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ON A METHOD OF SOLVING TORSION AND 

BENDING PROBLEMS OF CONTINUOUS 

PANEL STRUCTURES. (2ND REPORT) 

By Shosaburo NEGORO 

In the 1st report we have treated the general solution of the torsion 
and bending problems of continuous panel structures under transverse 
forces, twisting and bending moments, the members of which cross each 
other perpendicularly and distributions of the external forces acting on 
the members are quite arbitrary and positions of the supported bars are 
also arbitrary. 

In the present report, we extend the method described in the 1st report 
to the problems of the structures, the members of which cross each other 
with angles different from rectangle. That is to say, the rotating angle 
being regarded as a vector as well known when the value of its angle is 
small, we can decompose the unknowns, say the twisting and bending 
moments and the rotating angles occurring at the intersecting points of 
the members, to the two directions of rectangular axes respectively, the 
directions of which we take in the directions of the axis of the member 
and the perpendicular to the member at the each point. By doing so, as 
to the decomposed quantities stated above, we can treat in the same man­
ner as the method described in the 1st report. Thereupon, similarly as 
in the previous report, we induce also the simultaneous equations of 
the first degree referring to the inclinations and deflections at the inter­
secting points of the members, the number of which is the same as that 
of the unknown quantities. The simultaneous equations of this type 
can always be solved by means of the iteration methods practically and, 
moreover, using these quantities obtained above, all the unknowns in 
the present problems can be easily found from the formulae of bending 
as well known in the 1st report. 

1. Introduction. In this report as mentioned above, we treat the general 
solution of the torsion and bending problems of the continuous panel struc­
tures under transverse forces, twisting and bending moments, the members 
of which cross each other with angles different from right angle and the 
distributions of the external forces acting on the members are quite arbi­
trary and positions of the supported bars are also arbitrary. First, under 
the assumptions that the deflections and the twisting angles of the mem­
bers are small, we decompose all the unknowns, say the twisting and bend­
ing moments and the rotating angles experienced at the intersecting points 
of the members, to the two directions of the rectangular axes, the directions 
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of which we take in the directions of the axis of the member and the per­
pendicular to the member at the each point. Thereupon, similarly as in 
the 1st report, considering the conditions of continuity of the inclinations, 
equilibriums of the twisting and bending moments, and equilibriums of 
the shearing forces at the intersecting points of the members as to the de­
composed quantities stated above, the present problems reduce to the simul­
taneous equations of the first degree referring to the twisting and bending 
moments and the deflections at the intersecting points of the members and 
the number of the simultaneous equations is the same as that of unknown 
quantities and these equations suffice to define one set of the unknown 
quantities and, moreover, finding the solution of the equations, the problems 
are solved. But, for solving the simultaneous equations practically, we 
need the iterations methods as well known. Then, for the convenience of 
practical calculations, we induce the type of the simultaneous equations 
of the 1st degree referring to the inclinations and the deflections at the 
intersecting points. 

2. Notations. First, let us show the notations used in the present 
report altogether for the convenience of explanation. 
F, M, T, i, cp, y.: Shearing Force, Bending Moment, Twisting Moment, In­

clinatio'ii, Twisting angle, Deflection. 
E, C, I.: Young's Modulus, Torsional Constant, .Moment of Inertia. 

mark (-): Direction of the outward-drawn normal of a cross-section. 
suffix (0): The value at the starting point. 
suffix ( s): Distance apart infinitesimally small quantity from the 

intersecting point. 
suffix (s): The suffix s attached on the left side relates to the two 

cross members (1, 2), and the suffix s on the right side 
stands for the numbers (0, 1, 2 and 3). 

P, M's, R. : External force, External Bending Moment, Reaction. 
l, A, h.: Length of a span, Cross-sectional area, Length of a sup­

ported bar. 
On.r, Ln,r, Nn,r: Angle different from right angle at an intersecting point 

(n, r) of the members, Cosine and Sine of the angle On•r• 
v(x), M(x): Accumulation functions of exteral forces and bending 

moments. 

V,(x) = a,(x) -- s 0,-i(x), a.(x) = [ (x - t)• dv(t), 

/3.(x) = J'" (x - t)' dM(t), 
0 

Us(X) = r,(x) + S a,-1(X), y.(x) = [ t• dv(t), 

a.(x) = ft• dM(t), 
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V,(l), V,(l): V,(l), U,(l) without the effects of the external forces 
including the external bending moments, which act on 
a member at both the ends. 

Hereupon, let us show the relations among the suffix used in all the fol­
lowing notations. 

(s = 1: q = n + l . r, q'= n - 1. r), (s = 2: q = n. r + 1, q'= n • r - l) 

and in such cases when P joins the above suffix 

(s = 1: p = 2, q = n • r + l, q'= n • r - l), 

(s = 2: p = l, q = n + l • r, q' = n - l • r). 

JY1 = (Yi - Yo)/l1, JY1'= (Yi - Y2)/ l2, s.:IYn•r = (Yn-r - Yq' )/,ln•r, 

,J ,in•r = ,JYn,r - s4Yq•, sJ ,i'n•r = ,JYn•r - sJYq, 

s(J', ,:/11 ) ,[i, B, Q~n•r = (T0 8, sec 8),..7 ,:i, B, Q~n•r - (Tq 8, sec 8),/s [i, B, Q]q,, · 

B, = µI (2M-➔ - M .... )' B'i = µ2{(2M-➔ - M .... -) + (2M1-i-. - M2-.)}' 
1-8 8 I-ta 2-8 

1Bn•r = lµn•r (2 1M-+ - 1M;._._ ) , 2Bn•r = 2µn•r (2 2M -+ - 2M +---), 
n-E•r n-I+e•r n•r-e n•r-I--t-e-

1B' n•r = lµn-t-I•r {21M-+ - 1M+-- + (21Mnt-••r - 1Mn-t-l-8•r)}, 
n-t-8•r n-t-1-••r 

2B'n•r = 2µn•rt-l {2 2M -➔ - 2M <--- + (2 2Mn•r-t-• - 2Mn,r-t-I-•)}, 
n•r-te n•r-t-1-e 

Q, = µl {-2Vr(l1) + l~ V2(l1)- l~ V:i(l)}' 

Qi'= µ2 {-2 U1(l2) + l: U2Cl2) - 1~2 U:1(/2)}, 

,Qri,r = .[µ{-2V1(l) + ~ V2(l)- l~ V3(l)}l.r· µ = l/6El, A= l/GC, 

,Q'n•r = [µ" {-2 U1 (lq) + f U2(l,,) - l\ U3(lq)}]. 
s 'I q 

Bn•r = 1[U1 (ln.r)/ln,r + Vr(lq)/lqJ + 2[U,(ln.r)/ln•r + Vr(lq)/lq] + Pn,,·, 

· 2 • J r , 2 · . J v [U2(l) U:i(l)] 
8I'n•r = s[Zn•r + Z,/ , , n•r = s[ Zn,r + Zq• , BL'n•r = -l- - - 1-2 - , 

., n•r 

,Kn•r = ,Kn•r + sMq" (s = l: q''= n - e · r, s = 2: q"= n • r - e), 

S = [- V2(l) + !::'":i___(l)] 
• n•r • l z2 ,..r' 

sSn•r = ,Sn,r + ,11,fq" (s = 1: q'' = n + e . r, s == 2: q" = n . r + e), 

K' == [a U2(l) _ 2 U:i(l)] S, == [- 3 V 2 (l) + 2 V:i(l)] 
• n•r 8 /2 l3 n•r' • q 8 /2 /3 q' 

,a1 == 2 .[~ 1J,..r' ,a2 = 2 .[~ 11, a'= a/l, a"= a//2, 

,bi=- - ' 1 [GC] 
Ln•r p l n•r 

b , _ _!_ [GC] 
s I - ' L,; p l n•r 
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sb2 = _!_ [CzCJ ' 
Lq v 'l 

2bl= -1:_ [cc] 
Ln•r p l q' 

(N) [cc] sC1 = - - , 
L n•r s Z n•r 

(N) [CC], sC2 == - - , 
L qB l 'l 

c'- - -(N) [cc] 
8 1 - L · a' s l n•r ' .cl= ( r) n•r Iczcl 

and so on. 

3. Formulae of Bending, First, for the conveniene of explanation, we 
show the formulae of bending obtained in the 1st report as follow. 

The formulae of bending : 

-F➔ = F ... + Vu(x), M➔ = -M ... + F ... x + V 1(x), 
s:; o m o o 

Eli=Eli0 -Mtx+ !Ftx2 + ;v2 (x), 

Ely=El(Yu+iux)-·½Mtx 2 + !Ftx3 + !v3(X) 

and from the Eqs. (3.1), we have 

I (3.1) 

ii= ,dyi +Bi+ QI, . i'= ,Jyi' + Bi'+ Qi' 

and 

F,,_= 6
1~l {Ciu+i1)Z1+ 2(yu-Y1)} - 1

3
2 V2(l,) + 1

2
1 V1Cl1) 

U !' 1 ( 

M.__ = 2
1~ I {(2iu + i,) 11 + 3 (Yu -Yi)} - -1

1 V2Cl1) + 1\ V,(11) 
0 I l 1 

F➔ = - 6il {(iu+i1)l1+ 2(yu-Y1)} - 1~2 U2(l1) + iu3(l1) 
I ' 

M➔ = 2
1~

1 {(iu + 2i1) 11 + 3(Yu -Yi)}+ -1
1 U2(l1) - 1\U3(l1) 

1 1 1 1 

or 

F,,_ = {M➔ + M,,_ - Vi (l1)}/l1, 

(3.2) 

(3.31) 

0 1 U 0 1 [} . (3,.32) 
F➔ == -{M➔ + M ... - V1Cl1)}/l, ) 

F➔ = -{M➔ + M,,_ + U,Cl1)}/l,, F,,_.= {M➔ +M,,_.+U,(l,)}/1, 
1 I 0 1 1 0 

4. Fundamental principle of the theory. As stated above, the rotating 
angles, say deflections of the members of the panel structures, being small 
in the present problems, vector analysis can be applied for its angles as 
well-known. Then we decompose the unknowns, namely the twisting and 
bending moments and the rotating angles of the members taking place at 
the intersecting points of the members, to the two directions of the rect­
angular axes respectively. If so, as to these decomposed quantities, we are 
able to treat in the same manner as the method stated in the 1st report. 
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z 
~ 

Thereupon, let us take x- and (-axes in the 
two directions of the members at the intersect­
ing point (n . r) and z- and ~-axes in the two 
directions of the perpendiculars to the formers 
and y axis in the perpendicular to the z-x 
plane and, moreover, express the angle between 
x- and ~-axes by the notations On,r, 

:;lj< X k 

If so, we have the following relations be­
tween the axes (~, () and the axes (x, z) from 
the formulae of the analytical geometry. 

~=Li X + Ni z 

( = L2 X + N2 Z = -Ni X + Li Z 

Fig 

} ( 4. 1) , 

Now, let us first consider the equilibriums of the moments at the inter­
secting points (n. r). 

Putting the twisting and bending moments referring to the ( axis 

2M -➔ + 2M ,__ + 2Mn-r = M~ 
n•rTe n•r-e 

2 T -➔ + z T ,__ = Ti; , 
n•r-t-e ner-e 

we have the following quantities referring to the x- and z-axes. 

M~. Ln•r = M,,, M~. Nn,r = -Mz 

Ti;. Ln•r = T.' Ti; . Nn,r = Tx } 
in which Ln•r, Nn•r are direct cosines of the ~-axis for the x-and z-axes. 
Therefore, from the conditions of the equilibriums of the moments, we have 

iM-➔ + 1M ... _ + Ln,r (2T -➔ + 2T ,__) 
n--t-e•r n-e•r n•r---tl? n°r-l? 

- Nn,r (2M -➔ + 2M ,__ + 2Mn,r) + rl'vln,r = 0 
n•r-i-e n•r-e (4. 2) 

1T-➔ + 1T ,__ + Nn.,· (2T -➔ + 2T ,__) 
n+e•r n-e•r n-r-te n•r-e 

+ Ln•r (2M -➔ + 2M <-- + 2Mn,r) = 0. 
n•r-tc n•r-e 

Similarly, as to the twisting angles and the inclinations of the members 
at the intersecting points (n . r) ,we have 

(2(0 • L)n•r = ( (/)z-1)n•r, (2(0 • N)n,r = ( q,,,.J)n•r 

(2i • L )n•r = ( (/)x•2 )n,r, (2i · N)n•r = ( - (0,,2)n,r, } 
Therefore, the twisting angle and the inclination referring to the x-member 
are expressed by 

1(/)n,r = (2(0 ' N)n,r + (2i • L)n,r, 1in•r = (2(0 · L)n,r - (2i ' N),1,o1-

and the twisting angles about the x-and (·members at the points (n · r) are 

1(/)n,r = _Ll (N · 1i + 2i)n.,· 
n•r 

2(/)n,r = _Ll (ii+ N • 2i)n.,. 
n•r 

(4.31) 
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On the other hand, as to the relations between the inclinations and the 
moments, we can also take the following equations described in the 1st 
report without any modifications 

sin•r = sUY + B + QJn,r , (4.32) 

Then from the Eqs. ( 4. 31) and ( 4.32), the relations between the twisting 
moments and the twisting angles are expressed by 

1 [c;on,r - c;on-1,rJ = J [An,r T-➔ ] = I [An,r T _➔ ] 
n-I-t-e•r n-e•r 

_ = 1[J' ii+ J' 1B + J' 1Q~n•r + r[J" 2i + J'1 2B + J" 2Q]n,r ( 4_ 4) 

2Lc;on,r - CjOn,r-1] = 2[An,r T --➔ J = 2[An,r T -➔] 
n•r-1T8 n•r-e 

= 2[J" ii+ J" 1B + J" 1Q~n•r + 2[J1 2i + A1 2B + J' 2QJn,r. 

Next, similarly, as to the conditions of the continuity of inclinations 
and the equilibrium of the shearing forces, the relations stated in the 1st 
report are also applicable to the present problem without any modifications. 

That is to say, from the conditions of the continuities of the inclinations 

s[A:si' + B + B' + Q + Q 1Jn,r = 0 (4.5) 

and from the conditions of the equilibriums of the shearing forces 

-Rn,r = 1[(M-➔ + M ... - )/ln,r - (M--➔ + M .... _ )/lq] } 
n-••r n-1-t-••r n-t-I-••r n-t-e•r ( 4. 6) 

+ 2[(M -➔ + M ... _ )/ln,r - (M -➔ + M ,,__)/lq] + Bn,,·, 
n•r-'f! n•r-1-t-e n•r-tI-e n°·r--te 

Further, the supported bars being elastic and the forms of the cross-sections 
being uniform, we have 

Yn,r = -[h Rf E AJn,r (4. 71) 

for the relations between the reactions and the deflections and, moreover, 
the bars being approximately regarded as a rigid bodies 

En,r ➔ co, Yn•r =i"' 0 • (4. 72) 

Here, having the supported bar at the intersecting point (n. r), we 
have one independent equations as to the moments and the deflection by 
considering the Eqs. (4. 6) and (4. 7) together and having not a supported 
bar at the point, the Eqs. (4. 6) is an independent relation as to the mo­
ments. 

After all, in the present problems, the Eqs. ( 4. 2), ( 4. 4), ( 4. 5), and ( 4. 6) 
are the fundamental equations, corresponding to these in the 1st report 
and these equations are also the simultaneous equations of the 1st degree 
with the 9 unknown quantities and same number of the equations. 

Next, let us consider the above relations at the intersecting points on 
the boundary frame. 

(a) In such cases when the intersecting points (n • r) are on the bound­
ary members. 
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In these cases, first, we have the following boundary conditions: -

(r ==max.): 

(r == min.): 

(n ==max.): 

(n == min.): 

((n • r) ==max.): 

((n . r) == min.): 

(n == max., r == min.): 

(n == min., r ==max.): 

2[F -· n•r-te 

2[F <---, 
n•r-e 

i[F- ' n-te•r 

1[F ... _ 
n-l!'•r 

1[F- ' n+e•r 

2[F -➔, 
n•r-t-e 

1[F...__ 
' n-e•r 

2[F -· n•r-e 

1[F- , 
nt-e•r 

2[F -· n•r-e 

i [F +-- , 
~-e•r 

2[F -->, 
n•r-t-e 

M -➔, T -➔J == 0' 
n•r--t-e n•r-te 

M .... -, T +--J == 0' 
n•r-e n•r-e 

M- ' 
T_ .... J == 0' 

n--t-e•r n-t-l!•T 

M .... - ' T ... - J == 0' 
n-l!'•T n-e•r 

M_ .... 
' T-.... J == 0' 

nTe•r n+e•r 

M -➔, T -J == 0, 
n•r--te n•r+e 

) (4. 8) 
M .... - , T .... - J == 0, 

n-e•r n-e•r 

M-, T +--J == 0, 
n•r-1! n•r-8' 

M- , T- J == 0' 
n't'e•r nt-e•r 

M ...__, T ._._] == 0, 
n•r-e n•r-e 

M..,._ 
' T- J == 0' 

n-e•r n-e•r 

M -➔, T -➔J == 0. 
n,r-t-e n•r+e 

Thereupon, similarly as the 1st report, applying the above relations to the 
previous fundamental equations and considering that the equations referring 
to the fictitious members do not hold, we have also the simultaneous equa­
tions consisting with the same nuinber of the linear equations as that of 
the unknown quantities at these intersecting points, if we consider all the 
cases together. 

(b) In such cases when the ends (n. r) of the members are built in 
the frame. 

In these cases, as well known, having always the boundary conditions 

sin•r == 0, s'Pn•r == 0, Yn•r == 0, 

the fundamental equations are as follows. 
(i) case r == max. or min.: -

(4.9) 

In these cases, first, we have the Eqs. (4. 9) and the 1st or the 2nd of 
the Eqs. ( 4. 8) for the boundary conditions. 

Then, from the Eqs. (3. 2) 

Yn•r-i/ 2ln•r == 2 [B + Q]n,r 

Yn•r-t-1/2ln,r-t-1 == 2[B'+ Q'Jn•r 

and from the Eqs. (4. 2) 

(r == max.) 

(r == min.) 

2[M -➔ + M - + Mn,rJ == 0, 2[T - + T ..,._] == 0 
n•r+ir n•r-e n•r-te n•r-e 

(r == max. or min,). 

} 
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Moreover, from the Eqs. (4. 4) 

-2q:>n,r-l = 2 [An.,· 1' --.J = 2 [An,r T -➔J 
n•1· -1-re n•r-e 

= -{(sec O)n,r-1 1 [.Jy + B + QJn,r-1 + (1'0 0 )n,r-1 2 [Ay + B + Q]n,r-11 

(r = max.) 
and from the Eqs. (3. 32) 

-Rn•r = 2F <-- = 2[{Af -➔ + M <-- + Ui On,,.)}/ln,rJ 
n~r-e n•r-e n•r-1-t-e 

(r = max.) 1
1 

) 

-Rn,r = 2F - ➔ = -2[{M -➔ + M <-- - V1 Cln-r-r1)1/ln,r-t-11 (r = min.) ) 
. n•rTe n•rT'l-e n•r-t-e 

That is, these equations stated above are the fundamental equations for 
the present cases and these are also the simultaneous equations of the 1st 
degree with the 8 unknown quantities as to the moments and the same 
number of the equations, if we consider both the cases together. 
(ii) case n = max. or min.: -

In these cases, we have the Eqs. (4. 9) and the 3rd or the 4th of the 
Eqs. ( 4. 8) for the boundary conditions. 

Then, from the Eqs. (3. 2) 

Yn-1,,·/ 1 ln•r = l [B + Q]n,r 

Yn-t+r/ifn-t-I•r = 1[Br+ Q'Jn,r 

and from the Eqs. ( 4. 2) 

(n = max.)· 

(n =min.), 
} 

1 [M_ .... + M.__ + Mn-rJ = 0, 1[1'-➔ + 7',,__ J = 0 (n = max. or min.). 
nt-E•'i" n-e•r n-t-e•r n-e•r 

Moreover, from the Eqs. (4. 4) 

-1qJn-1,r = l CAn•r 1'-➔ J = 1 [An•r 1' -➔ J 
n-l-t-e•r n-e•r 

= -{(Tg O)n-I•r 1 [Jy + B + QJn-l•r + (sec O)n-i-r 2[.:/Y + B + Q~n-1-r1 

(n =max.) 

and, from the Eqs. (3. 32) 

-R n•r = 1 F <-- = J [ {Af_.... + JI;[,,__ + Ui Cln,r)} / ln,r] 
n-e•r n-e•r n-I·t·e•r 

(n = max.) 

-Rn•r=1F-➔ - -i[{M-➔ +M,__ -V'iCln-t-i-r)1/ln-t-1•rJ 
n-t-e•r- n-t-I-e•r n-t-s-•r 

(n = min.) 

That is to say, similarly as the case (1), the equations stated above are 
the fundamental equations for these cases and these are also the simulta­
neous equations of the 1st degree with the 8 unknown quantites as to the 
moments and the same number of the equations, if we consider both of 
the cases together. 

In conclusion, the above descriptions tell us that we have as many equa­
tions of the forms of the fundamental equations as the intersecting points 
(n. r) of the members of the structure and the simultaneous equations of 
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these equations are consisted with the same number of linear equations as 
that of the unknown quantities 8(M, T, y )n•r at all the intersecting points. 
Then, similarly as in the 1st report, the present problems are solved, pro­
vided that we find the solution of the simultaneous equations. It is, how­
ever, practically impossible to obtain the solutions of the equations by 
usual method of employing the determinant, as the"number of the unknown 
quantities is too large in general, so that the well-known iteration methods 
are needed for solving the equations practically. 

Hence, for the convenience of the actual calculation, we rewrite the sim­
ultaneous equations with the unknown quantities (si, Y)n.r as to the incli­
nations and the deflections at the points (n • r) instead of the previous 
fundamental equations in a form more convenient for our purpose. 

First, from the Eqs. (3. 3), we have 

1M+-- = -, [Af _ __, + Mn-te•rJ = 1 [a2 (I'"+ 3 JY'n•r) +Sq], 
n-tc•r n+e•r 

1M-➔ = -1[a2 (I'q + 3 dY 1n-r) + Sq] 
nt-e•r 

1M-➔ = -i[M .... ~ + Mn-tI-e•rJ = 1[a2(I'/+ 3,:Jy'n•r) + Kq], 
n-t-1-e•r n+I-e•r 

1M .... _ = -1 [a2 (I'/+ 3 JY'n-r) + K"J 
n-tI-e•r 

2M .... - = -2[M _ __, + 1'11"n.,•1-2l = 2[a2 (I'"+ 3 JY'n-r) + S"J, 
(4.9). 

n•r-t·e n•r-te 

2M -➔ =-2[a2(I'q+3JY'n-r)+Sq] 
n•r-t• 

2M -➔ = -2[M .__ + Mn-,·-t1-•J = 2[a2 (I'/+ 3 Jy';,,.,:.) + Kq], 
n•r-t-I-e n•r-t-I-e 

2M .__ = -2[a2 (I'/+ 3 dY'n-r) K,1] 
n•r-tI-e 

Then, we have only to rewrite the moments in the fundamental equa• 
tions by the inclinations using the Eqs. ( 4. 9). 

Now, let us consider the Eqs. (4. 5). First, calculating ,Bn•r and ,B'n•r 
in the Eqs. (4.3) and (4.5), we have 

,Bn•r = sCin•r + dY 1q' + Pn•r (2Kn•r - Sn.r)], 

,B'n•r = -,[in•r +. JY'n•r + µq (2 S,1 - Ku)l 

and the following relations are satisfied 

} (a) 

• [Q + µ (2 K - S)Jn-r = 0, .[Q'n•r + Pu (Kq - 2 Sq)] = 0 (b). 

Thereupon, adopting the above relations to the Eqs. (4.5), we see that 
the Eqs. ( 4. 5) are satisfied identically. The above results tell us that 
utilizing the Eqs. "(4. 9), we do not need to consider the Eqs. (4.5). 

Next, we consider the relations between the twisting moments and twist­
ing angles. 

That is, substituting the Eqs. (a) and (b) for M's and B's in the Eqs . 
(4.4), we have 
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1T---+ = 1T-➔ = 1[C1 in,r - C1'in-1,rJ + 2[b1 in,r - br'in-I•r] 
n-1-te•r n-e•r 

2T-➔ = 2T -➔ = 1 [b I in,r - bi' in,r--1J + 2 [er in,r - c/ in,r-1J 
n•r-1-t-e n•r-e l (c). 

Then, applying the Eqs. (4. 9) and (c) to the Eqs. (4. 2) and (4. 6), we 
have · 

1 [ -(a1 in-I•r + a2 in-t-I•r) + Ln,r (br' in,r-I + b2 in,r+I) 

- {2 (a1 +a2) + Ln,r (b1 + bz')} in,rJ 

+ 2[(Nn,ra1 + Ln,rci')in,r-1 + (Nn,ra2 + Ln,rC2)in,r+1 

+ {2 N,.,r (a1 + a2) - Ln,r (ci +c2')} i,.,rJ 

- 3 1 [ai' Yn-I•r - az' Yn+I•r + (al- ar') Yn,rJ 

+ 3 Nn,r 2 [ar' Yn,r-I .:_ a2' Yn•r+-I + (az'- a/) Yn,r] = [1Hn,rJo 

1 [er' in-l•r + C2 in+I•r + Nn,r (bi' in,r-l + b2 in,r+i) 

- {Cr+ cz'+ Nn,r (bi+ b2')} in,rJ 

+ 2 [bi' in-I•r + b2 in+l•r + (Nn,r er'- Ln,r a1) in,r-I 

+ (Nn,r Cz - Ln,r a2) in,r-t-I 

- {b1 + b2' + Nn,r (Ci + C2') + 2 Ln,r (a1 + a2)} i.,,r] 

- 3 Ln,rz[ai' Yn,r-1 + (az' - ai' )Yn•r - a2' Yn,r-t-Il = [zll,.,rJo 

3 [1 {ai' in-I•r - az' in+l•r + (at'- il,z') i.,,,;} 

+ z{ar' in,r-l - az' in,r+I + (ai'- a2') in,r}] 

+ 6 [1 {ar''Yn-l•r + a2" Yn+I•r} + 2{ai' 1Yn,r-I + az'' Yn,r+11 

- {i(ar'' + az'') + 2(ai'' + a2")} Yn,rJ = [~Hn,rJo 

in which 

(I)o 

(II)o 

(III)o 

[1Hn,rJo = -[1Mn,r - Nn,r2Mn,r - (1Sn-t-I•r + 1Kn,r) + Nn,r(2Sn,r-t-I + 2Kn,r)J 

[2Hn,r]o = -Ln,r 2 [Mn,r - (Sn,r+r + Kn,r)J 

[3Hn,rJo = -[i(K'n•r - S'q) + 2(K'n•r - S,/) - 3 Pn,r + Rn,rJ 

namely, the above Eqs. (I)o, (II)u and (III)o are the required fundamental 
equations expressed in terms of the inclinations and the deflection at the in­
tersecting point (n · r) of the members. 

Further, in such cases when the intersecting points (n. r) are on the 
boundary members, we find the fundamental equations directly from the 
above Eqs. (1)0 , (II)0 and (II1)0 , provided that we consider the suffix of 
the unknown quantities and their coefficients in the fundamental equations 
and put the quantities referring to the fictitious members equal to zero. 
Then, for the convenience of the actual calculations, we show the results 
as follow. 

(a) In such cases when the intersecting points (n , r) are on the bound­
ary members:-



ON A METHOD OF SOLVING TORSION & BENDING PROBLEMS 175 

(i) case r == mmx.: -

I [ -(a, in-I•r + a2 in-t-I•r) + Ln•r bi' in•r-I 

- {2 (a1 + a2) + Ln•r bilin-rJ 

+ 2 [(Nn•r al+ Ln•r ei') in,r-I + (2 Nn•r a1 - Ln•r C1) in•r] 

- 3 1 [a/ Yn-l•r - al Yn·J-l•r + (az'- -ai') Yn•r] 

+ 3 Nn•r 2ai' (Yn•r-I - Yn•r) == [1Hn.r]1 

(IJ1 

I [er' in-I•r + C2 in;-l•r + Nn•r bi' in•r-I - ( C1 + c/ + Nn•r b,) in•r] 

+ 2 [br' in-l•r + b2 in;-1.r + (Nn•r ci'- Ln•r ar) in•r-1 

- (b1 + b/ + 2 Ln•r a1 + Nn•r C1) in.rJ 

- 3 Ln•r 2ai' (Yn•r-1 - Yn°r) == [2Hn.rJ1 

} (II), 

3 [1 {a/ in-l•r - a/ in;-I•r + (ai'- az') in.rl + 2{ai' (in•r-I + in•r)l]) 

+ 6 [1 {a1" Yn-I•r + a2" y,.;-1.,} + 2ai'' Yn•r-1 (IIIJ1 

- ( I ai'' + 1a2" + 2ai'') y,..r] == [aHn.r] I 

in which 

[1Hn.rJ1 == -[1Mn•r - Nn.r2Mn•r - (1Sn;-I•r + 1Kn•r) + Nn•r2Kn.r] 

[2Hn.rJ1 == -Ln•r 2 [M,,.r - Kn.rJ 

[aHn.rJ1 == -[iK'n•r - 1S',.;-1.,- + $ 1n,r - 2Pn,r + Rn,rJ • 

(ii) case r =min.:-

1[-(a, in-I•r + a2 in;-1.,-) + Ln,r b2 in,r;-1 

- {2 ( a1 + a2) + Ln,r bz'lin,,-J 

+ 2 [(Nn•r a2 + Ln,r C2) in•r-J-l + (2 Nn.r a2 - Ln•r C21) i,..rJ 

+ 3 [1a/ Yn;-1.r - 1ai' Yn-I•r - Nn•r 2a2' Yn•r-J-I 

+ (rai'- 1a2' + Nn.r 2az') Yn•r == [rHn.r]I' 

1 [ci' in-I•r + C2 in;-l•r + Nn•r b2 in•r;-1- (ci + cl+ Nn•r bz') in•rJ 

+ 2 [bi' in-I•r + b2 in;-1-r + (Nn•r C2 - Ln•r a2) in•r-J-I 

- (bi+ bz'+ Nn•r cl+ 2Ln.,· a2) in.rJ 

- 3 Ln•r 2az' (Yn•r - Yn-r;-1) == [2Hn°rJ1, 

3 [1 {az' in-l•r - az' in;-l•r + (ai' - az') in•r) - 2a2 1 2 {in,r-J-1 + in•r}] 

+ 6[1 {at" Yn-l•r + a2" Yn;-1-rl + 2a21' Yn-,·;-1 

- {1(ai''+ ai') + 2a2"} Yn,,-] == [aHn•r]i, 

in which 

(IJ" 

l (II),, 
) (III),, 

[1Hn•rk == -[iMn.r - Nn.,2Mn.r + Nn•r2Sn.r;-1-,-- (1S~;-1,r + 1.Kn-r)J 

2 [Hn•r]I' == -Ln•r 2 [M,;., - ~-r;-1J 

[3Hn,rJ1, == -[1K'n•r - 1S1n-J-l•r - 2S 111,r;-1 - 2 Pn•r + Rn,r] 
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(iii) case n =max.: -

l [-a1 in-I•r + Ln,r (b/ in,r-I + b2 in,r-t-1) 

- {2 a1 + Ln,r (b 1 + bz')}in,rJ 

+ 2 [(Nn,r a1 + Ln,r er') in,r-I + (Nn,r a2 + Ln,r C2) in,r-t-1 

+ {2 Nn,r (a1 + a2) - Ln.,(Ci + c/) in,,.}] 

- 3 1ar' (Yn-1,,· - Yn•r) + 3 Nn,r 2 [ar' Yn•r-I + (a2' - a/) Yn•r 

- az' Yn•r-t-1J = [1Hn,rJ2 

1 [er' in-I•r + Nn,r (br' in,r-I + b2 in,r-t-1) - {C1 + Nn,r (bi + b/)}in,rJ 

+ 2 [b/ in-I•r + (Nn,r er' - Ln,r a1) in,r-I + (Nn,r C2 - Ln,r a2) in,r-t-I 

- {b1 + Nn•r (c1 +cl)+ 2 Ln,r (a1 + a2)} in,rJ 

- 3 Ln.,· 2 [ai' Yn•r-1 + (al - a/) Yn•r - a/ Yn•1·-t-1J = [2Hn,,J2 

(IJ2 

(IIJ2 

3 [1ai' Cin-I•r - in,r) + 2 {a/ in,r-I - az' in•r-t-1 + (a/- az') in,r}] 

+ 6 [1az'' Yn-t-l•r + 2ai'' Yn•r-1 + 2az'' .Vn,r-t-I (IIIJ2 

--:- {1az'' + 2(a/1 + a/')} Yn-rJ - l3Hn,rJ 

in which 

[1lfn,rJ2 = -[1Mn,r - Nn,r 21Jfn,r - 1Kn•r + Nn,r (2Sn,r-t-I + zl(,,.,.)], 

G,.Hn,rJz = -Ln,r2[Mn,r - (S-,,-r-t-I + Kn,r)] 

[3Hn,rJ2 = -[1K' n•r + 2K' n,r - 2S' n•r-t-1 - 2 Pn•r + Rn,,-] 

(iv) case n =min.: -

1 [-a2 in-t-l•r + Ln•r (b/ in,r-1 + b2 in,r-t-1) 

- {2 a2 + Ln,r (bi + b/)} in,rJ 

+ 2 [(Nn,r a1 + Ln,r c/) in,r-I + (Nn,r a2 + Ln,r C2) in,r-t-I 

+ {2 Nn,r (a1 + a2) - Ln,r (c1 + C2 ')} in.,.] 

- 3 1a2' (Yn,r - Yn-t-!•r) 

+ 3 Nn,r 2 [a/ Yn•r-1 + (a{- a/) Yn•r - a2' Yn•r-t-1J 

= [1Hn,rJ2, 

1 [C2 in-t-l•r + Nn,r (b/ in,r-I + b2 in,r-t-1) - {c/ + Nn,r (bl+ b2')} in,rJ 

+ 2 [b2 in-t-I•r + (Nn,r er' - Ln,r a1) in,r-I + (Nn,r C2 - Ln,r a2) in,r-t-I 

- {b2'+ Nn,r (c1 +cl)+ 2 Ln,r(a1 + a2)} in,rJ 

- 3 Ln•r 2Cai' Yn•r-I + (a2' - ar') Yn•r - a2' Yn•r-t-IJ = [2Fln,rJz, 

3 [1 {- a2' Cin-t-I•r + in,r)} + 2{ar' in,r-I - a2' in,r-t-1 + (ar'- a2') in,r}J 

+ 6 [1az'' Yn-t-I•r + 2 {ar'' Yn•r-1 + a211 Yn•r-t-11 

- {1a2"+ 2(ai''+ a/')} Yn,rJ = [3lin,r]2, 

in which 

(1)2, 

(IIJ2, 

(lll)z, 
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[1Hn,rJ2, == -[,Mn,r - Nn,r 2Mn•r - 1Sn+l•r + Nn•r (2Sn,r+1 + 2Kn•r+1)J , 

[2Hn,rL, = -Ln,r2[Mn,r - (Sn.r+I + Kn.r)J, 

[sffn,rJ2, == -[ -1S'n+l•r + 2K'n•r - 2S'n•r+1 - 2 Pn•r + Rn,rJ 

(v) case (n • r) ==max.: -

1[ - a1 in-l•r + Ln,r bi' in•r-1 - (2 a1 + Ln,r b1) in,rJ 

+ 2 [(Nn•r ai + Ln,r c/) in,r-1 - (Ln,r Ci - 2 Nn,r a1) in.,·J 

- 3 {1 a1' Yn-l•r - Nn•r 2ai' Yn-r-I - (1ai'- Nn,r 2ai') Yn-r1 = [1Hn,rl1 

CIJ:1 

1 [c1' in-i-r + Nn•r bi' in,r-1 - (C1 + Nn,r b1) in,rJ ) 

+ 2[b/ in-I•r + (Nn,r ci'- Ln,r a1) in,r-1 - (b1 + 2 Ln,r a1 + Nn•r Ci) in,rJ (IIJ:1 

- 3 Ln,r 2a/ (Yn,r-1 - Yn,r) == [2Hn,r]3 

3 [1ai' (iin-1'r + dn,r) + 2ar' (2in,r-1 + 2in,r)J 

+ 6 [1ai'' Yn-l•r + 2ai'' Yn•r-1 - (1ai'' + 2ai'') Yn-rJ = [sHn,rL 

in which 

[1Hn,rJ:i = -[1Mn•r - Nn,r 2f'vfn,r - 1Kn.r + Nn,r zFfn,r], 

[2Hn,rJ3 = -Ln,r 2[Mn•r - Kn,rJ, 

[3Hn,rJ:i = -[1Kn,r + 2Kn,r - Pn,r + Rn,rJ 

(vi) case (n • r) ==min.: -

1[ -a2 in+I•r + Ln,r b2 in,r+! - (2 a2 + Ln,r b/) in.,-] 

+ 2 [(Ln,r C'J. + Nn,r a2) in,r+1 - (Ln,r c/- 2 Nn•r b2') in,rJ 

+ 3 {ia/ Yn+l•r - Nn,r 2a2' Yn•r+! - (ia/- Nn,r 2a/) Yn-r} == [1Hn,rL' 

) (lIIJ.1 

(IJ3, 

1[C2 in+l•r + Nn,rb2 inor+l - (c/+ Nn,,.bz') in,r] ) 

+ 2 [b2 in+I•r - (Ln,r a2 - Nn,r C2) in,r+I - (b/ + 2 Ln,r a2 + Nn,r C21) in,r] 

- 3 Ln•r 2az' (Yn•r - Yn•r+1) = [2Hn,rJ3' 

(Il)3, 

3 [ -1az' ( 1in+t-r + dn,r) - 2az' (2in,r+1 + 2in,r)J 

+ 6 [1a2" Yn+I•r + 2a2 Yn•r+l - (1a/' + 2a2") Yn•r = [3Hn,rl3, 

in which 

[1Hn,rL• = -[1Mn,r - Nn,r 2Mn,r - 1.Sn+I-r + Nn,r 2Sn,r+1J , 

[2Hn,,.J.3, == -Ln,r 2[M,..,. - Sn,1·+1J, 

[slfn,,.J3• = -[ -{1Sn+l•r + 2Sn,r+11 - Pn,r + Rn,rJ 

(vii) case n = max. and r =min.: -

1[-a1 in-I•r + Ln,r b2 in,r+I - (2 a1 + Ln,r b/) in,rJ 

+ 2[(Ln,r Cz + Nn.,· a2) in,r+I + (2 Nn,r a2 - Ln•r C2') in,rJ 

- 3 {1ai' Yn-I•r + Nn,r2az' Yn•r+I - (1ai' + Nn,r2a2') Yn-r1 = [1Hn,rl1 

)(IllJ3, 

(IJ1 
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1 [er' in-l•r + Nn,r b2 in,r-t-I - (c1 + Nn,r b/) in,,.J ) 

+ 2[br' in-1,r - (Ln,r a2 - ~n,r C2) in,r-t-1 -(b1 + 2 Ln,r a2 + Nn,r C21) in,rJ (II)1 

- 3 Ln,r z{l,z (Yn•r- Yn,r-t-1) - [2Hn,rl1 

3 [1ar'(1in-l•r + 1in,r) - 2a2'(2in,r-t-1+ 2in,r)J 

+ 6[1ar'' Yn-l•r + 2a/' Yn,r-t-1 - (iai'' + 2a/1) Yn,rJ = [3Hn,rl1 

in which 

[1Hn,rJ1 = - [1Mn,r - Nn,r2Mn,r - 1Kn,r + Nn,r2Sn,r-t-1J, 

[2Hn,rJ4 = -Ln,r2[Mn,1· - Sn,r-t-1J, 

[3Hn,rJi = -[1K1n,r - 2S1n,r-t-1 - Pn,r + Rn,rJ 

(viii) case n = min. and r =max.:-

1 [ -a2 in-t-l•r + Ln,r bi' in,r-1 - (2 a2 + Ln,r b1) in,rJ 

+ 2[(Ln,r ci' + Nn,r a1) in,r-I - (Ln,r Ci - 2 Nn,r a1) in,rJ 

+ 3 {1az' Yn-t-l•r + Nn,r 2ai' Yn,r-I - (1a/ + Nn,r 2a1') Yn•r} = [1Hn,rk 

}(III)1 

CIJ1, 

1 [C2 in-t-I•r + Nn,r bi' in,r-1 -(C21 + Nn,r b1) in,rJ ) 

+ 2 [b2 in-t-l•r + (Nn,r ct'- Ln,r a1) in,r-I - ( bz' + 2 Ln,r a1 + Nn,r C1) in,rJ (lI)1, 

- 3 Ln,r 2ar' (Yn,r-1 - Yn,,-) = [2Hn,,.J41 

3 [--1a2' (iin-t-I•r + 1in,r) + 2ai' (2in,r-l + 2in,r)J 

+ 6 [1al' Yn-t-I•r + 2ai'' Yn•r-1 - (1a2" + 2ai'') Yn,rJ = [iHn,,.J4, 

in which 

[1Hn,,-J4, = -[1Mn,r - Nn,r 2Mn,r - 1.Sn-t-l•r + Nn,1· 2.Kn,rJ, 

[2Hn,rJ4, = -Ln,r2[Mn,r -Kn,rJ, 

[:iHn,,-]4, = -[-1S'n-fJ,r + 2K'n•r - Pn,r + Rn,rJ • 

) (Ill)4, 

(b) In such cases when the ends (n • r) of the members are built in 
the frames. 

In theses cases, as the previous discriptions, we have 

sin,r = 0, s'Pn•r = 0, Yn,r = 0 (4. 9) 

for the boundary conditions and these equations are used instead of the 
fundamental equations. 

In conclusion, from the above results, we have as many equations of 
the form of the fundamental equations mentioned above as the intersecting 
points (n • r) of the members of the structure and the simultaneous equa­
tions of these equations are consisted with the same number of linear 
equations as that of the unknown quantities (si, Y)n,r at all the intersecting 
points in the structure and these equations can always be solved by the 
well-known iteration methods. Then, utilizing theses values obtained above 
for the Eqs. (3. 3) and (3. 1), all of the requirements are directly found 
and the present problems are solved. 
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5. Conclusion. By the present method, the torsion and bending prob-
lems of continuous panel structures can always be solved, the members of 
which cross each other with angles different from right angle and distribu­
tions of the external forces acting on the members are quite arbitrary ·and 
positions of the supported bars are also arbitrary, when the deflections 
and the inclinations of the members of the structures are all small. 

Needless to say, putting the angles On,,· different from right angle, namely 
the angles between the I;- and x-axes at the intersecting points (n · r), 
equal to zero, the present results perfectly coincide with those described 
in the 1st report. But as the descriptions in the 1st report, the present 
method, as it is, can not be used for the large deflections, because the for­
mulae of bending, say the Eqs. (3. 1), are not applicable and both of the 
restriction conditions at the supported points and the boundary conditions 
become far more complex than stated in the report. Moreover, when the 
sizes of the cross-sections of the members are large, the restrictions re­
ceived by the deformations occuring in the cross-sections of the members 
under the external forces are quantities of sensible magnitude, so that we 
need consider these points fully in the practical designs of the structures. 
Thus, we are still in the course of research of these questions mentioned 
above. 
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