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Summary General error estimates are proved for a class of finite element schemes
for nonstationary thermal convection problems with temperature-dependent coefficients.
These variable coefficients turn the diffusion and the buoyancy terms to be nonlinear,
which increases the nonlinearity of the problems. An argument based on the energy
method leads to optimal error estimates for the velocity and the temperature without
any stability conditions. Error estimates are also provided for schemes modified by ap-
proximate coefficients, which are used conveniently in practical computations.
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1 Introduction

We are concerned here with finite element methods for thermal convection problems with
temperature-dependent coefficients. In several cases of constant coefficients, error esti-
mates of finite element approximations have already been developed. Some stationary
problems have been studied by Bernardi et al. [1] and Boland and Layton [3]; a nonsta-
tionary one in a semi-discrete form by Boland and Layton [2]; some simplified nonstation-
ary ones with infinite Prandtl number by Itoh and Tabata [12], Tabata and Suzuki [17],
and Tagami and Itoh [20]. On the other hand, as pointed out by Getling [6], we often need
to take into account the variation of material coefficients depending on the temperature
in physical and engineering problems. Especially, variable coefficients play an important
role in the formation of convection patterns. Our aim of this paper is to establish general
error estimates of finite element methods for nonstationary thermal convection problems
with temperature-dependent coefficients.

As far as we know, there are few researches on full-discrete finite element methods for
nonstationary thermal convection problems with variable coefficients, and even with con-
stant coefficients, from the mathematical point of view. For a simplified thermal convection
problem error estimates have been established in the case of temperature-dependent co-
efficients by Tabata [15] and Tabata and Suzuki [18]. Their mathematical model does not
include the inertia terms in the motion of fluid, because the slow velocity case is considered
and the Prandtl number is set to be infinity. In this paper the original thermal convec-
tion problem without such reduction is treated. More precisely, we consider the following
nonstationary thermal convection problem with temperature-dependent coefficients: Find
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the velocity u, the pressure p, and the temperature 0

(u,p,0): 2x(0,T) - RYx Rx R

such that
(u+ (u-V)u—V-[v(@)D(u)] +Vp—p580)0=f in 2x(0,7), (1a)
V-ou=0 in 2x(0,7), (1b)
90+ (u-V)0—V - (k(O)VE) =g in 2x(0,7), (1c)
U =1up on I' x (0,T), (1d)
0=06p on I' x (0,T), (le)
u = u in 2 att=0, (If)
6=206° in 2 at t =0, (1g)

where T' (> 0) denotes a time; 2 a bounded domain in R? (d = 2, 3) with Lipschitz-
continuous boundary I

(f,9): 2x(0,T) —RYx R
a set of external force and heat source;
(up,fp): I' x (0,T) = R? x R
a set of boundary velocity and temperature;
(W’ 0% : 2 - RIx R
a set of initial velocity and temperature;
(v, &, B): 2x(0,T) xR —R"x Rt x R?

a set of generalized viscosity, thermal conductivity, and thermal expansion coefficients;
D(u) the strain-rate tensor defined by

D(u) = %(Vu + V7).

The existence, uniqueness, and regularity result for (1) was obtained by Lorca and Boldrini
[13], though their framework is slightly different with ours.

The problem (1) is discretized by the backward Euler method in time and by the
conforming finite elements in space. For the discrete problem error estimates of the velocity
and the temperature are established without any stability conditions. They are optimal in
the sense that they have the same orders as the interpolation errors of the finite elements.
Moreover, an estimate of the pressure is obtained, which is optimal in the space-dependent
coefficient case, though not so in general. The derivation of the error estimates is based
on the energy method, which is an extension of that in the Navier—Stokes equations
with constant coefficients. We can refer to Tabata and Tagami [19], whose sources are
found in some previous works, Girault and Raviart [7], Guermond and Quartapelle [9],
and Heywood and Rannacher [11]. In the proofs, caused by the variable coefficients, we
need additional estimates of some nonlinear remainders arising from the diffusion and the
buoyancy terms. Throughout this paper we assume some regularity of the exact solution.
This assumption is known to cause nonlocal compatibility conditions on the given data as
discussed by Heywood and Rannacher [10] in the case of the Navier—Stokes equations. We
do not, however, touch on the behavior of the solution near the initial time but confine
ourselves to such an ideal case.

The problem (1) with the variable coefficients v, k, and 3 is often considered in practical
applications, for example, the process of glass production by Ungan and Viskanta [21] and
the mantle convection inside the Earth by Ratcliff et al. [14]. In practical finite element
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codes of these examples some approximation may be introduced to variable coefficients,
that is, they are replaced by interpolants. We show conditions where the same error
estimates are maintained in the case when the approximate order in space is equal to 1
or 2.

This paper is organized as follows. In Section 2 we recall the maximum principle for (1c)
as well as the existence and uniqueness result for (1). In Section 3, after presenting a finite
element approximation to (1), we state the main results on error estimates. In Section 4
we prove the error estimates. In Section 5 we give practical schemes that maintain the
convergence order. Finally we give concluding remarks in Section 6.

Throughout this paper we use ¢, c*, c., and ¢ as generic positive constants. The
constant ¢* may depend on the exact solution and the given data for the continuous
problem, and ¢, and ¢} may depend on a positive constant €. We note that these constants
are independent of the time increment and the space discretization parameter and may
be different at each occurrence.

2 Existence and uniqueness of the solution

Let us recall the d-dimensional bounded domain {2 with boundary I" and consider R-
valued functions defined in (2. For real number p > 1 let LP({2) be the space of functions
pth power summable over (2. Likewise, let L>°({2) be the space of functions essentially
bounded in (2. The norms of LP(§2) and L*°(§2) are denoted by .||, , and ||.

respectively. The space L?(£2) is equipped with the inner product

HO,oo’

(6,1)) E/Q 61 dx for 0, ¢ € L*(0)

and we drop the subscript p (= 2) in referring to the norm of L?(£2). For integer k > 1
let W P(£2) be the space of functions in LP(£2) with derivatives up to the kth order. The
norm of W P(£2) is denoted by |. [, ,- When p = 2, we denote by H*(£2) the space

Wk2(£2) and drop the subscript p (= 2) in referring to the norm of H”(£2). For integer
m > 0 we denote by € ({2) the space of functions m times continuously differentiable in
§2. The space €™ ({2) consists of functions in €™ (£2) bounded and uniformly continuous
in 2 with derivatives up to the mth order, and the space ™! (£2) consists of functions in
€™ (12) that are Lipschitz-continuous in {2 with derivatives up to the mth order. When
we take £2 having a €*~l-class boundary for integer k > 1, let Hk_1/2([') be the space
of traces of the functions in H"*(§2) to I

We denote by LP(£2)¢ the d-product space of LP(f2). As for functions, norms, semi-
norms, and inner products, we use the same notation in R- and in R%valued function
spaces mentioned above. Moreover, if there is no ambiguity, we use the abbreviate nota-
tion of the spaces, for example, L instead of LP({2).

Set X = HY(2) and Y = X% Let ¥ = H(£2) be a space of functions in X that
vanish on I', and V = ¥?. As usual we denote by H~1(§2) the dual space of H}(£2). Set
M = L*(£2). Let Q be a function space defined by

QE{qGM; /qul‘:()}.

For each w € HY?(I") let ¥(w) be an affine space of X defined by
U(w)={YeX; v— 0, e},

where 6, € X is an extension of w. Likewise, for each w € H'/2(I")% let V(w) be an affine
space of Y defined by

Viw)={veY; v—u, eV}
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where u,, € Y is an extension of w.

For real numbers sp and s1 (0 < sp < s1) and a Banach space Z we define in the
usual way the Z-valued function spaces LP(sq, s1; Z), W*P(sg, s1; Z), and €™ ([s0, 51]; Z).
We denote by |- [|1p(s.s,;2) the norm of LP(so, s1; Z). Similarly, we define the Z-valued
distribution space 2'(sg, s1; Z).

Now we give the following propositions on the maximum principle for (1c) as well
as the existence and uniqueness result for (1). They were obtained by [13] in a slightly

different setting.

Proposition 1 Suppose that the boundary I' consists of connected components I, 1 <
i < I. Assume that the given functions f, g, up, 0p, u°, and 0° satisfy

fel*(0,T;H Y ()%, geL>™(0,T;L>(12)), (2a)
uDEHl(O,T;Hl/z(F)d), /FUD-nds:O for 1 <i<1, (2b)
0p € H'(0,T; H1/2(F))Z N L (0,T; L(I)), (2¢)
u’ € V(up(.,0), 0°€¥(0p(.,0))NL>(£). (2d)

Furthermore, assume that the given functions v, k, and 3 satisfy
v, k€ €(2x[0,T) x R; RT), (3a)
B € €2 x[0,T] x R; RY). (3b)

Then, the problem (1) has at least one solution (u,p,8) such that
u e L(0,T; L*(2)%) N L2(0,T; V(up)), pe€ 2'(0,T; M), (4a)
6 € L>(0,T; L°(2)) N L*(0,T;¥(0p)). (4D)

Proposition 2 Under the assumptions of Proposition 1 the temperature 6 obtained from
(1) satisfies for all t € (0,T]

10() | oo () < tllgll os 0,1 Low (2)) + max{ 16D oo (o, & oo (1)) 10Nl oo () } - (5)
Proposition 3 Replacing (3) by

v, k€ €M (2 x[0,T] x R; RT), (6a)

B e €™ (2 x[0,T] x R; RY), (6b)

we keep the other assumptions in Proposition 1. In addition, we suppose that the velocity
u and the temperature 6 obtained from (1) satisfy

u e L2(0,T; Whee(2)%), 0 € L*(0,T; Wh™(£2)). (7)

Then, the solution of (1) is unique.

3 Finite element approximation

Let h be a space discretization parameter tending to 0 and {2, }|0 a sequence of approxi-
mate domains to 2. We introduce finite dimensional spaces X} and M}, approximating X
and M, respectively. Let ¥}, be a subspace of X} approximating ¥. Let V}, be a subspace
of V, =X ;‘f approximating V. Let QQy be a subspace of M}, consisting of functions whose
mean values vanish over (2,. We employ H'({2,)-norm for X3, H'(£2;)%norm for Y3,
and L?(2;)-norm for My, respectively. Since we use conforming finite elements, the Korn
inequality

1

inf / D(vp)|? dz > o 8
B ol th (vn)| (8)
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and the Poincare inequality

inf —— |Vipp|* dx > ~* 9)
vnewy [vnl? Ja,
hold for all h, where o and v* are positive constants independent of h.
The spaces Vi, Qp, and X}, are supposed to satisfy “inf-sup condition”, “kth order
approximability”, and “inverse inequality” as follows:

Hypothesis 1 There exist positive constants hg and 3* such that

1
inf su

p / gnV - vp dx > * for all h € (0, ho).
an€Qn v,evy, 1Vnlly lanllo Ja,

Hypothesis 2 There ezist a positive integer k and two operators Ilx, € £ (H*(2); X3)
and Ilg, € £ (Q; Q) such that for any integer £ € [0, k]

19 — M, o + Bl — I, ol < ch™ [ @llpyy  for all v € HHH(0),
lq— Ig,qllo < ch®llqll, forall g€ Qn HY ).

Hypothesis 3 For any integers £ and m (0 < ¢ < m < 1) and any real numbers p and
q (1 <p<q<+00) it holds that

91|, g < chETTAR IR ||, for all 4y € X,

Remark 1 In the finite element method every integral over 2 is replaced by that over
{2y,. In this paper we use the same notation for these two integrals, for example, ag that
appears later is used for a trilinear form over (2 as well as {2;. Furthermore, precisely
speaking, 1 in the left-hand side of the inequality in Hypothesis 2 should be replaced
by an extension ¢ € HT1(£2U §2),) of 9. Such an extension is not written explicitly but
we understand that a suitable extension is done. Errors caused by this difference of the
domains can be proved to be less than approximation errors by finite element spaces under
an appropriate condition.

Remark 2 We give an example of finite elements satisfying Hypotheses 1-3. We consider
a uniformly regular triangulation of a polygonal or polyhedral region. If the P2/P1/P2
elements are taken for the velocity, the pressure, and the temperature, then Hypotheses 1—
3 with £ = 2 hold. It still holds for general domains with piecewise regular boundaries if
we use the isoparametric transformation and if A is less than a positive constant hg. We
refer to Ciarlet [4] and Tabata [16] for the isoparametric transformation and the uniform
inf-sup condition in approximate domains, respectively. For other choices of elements see
Girault and Raviart [8], and references their in.

Remark 8 The inequality (8) and Hypothesis 1 lead to the uniform solvability of the
corresponding Stokes problem in approximate domains. So does the inequality (9) of the
corresponding Poisson problem. It is well-known that Hypothesis 1, which concerns the
choice of a pair of finite elements for the velocity and the pressure, plays an important
role in the discretization. On the other hand, the choice of a pair of finite elements for
the velocity and the temperature is less restrictive. In fact, it is not necessary to use finite
element spaces derived from the same Xj. However, to avoid complicated notation and
arguments, we choose the finite elements as above.

For each w € HY?(I") we define a finite element affine space ¥, (w) by
Up(w) = {n € Xp; n — Ix, 00 € ¥n}
and for each w € H'/?(I")¢ a finite element affine space V;,(w) by

Vi(w) = {vp, € Yi; v, — Iy, uy € Vi },
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where Iy, = H)‘éh. We prepare bi- and tri-linear forms ag, cg, b, a1, and ¢; defined by
ag(v;u,v) = Q/QVD(U) :D(v) dzx for (v,u,v) € L*(2) x Y xY,
co(ﬁ;ﬁ,w)z/n k VO -V dx for (k,0,9) € L(2)x X x X,
b(v,q)z—/gqv-vd:c for (v,q) € Y x M,

ar(w, u,v) = ;{/ﬂ[(wV)u] : vdw—/ﬂ[(w‘V)v] . uda;} for (w,u,v) €Y XY XY,

cl(w,ﬁ,w)z;{/Q(w-VH)wdw—/Q(w'Vw)de} for (w,0,9) € Y x X x X.

Let 7 be a time increment and Ny = [T/7] a total step number. The time nr is
denoted by t,,. We denote by u™ the value u(n7) at time step n and by D,u" the backward
difference quotient (u" —u"™1)/7. Set v"(¢)) = v(w, ty, ¥ (x)), and £"(¢) and B"(¢) are
defined similarly. We introduce the time discrete space ¢P(Z) associated with LP(0,T'; Z);

?(Z) is the space of Z-valued sequences w = {wp; n = 1,..., Ny} with norm || ||z
defined by
Nt 1/p
(73 o) £ 1<p< oo,
||wHep(Z) = n=1

max{||wn|,; n=1,...,Nr} if p=+oo.

Hereafter, the boundary data up and 6p are assumed to be independent of time. We
introduce an approximate problem discretized by the backward Euler method in time and

by the finite element method in space: Setting u) € Vj(up) and 69 € ¥,(0p) as approx-

imations to u” and 69 respectively, we find {(u};‘,pz,ﬁg) € Vi(up) X Qp X ¥, (0p); n =

1,...,NT} such that forn =1,..., Np

(ETUZ, ’Uh) + ag (VTL(GZ*I); UZ, /Uh) + a1 (uzilﬁ U;LLv Uh)

+ b(vn, o) — (B0 1) 077, vn) = (f™, vn) for all vy, € V4, (10a)
b(up,qn) =0 for all g, € Qp, (10b)
(D07, n) + co (K07 1); 05, ) + ea (w07, ¥p) = (g ) for all 1y, € . (10c)

From the maximum principle (5) the temperature 6 of (1) is uniformly bounded.
Therefore, we can modify the functions v, k, and 8 so as to satisfy the inequalities

Vo < I/(ZL‘,t,&') < V", Ko < /{(ZE?tvf) < K1, and |ﬁ($,t,f)| < ﬁl
for all (x,t,£) € 2 x [0,T] xR (11)

with positive constants vy, v1, kg, k1, and (1. Thus, we can suppose additional condi-
tions (11) on v, k, and 3 without loss of generality.

Remark 4 The approximate problem (10) consists of two parts; one is a generalized
Navier—Stokes part (10a) and (10b), and the other a generalized convection-diffusion
part (10c). Since these are linear and completely separated at every time step n, we
can solve them by virtue of (11) and obtain the solution {(u},py,0}); n = 1,..., N}
step by step from u(,)l and 92.

Now we state the main results.
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Theorem 1 Suppose that Hypotheses 1-3 hold with a positive number hy and a positive
integer k, that the solution (u,p,0) of (1) satisfies

u € €([0,T);V(up) N WhH>(2)) N H(0,T; H(2)%) n H*(0,T; L*(2)%),  (12a)
p €€ ([0,T);Q N H"(12)), (12b)
0 €€((0,T);w(0p) NWh(2)) N H'(0,T; H*(£2)) N H*(0,T; L*(12)), (12¢)

that the functions v, k, and § satisfy (6) and (11), and that the initial conditions u) and
02 satisfy

lu® —uhllo, 167 = 6Rllo < c*h*. (13)
Then, for any h € (0, ho| the velocity up, and the temperature 0y of (10) satisfy
[ = unllese(z2yne2 iy, 10 = Onllese(z2ynez iy < (7 + B¥). (14)
Theorem 2 Under the assumptions in Theorem 1 the pressure py, of (10) satisfies
Ip = prlleecray < 772 (1 + BP). (15)
Taking T = ch*, we have
Ip — pallez(rz) < c*hF/2. (16)

If the functions v and k are independent of ¢ and 6, then we can prove optimal estimates
of the time derivatives of the velocity and the temperature, which improves the estimate
of the pressure to the best possible.

Corollary 1 Replacing (6a) by

v, k € €% (2; RY) (17)

and (13) by
[u® —uflly, (0% =61 < "R, (18a)
b(up,qn) =0 for all gy € Qp, (18b)

we keep the other assumptions in Theorem 1. Then, for any h € (0, hg] the velocity uy,
and the temperature 0y of (10) satisfy

10w — Drupll 22y, 1w — uplloso(m1,
100 — DrOnll2r2y, 10 — Onllgoo () < (7 + BF). (19)

Corollary 2 Under the assumptions in Corollary 1 the pressure pp, of (10) satisfies
lp = prllezz2y < *(r + B%). (20)

Remark 5 If we choose the approximate initial value ug as the first component of the
Stokes projection of (u%0) defined by (21), the condition (18) is satisfied by virtue of
Lemma 1.
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4 Proof of the error estimates

To begin with, we prepare some tools used frequently in the following.
Let 7 be a function in ¥%1(£2) such that the inequalities

7o <v(xr)<v; foral x €N

hold with positive constants 7y and 7. For each pair (u,p) € Y x @ we define a Stokes
projection (wp,r1) € Vi(u|r) X Qp to be the finite element solution of the problem:

{ ao(7; wh, vp) + b(vp, ry) = ao(V;u, vp) + b(vp,p)  for all v, € Vy, (21a)
b(wn, qn) = b(u, qn) for all ¢, € Q. (21b)

This projection has the convergence and boundedness result. The result is proved by a
similar argument to that in the case of the constant coefficient; see for example [8] and [9].

Lemma 1 Suppose that Hypotheses 1 and 2 hold with a positive number hg and a positive
integer k, and that (u,p) belongs to H*1(£2)% x (Q N Hk(Q)) Then, for any h € (0, ho]
the Stokes projection (wp,ry) of (u,p) satisfies

lu = wallr + llp = rallo < ch* (lullers + lpllx)- (22)

Moreover, suppose that Hypothesis 3 holds. Then, the first component wy, satisfies

(Iellz + llplly)- (23)

Remark 6 The boundedness (23) can be extended to the following, though not used in
this paper: for 1 < g < 400 (d =2), or for 1 < g <6 (d = 3) it holds

lwallt,q < ¢ ([lull2 + llpll1)-

In proving Theorem 1, we need estimates of the nonlinear terms arising from temper-
ature-dependent coefficients. The following lemma is often used to deal with them.

Lemma 2 Let ¢; and 0;, i = 1, 2, and v be functions in L3(£2), and X\ a function in
€01 (02 x R;R). Then, for any ¢ € L°°(£2) it holds that

’/ ,01) P19 dw —/Q/\(-,Qz)%?/}dfc‘

< maX{H)\H%(ﬁxR;R)’
x (/161 — 62

where | . |%0,1(§XR;R) is defined by

= dllo+ [l = d2llo) ¥ lo, (24)

z,0) — —
e =5 S 0),.0) € D xR},

Proof. From the mean value theorem and the Holder inequality the left-hand side of (24)
has the bound

/ ( ,01) 177[Jd$—/ (.,92)¢2¢d$
= [ M 0001 - D vz
(P4
+/Q{A(.,01>—A<.,62>}¢wda:+/QA<-,02><¢—¢2>wda:
<{I

(g(ﬁxR;R)Hél _5”0 +[A

Al 2 ) 16 = D2l Pl o,

w0 (i ) 101 — 02lo[[@lo, 00
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which leads to (24). O

The following lemma plays an important role to obtain optimal estimates for d;u and
040.

Lemma 3 Let up, vy, and wy, be functions in Yy, with (wp-n) (up-vy) =0 on 82y, Then,
for any positive number T the inequality

a1 (wp, un, o) < e min(h™ ¥ 772 Jwp || unll ([onllo + /7 o) (25)
holds.
Proof.  As in [9] the inequality
ar(wp, un, vh) < ¢ ([wnllo,o0 + lwnll,s) [lunll1lvnllo
holds. From the inverse inequality in Hypothesis 3 and the Sobolev inequality, the estimate

1,3 < b (Jlwnllo,6 + [lwnll) < ch™ 6wy

lwnllo, 00 =+ [[wn
holds. Therefore we have
ay(wp, up, vp) < ch™ 8wy |1 [|unl1[|vnllo- (26)

Combining (26) with a trivial inequality

ar (wp, up, vn) < ¢ lwnll lunlillonlls < e w1 lfunll (V7 [onll),
we conclude (25). O
We are going to prove the main results of this paper.

Proof of Theorem 1. Let (w},77) be the Stokes projection of (u® p") with 7 = v (6} 1),
and set wy = Ilx, 0" Let (ef},,eh,, e5;,) be the errors defined by

(e?ha egha egh) = (UZ - wz:fgz - rlyzla 0% - WZ)

From (1), (10), and (21) the errors (e}, €3, , eh,) satisfy the equations

(Drely,, vn) + ao (V"(Q;;“l); etn, vn) + b(vp, €5y,)

= (Rriy,vn) + (Rn1), Un) for all v, € V4, (27a)
b(eth,qn) =0 for all q, € Qp, (27b)
(Drep, tn) + co(K"(071)s €, ¥n) = (Brafy, ¥n) + (Rnap, ¥n) for all ¢y € ¥, (27c)

at each time step n, where Rr1}, Rro), Rn1}, and Rygj are the linear and the nonlinear
remainder terms defined by

Rp1j = 0w — Drwy,
Rnip = {ao(l/n(en);u", ) ) — ao(V"(GZ_l);u”, . )}
+ {al(u”, u” L) — al(uzfl, up, . )}
+{(B" O o) = (BEM) 0" )}
= Rp1j, + Revy, + Ry,
Rpao} = 00" — D,wy,
Ryop = {co(m“(en);en, . ) — CO(K"(GZA);(U%, . )} + {cl(u”, 0", .)— cl(uzfl, [ )}
= Rpa), + Roaj.
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Substituting (ef,, €5, €%,) € Vi x Qn x ¥, into (vp, gn, ¥p) in (27), we find

(Drefy, i) + ao(V™ (05 71)s ey, ) + b(ely, ey) = (Reaf, efy) + (R, ely),  (28a)
b(ey exn) =0, (28b)
(Drefp, e5y) +co (k" (05 ) €5y, €)= (Riap, 5,) + (R, €f,)- (28¢)

From (8), (9), (11), (28b), and the elementary identity
20(b—a)=0*—a*+(b—a)*> foral a,bcR
we obtain

(Dreffy, €fn) + ao(v" (03 71)s e, €in) + blei, e5)

1= e *
> §(DT||6?h||<2) + 7| Drefyllg) + voo*|letylli, (29a)
(Dress €8n) + co (K" (05 1); €3y, €5y)
1 = e *
> §(DT||€§;L||3 + 7| DreflI5) + rov*[les I3 (29b)

Moreover, the conventional estimate of the time-difference quotient leads to

(Rr1k» €Tn)
2 hk
<c {ﬁHatuHLz(tn,l,tmLz) + Fu(atu,atp)HLz(tn_l,tn;Hk+lek)} letullo,  (30a)

n n hk n
(Ralt ) < e { VT 100N 2 1) + = 100200,y sty f il (30b)

From Lemma 2 with

(61,0, 62) = (D(u"), D(u"), D(u")),
(61,02) = (0", 6;71), and (X, ) = (v, D(ey))

we have

(Rpf et < max{ [Vl gem ey 1D o, colvhgon i H1O™ = 67 loll (et o

< (VTN0ON 2t iy + W 1Olsge, s vy + ey o) lednlla. (31a)

Similarly, from Lemma 2 with

(¢17 a) ¢2) = (ven’ v0n7 va)a
(61,02) = (0", 077 1), and (N, ¢) = (k", Vel,)

we have

(Rpap, e5p) < maX{H"ﬂ C(2XR;R+) V0™ [lo, 0|5 %0,1@@;]&)}
x (16" = 65 o + IV (0" = wi) o) [ VeRn o

< (VTN 2t sy + W 1ONep e,y gugsrmssy + ey o) leBalls (31D)

Again, from Lemma 2 with

(¢17$7 ¢2) = (en’ 971—17 0271)’
(01,02) = (67, 6;71), and (A,) = (6", efy)
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we have
(Rah,etn) < max{[|Bllg g gay 10" o, 0ol Blyoa @um: ray )
< (10" =05 o+ 116" — 6" lo + 116"~ = 6~ {lo) lleTllo
< (VTN0ON 2ty tmiz2) + W10ty gy + N5y o) leTslo- (32)

For the estimates of the convection terms we apply Lemma 4.5 in [19] to obtain

(Roty,elp) < ¢ (VT 10l ra, o, 10 12)

+ th(Uap)H%([tn,l,tn};HHl iy + el Hlo) llet s, (33a)
(Roanen) < ¢ (VTI0wll 2,y tms 12y + RN D)l it v, e0]s o 1)
+ 0100l (i, t0gs 1y + €Dy o) €l (33b)

Combining (31), (32), and (33), we find that the nonlinear remainder terms Ry1j and
Ry} are bounded as follows:

(RN1p,€lp) < C*{\E”8tu||L2(tn,1,tn;L2) + \E||3t9||L2(tn717tn;L2)
+ WP, D) e en]s v+ iy + RE 10Nty s 0
+lleti o + ez llo Hletal, (34a)
(Rnap,esn) < VT 10wl 2,y 0 12) + VT N0 240y 10 12)
+ 1) (u, p)| C([tn1, tn]; HF+1x HF) T h¥(|6 C([tn1, tn]; HF+1)
+llet o + ey o} ekl (34b)

Collecting (12), (28)—(30), (34), and the elementary inequality

1
ab< —a?+¢eb®> forall a,beR
4e
with & = min{vpa’®, koy*}/4, we get
D-[lety I3 + Drlles 13 + 7l Dret |13 + 7l Dres, |13
+woa ety 1T+ woyllesn T < e (llely 5+ lless I3+ 0n), (35)
where
o =T HatQUH%%tn_l,tn;B) +7 HatQH”%%tn_htn;L?)

2k ) h?k 9
+ TH(&&U; 8tp)|’L2(tn71,tn;gk+1ka) + THatGHy(tn,l,tn;Hk)

+ 0l Zag, o onrey + TIOON 200, 012
Nt DI vy TP 0O0G o,y s
From (12) it holds that
n
TY &<t (TP 4 h%). (36)
i=1
Applying the discrete Gronwall inequality to (35) with (13) and (36), we have

leall5 + lle3a I3

n
+ 7> (leinllf + llenll? + 7l Dretnllg + Tl Dresyll) < (7 + 1), (37)
i=1
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Using u — up, = u — wp, — ey, 0 — 0, = 6 — wp, — esp, and (22), we conclude (14). O
Next we prove the error estimate (15) of the pressure.

Proof of Theorem 2.  From Hypothesis 1, (11), and (27a) it holds that

1 b(vp, €5y,)
eapllo < - sup ———=
I6lo = 57 288, Tl
1 1 — _
< 7 Sup WURMZ,%) + (By1j, vn) — (Drely,vn) — ao (V™07 1)s €l vn) }
Vh h
1

\/,7_

We evaluate || Rotp vy to estimate the second term in the right-hand side of (38). Applying
Lemma 4.5 in [19], we have for v, € V},

< {IRnlv; + 1 Baifllv; + —= (V7 IIDrelalo) + lefulh }- (38)

(Rerp, vn) < (VT N0l 2, o, e 12) + RN D)l e0)s 01 b0

+ 1€ty o) [lonll + far (el s et vn)l.
From Hypothesis 3 and (37) we obtain
letpll < e min(h ™ |lefyllo, llefalh) < ¢*min(h~ (7 + BF), 77 (7 + 1)) < ¢
which implies
Jar (el etnsvn)l < ellefy Hllletullillonlls < ellefy lallonlls-
Hence it holds that
IRo1p vy < ¢ (VT 10kull L2,y 005 £2) + RPN D) lig (1, t0); mrm sty + €T )

Estimating the other terms of (38) in similar ways to (30a), (31a), and (32), we obtain
from (37)

Hethp(LQ) < C*T_l/Q(T + hk).

Using the identity p — pp, = p — rp, — egp and (22), we conclude (15). O

At the end of this section we give the proofs of Corollaries 1 and 2. Before beginning
the proof we prepare a Poisson projection. Let & be a function in ¢%1(£2) such that the
inequalities

Fo <K(r)<® forall z €

hold with positive constants Ky and %;. For each § € X we define a Poisson projection
win, € Y, (0|r) to be the finite element solution of the problem

co(R; why ¥n) = co(R; 0, 1) for all ¢y, € Y. (39)
Corresponding to (22) and (23) we have for § € H*1(12)
16 — wnllt < ¢ h*(16]|x-1, (40a)

lwrllo, 0o + lwnll1,3 < c[|0]2- (40b)

Proof of Corollary 1.  Here we take wj as the Poisson projection of 0" with kK = k(x),
which makes the proof simpler. Since the coefficients v and k are independent of ¢ and 6,
the remainder terms Rp;j and Rpaj in (27) vanish.
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In (27) we substitute (ﬁTe?h,ﬁTegh,ETegh) € Vi X Qp X ¥y, into (vp, qn,¥p). The
diffusion terms of the left-hand side in (27) have the following bounds:

_ 1 (— -
ao(vs ety Drefy) > 5 {Draolwsefys efy) + 00" Drey . (41a)
_ 1 (— -
co(r el Drey) = 5{ Drcolks €y ) + mror* [Drey . (41b)

For Rr1} and Rp} we use estimate corresponding to (30a) and (32). Again, the con-
ventional estimate of the time-difference quotient leads to

n §mn n hk n n
(Rialt, D) < ¢ AV 1000 2 s 1)+ =108, aveny | Dol (42)

For the estimates of the convection terms we again apply Lemma 4.5 in [19] to obtain

<R012aﬁ76?h> < C*(\ﬁ”atUHL%n,l,tn;Hl)
+ 10w D)l i, t0); o1 semey + €Dy ) I Dredy o
+lai(ely, s ety Drety), (43a)
(Roap, Drey) < (VT 0wl z2ge, s 11ty + RN D) oy 60)s b1 1)
+ 1100, 10; iy + el ) D€ lo

+ler(ely, ek, Drely)|. (43b)

From Lemma 3 the last terms of the right-hand sides in (43) can be estimated as

lay(efy !, ey, Drely)| < canllely 1 (IIDretullo + V7| Dl llh), (44a)
(el e, Dresy)| < evnlled M1 (IDreyllo + VT D-ef 1), (44b)
where
o, = min(h~¥5 7712 |1en |11, Y = min(h~Y6 7712 |1eB, ||

By virtue of (18b) we have for n > 1
b(Drefy, Dreyy,) = 0.
Accordingly, the estimates (41)—(44) yield the inequality

D-ag(vsely, ely) + Drco(r; €5y, e3,)
+ Tvoa* || Drely |IF + TRoY || DrefylIT + | Drety |13 + 1D-e5 115
< {(ad+v)lel T+ 6n (45)

where

_ 2112 20112
=7 ||atu||L2(tn,1,tn;L2) + 7 (|0 9||L2(tn71atn§L2)
2k th

+ TH(&tU,8tp)||%2(tn717tn;Hk+1XHk) + ||at9||%2(tn717tn;Hk+1)

T

+ 70l T,y iy F N0 20 o 12y

n—1;
k k
+ h? ”(u,p)||<25([tn71’tn];Hk+1XHk) + h? HQH%)([tnfl,tn];HkH)

+ [l I + llesi 15
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From (37) and (12) it holds that

n

n
s . .
7Y (af +77) < min{h™ 2 77 7Y (el + llesnl)
=1 =1

< ¢ min{h~¥3 771} (W?* 4+ 72)
< (WP 47
< (46a)
T Z 5 < ¢ (72 + h?). (46b)
i=1

Applying the discrete Gronwall inequality to (45) with (18a) and (46), we conclude (19). O

Proof of Corollary 2.  From Corollary 1 the time-difference quotient can be estimated
as
Hﬁfrethp([g) < C*(T + hk) (47)

Introducing (47) to estimate the term || D, eqs||o in (38), we obtain the desired result. O

5 Practical schemes
When k£ =1, 2, we present schemes modified by approximate coefficients, which are used
conveniently in practical computations.

Hypothesis 4 Let k = 1,2. There exist a finite dimensional subspace Zy, of L*(£2), and
an operator H;f_l € Z(H*(02); Zy,) such that for every i € H*(02)

I — I flo < ch® |9, (48a)
T o < e 1@ lo, (48b)
o'y >0 if >0, IO '1=1. (48c¢)

Remark 7 We give an example of Zp and I1 }]f_l satisfying Hypothesis 4 with k = 1, 2.
Suppose the case mentioned in Remark 2. We define Z;, by the Py_1-finite element space
and I ,lf_l by the interpolation operator introduced by Clément [5]. Such a choice enables
us to prove (48).

Let us denote by v,"™ € Zj the approximate viscosity II }]f*l [1/"(02"”)], and ;"™ and
B, are defined similarly. We consider a modified approximate problem instead of (10):
Setting uY € Vi,(up) and ) € W,(0p) as approximations to u® and 6° respectively, we
find {(uﬁ,pﬁ,@ﬁ) € Vi(up) x Qn x ¥n(0p); n=1,.. .,NT} such that forn =1,..., Np

(Drup,vn) + ao(vy ™ 5wt vp) + ax (", ujt, op)

+ b(vp, p) — (BP0 wg) = (™ vp) for all v, € V4, (49a)
b(up,qn) =0 for all g, € Qpn, (49b)
(D07 bn) + colip ™5 05, ) + ea(uf ™, Op, ) = (g% ¥n)  for all ¢y, € . (49¢)

Remark 8 From (11) and (48c) the inequalities

vy < VZ’n_l <, ko< RZ’"_l < k1, and ‘6,?”_1! < B3 for all =z € 2
hold. Therefore the bilinear forms ag(v;"" ;.. ) and co(x)?"""; ., . ) are coercive on

Vi, and on ¥, respectively. Thus the solution {(u},pp,07); n =1,..., Ny} is obtained
step by step from ug and 6’2.
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Theorem 3 Suppose that the assumptions in Theorem 1 hold with a positive number hg
and k = 1, 2. Furthermore, assume Hypothesis 4 with the same k and suppose that the
functions v, k, and B satisfy

v, k€ H*(2 x (0,T) x R; R"), (50a)
B e H* (2 x (0,T) x R; RY). (50b)

Then, for any h € (0, ho] the velocity up, and the temperature 6y, of (49) satisfy
lu = unlle 2yt 10 = Onllge L2y ) < € (7 + hP). (51)
Theorem 4 Under the assumptions in Theorem 3 the pressure py, of (49) satisfies
Ip = prlle(zy < 772 (r + bP). (52)
Taking T = ch*, we have
Ip = palleaczey < 2. (53)
Corollary 3 Replacing (50a) by
v, k€ H*(2; RT) (54)

and (13) by (18), we keep the other assumptions in Theorem 3. Then, for any h € (0, ho]
the velocity up and the temperature 0y, of (49) satisfy

|0su — Drupll 22y, 1w — upllgso a1,
100 — DrOnll2r2), 10 — Onllgoo () < (7 + BF). (55)
Corollary 4 Under the assumptions in Corollary 3 the pressure pp, of (49) satisfies

lp = prllez(2) < ¢ (7 + RY). (56)

n,n—1

Proof of Theorem 3. Reset the Stokes projection (wj, 7)) of (u”, p") with ¥ = v,
From (49) and the modification of the Stokes projection the nonlinear remainder terms
Rpin, Ry, and Rpay, in (27) are replaced by

Rpi} = ag(v™(0™);u, . ) — ap(v)" ™, L),
Rpay = co(K™(0™); 0™, . ) — co(wp ™ Hywll, ),

Rpp = (8" 67 ) — (B0 07 . ).
A simple calculation gives us
(ot ) = {eo (7(0): 0% €)= o (ITE 7 R7(0"): 0% e }
o+ {eo(IE1 k(07 07, ) — o (TTE167(67Y); 07, efy) }
{0 (I R (") 0% ey) — o (™5 0 el) }

+ {CO(HZ’ n=l. gn ey) — co(k) n-l, Wy, egh)}

EIl+IQ+Ig+I4.
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From Holder inequality and Hypothesis 4 we obtain

Iy < (I = 12RO ol V8" o, 00 | Ve lo
< *h¥||K(0)

E([tn_rtn); 1) 18R 1,

P

IN

1IIE =Y (57 (0™) — &™(0" ) 0] V0" lo, o0 | VERL 0
e K" 0.1 @xr 10" = 0" Hlo V0™ 0, 50 | €84 12

VT 00 L2ty 22 ll€znlln,

VAN VAN

I3

IN

T~ (50771 = K07 )) ol V8" o, 5o VeBy o
e[ g0 (@ w107 = 05 ol VO™ llo,  ll€3n 11

1k —
¢ (W10l (1 oy + By o) €Balli,

IN

IN

Iy < I R0 lo,00 I V(07 = wi) ol Vs lo

crr[|6" = wpllillesnllh

INIA A

*1 k
RO (8 ]y llER 1
Thus, we have
(Roais ) < {71002, in)
k —
+ B (16O (it gty + 1Ol ngsrmery) + ek 1||0}||€§h||1‘
Similar arguments give us
(Boii,eln) <  {VT100ll12q, . eoin)

+ (1Ol (0 tngsrrey + 10l (1 )i mr+1y) + |’€§{1||0}||€?h||1-

(Bspis et < VA0, poire
+ 1 (18(60)

S(ltn1,tals %) 10Nl (1t t01i18)) + Hegﬁlllo}lle?hllo.

These bounds lead to the desired results. O

We omit the proofs of Theorem 4 and Corollaries 3 and 4. They are similar to those
of Theorem 2 and Corollaries 1 and 2 .

6 Concluding remarks

In this paper we have continued the study of series on finite element analysis of flow
problems, the Navier—Stokes equations and thermal convection problems; see [12], [15],
[17]-[20]. As mentioned in Section 1 the variable coefficients play an important role in the
formation of the convection patterns. Thus we have focused our attention on the variable
coefficients case, whose mathematical model is the most general among these studies. The
error estimates obtained in this paper are best possible except for the pressure in the
time- or temperature-dependent coefficient cases.

For the practical use we have also presented finite element schemes with interpolated
variable coefficients, which maintain the same convergence order when the approximation
order k is equal to 1 or 2. It is enough in practical computations.
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