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A Study on the Weibull Parameters Expressing 
the Diameter Distribution of Plantations* 

Michiyoshi KAKIHARA* * 

Abstract 

A problem in the expressioi~ of diameter distribution of plantations using only 
the Weibull parameters a, b and c was examined. First, it was shown that the scatter 

of diameters could not be evaluated exactly using only parameter b. Therefore, to 
solve this, a simple calculating method of a standard deviation and variation 
coefficient of diameters using the Weibull parameters b and c was devised. From 
examples taken from application, it became clear that differences in the scatter of 

diameter distributions, where parameter b was nearly the same and c was greatly 
different, could be evaluated precisely by comparison of standard deviation and 
variation coefficient calculated using the above method. Furthermore, when 

comparing of some diameter distributions in which parameter b was different, it was 
shown that difference in the scatter of diameters must be evaluated using standard 
deviation and variation coefficient. 

From the viewpoint of forest management technology, it is very important to 
ascertain the scatter of diameters with regard to plantations. Therefore, the simple 

method of calculating standard deviation and variation coefficient of diameters 
proposed in this study should be utilized effectively in study of forest management 
technology of plantations using the Weibull distribution. 
Key words : plantations ; diameter distribution ; Weibull distribution ; Weibull 

parameters. 

1. Introduction 

The Weibull distribution is a probability density function with three parameters a, b 
and c, and well fits the diameter distribution of plantations (Nishizawa et al., 1976a ; Abe, 
1980 : Kakihara, 1982). Parameter a is minimum stand diameter. b is the value for 
cumulative distribution of diameters at the 63% point, showing spread of distribution. c 
expresses the shape of distribution. Therefore, the outline of diameter distribution can be 
understood from the values of the Weibull parameters. Thus, studies clarifying the way 
in which the Weibull parameters change with age or by species, cultivars and thinning 
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have been proposed (Iehara, 1987 ; Kakihara, 1982 ; Kaliihara and Kinashi, 1984, 1986b; 
Matsumura et al., 1991 ; Yamamoto, 1988). However, in such studies, characteristics of a, 
b  and c  were analyzed, respectively. As a result, the scatter of diameters could not be 
evaluated exactly. In this study, this defect in past studies was clearly identified and a 
solution was proposed. 

2. A problem in expression of diameter distribution using 
the Weibull distribution 

In the Weibull distribution expressing diameter distribution shown Eq. ( l ) ,  variance 
( V  Oc) ), mean diameter (EGG) and variation coefficient ( C V )  are obtained using Eqs. 
(2)  --(4) (Nishizawa et ad., 197613 ; Nishizawa, 1978). 

f ( X ; )  = (c/b) ( ~ i / b ) ~ - '  exp I - (xi /b)'} (1)  
V ( x )  = b2 { I' (1-i-2/c) - i ' S ( l - t - l / c ) }  

=bz(rz- rlZ)  (2) 
E h )  =a+b i ' l  (3) 
CV = JI/O/ECX) ( 4 )  

where xi =d; -a, di stand for each diameter, a, b and c are parameters. 
Parameter a shows that no trees have a diameter less than a. Therefore, a  has no 

relation to the degree of scatter. As shown in Eqs. (2) -- (41, standard deviation ( m) 
and variation coefficient are closely connected with parameters b  and c. This indicates 
that if b  is the same the scatter of diameters differs corresponding to c, as shown in Fig.1. 
Therefore, the scatter of diameters becomes larger generally when parameter b i~~creases, 
but the difference in the scatter of diameter distributions, in which parameter b  is nearly 
the same, and c is greatly different, can not be evaluated using only b  ( See Fig. 1) .  This 
is a problem in the expression of diameter distribution using only the Weibull parameters. 

3. Method 

Standard deviation and variation coefficient are the fundamental scale for evaluating 
the scatter. Therefore, to solve the above problem, it is necessary to evaluate the scatter 
using standard deviation and variation coefficient in place of parameter b. Thus, a simple 
calculating method for standard deviation and variation coefficient using parameters b  
and c  was devised. Next, using standard deviation and variation coefficient obtained 
using the above method, it could be demonstrated that the difference in the scatter of 
diameter distributions, in which parameter b  is nearly the same, and c  is greatly different, 
could be evaluated exactly. Furthermore, in the case of the conlparisoil of diameter 
distributions in which parameter b  is different, it could be shown that the difference in the 
scatter of diameters could not be evaluated exactly using only parameter b. 
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Diameter (cm) 

Fig. 1 Diameter distributions corresponding to parameters b and c.  

Data obtained from the experimental forests established by the Kyushu University 
Forests were used in this study. 

4. Results 

4.1. A simple calculating method for standard deviation and variation coefficient 
using the Weibull parameters b and c 

As indicated by Eqs. (2) and (3), the calculation of standard deviation and mean 
diameter is very complicated. Consequently, it is necessary to devise a simple calculating 
method. Thus, the Table of 1TT and (F  2- r I ~ ) " ~  corresponding to parameter c was 
constructed (See Table 1). 
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Table 1 was used in the following way. TVhere n = 10, b = 10 and c=3, the values of 
r l  and ( r 2 -  1'12)1/2 corresponding to c=3 are 0.89298 and 0.32456 from Table 1, 
respectively. Hence, the following values were obtained. 

= l0 X 0.32456 =3.2456 
E ( X )  = 10f 10 X0.89298= 18.9298 
CV = 3.2456h8.9298 ~0.17 

As demonstrated in the above example, standard deviation and variation coefficient 
could be calculated very easily using Table 1. 

Table 1 r ,  and (rz - p'?)1n corresponding to parameter c. 
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4.2. Examples of application 
4.2.1. Difference in the scatter of diameters between 2 stands 

Table 2 shows the Weibull parameters and stand factors in 2 young Sugi 
(Cryptomeria japonica D. Don) experimental forests (plot 1 and 2) (Kakihara and Kinashi, 
1986a). In terms of only parameter b, the scatter of diameters in plot 1 is considered to be 
a little smaller than in plot 2 (See Table 2). However, as shown in Table 3, the scatter of 
the former is larger than of the latter. This can be confirmed easily from the fact that 
standard deviations and variation coefficients of plot 1 are larger than of plot 2 (See 
Table 2). This is due to difference of parameter c in both plots. Therefore, when some 
diameter distributions, in which parameter b is nearly the same and c is greatly different, 
are compared, it is necessary to calculate standard deviation and variation coefficient 
using Table 1. 

Table 2 Comparison o f  the Weibull parameters and stand factors 
between 2 plots. 
(Species : Sugi, Age : 28 years, Area : 0.06 ha) 

Plot a b C S (cm) 2 (cm) CV 

1 13 7.1 2.0 3.3 19.3 0.17 
2 13 7.7 3.0 2.5 19.9 0.13 

a, 6 and C : Weibull parameters, S : standard deviation, 
a : inean diameter, ca : variation coefficient 

Table 3 Comparison of  number o f  trees for each diameter class 
between 2 plots. 

Plot DBIl (cm) 
14 16 18 20 22 24 26 28 Total 

l 6 12 16 15 10 6 3 1 69 
2 1 8 18 23 17 7 1 75 

4.2.2. Change in the scatter of diameters by thinning 
Tables 4 and 5 show the results of thinning in Kuromatu (Pinus thulzbergii Parl.) 

experimental forest (Kaliihara and Kinashi, 1985). In this forest, the thinning method for 
large diameter trees (Kakihara, 1987) was carried out. Parameter b changed from 3.4 to 
3.3 as a result of thinning. However, since parameter c increased from 2.0 to 3.6, the 
scatter of diameters decreased greatly as  show11 in Table 5. This can be confirmed from 
the fact that standard deviatation and variation coefficient decreased greatly from 1.6 to 
0.9 and from 0.29 to 0.16 due to thinning, respectively. The above results indicate that the 
change in the scatter of diameters could not be evaluated using only parameter b. 



Table 4 Change in the Weibull parameters and stand factors by thinning. 
(Species : Kuromatsu, Age : 13 years, Area : 0.04 ha) 

a b c s (cm) (cm) CV 

Before thinning 2.5 3.4 2.0 1.6 5.5 0.29 
After thinning 2.5 3.3 3.6 0.9 5.5 0.16 

See below Table 2 

Table 5 Change in number of trees for each diameter class by thinning. 

DBH (cm) 3 4 5 6 7 8 9 10 11 12 Total 
N(1) 16 38 41 38 25 11 4 2 1 176 
N (2) 15 25 5 1 13 10 4 2 1 76 
hr (3) 1 13 36 37 12 1 100 

N (1) : Number of trees before thinning 
N (2) : Number of thinned trees 
N (3) : Number of trees after thinning 

4.2.3. Change in diameter distribution with age 
Stand composition at ages 19 and 41 years in the experimental forest for Karamatsu 

(La& leplolepis Goldon) (kakihara, 1979) is shown in Tables 6 and 7. In this forest, the 
normal thinning method (Kakihara, 1987) was carried out when trees were 24 and 27 
years of age. Parameter b decreased from 9.1 to 8.8 after 22 years. Considering only b, it 
is considered that the scatter of diameters decreased. I-Iowever, since parameter c 
decreased from 3.3 to 1.9, the scatter of diameters increased (See Table 7). This is 
confirmed from the fact that standard deviation increased from 2.7 to 4.3 with increase in 
age. However, since diameter growth in this experimental forest over 22 years was very 
good, variation coefficient showed almost no change (See Table 6). This example 
indicates that the difference of diameter distributions, in which parameter b is nearly the 
same and c is greatly different, must be evaluated using standard deviation and variation 
coefficient in place of parameter b. 

4.2.4. Comparison of the scatter of diameters between 2 stands in which parameter b 
is different 

Table 8 shows the Weibull parameters and stand factors in 2 Sugi (C~h towr i a  
jafionoca D. Don) experimental forests (plot 3 and 4) (Kalrihara and Kinashi, 1986a). 
Parameter b in plot 4 is larger than in plot 3. Therefore, considering only b, the scatter of 
diameters in plot 4 is considered to be larger than in plot 3. However, as shown in Table 
9, the range of diameters in both plots is the same. This is due to the difference in 
parameter c in both plots (See Table 8).  Standard deviation in plot 4 is a little smaller 
than in plot 3 and the variation coefficient in both plots is nearly the same(See Table 8). 
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Table 6 Change in the Weibull parameters and stand factors with age. 
(Species : Icaramatsu, Area : 0.08 ha) 

Age(Years) a b c s (cm) iif (cm) CV 

19 7 9.1 3.3 2.7 15.2 0.18 
4 1 17 8.8 1.9 4.3 24.8 0.17 

See below Table 2 

Table 7 Change in number of trees for each diameter class with age. 

Age : 19 years 
DBH (cm) 8 10 12 14 16 18 20 22 Total 
Number of trees 1 6 18 42 34 24 9 2 136 

Age : 41 years 
DBH (cm) 18 20 22 24 26 28 30 32 34 36 Total 
Number of trees 2 1 0 1 2  8 1 3  3 5 3 2 1 5 9  

Table 8 Cornparison of the Weibull parameters and stand factors between 
2 stands in which parameter b is different. (Species : Sugi, Age : 28 
years, Area : 0.06 ha) 

- 

Plot a b C s (cm) iif (cm) CV 

See below Table 2 

Table 9 Comparison of nuinber of trees for each dialneter class 
between 2 stands in which parameter b is different. 

Plot 3 
DBH (cm) 24 26 28 30 32 34 36 38 Total 
Number of trees 5 8 7 6 4  3 1 1 35 

Plot 4 
DBH (cm) 16 18 20 22 24 26 28 30 Total 
Number oi trees 2 6 13 19 19 13 6 2 80 



Therefore, ill the case of coinparison of diameter clistributions in which parameter b is 
different, it is necessary to evaluate the difference in the scatter of diameters using 
standard deviation and variation coefficient. 

5. Discussion 

Since the Weibull distribution well fits the diameter distribution of plantations, it is 
possible to explain the characteristics of diameter distribution using the Weibull 
parameters a, b and c. The fact that characteristics of the diameter distribution call be 
explained without utilizing figures or tables is one of the merits of the Weibull 
distribution. However, the difference in the scatter of diameter distributions, in which 
parameter b is nearly the same and c is greatly different, could not be con~pletely 
understood using only pararneter b. To solve this problem, a simple calculating method of 
standard deviation and variation coefficient using parameters b and c was devised and 
this method was shown to be very effective. 

As shown in Fig. 1, the scatter of diameters increases with an increase in parameter 
b. However, this is a general tendency. Since standard deviation of the Weibull 
distribution is closely connected with parameters b and c, in the case of the comparison of 
some diameter distributions in which the values of parameter b are different, it is 
dangerous to evaluate the difference in the scatter using only b. For a more precise 
evaluation, as is obvious from Tables 8 and 9, the difference in the scatter of diameters 
must be examined using standard deviation and variation coefficient. 

The scatter of the diameters in plailtations with homogeneous diameters is sinall and 
with varing diameters large. Thus, from the viewpoint of forest management technology, 
it is better to ascertain the degree oi scatter in diameters than the minimum stand 
diameter (parameter a) or the shape of the distribution (parameter c). Therefore, a 
simple calculating method of standard deviation and variation coefficient of diameters 
proposed in this study should be utilized effectively in study of forest mai~agement 
technology of plantations using the Weibull distribution in the future. 
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人工林の直径分布を表現する  

ワイプルパラメータに関する一考察  

柿 原 退 寮  

要  約  

人工林の直径分布をワイプルパラメータα，あ，どのみで衆現するさい，避径のバラツキ  

が，尺度のパラメータあのみで正確に判断できない欠点があった．本研究は，この欠点を  

解決するために，先ず，パラメータれcを用いて直径の標準偶発，変動係数を簡単に計  

算する方法を授薬した．次に，本方法により計算した標準偏差，変数係数を比較すれば，  

パラメータあがほぼ同じでcが著しく異なる濠径分布のバラツキの適いが正確に判断でき  

ることを，三つの応用例を示すことにより明らかにした．さらに，パラメータ∂が異なる  

直径分布を比較するさいにも，一つの応用例から，直径のバラツキの澄は，標準偏差，変  

数係数を用いて検討しなければならないことを指摘した．森林施薬の立場からみると，直  

径のバラツキの程度を知ることは遊軍である．したがって，今回投薬されたパラメータあ  

ぐを用いた直径の標準偏差，変動係数の簡単な計算法は，今後のワイプル分布を用いた人  

工林の施米技術の研究に有効に利用できるものと考えられる．  

キーワード：人工林，直径分布，ワイプル分布，ワイプルパラメータ   




