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Abstract

Hypergeometric solutions to sevegfPainlee equations in Sakai’s classification are constructed. Geometry of
plane curves is used to reduce thPainlewe equations to the three-term recurrence relationg-forpergeometric
functions.

1 Introduction

It is well-known that the continuous Painkequations P(J=Il,. . .,VI) admit particular solutions expressible in
terms of various hypergeometric functions. The coalescence cascade of hypergeometric functions, from the Gauss
hypergeometric function to the Airy function, corresponds to that of P&érdenations, from ¥ to Py [1]. The
similar situation is expected for the discrete Paiglequations.
The discrete Painlé&equations and their solutions have been studied for many years from various view points.
In particular, Sakai [2] gave a natural framework of discrete Painémyuations by means of geometry of rational
surfaces. Among the 22 types in Sakai’s classification, there are ten typeRanfilee equations corresponding
to the following degeneration diagram of type of affine Weyl groups:

Eél) _ Eél) _ Eél) _ Dél) _ Ail) — (A A1)D = (A +4)D — Agl) _ A((Jl)

1
AL

In this paper, we construct hypergeometric solutions to the first spRainle\e equations. (The last three cases
are irrelevant to the hypergeometric solutions.)

Usually, in order to construct hypergeometric solutions we first look for special situations in which the discrete
Painlewe equation is reducible to the discrete Riccati equation, and linearize it into second order linear difference
equations. Then we identify the linear equations with the three-term relations of appropriate hypergeometric
functions. Reduction to the discrete Riccati equations has been found for all @¢fRamlee equations [3, 4].

But so far full step of the above procedure has been carried out ondyPor (Dél)) [5], ¢-Prv [6] and g-Pry1 [7]
((Ay + A;)D) due to technical difficulty.

In the previous paper [8], we studied the elliptic Paigl@guation, the master equation of all the Paialend
discrete Painlew equations. There we gave an algebraic formulation fafnctions and a geometric description
of the equation in terms of plane curves. We also showed that it admits elliptic hypergeometric fypeijon
as a hypergeometric solution. ThePainlewe equation with affine Weyl group symmetry of tyﬁ%l) can be
regarded naturally as a limiting case of the elliptic Paiélequation. The construction of this paper provides
explicit hypergeometric solutions for all the seven typeg-8fainle\e equations.

In Section 2 we give a geometric method to construct hypergeometric solutions for discreteéPaduiations.

By using this method, we identify the hypergeometric functions appearing forgeBamlee equation in Section
3. In Section 4 we give the list @fPainlee equations and their explicit hypergeometric solutions.



2 Decoupling in terms of invariants

Consider the discrete Riccati equation
ar +b
. 1
cx+d @)
Herex = z(t) is the unknown variable and = x(qt). We will also use the notation = x(¢/¢). In general,
the coefficients:, b, ¢, d also depend on. Puttingz = F/G, the Riccati equation is decoupled into two linear
equations forr" andG (the contiguity relations):

T =

hF = aF 4+ bG, hG = cF +dG, @)
whereh is a decoupling factor. We then have the following three-term recurrence relations:

hhbF — h(ab+ bd)F + b(ad — be)F = 0,

_ 3
hheG — h(dc + ca)G + c(ad — be)G = 0.

Our task is to solve the Riccati equation (1) through egs. (2) and (3). For the Riccati equation (1) arising from
g-Painlee equations with higher symmetries, the coefficients of egs. (3) are polynomials depending on many
parameters. By suitable choice of decoupling faé¢t@nd gauge factog : F = ¢®, eqgs. (3) are expected to
reduce to some-hypergeometric equations which typically take the form

AT+ (B—A—C)®+CD = 0. (4)

Here the coefficientsl, B, C' are of compact factorized form, buB — A — C is not. Accordingly, the second
coefficients in egs.(3) consist of huge number of terms (more than hundrél‘ff)or This is the main technical
difficulty to manipulate these equations. Our basic strategy to overcome this difficulty is to express these coeffi-
cients in terms of invariants such as determinants. To do this, the geometric formulation of the discreté Painlev
equations developed in the previous paper [8] is useful.

Consider a configuration of nine poini, ..., Py in P2. We denote by, the unique cubic curve passing
through them. In the context of discrete Pai@&quations, the nine poiniy, ..., Py play the role of parameters
for the difference equations; some of them may be regarded as independent variables. An additional generic
point Py is regarded as the dependent variable. The commuting family of the time evolilifionise translation
associated with a pair of points;, P;) (i,j = 1,...,9;i # j), is described as follows. Let us tallgy as an
example. Under the translatidfyy, the pointsP; (i # 8,9, 10) are invariant and the new poinf% and Py are
determined so that

Ps+Py=Pg+ Py, P +--+ P+ Ps+ Py=0, )

with respect to the addition on the culdig, Whereﬁj = Tg9(P;). Thismeans thaP, is the additional intersection
point of the pencil (one parameter family) of cubic curves defined by the eight pBirfis# 9, 10). Using this
pencil of cubics, the transformatidfig (P1o) is geometrically described as follows. Consider a cubic cdrve
passing through the nine poin® (i # 9). The new pointP, is determined by

Pio+ Py = Pig + Ps, (6)

with respect to the addition on the curge
In view of configuration of nine point®, . . ., Py, there are two typical situations where the dynamical system
admits reduction to discrete Riccati equations.

(1) The case where three points are collinear.
(2) The case where a point is infinitely near to another.

For each case we construct below the corresponding Riccati equation and its linearization.



Case (1): This case is further divided into two types depending on the choice of the transigtiand the three
points P;, P,,, P, lying on a line¢. Namely, (1af{a,b} N {l,m,n} = ¢ and (1b){a,b} C {l,m,n}. In both
cases, ifPy € £thenPy, = T,,(Pyo) € ¢ and the motion ofPy is described by a discrete Riccati equation on
the line’.

(1a). Consider the case when the three poi§sPs, P; are on a ling and the translation sy as an example.
In such a casep;y € ¢ = P, € ¢ follows from the fact that the curv€ is decomposed into the line(passing
throughPs, Ps, P;, P1p) and the coni©, (passing througt®,, P,, Ps, Py, Ps, Py).

Proposition 2.1 The time evolution of the poitit o underTyg is determined by the linear equation

djrodrisd;j5dses (/\ dag
{ijk} dirs

d;rsdriodijgdseo dixg
e (rm

mdjkm - djklO) = dijrdrsodse;djx1o0,
ik

(7)
diog

where{ijk} C {1234} andd,p. = det[P,, Py, P]. The gauge factorsy; .y andyuy;;x; can be chosen as follows:

14 24
Afi23y = 1, Af124) = 513; = 523;7
_(14) (39 _(24)  (39)
Af134) = 12~ (32) Af234) = @)~ (31) (8)
(i) = 52, =Ml s

[Proof] When{ijk} = {123}, eq.(7) is reformulation of [8], Proposition 4.2 in terms of determinants. The
same proof can be applied for other choice{ofk} C {1234}. The only point we should take care is the gauge
factorsAy, ur that are symmetric with respect to the indides {ijk}. By choosing the relative normalization of
homogeneous coordinates Bf,, P1o and P, one can PUR[123) = pg123) = 1. Then we should determine the
other factors\; anduy, I = {124}, {134}, {234} consistently. To do this, let us consider eqs.(7)(foy, k) =
(1,2,3) and (4,5, k) = (4,2,3), both with the same unknown variabdg 5 ;0. Comparing the corresponding
coefficients, we have

Ao - djrodrisd; 5dses
A 139 _ A 439 . IET MO g9 Tone 9
C{123} M {123} dyss C{423} 423} dyss’ Cijk d.go i drsodse, )
Using the fact thaP, , P,, Ps, P,, Py and Py are on the coni€,, we have
@123 _ dssidog dygadasa _ (10)
C423 d384d2§4d8§1d231
Hence, ( (
d; a5 dass 34) 24)
\ -\ 139 = 7 2 11
{423} {123} diss dy  (31)  (21) (11)

where the last equality also follows from the conic condition like eq.(10). Other faktoys; can be determined
similarly. O

(1b): Consider next the case when the three paltitsPs, Py are on a ling and translation i§gg for instance.
ThenP,o € ¢ wheneverP;, € ¢. This fact follows from

P+ Py = —P; = Pg + Py,

= = 12
P8+P10:—P7:P9+P10. ( )
For a pointP with homogeneous coordinatés: y : z), we set



Then P, is determined as a point drsuch that
X =det[m(Py),...,m(Ps), m(Pio),m(P1o)] = 0. (14)
We parameterize the poinig g, Py, € /¢ by setting
510 = d179123 v— d1781E = dlsgpi-&- dirg(v — 1)Pi (15)
P1o = dy5PsT — dyg Py = dygg P7 + dy5(7 — 1) Ps.

The last equality follows from the identi®;;, P, — d;xiP; + driiP; — diij P = 0 anddrgg = dgg = 0. The
coordinatev is chosen so that the three poiftyy = Py, Pr, Ps correspond tay = 0,1, co, respectively (and
similar foro).

Proposition 2.2 The coordinatey of Py, is determined by the Riccati equation

_ A1 + A2 v
- _ 2~ 16
v 1o (16)
In terms of the variablé” such thaty = F'/F, we obtain the three-term recurrence relation
Ay(F —F)+ A(F — F) + AsF = 0. a7

The explicit forms of the coefficients are given in the proof.

[Proof] The determinanX’ in eq.(14) is at most cubic with respect to both the variablesdwv. It has trivial
zeros at = 1,00 andvw = 0, 1 corresponding ta? = P;, Ps and P1y = Pg, P;. Therefore X is factorized in
the form

X=w-1)("-1v(41 + Ayv+ A3T+ A4 v7). (18)
First considerds;. Comparing the coefficient’s® of X, we have
A3 = det[m(Pl), ces ,m(PS), —d17g3m(P9), d17§3m(fs)] =0. (19)
Next, the coefficientd; is determined as
0X _
Ay=—r| = di78°d,g5°dy 75 det[m(Py), ..., m(Py), dm(Py, Pg)). (20)

Here, we have used the relations
m(Plo) = —d1733m(Pg) + O(’U)7
m(?lo) = d1@3m(P7) + (5 — 1)d1@2d17§dm(P7,ﬁ8) + O((E — 1)2), (21)
d
dm(P,Q) = &m(P + eQ)LZO.

Similarly, the coefficientd, is given by

Ay = g (coefﬁcient of 7°in X )
v

v=1 (22)
= d17§3d1892d179 det[m(Pl), e ,m(Pg), dm(P7, Pg), m(ﬁg)}

Finally, for the coefficientd,, it is rather convenient to consider the combination= A; + A, + A4, which is
determined by

0?X
As =
OvoU lv=p=1 (23)
= d1@2 d1892 d17§ d179 det[m(Pl), N ,m(PS), dm(P7, Pg), dm(P7, Pg)]
The Riccati equation (16) is derived from = 0. SinceA; = 0, it is easily decoupled into eq.(17). O



Case (2) Consider the case whefg is an infinitely near point of% (Py — k). If Pyg is also infinitely near to
Pg, then so is the translatioR;g = Ty, (Pio) (a,b # 8,9). The pointP;, is determined by solving the following
system of algebraic equations

det[Pa,Plo,Q} :/0,\ det[Pg, Pﬁ, Q} = 0,
det[m(Py), ..., m(By),...,m(Ps), dm(Ps, Py), m(Pio), m(Q)]| s = 0, (24)
det[m(Py),...,m(Py),...,m(Ps),d

including an intermediate infinitely near poit where

0 0 0
P10:P8+6 (3 ,Pl():Pg—‘rE u ,Q:P8+6 r s (25)
v v S

with an infinitely small parameter, andf]en stands for the coefficient ef* in the Taylor expansion of ate = 0.
Eq.(24) can be reduced to a linear relation for the homogeneous var{ables) and (z : ©). More precisely,
there are four solutions to eq.(24), three of them are trivial oRas= Q, P1o = Q or P,y = P, and remaining
one gives a linear relation betweéh, and P, which is in fact the Riccati equation. The variables: v) etc. in
eq.(25) represent the slope of the liRgP; etc, in a (temporary) coordinate Bt (the exceptional curve which is
the blown up ofFs). It is convenient to make a change of coordingtes v) — (U : V) = (au + bv : cu + dv)
in such a way that the lineBs P,, PsP,, P3Py correspond tq0 : 1),(1 : 0),(1 : 1), respectively. Then, in
these coordinates, we obtain a three-term recurrence relatidn foilU /V in the form of eq.(17) with factorized
coefficients.

3 Identification of the Hypergeometric Functions

We apply the results in the preceding section to special configurations of points, and derive the corresponding
hypergeometric special solutions to each ofdHeainlee equations in the degeneration diagram [2]

Eél) — E§1) — Eél) — Dél) — Ail) — (A2—|—A1)(1) — (Al—‘y—A/l)(l) (26)

Let us recall the definition and terminology of théhypergeometric series [9]. Thehypergeometric series
s IS given by,

S OO B W e e K IR

y» Vs n—0 bl; Q)’n e (bsa q)n(Q1 Q)n
(@0)n =1 -a)1l—qa)-(1-¢" a).

The g-hypergeometric serigs 1, is calledbalanced! if the condition
qaias - apry1 = biby---b., z=g¢q, (28)
is satisfied, and is calledell-poisedif the condition
qa1 = agby = -+ = ar41by, (29)

is satisfied. Moreover, it is callecery-well-poisedf it satisfies

1 1

az = qaf, az=—qaf, (30)

IFor 32 series, it appears that two different conventions are used in the literature. This convention is due to [9], while the series

32 ( a(’ib;C 5 q, z) with z = de/abc is also called “balancegy2 series” in [12]. Forsps series, we use latter convention without
notice.



in addition to eq.(29), and denoted.as W,
3 3
ai,qai, —qa;s,a4...,Q
7.+1W,«(a1;a4,...,a7x+1;q,z) =rPs < 1 ' qél’ gai o ;Q7Z> . (31)
a?,—ai,qa1/aq,...,qa1/ar+1

The degeneration diagram @fPainlee equations (26) corresponds to thatdfypergeometric series:

a
balanced_) W balanced_> _ _ 1L ( 0 ’q’z> _ 0 . (32)
10Wo s 3p2 201 e ( 0 ) 1L g T7)

1¥1 b 74, %

3.1 CaseE!”

In this case we take the configuration of nine points lying on a nodal cubic ¢irv/e can parameterize the nine
points P, = P(u;) as follows:

Pm)z(u—umx1—uwx1—uﬁ)41—umx1—umx1—um>41—u@x1—umx1—uwo.@@

The functionP(u) parameterize a nodal cubi, passing througifl : 0: 0),(0:1:0),(0:0: 1) with a node at
(1:1:1). Then the determinam;;, is given by

diji = [t5][ik][jk][igk]do, (34)

where[ij] = u; — uj, [ijk] = 1 — u;ujur, anddy is a constant independent of
We apply Case (1a) whet®;, Ps, P; are collinear ¢suguy; = 1) andT = Tgg. Putting(i,j,k) = (1,2,3)
and substituting the determinants (34) in the three-term recurrence relation (7), we obtain the linear equation for
F =dss310
A(IF — F)+ BF +C(mF — F) =0,

[58][68][138][568][29][29][129][239]
[25][26][123][256] [89][89][189][389] [18][38][138] (35)

N (4 ‘
B’ " \B") lss9sad

whereuy = qug,ug = qus andquiusususugug = 1. The parameters; are transformed b¥sg asug — quo,
ug +— g~ ‘ug while the othem; are invariant. After the gauge transformatibn= g ® with g = i~'g, eq.(35) is
solved by the balance@ Wy series [10]:

A_
= =

® = d(ag;al,...,ar;q)
=10Wo(ao;as,...,ar;¢,9)
(a0, ar/a0i@)oe 1 (aksqa7/ais ) (36)
(ao/az,qaz/ao; @)oo 1 (gao/ak, arar/ao; q)

x 10Wy(a? /ag; araz/ag, - .., asazr/ag, az; 4, q),
with the balancing condition®a} = ajas - - - a7. The parameters; (i = 0,1,...,7) are given by
ap = uduz/q, a1 =ujuguz, as = Ugusuy, az = Uz/Us, (37)
aq = UQ/U67 as = UU5Ug, ag = UgU3US, a7 = U2U3Ug.
When one of the parameters, as, . . ., ag isq~ Y (N € Zx() the second term of eq.(36) vanishes, which can also

be derived as the trigonometric limit of our previous result [8].



Figure 1:E§1)

3.2 Caser!

In this case we consider the configuration of nine pats P2 among which threei(= 1, 2, 6) are on a line and
six (i = 3,4,5,7,8,9) are on a conic (Fig.1). We parameterize those nine points as follows:

P (—u;:0:1) (1=1,2,6)
Sl Qiwicu?) (i =3,4,5,7,8,9)

(3

: (38)
Putting P5, Ps, P; to be collinear ¢susur = 1), we again apply Case (1) with, j, k) = (1, 2,3). Then we obtain
the three-term recurrence relation (7) with respeddo

A(IF — F) — BF +C(mF — F) = 0,

A _ quo[58)[138][568](239]  _ [39][139)
B uszus[26][89][89][189] ©  [38][138]’ (39)

c N (4, ‘
B’ "\ B’/ lgs9,8-3

whereF = ds 310 andquiusususugug = 1. The action ofl" = Ty on the parameters; are the same aEél)
case.

[79][258]

By the gauge transformatiafi = g ® with g = l—lm g, €0.(39) is solved by thglV; series [11],
2.2
& =gWr(agsas,...,as;q,2), z= $, (40)
a102030405
where the parametess (: = 0,1, ...,5) are given by
ap = ugui, a1 =us/us, a=us/uo, a1)

az = qu5/u37 Gy = U5/’LL4, a5 = U2/U6-

3.3 CaseE.”

In this case the nine points are divided into three groups of three points that are collinear (Fig.2). The parameteri-
zation is given as follows:

(1:—u;:0)  (i=1,2,6)
Po=< (0:1:—uy) (i=3,4,7) . (42)
(—u;:0:1)  (i=5,8,9)
We again consider the Case (1a) with, Ps, P- being collinear and” = Tgg9. Then the three-term relation (7)
with (4, 4, k) = (1,2, 3) implies

[58][138][239] [ [139]— [59][238][139] /[138] -
uru3[89] ([138]F—F) + T ([139]F—F> = —[257][89]F, (43)




Figure 3:Dé1)

whereF = d3 3 10. This equation is solved by the balanggeh series [12]

ai, az, as b1by
F= ; 44
3¥2 < b17b2 349, a1a2a3) ) ( )

where the parameters are given by

a1 = U3/U7, a2 = u2uzug, a3 = U2U3Ug, (45)
b1 = usugus, by = qu1u2u§u8ug.

3.4 CaseD!"

This is a limiting case wher&, = (e : 1 : —u€)|e—o becomes infinitely near t6, = (0 : 1 : 0), while the other
P; (i # 1,4) are the same as the CaEél) (Fig.3). Accordingly, the corresponding linear difference equation is

%[5[2]9[}239} (fllgp_ F) n W (q”gF - F) = [257][89] F, (46)

Ug

with usugur; = 1 andquiususugug = 1. This equation is solved by the; series [5]:

ai,a 1 —us/quo
F292@1< 1b12;q’2>’ gzm% (47)

where the parameters are given by

a1 = UgUzUg, G2 = UglUzlg, by = qU2U3U8U9/U57 Z = qu?/US- (48)



Figure 4:A("

3.5 Cased!"
This case is a further degeneration of Cé}éé):

P1:(101) PQZ((IQZOI].) sz(alaQ:O:l)

P,=(0:1:1) Ps=(0:1:a4) P(;:(lz—ag:O)7 (49)
P,=(0:1:0) Ps=(e:1:0) sz(ﬁlll%GQ)
2

wheree is an infinitesimal parameter anga; - - - a4 = ¢. This configuration contains a sequence of infinitely near
pointsPy — Py — P, while (P, Py, P3), (P4, Ps, P;) and(Fs, P7, Ps) are collinear (Fig.4).
Consider the case whei®,, P5, P; are collinear ¢za4s = 1) and the time evolution i§" = T5¢ (a3 —
as/q, ay — aqq). This situation corresponds to the Case (1b). Applying the Proposition 2.2, we obtain the linear
equation,
ooy —q)(F = F) = (E = F) + (1 ) (1~ mar) F (50)

This equation is solved by

F=g2p1 ( ao,goal ;q,qa4> , 9= 1%&9- (51)
—as/q
We note that the above solution can be rewritten in termspefseries by using the relation [13]
a,b ~ (029) 0 b
2P1 < 0 7q72) - (Z, q)oo 1¥1 bz yq,az ). (52)
3.6 CasgAy+A4,)W
This case is a further degeneration of caé@ such thatP; — P; (Fig.5):
P=(1:0:1) Po=(a;:0:1) P;=(0:0:1)
by
P,=(0:1:1) P5:(—a—2€:e:1) Pﬁz(l:—az:O)) (53)
P;=(0:1:0) Pg=(e:1:0) sz(ezlz—oeg)

ay

Wherea0a1a2 = boby = q.
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In this case there are two different kinds of time evolutions, which are referredg®asandq-Prv, respec-
tively. The actions on the parameters are given by

ai a2 ao b1 bo
q-Pur | Toz | a1/q a2 aoq | b1 bo (54)
Tse | a1 azq aog/q| b1 by |~
q-Pv | Tso | a1 az  ap | qbi bo/q

In the case of-P11, when(Ps, Ps, Ps) is collinear §; = 1), the linear equation with respect g, is derived by
taking (i, 7, k) = (1,4, 7) in eq.(7) of Proposition 2.1:

a1(Toa(F) — F) + a1a2(Tg, (F) = F) + F =0, F =dy7.10- (55)

This equation is solved by JacksopBessel function [9]

0
F_1901<q/a2 7q7a0>° (56)

For the case of-Prv, taking P, — P; (a1 = 1), we get the linear equation with respectrig,
asTig" (F) — b1 Tso(F) — (1 — by)F = 0. (57)

According to the argument of Case (2), this equation is obtained by tajiTg;' (F) as the inhomogeneous
coordinate ofP! such tha) andoc correspond to the lineR, Ps and P, Py, respectively. The above equation is
solved by

F=1p ( %2 ;q,bo> . (58)

3.7 Case(A,+A)D

This case is obtained from Cagé,+ A;)() by takingPs — P, (Fig.6):

~—

Pr=(1:0:1) P,=(1:0:0) P;=(0:0:1)
P,=(0:1:1) Psz(%e:ezl) Ps=(1:a1€:¢) (59)
P,=(0:1:0) Pg=(e:1:0) Py=(e:1:—be?)

whereaga; = gq.
When(P,, Py, Fs) is collinear ¢; = 1), we obtain the Riccati equation
b(1—y)

Tos(y) = g Pio=(1:y:y), (60)

10
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Figure 6:(A; +A;)M

with respect tdlys (b +— bg), which is linearized as

Tos(F) — Tos (F) + ¢ Tb3 F =0, (61)
through
1 1 F
y=¢q 1b2 — . (62)
Tg5' (F)
This is solved by g-analogue of the Airy function
0 1 1.1
F=1p ( g ;q?,—q4b2> : (63)

4 Hypergeometric Solutions forg-Painleve Equations

In the previous section, the relevant hypergeometric functions are identified fog-€athlee equation. However,

our choice of the dependent variables and parameters is not always the same as in the literature. In this section we
give a list of hypergemetric solutions for thePainlee equations in the forms appearing in preceding works. Full
details of construction of the solutions will be given in a forthcoming paper.

4.1 CaseE(l)
g-Painlevé Equation [3, 4, 18]

(gist_f)(QSt_ ) ( 2t2 1) 2t2_1) _ P(fat7m15"'am7)
- P(fit7Ymy, .. omy)]
G- G-)-(-5) (-7)
(64)
(fst —g)(fst —g) — (s°t* — 1) (s — 1) _ P(g,s,mg,...,m)
i_ i_ _‘P(gﬂsilvrnlv'"a/'ﬁ"?)7
st I\t ™9 32t2
where
P(f, t, Miyenn, m7) = f4 — mltf?’ + (m2t2 -3 - tg)fQ (65)
+(mrtT — mat3 4+ 2mat) f + (8 — met® + mytt — mot? + 1),
andmy, (k =1,2,...7) are the elementary symmetric functionsketh degree irb; (i = 1,2,...,8) with
bibg -+ -bg = 1. (66)
Moreover, )
t=gqt, t =qZ2s. (67)

11



Constraint on Parameters [3]
qb1b3bsby =1,  babsbgbs = q. (68)

Hypergeometric Solution A hypergeometric solution is given by

o2
97\ T _, ®l¢'agi a1, q%as,. . g?azi¢°)

= 69
(s bg) D(ap;ay . ..,ar;q?) ’ (69)
g9—\—+—
bg S
where® is the balanced, Wy series defined in eq. (36), and (i = 0,1,...,7) and\ are given by
agp = 71 ay = 7(]2 ag = i
O gbibob2 N bobst®” 7 bobg 70)
b; bi .
a; = g( =3,5,7), aifa(zf476),
and
1-— % 1-— q b4b6 (1 - b3b5t2)(1 - bgb7t2)(1 - b5b7t2) 1-— ﬁ
b1bs bibs b1
blb4b6 1=2,4,6
)\ - 2 ’ (71)
bes? () SN (Y (o ba (e (4 - bab
blbg blbg bg bg b1b882 =357 blbz
respectively.
4.2 Caser
g-Painlevé Equation [3, 4]
(gf —tt)(gf —t°) _ (f = bat)(f = bat)(f — bst)(f — bat)
@f —Dgf—1) (f =bs)(f = be)(f —b7)(f —bs) ’ 72)
(gf —t*)(gf —tt) _ _ (g—=t/b1)(g —t/ba)(g — t/b3)(g — t/ba)
(9f —D(9f—1)  (9—1/bs)(g —1/bs)(g — 1/b7)(g — 1/bs)’
where
t=qt, bibybsby =q, bsbsbrbg = 1. (73)
Constraint on Parameters
bibz = bsbr. (74)
Hypergeometric Solution A hypergeometric solution is given by tRél’; series [11],
(blbg qbg b2 blf b1 b4.q b5>
8 T v 07 407 24
g — t/bl o 1-— bg/bl b3b5 b5 b3 b5 b5t bd bG (75)

9= 1/bs ~ T=bafbsl o (bibs bs b bit by by qbs)
ST\ babs bs' b’ by bst bs U bg

In the terminating case, e.gu/bs = ¢~ (N € Zs(), the solution is expressed in terms of the terminating
balanced, 3 series (Askey-Wilson polynomials) as

o b1/b2,b1t/bs, b1 /bst, by /b3
1—bs/by "7\ b1/bs, biba/bsbe, biba/bsbs '’

76
1-— b3/b5ﬁ ( qbl/bg,blt/b5,b1/b5t,b4/b3 . ) ’ ( )
443

z =

qb1/b3,b1by/bsbe, b1bs/bsbg 7

12



by using Watson'’s transformation formula for the terminatifig; series [9]
8W7(CL; b7 C, da €, f7 q, q2a2/deef)

_ (ag,aq/de,aq/df,aq/ef;q)c ( ag/be,d,e, f > (77)
~ (aq/d,aq/e, aq/f,aq/def; q)o ¥\ aq/baq/c,def/a ' T?)"

4.3 CaseEél)
g-Painlevé Equation [3, 4]

(f = b1)(f = b2)(f —b3)(f — ba)

Gf-D(gf-1)=tt (f — bst)(f —t/bs) ’

(78)
B oy 2 (g—1/b1)(g —1/b2)(g — 1/b3)(g — 1/bs)
o7~ DL =0 =1 (9 bob)(g — t/bo) |
where
% = qt, b1b2b3b4 =1. (79)
Constraint on Parameters
bsbg = bybs. (80)

Hypergeometric Solution A hypergeometric solution is given in terms of the balangeg series [12] as
gbsbs /t, b /ba, b3bobs
L9 1/bi  1—by/b 3¢2 ( qbsb2 /by, qbybobd 7T bst /by
T g—tbg 1 —bybybst/bs ; bsbs /t, bs /s, qb2babs bt/ .
T2\ qbsbE/ba, qbiboby T

In the terminating case, €.g3 /by = ¢~V (N € Z>0), the solution can be rewritten in terms of the terminating
39 series (bigy-Jacobi polynomials) as

(81)

bst/ba, bs/ba, b2bobs
L Ll-b/b 3‘”( qbsb3 /by, by /by T )
1 — bybobst /bs bst /by, b /by, qb2babs ’
39"2( gbsb? /ba, qbr /by 7D >

(82)

by using the formula [9]
a, b,C . _ (e/b7 6/0)00 d/aab7c .
3p2 ( d,e aQ7de/abC> - (6,6/1)0)00 3P2 d, qbc/e 4,4

N (d/a,b,c,de/bc)so e/b,e/c,de/abc
(d,e,bc/e, de/abc)s 3¥2 de/be,ge/bec VT ]

(83)

4.4 CaseD{"

g-Painlevé Equation (g-Painle\e VI equation) [5, 14]
__ (fmat)(f —a2t)
W= a)(f—as)

~ (g—"bit/q)(g — bat/q)
fi= (9—b3)(g—bs) '

(84)

where
b1b2 - a1as

(85)

b3b4 n qa3a4 '

13



Constraint on Parameters
b1 al bQ as

(86)

b Tag by ar
Hypergeometric Solution A hypergeometric solution is given by [5],

az/as, azby/ashy >
1q,b1t/b
1 _a4b3/a3b4 2¥1 < a3b4/a4b3 ;4,01 / 3

1 —b3/by as/ay, qasby/asby ’
’ 1q,b1t/b
2¥1 ( qasbs/aqbs q,b1t/b3

f=as

/ by fash (87)
a3/ a4,4a204 /0401
1q,b1t/qb
1-— a4b3/a3b4 2¢1 ( a3b4/a4b3 0 /q 3)
1 —as/as qas/ay, qazby/asby ) .
:q,b1t/qgb
2¢1 ( qa3b4/a4b3 ;4,01 /q 3

g=1by

In the terminating case, the above solution is expressible in terms of theitdeobi polynomials.

Remark A class of hypergeometric solutions including the above solution has been constructed in terms of
Casorati determinants in [5].

45 Cased!’

g-Painlevé Equation (g-Painle\e V equation) [2, 4, 15]

(b /D 1/t
B 1+0: ’
3f )
- 1+g/b3 ’
where 1
t= qt7 t = q2s. (89)
Constraint on Parameters 1
bibobs = q” 2. (90)
Hypergeometric Solution
bZ7 b2
1— by 291 ( a/ 20q ! ;q,q5b2b3t>
f - 2 2 2 9
. 2“”( 1/b26 W ;q,q5b2b3t>
(91)
1/b2, b2
L 2% ( / . ;q,qébzb3t>
g = - 2 2 B .
b1 b5t Yo ( 1/b20, qby ;q,qébzbgt)

In the terminating case, the solution is expressible in terms of the alterma@merlier polynomials or the-
Laguerre polynomials [13]. As we mentioned in the previous section, the above solution is rewritten in terms of
1¢1 Series.
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4.6 CaseAy+A;)W
g-Painlevé Equation (g-Painle Ill equation) [4, 6, 7, 16]

. 1+ apt
g9f = bo 70‘707
a()t + f
Jt+ 92)
a g
= b a——
9/ f=b T
where
t = qt. (93)

Constraint on Parameters E(q.(92) admits two kinds of specialization which yield different hypergeometric
solutions:

(1) bo=gq.

(2) apar = q.

Hypergeometric Solution [4, 6, 7]
1)

0 L2 2427 2
191 ( q2aga% 5q%, g7t /af

0 2 2 >’
162, %t [a?
1¥1 ( q4a(2)a% q=,4 / 1

Tt

(1 —q¢*/agai)
0 (94)

L2 44272

gt g/a0a: 1$1 ( q4a3a% 397,97t /a1>

_al—qQ/aga% 0 L2 24272 .
1¥1 q2aga% 7Qaqt/a1

) 2,42
agt
b 1¥1 ( 00 ;q27fJ/b0>

T aot at?
0 1%01(00 ;qz,qg/bo)

a?t?
191 ( 0 ;q2,q3/bo)
a2t? '
191 ( 00 ;q27q/bo>

This solution is also expressible in terms of the series or a specialization of the; series by using the
formula [13]

)

(95)

f = 7a0t

191 ( (Z) ;q,6> = (@) 0<P1( . ;q,62> (96)
0,0
= (6,29 201 ( c ;qaz) . (97)
In the terminating case, the solution is expressible in terms of the Stieltjes-Wigert polynomials [13].

Remark Two classes of Casorati determinant solutions which includes the above solutions as the simplest cases
have been constructed in [6, 7].
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4.7 Case(A;+A4;)W

g-Painlevé Equation (g-Painlee Il equation) [2, 4, 17]

_ atzf _

-1 —-1) = t = qt. 98
Tr=DUf-V =575 1=q (98)

Constraint on Parameter
a=q. (99)

Hypergeometric Solution

0
1@1( —q ;q,—qt)

f= . (100)
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