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Abstract

We explain how to transform the bilinear discrete equations into the
nonlinear discrete equation of ordinary forms using the generalized discrete
KP equation.

1 Generalized discrete KP equation

We have the generalized discrete KP(g-dKP) equation in a bilinear form.

[c1 exp(D1) + c2 exp(D2) + c3 exp(D3)]f · f = 0, (1)

where D1, D2, D3 are the bilinear operators which are a linear combination of
the operators Dl, Dm, Dn, etc., and c1, c2, c3 are arbitrary constants satisfying a
relation c1 + c2 + c3 = 0 for soliton solutions.
The Bäcklund transformation for the g-KP equation is known,

[α1e
−(D1−D3)/2 − e(D1−D3)/2 + β1e

−(D2−D4)/2]f · g = 0, (2)

[α2e
−(D2−D3)/2 − e(D2−D3)/2 + β2e

−(D1−D4)/2]f · g = 0, (3)

where D4 = −D1−D2−D3 and α1 = 1−β1, α2 = 1−β2 for soliton soloutions,and
β1, β2 are constants satisfying a relation c1β1 + c2β2 = 0.

2 Transformation of the discrete bilinear forms

into the nonlinear discrete wave equations.

We show that Eq.(1) and its Bäcklund transformation,Eqs.(2) and (3) are trans-
formed into nonlinear soliton equations of ordinary form.
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2.1 3-D Soliton Equation

We shall transform Eq.(1) into a 3-dimensional discrete nonlinear wave equation,
which exhibits solitons. We write Eq.(1) as

[(c1 + c2)e
Dt − c1e

Dm − c2e
Dn ]f · f = 0, c1, c2 > 0. (4)

First we introduce dependent variables wt
m,n and zt

m,n,

wt
m,n =

eDmf · f
eDnf · f

=
f t

m+1,nf
t
m−1,n

f t
m,n+1f

t
m,n−1

, (5)

zt
m,n =

eDtf · f
eDnf · f

=
f t+1

m,nf t−1
m,n

f t
m,n+1f

t
m,n−1

. (6)

Then Eq.(4) is reduced to

(c1 + c2)z
t
m,n = c1w

t
m,n + c2. (7)

Next we look for another relation than Eq.(7) between wt
m,n and zt

m,n.
For this purpose let us introduce shift operators p, q, s operating on an aritrary
function ht

m.n,

pαht
m,n = ht

m+α,n, (8)

qβht
m,n = ht

m,n+β, (9)

sγht
m,n = ht+γ

m,n. (10)

Then the logarithm of Eqs.(6) and (5) are expressed by the shift operators

log z = (s + s−1 − q − q−1) log f, (11)

log w = (p + p−1 − q − q−1) log f. (12)

Accordingly we find a relation,

(s + s−1 − q − q−1) log w = (p + p−1 − q − q−1) log z, (13)

which is equivalent to

wt+1
m,nw

t−1
m,n

wt
m,n+1w

t
m,n−1

=
zt

m+1,nz
t
m−1,n

zt
m,n+1z

t
m,n−1

, (14)

which is transformed, using Eq.(7), to a 3-dimentional discrete nonlinear wave
equation of wt

m,n,

wt+1
m,nw

t−1
m,n =

[wt
m+1,n + (c2/c1)][w

t
m−1,n + (c2/c1)]

[1 + (c2/c1)/wt
m,n+1][1 + (c2/c1)/wt

m,n−1]
.

(15)

c1 = c2 のとき、方程式 (15)は可解格子模型における Y-systemsと同じであり、
双線形方程式 (4)はT-systems に対応している。
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2.1.1 Special solutions to the 3-D ultradiscrete equation of wt
m,n

Let

wt
m,n = ew(t,m,n)/ϵ, c2/c1 = ed/ϵ. (16)

Then Eq.(15) is transformed into a ultradiscrete form,

w(t + 1,m, n) + w(t − 1,m, n)

= max(w(t,m + 1, n), d) + max(w(t,m − 1, n), d)

−max(0,−w(t,m, n + 1) + d) − max(0,−w(t,m, n − 1) + d).

(17)

We consider Eq.(17) under the condition c1 = c2. Then Eq.(17) is reduced to

w(t + 1,m, n) + w(t − 1,m, n)

= max(0, w(t,m + 1, n)) + max(0, w(t,m − 1, n))

−max(0,−w(t, m, n + 1)) − max(0,−w(t,m, n − 1)). (18)

We have special solutions to Eq.(18). There are two types of solutions.
One is “positive wave” travelling along the m-axis with a speed c0(= ±1) and
another is “negative wave” travelling along the n-axis with a speed c0(= ±1):

広田良吾,「２次元超離散戸田方程式の局在解の衝突」九州大学応用力学研究所研
究集会『非線形波動および非線形力学系の現象と数理』2005年 (11/9-11/11).

1. Positive wave. Let w(t,m, n) > 0. Then Eq.(18) is reduced to

w(t + 1,m, n) + w(t − 1,m, n)

= max(0, w(t,m + 1, n)) + max(0, w(t,m − 1, n))

−max(0,−w(t,m, n + 1)) − max(0,−w(t,m, n − 1)).

= w(t,m + 1, n) + w(t,m − 1, n). (19)

which is solved if

w(t,m, n) = h(t − c0m), c0 = ±1, (20)

where h(t − c0m) > 0 denotes a positive wave travelling along the m-axis
with a speed c0(= ±1) .

2. Negative wave. Let w(t,m, n) < 0. Then Eq.(18) is reduced to

w(t + 1, m, n) + w(t − 1, m, n)

= −max(0,−w(t,m, n + 1)) − max(0,−w(t,m, n − 1)),

= w(t,m, n + 1) + w(t, m, n − 1). (21)
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which is solved if

w(t,m, n) = h′(t − c0n), c0 = ±1, (22)

where h′(t − c0n) < 0 denotes a negative wave travelling along the n-axis
with a speed c0(= ±1).

We note that these positive and negative waves have no corresponding solu-
tions to the discrete wave equation of wt

m,n,Eq.(15) with c1 = c2.

2.2 Coupled 3-D soliton equation

The Bäcklund transformation with β1c1 + β2c2 = 0,

[α1e
−(D1−D3)/2 − e(D1−D3)/2 + β1e

−(D2−D4)/2]f · g = 0, (23)

[α2e
−(D2−D3)/2 − e(D2−D3)/2 + β2e

−(D1−D4)/2]f · g = 0, (24)

are transformed into a coupled soliton equations.
We choose the parameters α1, α2 as

α1 = 1 − β1, α2 = 1 − β2, (25)

so that Eqs.(23) and (24) have soliton solutions.
First we arrange Eqs.(23) and (24) as

e(D1−D3)/2f · g = (1 − β1)e
−(D1−D3)/2f · g + β1e

−(D2−D4)/2f · g, (26)

e−(D1−D4)/2f · g = (1 − β−1
2 )e−(D2−D3)/2f · g + β−1

2 e(D2−D3)/2f · g. (27)

Let us introduce new dependent variables v̂1, v̂2, ẑ1 and ẑ2 by

v̂1(x1, x2, x3) =
e−(D2−D4)/2f · g
e−(D1−D3)/2f · g

=
f(x1 − 1/2, x2 − 1, x3 − 1/2)g(x1 + 1/2, x2 + 1, x3 + 1/2)

f(x1 − 1/2, x2, x3 + 1/2)g(x1 + 1/2, x2, x3 − 1/2)
,

ẑ1(x1, x2, x3) =
e(D1−D3)/2f · g
e−(D1−D3)/2f · g

=
f(x1 + 1/2, x2, x3 − 1/2)g(x1 − 1/2, x2, x3 + 1/2)

f(x1 − 1/2, x2, x3 + 1/2)g(x1 + 1/2, x2, x3 − 1/2)
,

v̂2(x1, x2, x3) =
e(D2−D3)/2f · g
e−(D2−D3)/2f · g

=
f(x1, x2 + 1/2, x3 − 1/2)g(x1, x2 − 1/2, x3 + 1/2)

f(x1, x2 − 1/2, x3 + 1/2)g(x1, x2 + 1/2, x3 − 1/2)
,
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ẑ2(x1, x2, x3) =
e−(D1−D4)/2f · g
e−(D2−D3)/2f · g

=
f(x1 − 1, x2 − 1/2, x3 − 1/2)g(x1 + 1, x2 + 1/2, x3 + 1/2)

f(x1, x2 − 1/2, x3 + 1/2)g(x1, x2 + 1/2, x3 − 1/2)
.

Accordingly Eqs.(26) and (27) are reduced to relations among v̂1, v̂2, ẑ1 and ẑ2

ẑ1(x1, x2, x3) = 1 − β1 + β1v̂1(x1, x2, x3), (28)

ẑ2(x1, x2, x3) = 1 − β−1
2 + β−1

2 v̂2(x1, x2, x3). (29)

We define new variables v1, v2, z1 and z2, for notational convenience, shifting
independent variables x1, x2 and x3 by 1/2

v1(x1, x2, x3) = v̂1(x1 + 1/2, x2, x3 + 1/2),

=
f(x1, x2 − 1, x3)g(x1 + 1, x2 + 1, x3 + 1)

f(x1, x2, x3 + 1)g(x1 + 1, x2, x3)
, (30)

z1(x1, x2, x3) = ẑ1(x1 + 1/2, x2, x3 + 1/2),

=
f(x1 + 1, x2, x3)g(x1, x2, x3 + 1)

f(x1, x2, x3 + 1)g(x1 + 1, x2, x3)
, (31)

v2(x1, x2, x3) = v̂2(x1, x2 + 1/2, x3 + 1/2),

=
f(x1, x2 + 1, x3)g(x1, x2, x3 + 1)

f(x1, x2, x3 + 1)g(x1, x2 + 1, x3)
, (32)

z2(x1, x2, x3) = ẑ2(x1, x2 + 1/2, x3 + 1/2),

=
f(x1 − 1, x2, x3)g(x1 + 1, x2 + 1, x3 + 1)

f(x1, x2, x3 + 1)g(x1, x2 + 1, x3)
. (33)

Accordingly Eqs.(28) and (29) read as

z1(x1, x2, x3) = 1 − β1 + β1v1(x1, x2, x3), (34)

z2(x1, x2, x3) = 1 − β−1
2 + β−1

2 v2(x1, x2, x3). (35)

Secondly we look for other relations among v1, v2, z1 and z2 than Eqs.(34) and
(35).
Let us introduce shift operators p, q, s operating on an aritrary function h(x1, x2, x3)
by

pαh(x1, x2, x3) = h(x1 + α, x2, x3), (36)

qβh(x1, x2, x3) = h(x1, x2 + β, x3), (37)

sγh(x1, x2, x3) = h(x1, x2, x3 + γ). (38)

Then logarithm of Eqs.(30),(32),(31),(33) are expressed by

log v1 = (q−1 − s) log f + (pqs − p) log g
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= (q−1 − s)[log f − pq log g], (39)

log v2 = (q − s) log f + (s − q) log g

= (q − s)[log f − log g], (40)

log z1 = (p − s) log f + (s − p) log g

= (p − s)[log f − log g], (41)

log z2 = (p−1 − s) log f + (pqs − q) log g

= (p−1 − s)[log f − pq log g]. (42)

These expressions give us new relations among v1, v2, z1 and z2. From Eqs.(39),(42)
we obtain

(p−1 − s) log v1 = (q−1 − s) log z2, (43)

and from Eqs.(40),(41) we obtain

(p − s) log v2 = (q − s) log z1. (44)

They are equivalent to the relations

v1(x1 − 1, x2, x3)

v1(x1, x2, x3 + 1)
=

z2(x1, x2 − 1, x3)

z2(x1, x2, x3 + 1)
, (45)

v2(x1 + 1, x2, x3)

v2(x1, x2, x3 + 1)
=

z1(x1, x2 + 1, x3)

z1(x1, x2, x3 + 1)
. (46)

Substituting Eqs.(34) and (35) into Eqs.(45) and (46) respectively we obtain
a coupled 3-D soliton equation of v1 and v2,

v1(x1 − 1, x2, x3)

v1(x1, x2, x3 + 1)
=

1 − β−1
2 + β−1

2 v2(x1, x2 − 1, x3)

1 − β−1
2 + β−1

2 v2(x1, x2, x3 + 1)
, (47)

v2(x1 + 1, x2, x3)

v2(x1, x2, x3 + 1)
=

1 − β1 + β1v1(x1, x2 + 1, x3)

1 − β1 + β1v1(x1, x2, x3 + 1)
. (48)
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