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Abstract. The portmanteau statistic based on the first m residual autocorrelations is used for
diagnostic checks on the adequacy of fitting a model with varying m. In this paper, we propose an
approximation of the joint probability of multiple portmanteau tests with different degrees of freedom
(DF). This distribution is easy to compute when all DF are even integers; its empirical behavior is

clarified in terms of asymptotic theory.
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1 INTRODUCTION

This paper provides a practical application of portmanteau tests. In time series analysis, the portmanteau
test statistic is known as a goodness-of-fit test statistic and is defined by the sum of squares of the first
m residual autocorrelations, 7;, ¢ = 1,2,...,m. First presented by Box & Pierce (1970), this statistic
is supposed to behave as the sum of squares of the first m sample autocorrelations of the white noise
process: 75, ¢ = 1,2,...,m. Li (2004) reviews applications of portmanteau statistics in various time
series models.

From a practical standpoint, portmanteau tests are conducted by various values of m because we
are unable to determine the optimal number of m for the following reasons: (i) The number of m
needs to be moderately large in order to conduct chi-squared tests. (ii) For diagnosis of the residual
process, we need to check many 7;s, meaning m has to be large. (iii) Conversely, if the number of m
is unnecessarily large, the size of this test is unstable and its power will decrease. For example, in the
S-PLUS statistical software, the S-PLUS function arima.diag computes portmanteau statistics for an
autoregressive integrated moving average (ARIMA) model and plots the p-values of the portmanteau tests

for any possible value of m. To overcome (i), Ljung (1986) and Katayama (2008) propose modifications
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of the test. Therefore, in practical analysis we can conduct multiple portmanteau tests for small to
medium values of m regarding (ii) and (iii) (e.g., m < 20). However, there has been no attempt to
establish the joint probability of the multiple tests.

For this reason we provide an approximated joint distribution of the portmanteau test statistics in
Section 2. In addition, we review the recursive formula in Hosoya (1986) to compute the joint probability
including the significance levels and p-values. This formula is useful when the degrees of freedom (DF)
are even integers. The empirical performance in finite samples suggest that the approximation of the
joint significance level of multiple portmanteau tests performs well when we conduct tests for small to

medium even integer values of DF.

2 MAIN RESULTS

2.1 Univariate chi-squared approximation of the portmanteau statistic

First, we review the basic framework found in previous work. Suppose that a univariate time series {x;}

is generated by an autoregressive-moving average, ARMA (p, q), model:
a(L; a)xe = B(L; Bo)ets t=0,+£1,£2,..., (1)

where p+ ¢ > 0, L'zy = x4, {e} is iid (0,05), a(L;o) = 1 — oL — --- — o) L?, B(L; By) =
L+ BYL+ -+ BILY, ap = (of,...,a)), and By = (B7,...,B7)". It is assumed that this model is
stationary, invertible, and not redundant, so that the polynomials a(z; @) = 0 and 8(z; 8,) = 0 have
no roots in common, and that all the roots are outside the unit circle.

Given a process, {z;}7;, defined in (1), the nonlinear least squares estimator of 6y = (af,3p)’,
0= (@', EI)’, is obtained by minimizing the sum of squared residuals. Box & Jenkins (1976, Chapter 8)
point out that it is important to check the assumption of the independence of {&,} by using the residuals,
e = e (5), fort = 1,...,n, which should behave in a manner that is consistent with the model. It follows

that it is reasonable to check the adequacy of model fit by examining the residual autocorrelations as

follows:

n

m=rndah)= ) @e-; /Y & j=L2..,n-1 (2)
t=j+1 t=1

The asymptotic joint distribution of 7, = (71, ...,7,,)" has been analyzed by Box & Pierce (1970) and
McLeod (1978). Following the proof in McLeod (1978, equation (34)), by using a Taylor-series expansion

of 7,,, around @ = 0, as n — oo, we have:

P = +Xm(§—00) +0,(1/n), (3)



where 7, = (r1,...,mm)", r; =T;({e1}), Xm = X (60) is a m x (p+ q) matrix. Here each (i, j) element

of the partitioned matrix of X, is given in (16) of McLeod (1978), as follows:

where d;(0y) is (p+q)-vector consists of the ith row of X ,,, and af*s and 3*s are defined by 1/a(L; cg) =
aQ* + L+ a9 L%+, 1/B(L; By) = B3 + B L+ BI* L% +--+ and of* = B9 =0 for i < 0. Note

that

o]

I(6) =Y _ di(6o)d:i(6o)’
i=1
is the Fisher information matrix of the model (1), and v/n((6 — 8y)’ ') has an approximately normal

distribution with a mean vector of 0,, and the following covariance matrix:

I6o)" —I(6,) 'X,, -
— X, 1(6) " I,, ’

from (28) of McLeod (1978), where 0,, is the m-dimensional zero vector and I, is an m x m identity

matrix. It follows that 7,, is approximately normal with a mean vector of 0,,, and a covariance matrix

of (I, — C)/n with rank m — p — ¢. Since lim,, o0 X' X, = I(0), Crn = X, 1(80) " X! is an
idempotent matrix for moderately large m. For this, the portmanteau statistic:
Qm=n) 7, (6)
=1

is distributed as X%prq, where x2, denotes a chi-squared variable with m DF. Ljung & Box (1978)

showed that a better approximation could be achieved using the following modified portmanteau statistic:

m
Qp =n(n+2)Y 7 /(n—j). (7)
j=1

These statistics are restricted to large m (e.g., m > 20) such that C' is an idempotent matrix. However,
many empirical studies have shown that as m increases, the empirical significance level also increases

and the empirical power decreases. (See Ljung, 1986, and references therein.)
Ljung (1986) and Katayama (2008) propose two solutions for conducting chi-squared test with small
values of m. As an approximate distribution of @, in place of X%prq, Ljung (1986) suggested an
alternative chi-squared distribution, ay?, where a and b generally depend on 6y and positive real values.

Alternatively, Katayama (2008) proposed a modified Q%, with a correction term. Katayama (2008)



rewrote (3) as:
(Im = D) T = (Ln — D) T + Op (1/4/10), (8)
as n — oo, where D,,, = D,,,(6p) = X (X, X ,,) "t X!, and

T, - diag (\/ngln_-i-f) , \/ngln_-l-;) . nén_tj)) )

=vnl, +O0(m/v/n).

Since Q*, =7, T2 ¥, and v T, (I, — D) Tt 4 X p_q» We have:
* x d
Q,, — B — X?nfpfq, as n — 0o, (10)

where B, = 7, T,,D,,T,,7,. Therefore, Q*, has a positive extra random variable B, for X p—q
approximation. Katayama (2008, Theorem 1) proved that B}, is negligible as m,n increases. In addition,

Katayama (2008, Theorem 2) proved that:
(Ln = D) TonFr = (Lo — D) T + 0, (1/3/0), (11)

as n — oo, where D,, is an consistent estimator of D,, given by D,, = Dm(a). Hence, Katayama

(2008) proposed a modified portmanteau statistic with a correction term:
Q@ = Qn — B, (12)

where ﬁ;‘n = ?inTmﬁme?m. Unlike @F,, @** is not required for large m for the an_p_q approxima-

tion.

2.2 Multivariate chi-squared approximation of the portmanteau statistics

This section provides the asymptotic joint distribution of the portmanteau statistics. Let p + ¢ < m =

m(l) <m(2) <--- <m(s) =M <n. Then, from (8) and (9), we obtain:

(Lo = Do oy
(07 Em@Em@Tm( | _ o e+ Op(1/v/A), (13)

001 —m(s)



fori=1,2,...,s, where E,,(; is a M x M matrix defined by:

Ly = Dm(iy O
E. ;= ;
o o

and O denotes an appropriate dimensional matrix where all elements are zeros. It follows that:

’
(@) = Bl @iy — Binto)) (14)
= n(T‘IJMEm(l)’I"M, .. ,TﬁwEm(s)TM)l + Op(]./\/ﬁ)

d ' ' /
— (zMEm(l)zM, .. .,zMEm(S)zM) , asn — oo,

where zpr ~ Nar(0a7,157). The convergence of (14) follows from v/nr s % 2w and Cramér—Wold device.

Similarly, using (9) and (11), yields:

* 3k

*k ! d !
(Qm(l),...,Qm(s)) b (B 205 - Zri Emeyzir)s a8 — 0. (15)

2.3 Computation of the asymptotic joint distribution

This section examines the asymptotic joint probability given by (14) and (15). Unfortunately, compu-
tation of the distribution is difficult because all elements are correlated. To overcome this difficulty, we
provide an independence property of the distribution when m is moderately large. The mathematical

proofs are given in the Appendix.

Lemma 1 Fori < j < k <[, as m(i) = 00, Ep)(Enq — Eng)) = O(em R +1-max(pa)y gpd
(Ern) = Emi)) (Em@y — Emr)) = O(emDH1-—max(p.9)) ywhere € € (0,1) is such that € is larger than the

absolute value of any roots of a(z~1; ap)B(271;8,) = 0.

From the Craig—Sakamoto Theorem (see, e.g., Provost, 1996), Lemma 1 indicates the asymptotic indepen-
dence of 2y, Ep,(jyzm and 2% (Ep)y — Epr)) 2 M, 0 2y (Eny — Em))zm and 25y (B ) = Ery) 20,

as m increase.

Theorem 1 Forj=1,...,s, as m — oo:
2 Em(yzm = () + Op(em T mexea), (16)

where (j) = Z?;(;Q_ﬁl Z? and {Z;} is iid N(0,1).

Theorem 1 provides an approximation to evaluate the significance level a € (0, 1) of multiple portmanteau

tests by (14) or (15) when m,n are moderately large. Suppose that each portmanteau test has the same



significance level g € (0,1), we can approximate « and 3 by:

Pr(v(j) <d;, j=1,2,...,5) =1—q, (17)
where d;s are given by:

Pr(v() <d)=1-8, j=12..,s (18)

We can easily compute (17) and (18) from Hosoya (1986, Section 2) if m(1) —p — ¢,m(i) — m(i — 1),
i = 2,...,s are all even integers. However, since Hosoya (1986, Section 2) contains a few confusing
typographical errors, we modify it briefly here. All integrations are easily verified with integration by
parts.

Let d;s be constants such that 0 < d; <...<ds and let ¢;,i = 1,...,s be nonnegative integers. Set

for a nonnegative integer j:

do dp
dzz---/ 2P (22 — 21)% - - (19)

Z1 Zk—1

dy
Ak, 7) :/ dzy
0

(zk—1 — Zk—2) ™1 (21 — zk,l)j exp(—zk/2)dzr, k=2,...,s,

da

dr—1
dzz---/ 2 (e —21) % - - (20)

z1 Zk—2

dy
Bk, j) = / iz
0

(2k-1 — 2k—2) ™" (dp — 2k-1) d2k—1, k=2,....s.

Then those integrals are computed recursively according to the following steps. Set pr = qr + qr41 +

-+ 4+gs+s—k+ 1 and then:

J .
. q! J! +it+1 i .
B(2 :E di dy —di)? ™" =0,...,p 21
( 7.7) par (q1+l+1)'(]—z)' 1 ( 2 1) ) J ) , D2, ( )
J | . o
B(k,j) =Y — L L (dy — dj 1) Bk =1, qe1 +i+1),

2 (e + i+ 01 G- )

-
Il

j=0,...,pk, k=3,...,s, and then:

A(1,0) = /Od1 exp(—z1/2)dz1 = —2exp(—di/2) + 2, (22)

di .
A(]-:.]) = / Z{ exp(_zl/Q)dzl = _Qd{ exp(—d1/2)+2]A(1,]—1), .7 = 1;---:171:
0
A(k,O) = —28Xp(—dk/2)B(k,0) + 2A(k - ]-7 qk71)7 k= 27 RS

A(k,j) = —2exp(—di/2)B(k,j) + 2jA(k,j - 1), j=1,....pr, k=2,...,s.



Let m(1) = p—q¢=2(q1 +1),m(i) —m(i — 1) =2(¢; + 1), i = 2,..., k. We then obtain:

k
Pr(v(j) <djj=1,2,....k) = Ak,q) / | [ 2% q;! (23)
j=1

and Pr(¢(])§dj7]:1727Jk_]-|’l/}(k):dk):B(kaqk)/B*(kaqk)J (24)

k=2,...,s, where B*(k,j) is defined by (20) with d; =dg,i=1,...,k.

As Hosoya (1986) pointed out, when the number of DF is odd, the numerical computation of (17)
and (18) is barely tractable. Hosoya (1986) proposed a transformation of test statistics to apply for odd
DF. However, we do not discuss this as the limitation of an even integer DF is not a serious problem in
practical usage of multiple portmanteau tests.

We now summarize three cases to evaluate significance levels and p-values of multiple portmanteau

tests when all values of DF are even integers:

(I) When we conduct each portmanteau test with the same marginal significance level 8 by (18), the

joint significance level « by (17) is computed from (23).

(IT) When we set the joint significance level a by (17), the critical values d;s and marginal significance
level § in (18) are calculated from the Newton-Raphson iteration method in Hosoya (1986, Section
2). Since dj = d;(B)s are defined by (18), the Newton-Raphson iteration method can be conducted

as:

Bli+Y — gl _ Pr{¢(j) < d;(87) ; =1,...,5t-(1-0a) (25)

i=1,....5}/080

where (¥ denotes the ith-step value of the marginal significance level 3. Using (23) and (24), the

derivative term in (25) is computed by:

OPr{y(j) < d;(B), j=1,...,5}/08 (26)
:—Pr{¢(1,]) Sd] —dl, j:2,...,8}

—I(s>3)Y Pr{(j) <dj, j=1,....k = 1| (k) = di}
k=2

X Pr{p(k,l) <di —di, L =k +1,...,5}

—Pr{y(j) <dj, j=1,...,5 = L|(s) = ds},

where ¢(i,j) = ¥(j) — (i) = Z},;y41 + -+ Z2, ;) and I(s > 3) is the indicator function such
that I = 1if s > 3 and I = 0 if s = 2. One reasonable starting value is 3(°) = a. Equations (25)

and (26) are computed from (23) and (24).



(III) When we compute the joint p-value from the marginal p-values, we also apply Hosoya (1989, Section
4.2.1). Let @m(j) be a computed portmanteau statistic with m(j) —p— g DF. The marginal p-value
is then given by p*(j) = Pr(v(j) > @m(j)). Putting pf,;,, = min{p*(1),...,p*(s)}, the critical

values ds are defined by:

Pouin = Pr() > d}), j=1,....s.

Then the joint p-value, p*(s), is given by:

p*(s) =1-Pr(y(j) <d;, 1=1,...,s), (27)

where p*(s) is computed from (23).

Table 1 gives Four examples of approximate significance levels and d;s on the multiple portmanteau
tests by (I) and (II). To conduct the Newton-Raphson iteration method given in (25), we chose « as the
starting value. The iterations continued until |30+ — ()| < 0.15. A few iterations were enough for all

cases. It would seem some monotonicity properties exist between the set of DF and «a or 3.

Table 1: Approximate significance levels of the multiple portmanteau tests given 100a = 1,5,10 (%)

or 1008 = 1,5,10 (%) defined by (17) and (18) and the corresponding critical points, d;s, where DF(:)
denotes a vector of DF.

DF(2, 6, 10) DF(12, 18)
1.0000  0.4289 10.9034 18.9269 25.6183 1.0000  0.6425 27.5543 36.3169
5.0000 2.3083 7.5373 14.6588 20.7264 5.0000  3.4030 22.3253 30.3666
10.000  4.8442 6.0548 12.6781 18.4091 10.0000  7.0490 19.8239 27.4760
2.2573 1.0000 9.2103 16.8119 23.2092 1.5363  1.0000 26.2169 34.8053
10.2972  5.0000 5.9915 12.5916 18.3070 7.2188  5.0000 21.0260 28.8693
19.3697 10.0000 4.6052 10.6446 15.9872 13.9029 10.0000 18.5493 25.9894

DF(4, 8, 12) DF (18, 24)
1.0000  0.4595 15.0520 22.1791 28.5489 1.0000  0.6726 36.1620 44.4691
5.0000 24915 11.1513 17.5443 23.3476 5.0000  3.5604 30.1938 37.8874
10.0000  5.2448 9.3719 15.3637 20.8613 10.0000  7.3650 27.2937 34.6571
2.1064 1.0000 13.2767 20.0902 26.2169 1.4694  1.0000 34.8053 42.9798
9.5687  5.0000 9.4877 15.5073 21.0260 6.9182  5.0000 28.8693 36.4150

18.0009 10.0000 7.7794 13.3616 18.5493 13.3534 10.0000 25.9894 33.1962

The empirical significance levels corresponding to a = 0.05 for the AR(1) model, (1 — a’L)z; = &,
are given in Figure 1, where {g;} is iid N (0, 1). The solid (dashed) line denotes the empirical significance
level of QF, (Qr¥). We conducted 4 cases of the set of DF given in Table 1 with n = 100. Figure 1
reveals that: (i) QF, and Q} perform similarly unless m is very small and |a®| close to 1. Note that

approximation of the marginal and joint significance levels depend on € and m, and € = || in the



AR(1) model. Therefore, departure of @7, an QF* was effected by a correction term E; in this case.
(ii) The empirical marginal (joint) significance levels increase as the number of DF increase. This is also
apparent from previous simulation studies. (iii) However, the empirical joint significance level of the
multiple portmanteau tests performs well if the set of DF contains a small number of DF. It would then
appear that the empirical marginal significance levels smoothes the empirical joint significance level.
Together, these suggest that use of the joint significance level of the multiple portmanteau tests for
small to medium values of DF is highly effective because an approximation of the empirical marginal
significance levels occasionally performs poorly depending on the values of m and € (the case where m

is large or small and € is close to 1).

DF(2, 6, 10), (ALPHA, BETA)=(0.05, 0.023) DF(12, 18), (ALPHA, BETA)=(0.05, 0.034)
Q.
A A © A A
A ~., A “1A A /
A \A A
<~ |
” Si g/ \ / \
0707
o Gng/ \g/z/g 9 | 2 2 \
-0.5 0.0 0.5 -0.5 0.0 0.5
AR1 AR1
DF(4, 8, 12), (ALPHA, BETA)=(0.05, 0.025) DF(18, 24), (ALPHA, BETA)=(0.05, 0.036)
A A\ A A A/A A/A
o —
A A\ / A = A/ \ / \
A A
A A
< oA
4 4\4
2 e / T /
i 22—~ 2 —2— 4 4 T 3\4
—_ 8 g 8 I — 8
g ﬁ\i\gézl\‘l g ] s/ 3/ \
4 / 8
o 4 o 8
\ \ \ ~ \ \ \
-0.5 0.0 0.5 -0.5 0.0 0.5
AR1 AR1

Figure 1: Percentages of the empirical significance level of the statistics Q%, ~ x2, ; (solid line) and
Qrr ~ x2,_, (dashed line) for the AR(1) model, (1—a°L)x; = e;; n = 100, and o® = 0,40.3,£0.6, £0.9,
with 10,000 replications. DF(:) denotes a vector of DF. The significance levels are given in Table 1. Lines
with A denote the empirical joint significance level and lines with a number denote the empirical marginal
significance level, where the numbers denote single digit DF. For example, in the figure DF(2,6,10), 2
denotes 2 DF and 0 denotes 10 DF.

From these analysis, and to avoid the arbitrary choice of DF, researchers may conduct multiple
portmanteau tests with any possible even DF, m(i) —p — ¢ = 2i,i = 1,2,...,s, similarly to the S-
PLUS function arima.diag. Figure 2 depicts these joint approximate significance levels a by varying

2s = 2,4,...,100, when § = 0.01,0.05,0.10 are given. The computations are given by (23). Figure 2



reveals that « increases like a logarithm function and, for 2s < 40, « is at most 0.05,0.20,0.34 when
B = 0.01,0.05,0.10, respectively. Note that this figure also shows the upper bound of « if we conduct
multiple portmanteau tests with even DF, m(i) —p—q,i = 1,...,k, k < s and m(k) —p — q < 2s.
The joint empirical significance levels for the case of s = 12 is examined with Figure 3, where we use an
AR(1) model as in Figure 1. The joint empirical significance performs well uniformly in a® and 3. This

is consistent with the conjectures obtained by Figure 1.

2S

Figure 2: Joint significance level 100a% varying 2s = 2,4,...,100, where O denotes 1008 = 1%, F
denotes 1008 = 5% and T denotes 10048 = 10%.

DF(2, 4,..., 24), (ALPHA, BETA)=(0.04, 0.01), (0.17, 0.05), (0.29, 0.10)

T

T T— \T\T/T T
Q4T T
<}

N

| F——F F_F F—F——F
a1 F

o |

i

TR o) O—_o0 o) (0] o (¢]

-0.5 0.0 0.5
AR1

Figure 3: Percentages of the joint empirical significance level of the statistics QF, ~ x?2,_; (solid line) and
Qrr ~ x2,_, (dashed line) for the AR(1) model, (1—a°L)x; = &;; n = 100, and o® = 0,40.3,£0.6, £0.9,
with 10,000 replications, where DF(-) denotes a vector of DF, O denotes 1008 = 1% (100a = 4.08%), F
denotes 1008 = 5% (100a = 16.6%) and T denotes 1008 = 10% (100a = 29.1%).
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APPENDIX

Proof of Lemma 1: For simplicity, we shall only prove E,,1)(Emn@2) — Em1)) = O(emtt-max(p.a)),

However, other cases can be similarly treated. First, we prove that:

D,, O

Dm(2) — +0 (6m+17max(p,q)) . (A].)
O O
Let:
X, '
Xm(Z) = where X172 = |:dm+1(00)7 . dm(l) (00):| -
X1,

Then we obtain:

Xm(X:n@)Xm(z))*lX’

m

Do X (X 2y X m(2) X
m(2) —
X12(X 02 Xm@2) P X0 X12(X ) Xme) T X o

Since X, X, — I(6y),
dm(ao) — O(emfmaX(Ihq)) and _)(172 — O(dm+1(00)) _ O(6m+17max(p7q)) (A.Q)
from Katayama (2008, equation (16)), we obtain:

X (X 12y X m(2) "' X} — Do
= Xm(X;z(z)Xm(2))71{]Ip+q - (X:nXm + X’1,2X1,2)(X’me)71}X’m
= _Xm(X;n(z)Xm(2))_1XI1,2X172(X;nXm)_lX;n

- O(X’172X172)

— O( i 6imax(p7q)>

i=m+1

=0 (€m+1—max(p7q>) _
Similarly, X (X, (2) X m(2)) ' X5 = O(em T max(pa)) and

X15(X 1) Xm(z) ' X1 2 = O(dmi1(00) dmi1(6))
= 0(62{m+1—maX(p,tI)})7

11



which proves (A.1). It follows that:

0 0 o
Em(2) —FE.,.=1|0 ]Im(2)—m ol + O(€m+1—maX(p7q)), (A.3)
o o o
which proves Em(l)(Em(2) — Em(l)) = O(6m+17max(p,q))- n

Proof of Theorem 1: From Lemma 1 and (A.3), we obtain:

ZQ\/‘,Em(l)ZM-‘ 1 0 <o 0 ZQ\/‘,Em(l)ZM
20 B2 M __f IR 23 (Em2) — Em)zum
0
_lewEm(s)ZM_ _]_ e e ]__ _ZQW(Em(s) — Em(sfl))zM_
m(1) 7
- " >z
10 0 i=pta+1
m(2)
Do e > 7
= | i=m(1)+1 + O(6m+1*maX(p7q)),
. 0 i
m(s)
- Yz
Li=m(s—1)+1
where the lower triangular matrices are s X s matrices. [
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OMITTED ARGUMENTS

In this section, we present proofs and arguments not included in the main text of the paper and not to

be published.

Typos in Hosoya (1986, pp193—-194):

p—2 p—1
1. On equation (2.6), 1st term on RHS. Y should be I(p >3)>_.
k=2 k=2

2. On equations (2.7) and (2.8), these should be defined by k = 2,...,p because the cases of k =1

are not well defined.
3. On equation (2.9), 1st term on RHS of 1st equation. —d¥ exp(—d; /2) should be —2d¥ exp(—d; /2).
4. On equation (2.9), 3rd equation is not well defined from (2.8).

5. On equation (2.11), 2nd term on RHS. B(k — 2,mk—1 + j + 1) should be B(k — 1,mg—1 + j + 1).

Figures showing rates of rejection for the empirical experiments: = We present figures that

illustrate empirical results for the testing for AR(1) model, (1 — a®)z; = &; n = 100, and o® =

0,£0.1,...,%£0.9, with 10,000 replications. Notations are the same as used for Figures 1 and 3.
DF(2, 6, 10), (ALPHA, BETA)=(0.05, 0.023)
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Figure 4: Empirical significance level (%).
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DF(4, 8, 12), (ALPHA, BETA)=(0.05, 0.025)
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Figure 5: Empirical significance level (%).
DF(12, 18), (ALPHA, BETA)=(0.05, 0.034)
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Figure 6: Empirical significance level (%).
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DF(18, 24), (ALPHA, BETA)=(0.05, 0.036)
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Figure 7: Empirical significance level (%).
DF(2, 4,..., 24), (ALPHA, BETA)=(0.04, 0.01), (0.17, 0.05), (0.29, 0.10)
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Figure 8: Empirical significance level (%).
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