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Abstract

The spin-1 +J Ising model with uniform biquadratic couplings on
simple cubic lattice is studied by the non-equilibrium relaxation and
the equilibrium Monte Carlo methods. The reentrant phase transition
induced by competition between the bilinear and biquadratic couplings
is eliminated gradually with increasing randomness of bilinear couplings
and disappears entirely in the strong random system. The dynamic
exponent of ferromagnetic transition shows non-universal behavior with
changing randomness, while this behavior is not observed in the case
of staggered quadrupolar transition.

Keywords: +J Ising model, Exchange coupling-biquadratic, Reen-
trant transition, Phase diagram, Non-equilibrium relax-
ation, Monte Carlo simulation

1. Introduction

The spin-1 Ising system that contains the bilinear and biquadratic exchange interactions
and crystal field is called the Blume-Emery-Griffiths (BEG) model"), and has been intro-
duced to study the critical and multicritical phenomena associated with physical systems,
such as He®-He* mixtures, lattice gases, ternary alloys, metamagnets and multicomponent
fluids. Most of the studies on the phase transition of the BEG model have been devot-
ed to the case where the biquadratic coupling constant J’ is negative (repulsive) because
it may be expected to give a rich phase diagram due to competition between the bilinear
and biquadratic couplings. When J’ is negative and large enough, it is known that a two-
sublattice ordering occurs at low temperatures which is called the staggered quadrupolar
(SQ) phase? ®). Furthermore, a ferromagnetic (FM) boundary in T-J' phase diagram (T
temperature) exhibits a reentrance in three dimensional lattices (d = 3)%%),

The inclusion of random frustration of FM and antiferromagnetic (AFM) interactions
can have significant effects on the critical properties, e.g. appearance of a new ordered
phase such as spin glass (SG), reentrant pnenomena, change of the universality class and
order of transition. In order to achieve a better understanding of frustrated systems, many
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infinite-range SG models have been proposed, such as spin-S (S > 1/2) Ising, Potts and
vector SG models®®). Particularly for the spin-1 Ising SG model with uniform biquadratic
couplings, a new SG phase characterized by a two-sublattice structure and reentrant phase
transition has been suggested by the replica mean-field approach?). In the case of including
chemical potential (or crystal field), this model is equivalent to the frustrated BEG mod-
el'%12) which has been introduced to study glass-forming liquids!® %), Incorporation of a
biquadratic exchange interaction and a chemical potential in glass-forming liquids leads to
a characteristic phase diagram with SG transitions of first or second order. However, to our
knowledge, none of those works for magnetic and fluid systems addressed the problem of the
short-range model in which FM and AFM bilinear couplings have a non-symmetric random
distribution.

In this paper, we try to cover significant critical behavior caused by the presence of
the biquadratic couplings in the nearest-neighbor-interaction Ising model with the non-
symmetric distribution of the bilinear couplings. The spin-1 +J Ising model with uniform
biquadratic couplings is described by the Hamiltonian

2
H==> J;SiS; —J Y Ss3, (1)
(4,9) (4,9)
where each S; can take the values 1, 0, or —1. J;; and J' are the nearest-neighbor bilinear
and biquadratic coupling constants, respectively. The probability distribution for each bond
Ji; is given by

P(Jij) = pd(Jij = 1) + (1 = p)d(Jy; + 1), (2)

where p is the concentration of FM bonds. The system with p = 1 is characterized by
the FM ordering in the region of J' > —1 and the SQ ordering in the region of J' <
—1, respectively?) (see Appendix A). The present model corresponds to the system where
the FM bond concentration p of the BEG model without the crystal field is extended to
p < 1 (random system), or the system where the spin quantum number S of the +.J Ising
model is extended to S = 1 with the inclusion of biquadratic exchange interaction. We are
particularly interested in clarifying the following: (i) how the reentrant transition found in
the T-J' phase diagram for the pure system is modified by the introduction of randomness;
(ii) whether the critical properties of the FM and SQ transitions depend on the biquadratic
coupling constant and/or the randomness.

Recently, a new simulation strategy called non-equilibrium relaxation (NER) method,
which differs from the standard equilibrium simulations, has been proposed and applied
to study disordered system!® 17, quantum-spin system'®1?) and chirality??). Furthermore,
the NER analysis of fluctuations?!), which is useful technique for estimating both the static
and dynamic exponents, was successfully applied to the Ising ferromagnets?2 24, These
NER studies have proved to give an accurate estimation for the critical temperature and
exponents while being easily done because the thermal equilibrium state is not necessary to
be realized in the simulation, and the size dependence of the NER, function is weak even in
the critical region. In the case of the SG transition, however, the NER analysis is difficult
because the choice of an initial ordered state is neither unique nor straightforward, and the
determination of a relaxation function is difficult. So we apply the NER method including
the study of the relaxation of fluctuations to the analyses of the FM and SQ transitions,
and the equilibrium Monte Carlo (MC) method to the case of the SG transition.

This paper is organized as follows. In §2, we explain the basic concept of the NER and the
equilibrium MC methods and show numerical analysis. In §3, the results of the calculations
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of the phase diagrams, reentrant phenomena and the critical exponents are presented, as
well as the discussion. Final section is devoted to summary.

2. Monte Carlo simulation

2.1 The non-equilibrium relaxation analysis

We define the time-dependent order parameters, m(t) and ¢s(¢), per site, describing the
FM and SQ ordering, respectively as

m(t) = (m'(t))p, (3)
gs(t) = (g (t))p, (4)

with

' (t) = 75 D7 Si), (5)

OEE=1) SIS SETOLN (©
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where L is the linear size of lattice, and (- - -)p denotes the ensemble average in terms of the
dynamical time evolution, and A and B denote the two interpenetrating sublattices. The
kth moment O (t) of the order parameter O(t) (O = m or gs) and the time-dependent
fluctuation fo(t) of the order parameter are defined as follows:

OF (1) = (O'(t)*)p, (M)
fo(t) = L [0® () /O(t)* — 1], (8)

where O(t) and fo(t) are obtained from the external field i derivative of the free energy F

and O, respectively.
For the dynamic relaxation from a completely ordered state, the scaling form of the

time-dependent free energy F'(t) per site is expected as follows?5:26).
F(t,7,h) = t*d/zoﬁ(tl/zo”or, t(d_BO/”@)/zoh), (9)
where
T-1T.
T= <, (10)
C

is the reduced temperature normalized by the critical temperature T, and Bn, vo and zp
are the static exponents related to the order parameter and the correlation length, and
the dynamic exponent, respectively. At the critical point, the order parameter and the
fluctuation obey the power-law behaviors

O(t) ~t=2°, (11)
fO(t) ~ tAfov (12)
where A\p and Ajo are called the NER exponent of the order parameter and the NER

exponent of the fluctuation, respectively. The exponents reveal the relations
Ao = Bo/zovo, (13)
Ao =d/z0. (14)
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Fig. 1 Inverse time dependence of the local exponents Ay, (t), Aq(¢) for the random system
(p = 0.8) when (a) J' =0 and (b) J' = —1.5.

The order parameter O(t) decays exponentially to zero in the paramagnetic (PM) phase,
and to a non-zero value in the ordered phase. In order to determine the critical point, we
observe the local exponent Ao (%) related to the order parameter as

~ dlog O(t)

dlog ¢ (15)

Ao(t) =
This local exponent Ao (%) goes to infinity in the PM phase and to zero in the ordered phase.
It goes to the NER exponent Ao at the critical point.

The local exponent Ao (t) is estimated by the least square fitting of log O(t) against log ¢
over appropriate time interval around each ¢. In order to determine the critical exponents,
we also estimate the NER exponent of the fluctuation Arp at the critical point. The NER
exponent of the fluctuation is derived by the least square fitting of the slopes of the curves
in a log fo-logt plane. The critical exponents 8o /vo and zp can be evaluated from \p and
Aro by using Eq.(13) and Eq.(14).

The NER simulations are performed on simple cubic lattice of 100 x 100 x 100, which
is large enough to prevent the finite-size effect (see Appendix B), with periodic boundary
condition. The simulation parameters used are given as follows: the maximum time of the
simulations ¢max = 500-1000 MC steps per spin (see Appendix B); the number of bond
samples Ny = 1600-3200. Starting from the initial spin configuration (S4,Sp) = (1,1)
for the case of the FM transition and (S, Sg) = (1,0) for the case of the SQ transition,
the system is updated by the heat-bath single spin-flip algorithm. We used the sequential
sampling along each of the two sublattices which is useful in vectorized and parallelized
calculations (see Appendix C).

The inverse time dependence of the local exponents A, (¢), A;(¢) is shown in Fig. 1 for
the random system (p = 0.8) when (a) J' =0 and (b) J' = —1.5. In Fig. 1 (a), the curves
of the local exponents A, (t) turn up when 1/t goes to zero for the inverse temperature
K = 1/T < 0.546, and the curves turn down for K > 0.548. Therefore the critical point
exists in 0.546 < K. < 0.548, and we conclude that K. = 0.547(1). The curve of the local
exponent for K = 0.546 (lower limit of K.) is extrapolated to 0.175 for ¢ — oo when we
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Fig. 2 Time evolution of the fluctuations f,,(t), f,(t) at the critical temperature for the
random system (p = 0.8) when J' =0 and J' = —1.5.

neglect the final turn-up. The curve of the local exponent for K = 0.548 (upper limit of
K.) is extrapolated to 0.161 for ¢ — oo when we neglect the final turn-down. Then we
conclude that A, = 0.168(7). From Fig. 1 (b), similar analysis gives K. = 1.560(2) and
Ag = 0.236(10) for the SQ transition.

At the critical temperature, the time evolutions of the fluctuations f,,(t), f4(¢) of the
order parameters are plotted in log-log scale in Fig. 2 for the random system (p = 0.8),
when J' = 0 and J' = —1.5. The values of the critical temperature are K, = 0.547 for
J' =0, and K. = 1.56 for J' = —1.5. The curves obey the asymptotic power-law behavior
for both of the FM (J’ = 0) and SQ (J' = —1.5) phase transitions. As the slopes of the
curves, we obtain 1.04 for K = 0.546 (lower limit of K.) and 0.991 for K = 0.548 (upper
limit of K.) in the system with p = 0.8 and J' = 0. Then we conclude that As,, = 1.02(3).
From the behavior of f,(t) in Fig. 2, we obtain Ay, = 1.40(5) for the SQ transition with
p=0.8 and J = —1.5.

Similar analyses made in Fig. 1 and Fig. 2 are performed for various combinations of
p and J'. The results of the critical temperature and NER exponents Ao, Aso are listed in
Table 1 and Table 2, for the FM and SQ transitions, respectively. In the FM transition,
the NER exponents Ay, A, become smaller when the concentration p becomes lower for
the systems with the same value of J’, and this behavior of A\, coincides with the previous
result on the spin-1/2 system!'®). The critical temperature and the NER exponents Ags Afg
of the SQ ordering are independent of the concentration p for the systems with the same
value of J'.

2.2 The equilibrium Monte Carlo analysis

In order to determine the complete phase diagrams, we estimated the SG critical temper-
ature in the extended region by using the Binder’s fourth-order cumulant®”), which becomes
independent of L at the critical point:

1], e
903 [3 <<@2>>z}’ 1o
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Table 1 The critical temperature and the NER exponents for the FM transition. H (or L)
corresponds to the cases for higher (or lower) critical temperature in the reentrant

region.
S =1 S=1/2
P J! K. T.=1 / K. Am )\fm A
1 0 0.31288(8)  3.1962(8) 0.25(1) 1.47(2) 0*248(1)23)

—0.5 | 0.4126(1)  2.4237(6)  0.250(8)  1.47(2)
—0.95 | 0.7803(8)  1.282(1)  0.240(13) 1.40(4)
—1.02" | L.115(3) 0.897(2)  0.248(12) 1.45(6)
~1.02% | 4.01(1) 0.2492(8)  0.247(7)  1.43(3)
0.9 0 0.3918(2)  2.553(1)  0.23(1)  1.34(3) | 0.23(1)!®)
—0.5 | 0.5543(3)  1.8042(8)  0.231(5)  1.35(1)
—0.95 | 2.108(8)  0.475(2)  0.228(11) 1.37(2)

0.8 0 0.547(1) 1.828(3)  0.168(7) 1.02(3) | 0.16(1)%)
~0.5 | 0.863(3) 1.159(3)  0.163(9)  1.00(3)

)

~0.95 | 7.25(5)  0.138(1)  0.161(9)  0.95(3)

Table 2 The critical temperature and the NER exponents for the SQ transition.

A K.  T.=1/K, N Xq
1T —11  740(1) 0.1351(2) 0.236(6) 1.414(p)
~1.5  1564(2) 0.6396(6)  0.237(7)  1.44(3)
08 —1.1 7.365(5) 0.13578(9) 0.237(5) 1.44(2)
~15 1.560(2) 0.6410(8) 0.236(10)  1.40(5)
0.5 —1.1 7.37(2) 0.1358(3) 0.232(12) 1.42(2)
~15  1.559(2) 0.6416(6)  0.239(7)  1.44(1)

where (---) and {---). denote thermal average for a given set of bonds and configurational
average for various sets of bond distribution, respectively. The SG order parameter @ is
defined by the overlap between the two independent replicas 1 and 2 with the same set of
bonds?8:29).

1 - |
Q=7 Z 553, (17)

After to MC steps per spin for equilibration, an additional 2tg MC steps per spin are
carried out for thermal average. The simulation parameters used for the Binder cumulant
analysis are given as follows: the linear size of lattice L = 4-16; the largest time for
equilibration t; = 8 x 105 MC steps per spin; the number of bond samples N, = 32-5120.

The size and temperature dependences of gg with p = 0.5 are shown in Fig. 3 for
the cases of J' = 0 and —0.5. The curves of g for different sizes clearly fan out at high
temperatures, while this is not so clear at low temperatures as well as for the case of spin-1/2
system?®). From the intersection point of those curves, we have estimated 7, as 1.0 and 0.6
for J' = 0 and —0.5, respectively. Similar analyses made in Fig. 3 are performed for various
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Fig. 3 Temperature dependence of the Binder cumulant g for the SG system (p = 0.5)
with J' =0 and —0.5.

combinations of p and J'.

3. Results and discussion

3.1 Phase diagrams

The T-J' phase diagram obtained is shown in Fig. 4 for (a) p =1, 0.9 and 0.8, and (b)
is the magnified one at J' ~ —1. Since no clear p-dependence of the critical temperature
can be found for the SQ transition (see Table 2), the SQ phase boundary is indicated only
for the case of p = 1. The error bars of the critical temperatures are within the marks’
sizes. In the pure and random systems, the phase boundary lines FM-PM and PM-SQ are
close to each other at low temperatures and meet at the boundary point (J',T) = (—1,0).
For the pure system, the reentrant phenomenon (PM — FM — PM) appears in the region
—1.035 < J' < —1, and this behavior is consistent with the previous result¥. The present
results suggest that the reentrant phenomenon is gradually eliminated with the decrease of
p and entirely disappears for the strong random system in the region of p < 0.95. It is also
noted that, for the SG system with p = 0.5, the PM-SG phase boundary does not show the
reentrant behavior.

In Fig. 5, the T-p phase diagram is shown for J' = 0.5, 0, —0.5 and —0.95 together with
the results for the spin-1/2 system'®'”) and the Nishimori-line3?): exp(2Ky) = p/(1 — p).
The critical temperature T,(S) of the spin-S system is normalized by the spin quantum
number, namely T, = T.(S)/S?. Irrespective of the value J’, the FM transition tempera-
ture decreases with the concentration p or with the increase of randomness. However, the
tendency of the decrease is evidently different between the case of J' = —0.95 and the other
cases of J' = 0.5, 0 and —0.5. The T, for the latter cases decrease linearly with p but the
curve for J' = —0.95 shows especially rapid and large reduction in the region of 0.9 < p < 1.
This extraordinary reduction of T, reflects the reentrant phenomena explained in the 7-J’
phase diagram.

By the use of the gauge theory, it has been proved that the critical concentration py of
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Fig. 5 T-p phase diagram for J' = 0.5, 0, —0.5 and —0.95 together with the spin-1/2
results. The dashed curve shows the Nishimori-line.

FM bonds, below which no FM phase exists, for a =J non-Ising model is equal to or larger
than pg for the spin-1/2 +.J Ising model on the same lattice®!). The same type of argument
can easily apply to the =J spin-1 Ising model including the biquadratic exchange interaction
and the crystal field. The local gauge transformation leads to the following relation for the
FM correlation function,

[{(SoSr)k)e| < ([{o007) K e (18)

where (- - -) k¢ denotes the thermal average at inverse temperature K. The variables o;(= %1)
are Ising spins introduced by the gauge transformation. From Eq.(18) and the spin-1/2
result®?, we can prove exactly that the critical concentration of the present spin-1 system
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is not smaller than that of the +.J spin-1/2 Ising model:
po(S = 1) > po(1/2). (19)

Furthermore, it has been argued that a geometry-induced phase transition by the frustration
distribution of bond confugurations {J;;} exists at asymmetric distribution of FM and AFM
bonds®?). This geometric anomaly which is independent of the spin variables, suggests a
vertical phase boundary separating the FM and the non-FM phases. Assuming the vertical
boundary in the spin-1/2 system, the critical concentration py(1/2) is believed to be equal to
the concentration pyc(1/2) = 0.7673(3)'7) at the multicritical point where the PM, FM and
SG merge. In the present model, it is considered that the biquadratic exchange interaction
does not affect the geometric anomaly, so the vertical boundary occurs at the multicritical
concentration of the spin-1/2 system: p = pmc(S = 1/2) = 0.7673(3).

3.2 Reentrant phenomena

The NER method suggests that the reentrant phenomena occur at J' ~ —1 where the
interactions between J;; and J' are strongly frustrated for the weak random system in the
region 0.95 < p < 1. In this section, we examine the behavior of the thermal quantities in
the reentrant region and discuss its physical background together with the stability of the
ordered phase.

By using the equilibrium simulation, we calculated the order parameters m, ¢, and the
specific heat C' per site, defined as

o UEDe — (BY)
L3772 ’
where E denotes the system internal energy. The temperature dependences of m, ¢s and C
around the region of reentrant transition are shown in Fig. 6 and Fig. 7, respectively, for
(a) the pure system (p = 1) and (b) the random system (p = 0.97). Reentrant transition
arises in the region —1.035 < J’ < —1 for the system with p = 1, and in —1.011 < J' < —1
for the system with p = 0.97. The calculations are performed for the central values of the
reentrant region: J' = —1.02 for p = 1, and J' = —1.005 for p = 0.97. From the the
temperature dependence of ¢s in Fig. 6, the SQ phase transition is confirmed to occur at
extremely low temperature and to be second-order transition. The saturated value of m is
small, compared with that of gs which is about 2/3.

The specific heat of reentrant transition in the pure system has a weak cusp at both high
and low temperatures (Fig. 7 (a)). This cusp becomes weaker gradually with decreasing the
value of J’. In the previous MC simulation for the pure system?®), it has been reported that
the specific heat shows no singularity for the reentrant phase transition. This contradiction
will be explained as follows: their calculations has been performed at J' = —31/30 = —1.033,
and this value is too close to the lower boundary value of the reentrant region —1.035 < J' <
—1 to check such weak singularity. In practice, the anomaly of the specific heat associated
with the reentrant transition is so weak that it is broadened and almost eliminated even by
the effect of small randomness (Fig. 7 (b)).

The origin of the reentrant transition can be traced back to competition between the
bilinear and biquadratic couplings. In order to obtain clear insight of this reentrant phe-
nomena, we have looked into the spin configurations at different temperatures. Fig. 8 shows
snapshots for the pure system (p = 1) with J' = —1.02. Solid circles, open circles and vacan-
cies represent spins of S; = 1, —1, 0, respectively. The system is in the PM phase at T'= 1.5
(a), the FM phase at T' = 0.5 (b), the reentrant PM phase at 7" = 0.1 (¢) and the SQ phase

(20)
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Fig. 7 Temperature dependence of the specific heat C for (a) the pure system (p = 1)
with J' = —1.02 and for (b) the random system (p = 0.97) with J' = —1.005.

at T = 0.01 (d). In the region of J' < —1, the internal energy favors the nearest-neighbor
spin pairs involving S; = 0: (S;,S;) = (0,1), (0,0) and (0, —1) (the orthogonal-spin pair),
leading the SQ ordering at low temperatures. Also, in the present system of p = 1, the
bilinear exchange interaction tends to prefer the parallel-spin pairs (S;,S;) = (1,1) and
(—1,—1) to other kinds of spin pairs. With decreasing temperature from the PM state
(Fig. 8 (a)), the parallel-spin pairs increase gradually, decreasing the antiparallel-spin pairs
(S:,8;) = (1,—1), and form weak FM long-range order (Fig. 8 (b)). It should be noted
here that this FM long-range order is so weak that we cannot find any percolating net-
work within a single plane. This is consistent with the previous result that the reentrant
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Fig. 8 Spin configuration for the pure system (p = 1) with J' = —1.02 at (a) T = 1.5, (b)
0.5, (¢) 0.1 and (d) 0.01.

phenomena do not occur in two-dimensional lattice ® and also with the present result that,
even in three-dimensional lattice, the decrease of p eliminates the reentrant transition. With
further cooling, the increase of the number of the orthogonal-spin pairs overcomes that of
the parallel-spin pairs, and this again leads to the PM state at low temperatures (Fig. 8
(c)). In Fig. 8 (c), we can see that the number of the antiparallel-spin pairs is significantly
decreased, and the FM parallel-spin clusters are isolated by spins S; = 0. With further
cooling, the SQ state having the regular two-sublattice arrangement of the orthogonal-spin
pairs appears at very low temperatures and is stable down to the absolute zero temperature
(Fig. 8 (d)).

In order to confirm the stability of the FM and also SQ phases in the reentrant region, the
time evolution of the order parameter when equilibration starts from different initial config-
urations: (a) ferromagnetic (FMIC) and random (RIC) one, and (b) staggered quadrupolar
(SQIC) and RIC is calculated (Fig. 9). The simulations are performed for (a) the FM phase
at T = 0.4 in the random system (p = 0.97) with J’ = —1.005, and for (b) the SQ phase at
T = 0.02 in the pure system (p = 1) with J' = —1.02. The linear size of lattice is L = 18,
and the number of bond samples is Ny = 320. Time evolution from SQIC corresponds to the
heating process, and the case of RIC corresponds to the cooling process. It is suggested that,
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Fig. 9 Time evolution of the order parameter when equilibration starts from different
initial configurations: (a) FMIC and RIC, and (b) SQIC and RIC. The simulations
are performed for (a) the FM phase in the random system (p = 0.97) with J' =
—1.005, and for (b) the SQ phase in the pure system (p = 1) with J' = —1.02.
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Fig. 10 Critical temperature 7. dependence of the dynamic exponent z,, for J' =0, —0.5
and —0.95.

irrespective of the initial condition, each order parameter becomes stabilized after sufficient
relaxation time for this parameter region and hysteresis does not occur. Similar analyses are
performed for other region of parameter (p,J’), and it is confirmed that the present phase
transitions of finite temperatures in all region are the second-order transition.

3.3 Critical exponents

Finally, we discuss the critical exponents B0 /vo, zo obtained from Ao and Afo given
in Table 1 and Table 2. These exponents are summarized in Table 3 and Table 4 for
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Table 3 The critical exponents at the FM transition. H (or L) corresponds to the cases
for higher (or lower) critical temperature in the reentrant region. % denotes the
results of the spin-1/2 system.

present previous
b J' /Bm/’/m Zm, 6m/ym Zm,
1 0 0.510(13)  2.04(3) | *0.517(2)%?  x2.042(6)?
—-0.5 0.510(9)  2.04(3) %2.055(10)2%)
—0.95 | 0.515(14) 2.15(6)
—1.02% | 0.513(2)  2.07(9)
—1.02% | 0.517(5)  2.10(4)
—31/30" - - 0.511(13)%0)  2.05(9)2%
—31/30" - - 0.509(15)%%  2.02(8)%%
0.9 0 0.513(11)  2.23(5) | *0.55(5)3%
—0.5 0.512(7)  2.22(2)
—0.95 | 0.499(16)  2.19(4)
0.8 0 0.496(8)  2.95(7)
—0.5 | 0.490(13)  3.01(9)
—0.95 | 0.508(12) 3.16(10)
Table 4 The critical exponents at the SQ transition.
present previous
p J! Ba/vq ~q Ba/vq Zq
1 —31/30 - - 0.513(17)%Y  2.07(9)%Y
—1.1 | 0.501(11) 2.122(7)
—1.5 | 0.496(5)  2.09(4)
0.8 —1.1 | 0495(5) 2.09(2)
—1.5 | 0.506(3)  2.15(8)
05 —1.1 | 0.489(17) 2.11(4)
—1.5 | 0.499(10)  2.09(2)

the FM and SQ transitions, respectively. In the pure system, it is considered that the
critical exponents o /vo, 2o of the FM and SQ transitions are consistent with the results
of the BEG model?¥, and belong to the spin-1/2 Ising universality class, independent of
J'. According to the Harris criterion®®, for simple cubic lattice, it is conjectured that the
critical phenomena at the FM transition in the disordered system are different from those
in the pure system. At the modest scale of our simulation, however, this conjecture cannot
be decisively answered although the static exponent f3,,/vy, in the system with p = 0.8
seems to be slightly smaller than that in the pure system. The static exponents §,/v, of
the SQ transition in the random system seem to obey the spin-1/2 Ising universality class,
independent of p.

The critical temperature 7, dependence of the dynamic exponent z,, is shown in Fig.
10 for the system with J' = 0, —0.5 and —0.95. The error bars of T;. are negligibly small
compared with those of z,,. It is found that z,, increases monotonously with decreasing the
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concentration p and shows non-universal behavior. Regarding the dynamic exponents at the
FM and SQ transitions, our results suggest that z,, and z, belong to different universality
classes in the random system.

4. Summary

We have studied effects of the biquadratic exchange on the phase diagrams of the spin-1
+J Ising model on simple cubic lattice. The reentrant phenomenon in 7-J' phase diagram
observed for the pure system is gradually eliminated with decreasing the concentration p and
disappears in the strong random system. It seems that the FM phase in the reentrant region
forms a weak long-range order, and the reentrant PM phase is such a kind of phase that
does not involve antiparallel-spin pairs. In contrast to the mean-field SG model, there are
no possibility of first-order transition and no occurrence of the SG phase with two-sublattice
structure. It has been revealed that the dynamic exponent of the FM transition shows
non-universal behavior with decreasing p, and the dynamic exponents at the FM and SQ
transitions belong to different universality classes in the random system.

Acknowledgements

The simulations were made using the vector-parallel supercomputer Fujitsu VPP700/56.
Appendix I. Degenerated region of the BEG model

The Hamiltonian of the BEG model is described by

H=-> S:S;—J > SIS7-D> 52, (21)
(4,5) (4,4} i

where D is the crystal field. The ground state phase diagram is shown in Fig. 11 for the
hyper-cubic lattice?). In spin arrangements, +, — and 0 represent spins of S; = 1, —1 and
0, respectively. When D < 0, the perfect 0 ordering occurs in the region of J' < —1 —-2D/#
(0: the cordination number), and when D > 0, the SQ ordering, which takes two-sublattice
structure, occurs in the region of J' < —1 — D/6. When D = 0, the system is energetically
degenerated in the region of J' < —1 and takes the spin arrangements where the orthogonal-
spin pairs (neighboring spin pairs involving at least one spin .S; = 0): (S;,S;) = (0,1), (0,0),
(0,—1), are distributed randomly. In the BEG model with J = 0 (i.e. J'/J — —c0) and
D = 0, the ordered phase appears at finite temperature® . Because the frustration between
the interactions does not exist, it is considered that the occurrence of this ordered phase is
not caused by macroscopic valleys of the free energy, like the hysteresis. In the hexagonal
Heisenberg antiferromagnet, the entropy-induced phase transitions occur due to thermal
fluctuations (i.e. entropy effect) while the ground state is energetically degenerated®), and
it seems likely that the thermal fluctuations cause the S phase.

Appendix II. Finite-size effect
As for the critical relaxation, the dynamic finite-size scaling theory for the order param-

eter yields a cross-over effect in relation to time region: at ¢ < t*, where t* is the cross-over
time, the bulk-like power-law relaxation takes place, and at ¢ > t* the finite-size effect is
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Fig. 11 Ground state phase diagram and spin arrangements in the BEG model on a hyper-
cubic lattice. 0 is the coordination number.
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Fig. 12 Time evolution of the order parameter m(t) for L = 12, 24, 50, 100 and 200. The
simulations are performed at the critical temperature K. = 0.312875 in the pure
system (p = 1) with J' = 0.

observed?®). Fig. 12 shows the time evolution of the order parameter m(t) for several linear
sizes of lattice: L = 12, 24, 50, 100 and 200. The number of bond samples is Ny = 160
(L = 200), 1600 (100), 8000 (50), 40000 (24) and 200000 (12). The pure system (p = 1) with
J' = 0 is simulated at the critical temperature K. = 0.312875, taken from our measurement
(see Table 1). It is found that the cross-over time depends on L and becomes larger with
the increase of L: the curves for L = 12 and L = 24 exhibit the power-law behavior only up
to t* ~ 50 and t* ~ 200, respectively while the curves for L = 50 up to L = 200 completely
overlap and exhibit the power-law behavior up to ¢ = 1000.
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Fig. 13 Time evolution of the order parameter ¢s(¢) for the two different schemes of select-
ing spin to be flipped: SS and TS. The simulations are performed at the critical
temperature K. = 1.5635 in the pure system (p = 1) with J' = —1.5.

Appendix ITI. Sampling scheme

At the stage of selecting the spin to be flipped, we have two different sampling schemes:
sequential sampling throughout lattice (SS) and sequential sampling along each of two sub-
lattices (TS). In the FM transition, it is known that an asymptotic power-law relaxation at
critical point is not affected by a choice of the sampling procedure®®) . In order to see the
influence of the sampling scheme for the case of the S() phase which takes the two-sublattice
structure, the time evolution of the order parameter gs(¢) starting from SQIC, is shown in
Fig. 13, comparing the two different sampling schemes. The pure system (p = 1) with
J' = —1.5 is simulated at the critical temperature K. = 1.5635, taken from our measure-
ment (see Table 2). The linear size of lattice is L = 100, and the number of bond samples
is Ny = 160. It is observed that the curves for the two sampling schemes show the predicted
power-law relaxation and coincide without parallel shift.
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