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INTRODUCTION

Drip irrigation has been taken interest in various 
research as well as in conducting experiment with pur-
pose of saving water in arid zone.  Simulation of water 
infiltration in soils has also been taken care by various 
studies in predicting wetting front and wetting volume in 
order to optimize parameters for drip irrigation design.

Heally and Warrick (1988) was successful on a simu-
lation of soil water infiltration from surface point source 
by using finite difference method with a dimensionless 
form of Richard’s equation.  From this paper, empirical 
equation was obtained for simulating soil water distribu-
tion.  But still, it’s rather complicated because of the 
dimensionless results.  The real value of water content 
must be scaled after calculating process.

Analytical models generally involve in steady state 
or transient line source or point source infiltration (A. N. 
Angeakis, 1993; Phillip, 1971; Warrick, 1974) were also 
successful in simulating water infiltration but with vari-
ous assumption such as non–ponding surface condition, 
steady state flow and/or exponential relationship 
between pressure head and hydraulic conductivity to 
enable linearization of the Kirchoff equation.

In this report, an application of control volume 
method to soil water simulation was introduced, utilizing 
its advantages.  The model was counted on the accuracy 
of wetting front treatment for horizontal infiltration from 
soil surface with various wide range of soil (represented 
by the relationship between diffusivity, hydraulic con-
ductivity and volumetric water content).

THEORIES

Physical model   The two–dimensional physical model 
was described in figure 1.  Trickle irrigation is applied on 
the soil surface, from in–line emitters with constant dis-
charge which can be considered as a horizontal line 
source by line width of Rs(0) (initial wetting front).
Mathematical bases of model    Richard’s equation 
and Darcy principle for saturated–unsaturated soil.

Governing equation    Following mathematical model of 
mass conservation, Richard’s equation is combined with 
Darcy’s law of flux for saturated–unsaturated soil for 2 
dimensions:

     =       (Dx        )+       (Dz        ) –		  (1)

Where: θ Volumetric water content (L3/L3)
x, z are components of orthogonal coordination 
with z axis is positive downward.
Dx, Dz are soil water diffusivity along the x and z 
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Fig. 1.  Two–dimensional–physical model.
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axis respectively.
K: Unsaturated hydraulic conductivity
t: Elapsed time

Assumptions
– Soil property is isotropic and homogeneous, then 
Dx=Dz=D
– Source term as root water uptake, water evaporation 
and soil temperature are neglected.
– Pressure head H=h+z+π.  But in equation, osmotic 
pressure head (counting on absorption by solution and 
other chemical substance) is also neglected.  As conse-
quence, H=h+z

Initial and boundary condition
Initial condition

Distribution of volume metric water content at initial 
time, before irrigating will be assumed to be uniform. 

θ(x, z, t = 0) = θ0,
Boundary conditions 2 stages of boundary condition 
were applied:

In order to reach the reality, boundary condition will 
be divided into 2 stages: 

Stage 1: water infiltrates into soil directly from emit-
ter with a discharge q0 through the initial wetting front 
Rs(0).  Soil will be wetted from initial dryness to satura-
tion within the initial wetting front.

Stage 2: After the time t1, because normally q0 

exceeds the infiltration’s capacity of the soil, the initial 
zone Rs(0) quickly becomes saturated.  A fine layer of 
water will be established and expands along the time.  
The wetting front will increase.
Boundary condition for the first stage
a1.  At the soil surface

By assuming model without rainfall and no soil water 
evaporation, condition of soil surface within wetted zone 
Rs(0) will be described as:

 	
q=–D       = q0 (z=0, x∈Rs(0), 0 <_ t <_ t1, q0 is input 
                         discharge)
q=0		   (z=0, x    Rs(0), 0 <_ t <_ t1)

Other parameters are already explained above.
b1. At other sides of calculated domain: (2 sides and bot-
tom)

Assumption: Volumetric water content values are 
unchanged along 2 sides and bottom of the calculated 
domain.  Conditions will be described as:

 	
      =0  (x=0 or x=xL, 0 <_ t <_ t1, z>0)
 
	
      =0  (z=zL, 0 <_ t <_ t1)

Boundary condition for the second stage
a2.  At the soil surface

At this time (t>t1), wetting front Rs (t) will expand 
by the time.  With an assumption that the fine depth 
water of the soil surface is negligible, condition becomes:

θ=θS	 (z=0, x∈Rs(t), t>t1)

q=0		  (z=0, x    Rs (t), t>t1)
b2.  At other sides of calculated domain (2 sides and bot-
tom)

Assumption: Volumetric water content values are 
also unchanged along 2 sides and bottom of the calculat-
ed domain.  Conditions become :

      =0 (x=0 or x=xL, t>t1, z>0)            =0(z=zL, t>t1)

The wetting front treatment
At this stage, an additional condition will be applied 

as a water balance principle to describe the size of wet-
ting front at soil surface Rs(t):

Principle: Total amount of water applied to the soil 

from emitter is equal to total amount of infiltrated water 
into the soil.  At the infiltrated volume of soil, real value 
of infiltrated water at each volume (dx×dz×1) can be 

considered as             ×dx×dz.  Therefore, mathematical 

equation becomes:

qt=∫∫
Ω 

[(           )t –(           )t=0 ]dxdz		  (2)

	     (Ω: Infiltration zone, t: calculated time)

Numerical solution    Using control volume method 
(Fig. 2) with implicit scheme, TDMA (Tri–diagonal 
matrix algorithm) application with a small adjustment of 
Gauss–Seidel line by line iteration. 
General discretization from governing equation (1) 
becomes:

 
αpθP=αWθW+αEθE+αNθN+αSθS+αP

0 θP
0 +Ssource	 (3)

Where:	 αP=αW+αE+αN+αS+αP
0.  These coefficients at 

calculated grid points were described in Fig. 2 and Table 
1 or Table 2.

SSource: represents for capillary conductivity compo-
nents in the discretization equation.
In order to utilize TDMA algorithm, equation (3) was 
changed into: –aWθW+aPθP–aEθE=d
Where θW, θP, θE: variables which are need to be calculat-
ed.  All coefficients of (2) were calculated as in the table 
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Table 1.	 Coefficients for the first boundary condition
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Table 2.	 Coefficients for the second boundary condition
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1 and table 2.  Coefficients D and K at grid point E, W, S, 
N, P were calculated by using central different scheme.

TRIALS AND DISCUSSIONS

By taking reference from St. Elmaloglou & N. 
Malamos 2003, two types of soil were carried out: GILAT 
sandy loam, a loamy soil containing 48% sand and 20% 
clay described by Bresler et al. (1971) and PIMA clay 
loam, a clay loam soil described by Stockon and Warrick 
(1971).  The two soils are different in hydrodynamic 
characteristic (capillary conductivity and diffusivity) and 
soil textures (porosity, percentage of sand). 

Input data of the relationship between capillary con-
ductivity and volumetric water content, diffusivity and 
volumetric water content were calculated from this 
paper as following formulas:

θ(h)=θr+			   K(h)=KSe
a0h

D=

        =

Where:	 θr: residual volumetric water content (cm3/cm3)
	 θS: saturated volumetric water content (cm3/cm3)
	 h: soil water potential (cm)
	 Ks: saturated hydraulic conductivity (cm/min.)
	 α, a0, m, n: empirical coefficients

In addition, fine sand was analyzed, using Bruce & 
Klute method and pF experiment to find out the rela-
tionship between diffusivity, capillary conductivity and 
volumetric water content.  Those relationships were 
described in Fig. 3.

Input data
For two referenced types of soil, domain foundation 

was 180 cm in horizontal direction and 100 cm in vertical 
direction.  Grid size was generated by 1 cm in each direc-
tion.  Time step was 10 to 30 minutes with total calculat-
ed time was 10 to 16 hours.  Discharge was variously 
supplied by 4.0, 5.0, 6.0 (l/m/h) for PIMA clay loam and 
4.0, 6.0, 8.0 (l/m/h) for GILAT sandy loam, respectively.  
Initial volumetric water content is 0.1244 (cm3/cm3) for 
GILAT sandy loam and 0.322 (cm3/cm3) for PIMA clay 
loam. 

For experimented fine sand, domain is 60 cm×60 cm 
along the two directions, with grid size was 1 cm×1 cm 
respectively.  Time step was 1 minute and total calcula-
tion time was 60 minutes.  Discharge input and initial θ 
were 20 (l/m/h) and 0.006 (cm3/cm3) respectively.
Calculation convergence    Trial running program for 
the above mentioned types of soil.  Calculation process 
has stability by variance of time.  In the model, Gauss 
Seidel line by line iteration was used but with a little 
modification of under relaxation number.  This iteration 
algorithm is famously used for computational fluid 
dynamics and water/material temperature in which, dif-
fusion and conductivity are gradually changed by tem-
perature, water velocity or water density increment.  
(Steven C. Chapra, 1997).  But in case of soil physics, 
various types of soil give various forms of D(θ) and K(θ).  
From sand to clay, the non–linear of D(θ) ~ θ property 
becomes stronger.  In case of PIMA clay soil, with only 
small change of θ near saturated state causes huge dif-
ference of diffusivity value (when θ from 0.5342 to 
0.5491 (cm3/cm3) then D(θ) from 3.164 to 5.7 (cm/min.) 
for PIMA clay, when θ from 0.4333 to 0.439 (cm3/cm3) 
then D(θ) from 5.963 to 37.945 (cm/min.) for GILAT 
sandy loam and see figure 3 for fine sand).  Therefore, 
re–calculation of θ by using the previous iteration θ 
value in general did not show convergence (except the 
sample as mentioned fine sand).  Because of being not 

θS – θr 
[1+(αh)n]m

K
dθ
dh

(       )

dθ
dh

α.m.n(θS – θr) (– αh)(n–1)

[1+(αh)n]m+1

Table 3.  Physical parameters of two referenced soil types

m 
n 
α
a0 
Ks 
θs 
θr  

0.677
3.097
0.016
0.044
0.875
0.440
0.120

0.220
1.282
0.032
0.020
0.413
0.550
0.200

–
–

1/cm
1/cm
cm/h

cm3/cm3

cm3/cm3

Parameters
Type of soil

GILAT sandy Loam PIMA Clay loam
Unit

Fig. 3.  Physical properties of fine sand.
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small enough grid size and the sudden change of diffu-
sivity value in the range of θ and hence the slowness of 
water soil infiltration, a small modification of iteration 
process was proposed in this model.

	  
θi, j, k=θ*i, j, k+α(θi, j, k – θ*i, j, k)			   (4)

θi, j, k : Calculated value of θ(x, z, t); θ*i, j, k: Assumption 
value of θ(x, z, t) at previous iteration.  α∈(0.0, 1.0]: 
Under relaxation number.  When α=1.0, iteration proc-
ess is the same as in normal Gauss Seidel line by line 
method.

By changing under relaxation number α (from 0.05 
to 1.0 for fine sand, from 0.1 to 0.8 for GILAT sandy 
loam) from θ values at previous iterations which are 
applied to new iteration process (see equation 4), con-
vergence was successful. 

Iteration process couldn’t get convergence if apply-
ing α>0.8 for GILAT sandy loam, but sand.  Trial run-
ning was set up for testing maximum relative error of 
volumetric water content of all grid points in the domain 
at estimated time with various α by 0.05 step value 
increments (Fig. 4). 

ε=                                                     ×100
	  

Where:	 αi = 0.05, 0.1, ..1.0
	θ*(x, z, t): Maximum of θ(x, z, t) in the calcu-
lated domain at each value of α
	ε(%): Relative error of θ at grid point in the cal-
culated domain.

In Fig. 4, process of calculating ε was applied to 

some positions (x, z) in the calculated domain in which, 
ε series are in the range of highest and lowest values.  In 
general, maximum ε of all above shown–α were just 
0.28% and 0.29% for GILAT sandy loam at time of 60 
minutes and 960 minutes, respectively but up to 11.06% 
in case of sand at time of 60 minutes.  From Fig. 4 for 
three types of soil it can be seen that, the closer α value 
reached 1.0 (or 0.8), the higher ε value had at the calcu-
lated grid points.  These relative errors ε do show the 
stability of convergent iteration and believable algorithm.  
Anyway, the best application of under relaxation number 
α applied in the model depends on each type of soil and 
can be determined only when soil water distribution 
experiment is conducted (real θ value will be compared 
with calculated θ value).

Comparison of vertical depths infiltration between 
calculated results and the reference

By applying α=0.35, sample data from three soil 
types was carried out to calculate water infiltration.  
Results were described in Fig. 5, 6, 7 and 8.  Vertical 
depths infiltration of GILAT sandy loam and PIMA clay 
were calculated as shown in Fig. 5.  Calculated results 
can be compared between empirical equation proposed 
by St. Elmaloglou & N. Malamos, 2003: V=dTc (cm) (with 
parameters d and c was shown in Table 4, T is time 
(hour), V is vertical depth of infiltration) and calculated 
values from this model.  Calculated wetting depth in the 
model was assumed at positions in which θ=1.25θ0.  
There was slight difference between the two results, 
especially in case of PIMA clay.  Maximum relative errors 
of wetting depth between the two results (Fig. 5) were 

Fig. 4.  Relative errors ε at various α (case: a, b and c).

θ*(x, z, t)α=0.1 – θ*(x, z, t)αi

θ*(x, z, t)α=0.1
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5.4% (0.6 cm in difference at time of 3.5 h when Q=6 l/
m/h was applied) in case of GILAT loamy sand, 8.5% 
(6.7 cm in difference at time of 15.5 h when Q=6 l/m/h 
was applied) in case of PIMA clay.

It might be that because of additional source/sink 
application (root water uptake) from referenced paper, 
rounded value of wetting–depth–position, under relaxa-
tion number θ and especially, little difference of initial α 
applied between the model and referenced paper, but in 
general the trend of wetting–depth development is rea-
sonably agreement.

Wetting front
In reality, input discharge usually exceeds the infil-

tration capacity of soil, especially loam and clay by 

elapsed time.  In addition to natural infiltration in hori-
zontal direction, the remained water will spread out to 
make soil at surface layer saturated.  Because of no other 
water–losses assumptions except infiltration, water con-
servation principle should be applied to define the size 
of saturated zone R(t) by time as described in the equa-
tion 2.  Water conservation at each time–iteration was 
reviewed to define the size Rs(t) of saturated zone.  
Wetting front increment had stability for all of three soil 
types.  At one type of soil (Fig. 6), the increment of dis-
charge intensity caused increment of wetting front. 

In Fig. 6, it is clear that there was a remarkable sur-
face wetting front difference between two types of soil.  
Big changes of discharge input (4.0, 6.0 and 8.0 (l/m/h) 
in case of GILAT sandy loam) caused not so much differ-
ent values of wetting front Rs(t) and in general, wetting 
fronts of GILAT sandy loam are much smaller than in 
case of PIMA clay. 

Water infiltration, especially vertical infiltration 
capacity of one soil type depends on not only diffusivity 
but also capillary conductivity.  Fig. 7 shows calculation 
results from three soil types data, in which input data 
from PIMA clay and GILAT sandy loam had the same cal-
culation time (10 hours), the same irrigation intensity 

Fig. 5.	 Vertical infiltration comparison between calculated program and referenced paper result.
		  Cal.: value calculated from program; emp.: value calculated from empirical equation in referenced paper

Fig. 6.  Horizontal wetting front from calculated program.

Table 4.  Parameters of empirical equation in referenced paper

Q=4 (l/m/h)
Q=5
Q=6
Q=8

12.540
–

13.770
14.090

0.480
–

0.488
0.507

18.360
19.400
20.200

–

0.494
0.496
0.496

–

Parameters
GILAT sandy loam PIMA clay loam

d c d c
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q=4.0 (l/m/h) and the same grid size 100 cm×180 cm.  
Data input from sand was different because infiltration 
capacity at time 10 hours after irrigating was too large in 
comparison to 180 cm×100 cm domain size.  It can be 
seen that, shapes of wetting volumes are different among 
the three soil types.  In the fine sand, wetting volume 
had nearly circle wetting volume but eliptic shape in the 
GILAT sandy loam while it was longer eliptic in PIMA 

clay.  The difference did not only appear in shape but 
also in θ value distribution.  Near grid points which had 
θ0 values, there was sudden change of θ values along dis-
tance in case of PIMA clay (from 0.4 down to θ0=0.322) 
and GILAT sandy loam (0.2 down to θ0=0.1244), not like 
in case of fine sand (gradually changed from 0.2 down to 
0.006).

Because of soil physical properties (smaller diffusiv-
ity, smaller capillary conductivity by series of θ) and soil 
texture (higher porosity), wetting fronts at soil surface 
of PIMA clay increase faster than those in GILAT sandy 
loam and wetting volumes also increase faster than those 
from GILAT sandy loam by time increment.  Fine sand 
had the smallest value of wetting front but the largest 
value of wetting depth in comparison at the same input 
discharge and time after irrigation.

Testing program was carried out for GILAT sandy 
loam with (180 cm×100 cm) domain size and input dis-
charge of 6 l/m/h at time of 1 h, 5 h, 10 h and 16 h after 
starting irrigation.  It is understandable that there is a 
relationship between wetting–depth and wetting front at 
soil surface.  Increasing wetting front causes wetting–
depth development.  Case of GILAT sandy loam in Fig. 8 
showed that, after the time of 1 h, 5 h, 10 h and 16 h, 
wetting front increased at 14 cm, 29 cm, 41 cm, 53 cm 
and wetting depth increased at 13 cm, 27 cm, 38 cm and 
48 cm.  This can be concluded that calculated results 
from the model in Fig. 8 showed logical evidence of wet-
ting volume development thus, had good tendency to the 
reality. 

Wetting fronts and wetting depths can be arbitrarily 
chosen at positions in which, θ values changed from 0.4 
(cm3/cm3) to 0.15 (cm3/cm3) or minor.  Visually, wetting 
depth can be seen at some levels of θ values thus, θ 
should be measured by experiment (i.e.  Bruce & Klute 
method) to estimate the accuracy of wetting volume in 
this model.

Fig. 7.	 Difference of wetting volume and θ(x, z, t) distribution at 
different soil types θ unit: (cm3/cm3).

Fig. 8.	 Wetting volume development and θ(x, z, t) distribution by elapsed time with the same input discharge. 
Case of GILAT sandy loam. θ unit: (cm3/cm3)
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CONCLUSION

A model with application of control volume method 
to simulation of soil water distribution under line source 
initially based on referenced sample results of GILAT 
sandy loam and PIMA clay has some important features 
and notices as following:

1. The two–stage boundary condition is necessary 
for implementation and reaches the reality because at 
initial time, soil surface at irrigated zone must be gradu-
ally wetted to saturated water soil state.  If only first 
condition was used, at sometime θ exceeds saturated 
value and iteration process was broken, leading to unsta-
ble and unacceptable results.  When only second condi-
tion was applied, it means that soil surface at irrigated 
zone suddenly becomes saturated (the same meaning as 
wetting volume at time t<t1 will be eliminated) therefore 
it can not adapt the reality.

2. Wetting front at soil surface was calculated simply 
and directly based on total water volume conservation, 
reflecting a real physical phenomenon.  By using small 
step increment of wetting front assumption (Rs) for wet-
ting front iteration, error between the amount of water 
application and the amount of infiltrated water will be 
minimized at each calculated time.  The size of wetting 
front should be checked by experiment.  Anyway, calcu-
lated results from this model could be precise at some 
level of discharge input because a fine layer of water on 
soil surface was eliminated.

3. Although the model was applied by simple 
assumptions: uniform initial θ, homogeneous soil, elimi-
nation of evaporation and source/sink term (root water 
uptake), an elimination of water layer at soil surface and 
just a few of sample trials but it can give a good tenden-
cy for numerical analysis of soil water infiltration when 
those above obstacles will be surpassed.

4. When successfully applying a modification of 
Gauss Seidel line by line iteration (applying under relax-
ation number), control volume method could be a good 
solution for simulation of soil water infiltration because 
of its advantages: less time consumption (applying Tri–

diagonal algorithm), gains accurate calculated values at 
not only large number of grid points but also large grid 
size.
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