
For o € ¥y, without loss of generality, we may and will assume that there
exist m <nand 1< j(l) <---<j(m)<mn such that

(H)  [pel < [prsals pjcoy > 0, piw+1 = —pjoys #{Ipals - lpnl} = n-—m,
where 1 <k <n—-—1land1</?¢<m. Then theequatlon Z] G =p3) =1

admits n —m roots 0 <7y < -+ < 71p_py. Define the mapping 1 Yy — S so that
P(o) = {n;,m;}1<j<n € S is given by

1/2 1/2
{771<...<nn}:{pj(1),...,p]() A2y
C + +n,
2150~ OfL T MmO T BT e,
(3) m;= 0 k7 “)77 O sy e PETO
—21 H o H D T otherwise.

Uk—nzk lpk—m

It was seen in [2] that

1 [* 1
log/ exp (—5/ X(y)Qdy) dP? = —3 log det (I + G,y (7)) +
w 0

1 x
(4) +§ 10gdet<] + GE(U)(())) - 5 Z(p] + T]])’ € Z 0.

j=1
In particular, ¢»(P7) in (1) satisfies that
(5) w(PU) = Uy O [0, OO) for any P? € G.

If u,v € Zy coincide on [0, 00), then so on R, since they are real analytic. Thus,
we may and will think of ¢¥/(P?), P? € Gy, as functions on R, and hence v as a
mapping of Gy to =y.

We are now ready to state our first main result.
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Theorem 1. (i) ¢ : Gy — = is bijective.
(ii) Let P° € Gy and uw = ¥ (P?). Represent as o = Y., c?d,. and define

J=1"j"Pj
G =" 10, Then it holds that

Due to this theorem, Gy and =, can be identified. The theorem immediately
implies that

Corollary 1. Let G, = {Q7 = (P°,P%)|o € %}, where & is defined as in

Theorem 1. Then the mapping v defined by

(o = [ D@L o
s ={ {0, Fize

is a bijection from Gy to Zy.
Furthermore, we have that

Corollary 2. Let P° € Gy and u = ¢(P?). Extend the Brownian motion
{B(y)}y>0 used in (2) to y < 0 so that B(y) = B(—y), and define &,(y) and
Xoly) by (2) fory < 0:

& (y) = e / TP (z) = —eP [ emman), X = e.6)

Then it holds that

d\2 1 max{0,z}
U(l‘) B 4(%) log (/ﬂ P <_§ / {0,z} XU(y)Qdy) dp)’ veR

m
Proof. Let o = Y ", ¢}0,, and 6 = > 36, Since Dy = —D,, it is easily

seen that
& (y) =&(—y), y<0.
Hence X, (y) = X5(—y), y <0, and

0 —x
/ X, (y)*dy =/ X;5(y)*dy, =<0,
x 0

Since P = P o X', in conjunction with Theorem 1(ii), this yields that

ute) = (7)) = 4 (1) a5 [ 0 Xatdy ) )

for < 0, which completes the proof. O

Proof of Theorem 1. (i) Let s = {k;,¢j}1<j<n € S. For A € C with S\ > 0,
denote by eT(x; A) and e~ (z; —\) the right and left Jost solutions of

{=(d/dz)* + us}d = N0,

>



respectively, i.e. eT(x;\) and e (x; —\) satisfy the above ordinary differential
equation and e*(z;+\) ~ eV 49 ¢ — 400, where and in the sequel the
symbol + takes the same sign + or — simultaneously. It was shown in [5, 7] that
there exist \; € C*(R;R), 1 < j < n, such that \;(z) # \;(z) if ¢ # j for each
r € R, and

(6) a2 = T 2 _)\(T-\/\/i_ll)\/j )

Define k(a), 1 < o < n, so that |Ag)(0)] < [M@sn(0)), 1 < a < n—1
and )\k(a)((]) = _/\k(a+1)<0) > 0 if ‘)\k(a)(O)’ = |)\k(a+1)(0)" Note that, in the
latter condition, Ag(a)(0) and Ag@q41)(0) have signs opposite to the ones in [7].
The following properties were seen in [7]; (A) Aj(0) < 0, 1 < j < n, (B) for
1 < o < n, either of the following two cases occurs; (a) Ka—1 < |[Ap@)(0)] < Ka,
or (b) Mg (0) = =Aka+1)(0) = Ka, where kg = 0, (C) it holds that

]_ 2 _ >\ « O 2 a T )\ s 0 2 a — Ivs 2
7 Lo tfe= @) 21—[(% 2k(>2(>)< o — K )
Go  2Ka(Fa + Ag)(0)) K2 — K2 Ka + i) (0)

s#a @

J=1

if ko # |A;(0)| for any j =1,...,n, and

(8) i = A?f(a)(o) Ra+1 — Ra H (Kla - )\k(s)(O)Q) ( KRa — Ks )2
o 2’%/\2(&“)(0) Fatl + Ka K2 _ g2 Ka + Ai(s)(0)

87501 « S

if kKo = Ak(a)(0), and

(9) ﬁ(z—ff?)z {ﬁ(Z—Aj(O)Q)}{l—ji%}'

j=1
Let u = Ug € EO with s = {lij, Qj}lgjgn c S. Define

n

Pal8) = M@ (0), cals) = /=Xy (0), a(s) = ¢;(5)%0y,06)-

j=1

Set (a(s)) = {n;,m;}1<j<n. Since p;(s)’s satisfy the condition (H), by (9), we
see that 7; = k;, 1 < j < n. Substituting these into (7) and (8), and then
comparing with (3), we obtain that m; = ¢;, 1 < j < n. Hence 1(o(s)) = s. Due
to (5), (P°®) = ug, which means that v is surjective.

Let 0 = 372, ¢50,, € ¥, and assume that (H) is satisfied. Let s = (o).
It was shown in the proof of [7, Lemmal.4] that p;(s) = p; and ¢;(s) = ¢;j,
1 < j < n. Hence, if we define the mapping ¢ : Zg — Gy by ¢(us) = P?®), then
by (5), ¢#(v(P?)) = P?. Thus v is injective.
(ii) Let o0 = >0, ¢50p, and u = ¢(P7). If we set P(o) = s = {k;,q;}, as was
seen in the proof of (i), u = us, pj(s) =p;, and ¢;(s) =¢;, 7 =1,...,n.

Put 4(x) = u(—z), x € R. Denote by é*(z;\) and é (x; —A) the right and
left Jost solutions associated with @, respectively. It is straightforward to see that
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et(z;\) =e (—x; =) and e (x; —\) = et (—xz; \), et (z;\) and e (x; —\) being
the right and left Jost solutions related with u, respectively. This implies that

WIET(#;A), € (% =A)] = WleT (), e (x; =),
WIE™ (s =€), €7 (1 =€) = Wle™ (%,€), " (%:¢)]
for any A € C with A > 0 and £ € R, where W|f, g] denotes the Wronskian of f
and g: W(f,g] = f'g — fg'. Hence, by virtue of the direct and inverse scattering

theory (cf. [6]), @ € = and there exist Gy, . .., G, > 0 so that, if we set § = {r;,q;}
then @ = ug. Due to (6), we have that

) = e [[ AR,

j=1
By the definition of p;(s) and c;(s), this implies that p;(s) = —p;(s) = —pj and
¢j(8) = ¢j(s) = ¢j, j = 1,...,n. In particular, o(8) = . Thus ¢(5) =

hence @ = 1 (P?) on [0, 00), which completes the proof. D

3. The Brownian sheet
3.1. Wiener integral with respect to the Brownian sheet

Let {W (p, $)}(p,x)eRi be the Brownian sheet on a probability space (2, F, P),
where R = [0, 00)?, 1.e. {W(p, )} (px)er2 is a centered Gaussian system with co-
variance function [, W(p, )W (¢, y)dP = min{p, ¢} min{z,y}. Denote by L*(R%)
and L?(P) the spaces of square integrable functions with respect to the Lebesgue

measure on R% and P, respectively. There exists a linear isometry Z : L*(R%) —
L*(P) such that

I<X[“’b)><[€,d)) = W(ba d) - W(a7 d) - W(ba C) + W<a7 C),

forany 0 < a < b < oo and 0 < ¢ < d < 0o, where x4 is the indicator function
of A. In the sequel, we shall write

| a2 w (. az)
R
for Z(h), and call it the Wiener integral of h.

We shall see the dependence of the Wiener integrals on parameters. To do
this, let 7' > 0 and take a family ¢ = {¢(-,;¢) |t € [0,7]} C L*(R%) such that

1
(10) Ky = sup

o<s<t<T [t — 5| Jr2

|6(q, 2 ) — 6(q, 23 5)*dgdz < oo,
and put Zy(y fRQ (q,2;y)W(dq,dz), y € [0, T]. It then holds that

2m)!
(11) / 1 Z4(t) — Zy(s)|*™dP < ;L)'Kﬂt —s|™ for any t,s € [0,T],
QO mm!



because, for any h € L*(R?), its Wiener integral is a centered Gaussian random
variable with variance ||h|3, (rz) and hence
+

/Q(/R2+ h(q,Z)W(dq,dz)ymdP (2 ) Hh”L2 we) meN.

By Kolmogorov’s continuity theorem, {Z4(y)}yepo,r) admits a continuous version,
say {Z(y) }yepo,r again. We moreover have that

Theorem 2. LetT' > 0 and m € N, > 2. Then, there exists a constant Cy, 7 > 0
such that, for any family ¢ = {¢(-,¢)|t € [0,T]} € L*(R2) with K, < oo,
where Ky is defined by (10), the Wiener integral

Zy(y) = ?(q, 2, y)W(dg, dz)

2
R+

satisfies that

|Z6(t) = Zo ()" m
(12) /Q sup ( dP < Cpr Ky

o<s<t<T |t — s|"(/2)

Moreover, if Z4(0) =0 in addition, then it holds that

[ sw 1) < Copicy T,
Q yel0,T]

Proof. To see the assertion, we apply the following inequality, which can be con-
cluded easily from [10, Theorem 2.1.3]; for each « > 0, 8 > 2, T" > 0, and
continuous function f : [0,7] — R, it holds that

|f() — f(s)” o BN [T [T = )"
OSTiEST—H_SW_Q <23 +2<5_2)/0/0—|t—8|5 dtds.

Plugging (11) into this estimation with & = 2m and 8 = m+ (1/2), we have that

[ oy 2O,

o<s<t<T |t — s‘m—(3/2)

2m
< 20m+2 2m + 1 / / — s|7Y2dtds.
2m — 3 me'

Thus we obtain (12). The last inequality is an immediate consequence of (12). [

3.2. Representation with the Brownian sheet

We first reconstruct P? € Gy by using the Brownian sheet. For this purpose, let Q
be the set of all sequence a = {(p;, d;) }1<j<n of points in R? with p; # p; if i # j,
n=1,2,... Everyo =37 ¢, € ZO determines the element {(p;, ¢;) h1<j<n €
Q, denoted by o again, if we order p;’s so that the condition (H) is fulfilled.
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For o = {(p;,d;)}1<j<n € Q, a > 0 and b € R with —a < b < p;, define
0<qgo<q <---<@nby

k

(13)  @=b+a, g=aq+Y lp—pial, k=1....n (p=0).
j=1

The R"-valued process

Wa(y) = (W(q]»y) - W(q]'—l,y))1<j<n

V4 — 4j-1

is an n-dimensional Brownian motion, and then using this for {B(z)} in (2), we

define
Y
ga,b,a(y) - 6yDa/ e_ZDadWa(z) and Xa,b,a(y) = <d7€a,b,a(y)>’
0

where D, denotes the diagonal matrix with p;’s as diagonal elements and d =
{dy,...,d,). Then it is easily seen that

(14) )cL@a<y>:=u/“ habalds 2 9)W (dg, d2),
R2

+

where
n e(y Z)p]

h‘abOé q7Z y Z WX[QJ 1,45 X[Ovy)
j _

Moreover, if o € ¥, then, by virtue of the observation made in Sect. 2, it holds
that

(¢,2).

P°=PoX}

a,b,o*

We next introduce another compound Ornstein-Uhlenbeck process. For a > 0
and a piecewise continuous function ¢ : [0,00) — R with compact support, we
define ha7g('7 ay) € L2(R3-)7 ) € [07 00)7 by

hag(q,21y) = YT Yg(0)x 0, (2), (¢,2) € RE,

and then put

Xoolo) = [ hugla )W (dg ).y € 0.00).

+

We shall give some remarks on X, ;. and X, ,. Firstly notice that X, ;. and
X,,4 are both continuous Gaussian processes starting at 0 at time 0. Namely,
being Gaussian processes follows from their definition by Wiener integrals. The
continuity is a consequence of the observation made before Theorem 2 and the
next lemma.



Lemma 1. Let g,« be as above and T > 0. Set
Ko = ETMO{1 4 T2M(0)2}S(a),
Kogr={1+ (To + CL)2T2}62T(T°+“)/ g(q)*dq,
0

where M () = sup; <, |psl, S(@) = 377, dZ, and Ty is chosen so that g(q) = 0
if ¢ > Ty. Then it holds that

Kh S Ka,T and Khayg S Ka,g,Ta

a,b,a
where Ky, , . and Ky, , are defined by (10) with ¢ = hapo and ha g, respectively.
Proof. For any 0 < s <t <T, it holds that

n eTM(a)’d,‘
|ha,b,o¢(Q7 2 t) - ha,b,oc(Qa <3 5)| S Z

—X j—1:45 S, Qaz
o m [2-1,a5) %[ t)< )

@ (t — s)|d,]
+Z \/j]l X[Qj—vaj)X[O,S)(Q7Z)7

!ha,g(q,Z't) h'ag(q:sz)‘
< " g(q) {X(sy (2) + (t = 5)(To + @) xpo.s) (2) }-

These imply the desired conclusion. O

Secondly, observe that for o, u € ¥y, if A and B are chosen so that A + B is
sufficiently large, then

(15) P’ =Po {Xa@g + XA,B,}L}_I'

Namely, note that ha p (¢, 2;y) = 0if ¢ < A+ B. Hence, if A+ B is so large
that ¢, < A + B, where ¢, is defined by (13) for o, then hypohap, = 0, and
which implies the independence of X,;, and X4 g ,. Then
[ (Xt 0) + X)) (Xnal) + X )} aP
Q
- RU(ZL‘, y) + R“<CL’, y) = Ra+u('x’ y)

Thus P7** is realized as the law of X, + X4 5,
Thirdly, if o € X is of the form

o(dg) = f(£)dE + p(de),

where f: R — [0,00) is a piecewise continuous function with compact support
and p € ¥, then, choosing a > 0 so that supp f C [—a,a], and setting g(§) =
f(& — a), we have that

(16) P’ =Po{Xuy+Xap,} "

10



for A and B with sufficiently large A + B. In fact, it holds that

o(d§) = g(§ + @) *X[-a.00)(§)dE + p(de),

and we may and will think of g as a piecewise continuous function on [0, c0) with
compact support. It is easily seen that the covariance function of X, , is

eé(m‘i’y) J— 65"1‘7:’/'

/Q Xag(7) Xag(y)dP = /R % (€ + a)*X[—a.00)(€)dE.

Take v > 0 so that supp p C [—7,7]. Since supp g C [0, 2a], for A > 0and B <0
such that —A < B < —v and 2a < A+ B, we have that hq4hap, = 0. Then
X, and X4 g, are independent, and hence the Gaussian process X, , + X4 5,
possesses the covariance function R,(z,y). Thus P? coincides with the law of
Xa,g + XA,B,},L‘

Finally, Theorem 2 and Lemma 1 yields that

Proposition 1. Let g, o, a,b be as above. Then, for any T > 0 and m € N,
there exists a constant C,, v, depending only on T and m, such that the following
estimations hold with (Z, K) = (Xapa, Kar) or (Z,K) = (Xag, Kagr)-

a,g»

Z(t) — Z(s)]*™
/ ap ZO=ZOP™ b
Q

o<s<i<T |t — [ (3/2)

/ sup |Z(y)|2mdP < CmTKme_(S/Q).
Q

y€[0,T]

4. Generalized reflectionless potentials

In this section, we shall show that the convergence of P° € G, implies that of
reflectionless potentials to generalized one in the topology of uniform convergence
on compacts.

For T' > 0, let Wr be the space of all continuous w : [0,7] — R with w(0) = 0.
Naturally Wr C W, and every probability measure P can be restricted to Wr.
The restriction will be denoted by P|yy,.. For o € 3, put

<I>U(:1c):/Wexp<—%/0$X(y)2dy)dPU.

As will be seen in the next theorem, ®, is C?, and then one can define
P’y =4 d 21 )
W(P7) = 4(=-) log®,.

Our goal of this section is

Theorem 3. (i) For o € ¥, @, is C%.
(ii) Let 0, € Xo and o € X. Suppose that |J, . suppon, C [=0, 5] for some
B >0, and o, tends to o vaguely. Then ®, and its first and second derivatives

11



. and @, converge to ®,, O, and @ uniformly on every bounded interval
in [0,00), respectively. In particular, 1(P°") tends to 1¥(P7) uniformly on every
bounded interval in [0,00). Moreover, for every € > 0, there exists ng € N such
that

(17) Spec(—(d/dz)? +(P7)) C [-3* — o(R) —g,00), n > ng.

Finally, there exists u € Z such that ¥ (P?) = u on [0, 00).
(11i) Let g, : R — [0, 00) be piecewise continuous, and u € Xy. Assume that

|J suppgn C [-B.8]  for some 8> 0, sup /Rgn(f)Qdé < 00,

neN neN

and o, € ¥ defined by 0,(d€) = g,(£)?dé+u(d€) converges to some o € X vaguely.
Then @, @, , and @) converge to ®,, @, and @ uniformly on every bounded
interval in [0,00), respectively. In particular, (P") tends to 1(P7) uniformly
on every bounded interval in [0, 00).

(iv) For every u € Z, there exists P’ € G such that 1)(P%) = u on [0,00).
We shall give several remarks on the theorem before getting into the proof.

Remark 1. (a) Repeating the arguments in Lemmas 3, 4, and 5 below, one can
show that &, is C'.

(b) Let ¢ € ¥. Fix f > 0 so that suppo C [/, ], and define o, € ¥y by
on(d§) = >0, o([3B/n, (j +1)B8/n))djs/m. Then o,’s satisty the assumption in
(ii).

(c) The identification of Zy and Gy extends to that of = and G as follows. First
let P° € G. Define o, € % as in (b). By Theorem 1, ¢(P")(x) = (P")(—x),
x < 0. Define 6 € ¥ by 6(A) = 0(—A), A € B(R), where —A = {—z|z € A}.
Since supp d,, C [—3, ] and &,, tends to & vaguely, by (ii), we see that 1(P")
converges to ¢(P?) uniformly on compacts in [0,00). As will be seen in the proof
of Lemma 4 below, there exist u € Z and a subsequence {0, } of {0,,} such that
(P converges to u € = uniformly on compacts in R. Hence we have that
u=1(P%) on [0,00) and = ¢(P?) on (—o0,0].

Conversely, let u € =. As will be seen in the proof of (iv) (Lemma 8 below),
there exist P € Gy, n € N, such that ¢(P7") converges to u uniformly on
compacts in R, |J,cnsupp o, C [0, 0] for some 3 > 0, and o, tends to some
o € X vaguely. Then, in repetition of the above argument, we see that u coincides
with ¢(P?) on [0,00) and 1(P?) on (—oo,0].

(d) A correspondence between = and ¥ was studied by Marchenko [7] and Kotani
[4] in an analytical manner. The relation between = and G investigated above is
a probabilistic counterpart to their observation.

(e) Every ¢(P7), P? € G, can be approximated by 1(P?")’s with o, of the form
as described in (iii). Namely, let P° € G. Take a nonnegative C'*° function
¢ : R — R with compact support such that [, ¢(x)dr = 1. Define g, : R —
[0,00) by gu(x)? = [gno(n(z — §))o(ds), and set 0,(d§) = ga(£)°dS. Then
Unen 90 C [=03, 6] for some 3 > 0, [ g,(£)*dé = o(R), and o, converges to o
vaguely.
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(f) The convergence discussed in (iii) relates to the convergence of finite-zone
potentials to reflectionless ones discussed in [1, 9]. Namely, for u € = of finite-
zone, the o appearing in (iv) was computed by Kotani [4] to be represented as
o(d€) = g(€)?d¢ + u(d€) for some piecewise continuous g with compact support
and pu € Yy. As finite-zone potentials tends to a reflectionless potential, the
support of g shrinks to a discrete point set ([9]). This is the situation investigated
in (ii).

We now proceed to the proof of Theorem 3. It is broken into several steps,
each step being a lemma. In the sequel, let {W(p, ZL‘)}(p@)eRi be the Brownian
sheet on (92, F, P) as in Sect. 3.

Lemma 2. Let T > 0 and {{Z3(y)}yecpr | B € A} be a family of continuous
processes Zg defined on (2, F, P) with Zz(0) = 0. Suppose that

Zs(t) — Z, m
Am:sup/ Sup |1 Z5(t) 5(382| dP<oco. m=23 ...
gen Jao<s<t<r |t — s|mG/2)

Then the family {P o Zﬁ’l}geA of the laws of Zg’s on Wr is tight.
Let Q : R?> — R be a polynomial, and put

0,(0) = [ Qato). 2@ exp( = [ ZatwPay)ar. e .1

Then ®g5.,, 8,7 € A, are equi-continuous and uniformly bounded on [0,T.
Finally, if Q = 1, then ®3.,’s are all C*, and CD’M 's are also equi-continuous
and uniformly bounded on [0,T].

Proof. The finiteness of A,, implies the tightness. It also yields that

B, = sup/ sup |Zs(t)|*"dP < 00, m=2,3,...
per Ja te(o,T)

Then, as an application of the dominated convergence theorem and the second
assertion, we obtain the third assertion.

To see the second assertion, let k& be the degree of () and take Cy < oo such
that

1Q(a,b) — Q(c, d)| < Co(1+ |a| + [b] + [e] + |d])* ' (la — ¢ + [b — d]),
|Q(a,b)| < Co(1+ |a| + |b))*, a,b,c,d €R.

Since |e™¢ — €77 < |€ —n] for £, > 0, we have that
[P5(7) = Dpy(a")]

3/4
<C'o(/{1+2 sup |Zs(y)| +2 sup |Zw(y)|}4(k1)/3dp)

y€[0,7) y€[0,7T

<([023t) - 2o+ 12,0) - 7<x’>|}4dp)1/4

—x—x/|/{1+ sup | Zs(y)| + sup |2, (y)|}* 2P
yE[O,T]

y€[0,T]
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Hence there exists a constant C' < oo, depending only on A,,’s and B,,’s, such
that

ﬁsupA 1@ () — g (2)| < C{lz — x'|1/8 + e =2}, w2’ €]0,T].
Y€

Thus ®g,’s are equi-continuous on [0, 7']. Since @4, (0) = Q(0,0), ®g.’s are then
uniformly bounded on [0, 7. O

Lemma 3. Let 0 = Y 7| 36, € Xg and —a < b < p1. @, is C and its first

and second derivatives are represented as

1 1 /e
() = ~3 / Xa,b,a(a:)zeXp(—§ / Xa,b,a(y)Qdy>dP7
Q 0

B (z) = —i /Q {20(R) A Xy () Xyt () — Xa,b,g(x)‘*}

1 X
X exp(—g/ me’g(y)zdy) dP,
0
where o(o) = {(pj, pjcj) hi<j<n-

Proof. By (4), ®, is C*. Since P = Po X}

a,b,o

00(0) = [ exp (=5 [ Kunalway)ar

Moreover, by Proposition 1, we have that

/ sup | Xapo(y)*"dP < 0o, T >0,m > 2.
Q y€[0,7]

By an application of the dominated convergence theorem, the desired expression
of the first derivative is obtained.
Rewrite £, used to define X,;, as

Yy
Euno(y) = Waly) + / Dotuna()dz.

Then, as an application of Ito’s formula, we have that

Xopo(z)? = 2 /0 Xy (2) (e dWa(2)

+ / {Zc? +2Xa,b,g(z)Xa,b,a(g)(z)}dz,
o U3

and hence that
1 v &
(I)/U(:U) = _1 // {QZC? + 4Xa7b7a(z)Xavb’a(J)(2) — Xa7b,g(2’)4}

1 z
X exp (—5 / Xa,b,a(yfdy) dzdP.
0

This implies that @ , , is continuously differentiable and the second derivative of
no 2

®, 5, has the desired representation, because o(R) = ZFI . O
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Lemma 4. Let 0, € ¥y and 0 € X. Suppose that |, . supp o, C [0, 0] for
some 3 > 0 and that o, tends to o vaguely. Then ®, is C?, and ®,,, P, and

7 converge to ®,, D, and O uniformly on every bounded interval in [0, 00),
respectively. Moreover, the assertion (ii) in Theorem 3 holds.

Proof. Let a > 0 and b € R satisfy that —a < b < —f3. Due to the assumption,
it holds that

(18) sup M(0,) <3 and sup S(o,) < .
neN neN

By Proposition 1 we see that

Xa o t _Xa o 2m
(19) sup sup | X oo (t) _,b, . (3)] AP <00, T>0.m>2.
neN J 0<s<t<T [t — s|m=(/2)

Thus {P7" |, }nen is tight for any 7' > 0.

Since o, tends to o vaguely and suppo, C [—f3,5], n € N, we obtain the
convergence of R, (z,y) to R,(z,y) for every x,y > 0. Hence every finite dimen-
sional distribution of P°» tends to that of P?. In conjunction with the tightness,
this implies that P |y, converges to P7|y,. weakly for any 7" > 0. In particular,
®, — P, point wise.

Since M(a(0,)) = M(o,) and S(a(o,)) < 32S(0,), by (18) and Proposi-
tion 1, we have that

/ |Xa,b,a(an)(t) - Xa,b,oz(an)(s)|2m
Q

(20)  sup
neN

sup dP < oo, T'>0, m > 2.

0<s<t<T [t — s|m=(/2)

Then the equi-continuity and the uniform boundedness of ®,, , ®/ , and @]
on any bounded interval in [0, 00) follow from (19), (20), Lemmas 2 and 3, and
the fact that 0,(R) — o(R) as n — oo. In conjunction with the point wise
convergence of ®, to ®,, we see that ®, and that &, , ® , and &7 tend to
®,, & and ®” uniformly on any bounded interval in [0, 00), respectively. In
particular, the first assertion of (ii) holds.

We shall show the second assertions of (ii). By [7, Lemma 1.4], it holds that
Spec(—(d/dr)? + Y(P*")) C [~A, o0)

for some A > 0 with M(0,)* < A < M(0,)* + 0,(R). Since M(0,)? < % and
on(R) — 0(R) as n — oo, we obtain the second assertion of (ii).

To see the last assertion of (ii), let u,, = ¥(P") € Z. By (17), {un}nen is
precompact in the topology of uniform convergence on bounded intervals in R ({7,
Lemma 2.3]). Hence, by (17), there exists v € Z and a subsequence {u,, } jex such
that u,, converges to v € Z uniformly on any compact interval in R. Combined
with the convergence of )(P?") to ¢ (P7) on [0,00), we see that )(P?) = u on
[0, 00). O

Lemma 5. The assertions (i) in Theorem 3 holds.
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Proof. Let o € X, and define o, € ¥y by

n

oulde) = 3 o (i/n, (G + 1)B/m))ds0,

j=-n

where § > 0 is chosen so that suppo C [—3,5]. Then (J,.nsuppo, C [—5, 5]
and o, — o vaguely. By Lemma 4, ®, is C?. O

Lemma 6. Let g : [0,00) — [0,00) be piecewise continuous and jn € Xg. Assume
that supp g,supp pu C [—03, 8] for some 3 > 0. Define o € ¥ by

o(d€) = g(&)*d& + p(de).
Fora>p, A>0, and B<0 with —A<B< -0 anda+ (< A+ B, define

Xo = Xag, + Xap, and X, = Xago + XaBa, where go(z) = g(z —a) and
Ga(x) = (x — a)g(x — a). Then it holds that

1 ~ 1 /"
0(0) = —1 [ 20(R) + 4Xe(0)Fo0) - Xﬁ(x)}exp(—§ / X(,(y)?dy) i
Proof. Define o, € ¥ by

20+ 3
n

O—n<d€) = Z ga(j(a + ﬁ)/n) 5(j(a+6)/n)fa-
j=1

Then, supp (0, 4+ 1) C [—a, B Usupp p, (0, + p)(R) < (a + 8)sup|g|* + u(R),
and o, + p tends to o vaguely. By Lemma 4, ®] . converges to ®] uniformly
on any bounded interval in [0, co).

Due to (15), we have that P"** = P o {X, 4. + Xap,} . Moreover, in
repetition of the argument used in the proof of Lemma 3, we see that

0 = 7 /Q {2{%(}{)  u(R)}
+4{ X, 0.0, (1) + Xa8u(2) HXo~a.0(00) (2) + XaB.au ()}

o)+ X))}
o) coxp (=g [ Xaan ) + Xama0)dy )P

Since ha,—q,0, (*;y) and Ry, —a.a(0,) (%;y) tend to hg 4, and heg, in L*(R2) for every
y € [0, 00), respectively, Xo _a0, (y) and Xo _q.a(e,)(y) converge to X, 4, and X, g,
in L?(P) for every y € [0, 00), respectively. Moreover, by Proposition 1, we have
that

sup/ sup {lXa,—a,Un(y)|2m+ |Xa,fa,a(an)(y)|2m}dp <00
neN JQ ye[0,T]

for any 7' > 0 and m € N. Then, letting n — oo in (21), we obtain the desired
representation of ®7. O
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Lemma 7. The assertion (iii) of Theorem 3 holds.

Proof. Take a > 3 and A > 0, B < 0 so that —A < B < inf(supppu), a+ 3 <
A+ B, and define X, = X, ..+ Xap, and X, = X,5. . + X4 Ba), where
Ina(§) = gn(§ — a) and G, a(§) = (£ — a)gn(§ — a). By (16), P> = Po Xr;n17 and

d, (7) = /Q exp(—% /0 mXUn(y)2dy)dP.

Since sup,cn Jr{(9n)a(§)}?d€ < 00 and sup,cn Jg{(Gn)a(§)}2dE < o0, it follows
from Proposition 1 that

[ sup Pt =Xl X0, () = Ko7

sup
neN

su
0§3<E§T [t — s|m—(/2)

for any T'> 0 and m > 2. We then obtain the desired convergence in repetition
of the proof of Lemma 4, only this time with X, , X, , and Lemma 6 for X,;,.,,
Xapa(on), and Lemma 3. We omit the details. ]

Lemma 8. The assertion (iv) of Theorem 3 holds.

Proof. Let w € Z and suppose that {u,},en C Eo satisfies that w, converges
to w uniformly on any bounded interval in R and |J, . Spec(—(d/dz)? + u,) C
[—A, 00) for some A > 0. By Theorem 1, for every n € N, there exists P7 € Gy
such that w, = ¥(P"). These 0,’s are in ¥, and it was seen in [7, Lemma 1.4
and Corollary after Lemma 2.1] that suppo, C [-vA, V] and 0,(R) < \ for
any n € N. ! Then, choosing a subsequence if necessary, we may assume that
o, converges to some o € X vaguely. By Theorem 3 (ii), we see that ¢(P")
converges to 1 (P?) uniformly on any bounded interval in [0, 00). Thus u = ¢ (P?)
on [0,00). O
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