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1 Introduction

In the 1900s, Painlevé equations, P, Pry, ... and Pyp, are defined by P. Painlevé and B.

(1) (1) (1)
. .. . . D D D
Gambier. In the recent research, Py was divided into three equations, Py;7 , Py;{ and Pyjf .

Since the 1990s, discrete Painlevé equations have been studied actively from various points of
view. Painlevé and discrete Painlevé equations (Painlevé systems) are now regarded as one of
the most important classes of equations in the theory of integrable systems (see, for example,
[3]). In 2001, Sakai stated that Painlevé systems are classified by theory of rational surfaces and
the system of discrete Painlevé equations is constructed in a unified manner as the birational
action of a translation of the corresponding affine Weyl group on a certain family of rational
surfaces[15].

There are many kind of discrete Painlevé equations and some of them are regarded as the
discrete analog of Painlevé equations. We note here that a discrete analog of Px is a discrete
Painlevé equation which leads to Px by a continuous limit without loss of parameters. Most ?f
discrete analogs of Painlevé equations have been already found, but discrete analogs of PI[I)% )

1
and Pﬁ)% ) were not known.

We show that the ¢-difference equation,

(f(pt) +p~ ) (f(pt) +p~ 't ta)

@) f(t) = : 1.1
(70)1 (1) ir (11)
(1)
where a, t,p € C*, is the first model of a discrete analog of ng . In fact, by setting
A+a)t ™t =1 -p)tds, at™=—(1-p)°>* f(t)=(1-p)>X(s), (1.2)

(1)
and letting p — 1, we obtain Pﬁ)f )

X)X xr A
X s £5 X’
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(1)
where X' = %. Therefore we call (1.1) a g-Painlevé 111 equation of type Dgl) (q—PIDIf ). We

note here that (1.1) is obtained by substituting

B=a"t ~=1, (1.4)
and putting
a=p% g(t)=flg*), (1.5)

in a g-analog of Py (¢-Pvy)[15],

(g(t) + ¢ 2aBt=")(g(t) + ¢*/?B7 1)
1+~71g(2)

SO+ D) +at™)

A7) , flahf) =

glqt)g(t) =

(1.6)

where a, 3,7,t,q € C* are parameters. This specialization is called a projective reduction[4].
a

)
It is well known that Pg{ has the following properties:

(i) existence of algebraic function solutions which are rational functions of s'/3;
(ii) irreducibility in the sense of P. Painlevé and H. Umemura.
(1)
The aim of this paper is to show that q—PIII)f has quite similar properties to the above.
This paper is organized as follows: in Section 2, we introduce a representation of the affine

(1)
Weyl group of type Ail), and then derive q—PfI)I7 from the affine Weyl group. In Section 3,

(1)

we construct algebraic function solutions to q—PIDH7 and show that each of them is expressed
(1)

as a ratio of Laurent polynomials in t/3. In Section 4, we prove irreducibility of q—Pﬁf in

the sense of decomposable extensions, which implies that any transcendental solution cannot
be algebraically expressed by solutions of linear difference equations and solutions of first order
algebraic difference equations. Concluding remarks are given in Section 5.

Throughout this paper, we use the following conventions of g-analysis with |g| < 1 (cf. the
books [2, 5]).
g-Shifted factorials:

k s
(@@ =1 —ag™), (a1, as;0)n = [ [(as5Dn (L.7)
i=1 j=1
k—1 o s
(a;p7 q)k = H (1 _plq]a)7 (a17 crt A8y P,y q)n = H(a]7p7 Q)n (18)
i,j=0 j=1

Jacobi theta function:

O(a;q) = (a;9)oo(q0™"; @) so- (1.9)

It holds that

(443 )0 = (?;E);O, (1.10)
. ~ (@p, @)oo

(Pa; p; @)oo = IO (1.11)

O(garg) = — 249 (1.12)

a
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2 Affine Weyl group of type Afll)

(1)
2.1 Projective reduction to q—Pﬁf
We formulate the family of Béacklund transformations of ¢-Py, (1.6), as a birational representa-

tion of the affine Weyl group of type Agl). We refer to [12] for basic ideas of this formulation.
We define the transformations s; (i = 0,1,2,3,4), o, and ¢ on variables f; (7 = 0,1,2,3,4)
and parameters a; (k =0,1,2,3,4) by

air4(Airo + airaaifiv1)
a;@i10i+22 firs

ai430i1+4(a;ai41 + aivsfi)
5 ;o si(fivd) =
air12 figs

si(fi)=1f (G#Fi+2,i+4), o(a)=ait1, o(fi)=fir1, i€Z/5Z,

L1 (ag, a1, az, az, as, fo, f1, f2, f3, f12) = (a0 aa Y az ™ ao ™t a1 b £, fo, fas 3, fo)-

Here the symmetric 5 X 5 matrix

si(a;) = aja; "9, si(fiq2) =

i

is the Cartan matrix of type Ail). Note that f;’s have the conditions

aivsZaisafi = aiv1(aiaiv fivafirs — aivsaire) (i € Z/57). (2.2)

Proposition 2.1. The group of birational transformations (sg, s1, S2, S3, S4,0,t) forms the af-
fine Weyl group of type AS), denoted by W(Afll)). Namely, the transformations satisfy the

fundamental relations

Sig = 1, (sisiil)?’ = 1, (SiSj)2 =1 (j 7é 7+ 1), (75 = 1, 08; = $;4+10,
2= 1, 189 =Sot, LS1 = S4l, So=S3L, 1€ L/5Z.

In general, for a function F' = F'(a;, fj), we let an element w € W(Ail)) act as w.F(a;, fj) =
F(w.a;.w, fj), that is, w is an injective homomorphism. Note that ¢ = apaiazazay is invariant
under any action of (s, s1, s2, 3, 84, 0). We define the translations 7; (i = 0,1,2,3,4) by

T() = 0854835251, T1 = 0505458352, T2 = 0851505453, T3 = 082515054, T4 — 08352515(- (2.3)
Their actions on a;’s are given by

qao, ¢ tay, as, a3, ay),
ap, qai1,q 1az,ag, ag),
as)
)

To: (ag,a1,az2,as,aq) — (
(
(a ai,qaz,q a37 4
(
(

T1 : (ao,al,ag,ag,a4
Ty : (ag,a1,a2,as,aq
T3 : (ao,al,ag,ag,a4
Ty : (ap,a1,a2,a3,a4)

Y

~— — — ~—

USSR

ap, a1, a2,qas3,q CL4 3
1
q a07a17a27037qa4)

Note that T;’s commute with each other and ToT1 15157y = 1. We introduce «, 8, v, t, f, and
g by

124,172, —1/4_ 1/4 Mt = Y agag tag 2agA,

(2.4)
F=q a3 a3y, g = ¢ tay ¥ Yag 3 2a, 3. (2.5)

—1 1/2
a=ay , [=a2'"ay v = q Y4agt*az'%a
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Then the action of Ty on f and ¢ are expressed as

(f+t)(f+at™h)
1+~f

(9+ ¢ 2apt=Y)(g+q/287 1Y)
1+~ 1g

To(g)g = , ToNNHf = : (2.6)

which is equivalent to ¢-Pv, (1.6). We regard Ty and T; (i = 1,2, 3,4) as the time evolution and

Backlund transformations of ¢-Pv, respectively.
(1)
In order to derive q—Pﬁ)I7 , we introduce the transformations Ry and Ri3 defined by

R(] = 0'35251, R13 — 05054852. (2.7)

Note that Ry and R;3 commute with each other. The transformations are not translations but
their squares are translations,

Ro* =Ty, Riz®>=TNTs. (2.8)

Considering the projection of the action of Ry and Rj3 on the subspace of the parameter space
B=atlandy=1 (or, apa1 = ag and ag = a4), we have

RO : (Oé,t) = (Oé,ql/2t),
Ry3: (O‘)t) = (q1/2a7t)'

Then the action of Ry can be expressed as

(f+t)(f +at™)

Ro(f) = . RN =y, 2.9
() e () (2.9)
I . D . . pY :
which is equivalent to ¢-Ppf , (1.1). We regard Ry as the time evolution of ¢-Py;{ . The action

of Rq3 can be expressed as

Pa+ ¢ ?tf +atg+atfg
g 2tf(tf +a) ’

¢a+ ¢ Patf +tg

_ q'
27g ) Ris™'(f) =

Ri3(f) =

(2.10)

which is a Bécklund transformation of (2.9) because of commutative property between Ry and
Ry3. Therefore we obtain the following proposition:

Proposition 2.2. Transformations T and T,

[0} e} —1
T (at, f(1) = <pa,t,p +f2;£§?(;";)(p t)> : (2.11)
_ Ly, pa+ptf(t) +atf(ptt) +atf(t) f(pT't)

(1)

. . D

are Backlund transformations of ¢-P{ , (1.1).
In general, we can derive various discrete Painlevé systems from elements of infinite order

of affine Weyl groups that are not necessarily translations by taking a projection on a certain
subspace of the parameter space. We call such a procedure a projective reduction[4].
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2.2 71 function

We introduce the new variables 7; (i = 1,2,---,7) with
T4Ts T1T2
fo=— fa=— (2.13)
T6TT T3T7

and lift the representation of the affine Weyl group to 7;’s-level[16]:

Proposition 2.3. The actions of s; (i = 0,1,2,3,4), ¢, and o are expressed on T by the
following:
a4 (a0T37'4T5 + aga3T1T2Te + aoa37'37'67'7)

_ V=1 (i=2356
s0(71) P P , so(mi) =7 (1=2,3,5,6),

apay (aT3T4Ts + A2a3T1T2T6 + A3T3T6TT)

so(mq4) =
0( 4) a1a9T1TT )
so(r) = a4 (a(2)737‘475 + a3zagT3TeT7 + a2a37‘1727'6)
N apa1aT] T4 ’
s1(r) =1, si(m)=1, si(n)=7((=3,---,7),
_apay (CL()T4T5 + a2a37'67'7) _apay (CL()T4T5 + a37-67'7)
S2\T1) = ) ; 32(7_3) - D) ’
a3“T3 a2a3°T]

_ag(aza3miT2 + apT377) _agag (azmiT2 + apT377)
Ty) = 5 , s3(76) = 5
ap?a3a4Te ap?asy
s4(14) = s4(75),  s4(75) = sa(ma), sa(m)=m (1=1,2,3,6,7),
L (T1, T2, T3, T4, T5, T6, T7) = (T4, T5,T6, T1, T2, T3, T7),
aoa1 (agTaTs + as3TeTr)

o(r) = P , o(r) =13, o(r3) =Te,

)

aq (a02737475 + a3agT3TeTr + a2a37'17'27'6)
o(ry) = , o(m) =77,
apa1a2717T4

o(16) =75, 0(17) = To.

(1)
Since we are studying the property of q—Pﬁf , we consider the 7 functions under the conditions

B=a"tand y=1 (or, aga; = a3 and ay = a4). We define the 7 functions v (n, N € Z) by
Tn = Ro"Ruz™ (7). (2.14)

We note that 7;’s are expressed by 7y as follows (Figure 1):

0 2 2 0 1 1 0
TI=Ty, T2=Ti, T3=Ty, Ta=Ty, T5=To, T6=T1, T7=T], (2.15)

and (2.4) and (2.5) are rewritten as

1.2
To T2 _

f=fo="5 t=a, a=a L (2.16)
11

(1)
3 Algebraic function solutions to q-Pﬁf

In this section, we use the notation F' = F(pt) for arbitrary function F = F(t).
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Tl:Tg T5=Té T3=T%
7'7—7'1 T6—T} T2=Tl
i
Ri3
T4=T8 T(l) T%
H% d %,

Ry

Figure 1. Configuration of the 7 functions on the lattice.

3.1 Puiseux series representation of algebraic function solutions
Proposition 3.1. Let f be an algebraic function solution to (1.1). Then
f=> atPeci’?), (3.1)
i=—2
where ¢; € C and c_o # 0.
Proof. Let L = C(t, f,f). By Lemma 12 in [11], L = C(x) where 2" = t (n € Zs() and

T = pt/"x. Express f as

f= 0 (3.2)

where P, @ € C[z] \ {0} and P and @ are relatively prime. From (1.1), we obtain
2"PP(P+Q)Q = QQ(z"P + Q)(z"P + aQ). (3.3)

Let vg(F) denote the maximum number k such that z* | F for F € C[z] \ {0}. Assume z { Q.
Then, from (3.3), it follows that

2n + 2’00(P) + ’U(](P + Q) = O, (3.4)

which implies n = 0. Therefore we obtain z | @ and so x { P. Put m = v9(Q) € Z~¢. From
(3.3), it follows that

2n 4+ m > 2m + 2min(n, m), (3.5)
which implies 2n = 3m.
We can express f as

o0

f=>Y ar (3.6)

1=—m
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where ¢; € C, c_,, # 0 To show m/2 1 i = ¢; = 0, we assume that there exists i such that
m/2{iand ¢; #0. Let k- % 41 = min{i | m/24{i and ¢; #0}, 1 <1 < m/2. Then f can be
expressed as

f=coma™ ™+ C—m/2$_m/2 + -+ Ckm/gl'km/2 + Ckm/2+lg;km/2+l + ...

From (1.1), we obtain

FIA+ f) = (f +2732)(f + az™5m/2). (3.7)

The coefficient of xFm/2+=2m — o (k=)m/2+l of the left side is

km/2n+1/n m/ —km/2n—1/n
c_ Cem

mp nc—m + C—mpim/nckm/2+lp

+ o™ D™ o 2
:(p(k—l—Z)m/Qn—‘rl/n + p—(k+2)m/2n—l/n + 1)62_

#07

and one of the right side is 0, a contradiction.

Therefore we find f € C((z™/?))NC(z) = C(z™/?). Then we have L € C(z™/?) c C(z) = L,
which yields L = C(z™/?) = C(x), and so m = 2 and n = 3 are obtained. Since z* = t, we can
express f as

Clem /24P

(3.9)
mckm/2+l

o0
f=> atPeCit’?), aeC, ca#0. (3.9)
i=—2
This expression is what we want. |
(1)
In fact, when o = —1, q—Pﬁf has the algebraic function solution,
f=—t%3 (3.10)

Moreover, using the Biacklund transformation (2.11), we obtain the algebraic function solutions:

f==t2BEB+=p ) (a=—p), (3.11)
4/3 + p1/3(1 _ p4/3)t1/3 +p_1/3(1 _ p1/3)(1 _ p5/3)t2/3

f= _4—2/3P
(P13 + (1 — pt/3)EL/3) (pl/3 + p=1/3(1 — pl/3)¢1/3)

a=-p?). (3.12)

By using the continuous limit (1.2) and p — 1, we obtain the algebraic function solution to
(1)
PI[I)f as follows:

X =-s% (A=0), (3.13)
2 3+ 9s1/3
X = 551/3 (—2 (A=1), (3.14)
354 90s'/3 + 81s%/3 105 + 3155/ + 40552/3 + 2435
8 B 16
3+ 9sl/3
2 1 -5
2

X = —st/3

3 3+ 9sl/3 2
e

(A=2). (3.15)
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&)
These solutions to ng will be seen in [13] and K. Kajiwara, T. Masuda, and Y. Ohta anticipate
determinant formula of them as follows:

2(2N - 1)81/3 ¢N7/}N72

X = n® (A= N € Zx), (3.16)
N-—1
where

9 1/3
b=t b=y =1, (3.17)

P]E\,J]i :(s) P%lz(s) P%%;(S)

Py_, Py ... p\Wv=
o= | T2 s 1 (v s o), (3.18)

P£0]31+2(5) P£%+3(5) - Pl(o)(s)

P(s)=0 (n<0), PP(s) =Lt <Zs”3> (n>0). (3.19)

Here L\ (x) is Laguerre Polynomial,

L@ (z) = zn: )M mtazktl) (3.20)

— )yl
o (n—mr)lr!

3.2 Algebraic 7 function

In [7, 8, 9], 7 functions expressed by gauge functions and basic hypergeometric function are
called hypergeometric 7 functions. In this section, we construct 7 functions expressed by gauge
functions and algebraic functions. We call them algebraic 7 functions.

We assume that 73 are functions of ¢ such that

T = TN (p"), (3.21)
and
a=—p* (3.22)
By the action of the affine Weyl group, 7y is determined as a rational function in 73, 7{*, and
T3 (or Ty, T, ..., 77). Thus, we only have to determine 7§, 7{*, and 73'. From (2.7), (2.16), and
Proposition 2.3, we see that the action of Ry on 7; is given by
Ro(m1) =75, Ro(7s) =73, Ro(16) =72, Ro(77) = Te, (3.23)
t213(t1475 + parteTy) + ptiTiTaTE
Ry(m) = , (3.24)
pat1Tr
13 (t7—47_5 + pa7677) + pTiT2Te
Ry(73) = , (3.25)
paTiTy
tT4Ts5 + paTeTy
Ry(14) = ——, (3.26)
pT1
at? 1377 (T4Ts + TeTr) + tTITo(tT4Ts + PTET
R\ () = pat®T3T7(T47s 637) 172(t7475 + pT6 7)7 (3.27)
P QT2T3TY
tT4Ts + PT6T
Ry~ (my) = AT T PTETT (3.28)
pats
1 t3 (1475 + TeT7)
Ry () = ————. (3.29)

P2a72
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Lemma 3.1. Equations (3.24), (3.25), and (3.27) can be eliminated.

Proof. Erasing the term “t7475 + patem;” from (3.24) by using (3.26), we obtain

t2(Ro(14)73 + T276)
O[RO(TZ) ’

(3.30)

T =
which is equivalent to (3.29). Erasing the term “t7475 + patem;” from (3.25) by using (3.26), we
obtain

tr3Ro(14) + 276
TA =
4 OéRo(Tg)

(3.31)

which is equivalent to (3.28). Finally, erasing the terms “7475 4+ 7677” and “t7475 + pre7;” from
(3.27) by using (3.28) and (3.29), we obtain

tRO_l(T4)T1 + p2a77R0_1(7'7)

T4 = — 5 (3.32)
P*Ro~ " (71)
which is equivalent to (3.26). [
By (2.15) and (3.22), we rewrite (3.26), (3.28), and (3.29) as follows:
3T = tTo Ty — POTITL (3.33)
7'2378 = —p_2t7'8722 —p_27'11712, (3.34)
) = —p 2 g rs — p AT, (3.35)

respectively. Thus, the action of Ry on 7; is equivalent to the bilinear equations (3.33)—(3.35).
By elementary calculations, we can verify that
Ty = — '
(p/3t1/3, —p(=14m)/341/3, pU/3 p2/3) (p(=5+4n)/1241/3, 1/3 11/6)
(p(H1—4n)/124=1/3, p1/3 pl/6)

13424n) /122

O (p(+4m/12¢1/3, p1/3) \ 11 (3.36)
O (p(—5+4n)/1241/3; p1/3) ’ :
7_{1 :pnt(pl/g +p(n—2)/3<1 - pl/3)t1/3)
(p/3t1/3, —p(=24m) /34173, p1/3 12/3)  (p(=T+4n)/1241/3. p1/3 p1/6Y
(p(1B3—4n)/124=1/3, p1/3 p1/6)
_544n 1/4
y @(p( 544 )/12t1/3;p1/3) (3 37)
O (p(H4n)/12¢1/3; pl/3) ’ :
7_2n :(p4/3 _’_p(nfl)/?)(l . p4/3)t1/3 +p(2n75)/3(1 _p1/3)(1 . p5/3)t2/3)
n/341/3 _(—3+n)/341/3.,1/3 2/3 (—9+4n)/1241/3.,1/3 1/6
(p , =P ;0% P )so(p ;P70 )0
(p(15—4n)/124=1/3; p1/3 p1/6)
" 1/4
) O (pIH+4m/1241/3, 11/3) 5.38)
O (p(—5+4n)/1241/3; p1/3) ’ :
is a solution to (3.33)—(3.35). Incidentally, the algebraic function solution (3.12),
;- T8 _ P A P = p )+ pn P — ) (1 — p (3.30)
= 12 :

i W3+ (1= p PR + p13(1L— pl PR
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is useful to find out this solution.
We next express 7y for a general N € Z by gauge functions and algebraic functions. From
(3.26), (3.28), and (3.29), we obtain the following bilinear equations:

N+2,_n+1 n+1 n—1, n+1
PUTTN TN = TN P TN LT, (3.40)
n+1 _ N+2 _n+2 _n—1 n—1, n+1
TNFITN4L = —D" TNyeTN  — P TN TR (3.41)
1 n—1 6—2n+N,;—2 _n—2 _n+1
TN42TN —TN11TN41 — P U TN TN (3.42)

We define 9%, by

L (P33, L= NI33 13 23 (p(=5+An=2N)/1241/3, p/3 pl/6)
™N = (p(1=4n+2N)/124=1/3; p1/3 176}

O (pl+4m)/1241/3, p1/3) ()N /4
. ( )) “

O (p(~5+4n)/1241/3; p1/3 N- (3.43)

Then it holds that

w[r)t _ —p(13+24n)/12t2, (344)
1/’? — pnt(p1/3 +p(n72)/3(1 - pl/3)t1/3)7 (3'45)
7!}3 _ p4/3 +p(n—1)/3(1 *])4/3)751/3 +p(2n—5)/3(1 - p1/3)(1 o p5/3)t2/3, (3.46)

and (3.40)—(3.42) are rewritten as

(_1)N+1p(8+4N—(1—2n)(—l)N)/4t((—1)N—1)/2w]7\zftllw7]b+1
— p(4=N+2m)/4(1 +p(—3+n—N)/3t1/3)¢n wn—l—l _ p(—8+N+10n)/12t1/3w]7<7-:_12w;{h (3.47)
(— )N+1 —(1—2n)(— 1)N/4t(( )N - 1/2¢n+1 ¢N+1
— pl4+3N+2n)/4 (1 - pn= 1) /3151/3)?/’71{7122%\1 +pl 8+N+10n)/12t1/3¢]r\zft12w?v’ (3.48)
(_1)N+1p(6+9(—1)N—2(1+3(—1)N)n+N)/12t—(1+3(—1)N /6¢n 21[)7171

= UN YR + 2R ETE B (U 4 )RR (3.49)

respectively. For convenience, we introduce

u=t"3 (3.50)

It is obvious that ¢}, is a rational function for u from (3.49) and initial conditions (3.44)—(3.46).
Set

Py (u)
Qn(u)’

where Py is a polynomial, @y is a monic polynomial, ey € Z, Py and @y are relatively prime,
and Py (0), @n(0) # 0. We shall show that ¥} is a Laurent polynomial by the following lemma:

YR =N (t) = uN (3.51)

Lemma 3.2. It holds that
(ii) Py, Py :relatively prime;

(iii) Py, Py :relatively prime.
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Proof. We shall prove this lemma by induction for N € Z>. It is obvious for or N = 0,1. We
assume that (i)—(iii) are hold for N =0,1,...,M — 1 (M > 2). From (3.49),

Py Py

waM72 _ p*€M72/3u€M+€M72 %7 (3.52)
is a Laurent polynomial, which implies
From (3.47) and the fact that 1,472 is a Laurent polynomial,

(14 pl1=M By By ) = a2l (1 p(-1=M)/3y)yenrrens2 Pﬂg’m7 (3.54)

M

is a Laurent polynomial, which implies

Qur | (1 +pTt= 2By Py s (3.55)
From (3.48) and the fact that 1,472 is a Laurent polynomial,

(1 _pfl/Su)iMEM_z _ p(2ereM_2)/3ueM+eM_2(1 _pfl/?,u) PMZBM—2’ (3.56)

Qur

is a Laurent polynomial, which implies

Qul(1-p uwp . (3.57)
From (ii), (iii), (3.53), (3.55), and (3.57), it holds that

Qu | (1 _,_p(—l—M)/?)u), (3.58)

Qu | (1—ptu). (3.59)

Therefore Qs = 1, and so (i) holds for N = M.
We next prove (ii). Set S; = ged(Pyr, Par) where Sp is a monic polynomial. From (3.47)—
(3.49), we have

(_1)M+1p(4M—(—1)M)/4+3M—1/3u3((_1)M_1)/2+26N171FM71PM71
_ p(—Q—M)/4+eM,2/3ueM+eM,2(1 + p(_l_M)/?’u)PMFM_Q
_ p(FL0+M)/124en /3y Ibenrtenr—2 Py P o (3.60)
(—1) MDY e 3y MDY -D/202em Py Py
_ p(—2+3M)/4+(261\/[—eM,Q)/?)uCIW"F@]MfQ(]_ _ p_l/?’U)?MBM_Q
4 p(FL0+M)/124en /3y Ltenrter—2B, Py o (3.61)
(p*/3 — u)(p+M)/3 4 u)pfeM—1/3u72+261\4—1£M71
_ (_1)z\4+1p(4+9(—1)M+M)/12—eM_2/3u—(1+3(—1)M)/2+6M+6M—2pMBM_2

P

—peMi/y2enap Py (3.62)
From (3.60) and (3.61), we obtain

Sy | Paro1 Py, (3.63)
Sy | Pr—1Pyy (3.64)



12 N. Nakazono and S. Nishioka

respectively. From (3.62) and (3.64), we obtain
S| (PP —w) @™+ uw)P, Paa. (3.65)

From (3.62) and (3.63), we obtain

St | (p?% = pBu) (pPHMIB 4+ pt 3wy Py Pagoy. (3.66)
Since Ppr—1Py—1 and BM_lfM,l are relatively prime, it follows by (3.63) and (3.66) that

S| (p2/3 _p1/3u)(p(2+M)/3 —|—p1/3u). (3.67)
Since Pp—1Pj;_; and gM—lﬁM_l are relatively prime, it follows by (3.64) and (3.65) that

Si | (p*3 —w) (P34 ). (3.68)

Therefore S1 = 1, and so (ii) holds for N = M.
We finally prove (iii). Set Sy = gcd(Pas, Ppr) where S is a monic polynomial. From (3.47)
and (3.48), we obtain

M+ 1)(—1)M+1p_(_1)M/4+6M_1/3U3(_1)M/2+26M‘1?M—1PM—1
_ p(727M)/4+6M_2/3u3/2+61\/1+€1u_2(1 _i_p(*lfM)/?)u)PMﬁM_Q

+p(—2+3M)/4+(26M—61\/1_2)/3u3/2+€]\/[+€1w_2(1 _ p_1/3u)?M£M_2; (369)

which implies

Ss | Par—1Par_1. (3.70)
From (3.60), (3.70), and (ii), we obtain

S | Prr—a. (3.71)
From Sy | Pps—o and (3.60), we obtain

So | Prr—1Pay_q- (3.72)

From S, | P;;_5 and (3.61), we obtain

So | Par—1 Py (3.73)
From (3.70), (3.72), and (3.73), S2 = 1, and so (iii) holds for N = M. We can prove this lemma
for N € Zg in a similar way. |

Therefore we obtain the following theorem:

Theorem 3.1. The functions,

= ()N p2=3-DN+N)/12,-(143(-1)N) /6 N (pt) N 42(p°t) (3.74)
U1 ()N (p?t)
are algebraic function solutions to (1.1) with o = —p?*N. Here 1n(t) is a Laurent polynomial

for t1/3 constructed by
(_1)N+1p(6+9(—1)N+N)/12t—(1+3(—1)N)/6,¢N+2(t)wN@—lt)
= v (P N () + (07 = 12) (N BN g (072 ) v (1),
(3.75)
under the initial conditions
Yo(t) = —p™/2¢2, (3.76)
P1(t) = t(p'? + p~ 231 - p'/A)/3). (3.77)
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- DyY
4 Irreducibility of ¢-Pyf

(1)
In this section, we prove irreducibility of q—Pﬁf . We use the following terms of difference

algebra.

Throughout this section every field is of characteristic zero. When K is a field and 7 is an
isomorphism of K into itself, namely an injective endomorphism, the pair K = (K, 7) is called a
difference field. We call 7 the (transforming) operator and K the underlying field. For a € K,
an element 7"a € K, n € Z, is called the n-th transform of a and is frequently denoted by a,, if
it exists. If 7K = K, we say that K is inversive. If K/7K is algebraic, we say that K is almost
inversive. For difference fields X = (K, 7) and K’ = (K',7"), K'/K is called a difference field
extension if K'/K is a field extension and 7’| = 7. In this case we say that K’ is a difference
overfield of K or K is a difference subfield of K'. For brevity we sometimes use (K, 7’) instead of
(K,7'|k). Let K be a difference field, £ = (L, 7) a difference overfield of K and B a subset of L.
The difference subfield K(B). of L is defined to be the difference field (K (B,7B,7%B,...),T)
and is denoted by IC(B) for brevity. A solution of a difference equation over K is defined to be
an element of some difference overfield of I which satisfies the equation (cf. the books [1, 6]).

(1)

We say that q—Pﬁf is irreducible if there is no transcendental function solution in any decom-
posable extension of (C(t),t — pt) (cf. [10, 11]). The irreducibility implies that any transcenden-
tal function solution cannot be algebraically expressed by solutions of linear difference equations

(1)
and solutions of first order algebraic difference equations. To obtain the irreducibility of q—PI[I)I7 ,
we only have to prove the following theorem because of Lemma 4.10 in the paper[10] (cf. Lemma

9 in [11)):

Lemma 4.1 (Lemma 4.10 in [10]). Let K be an almost inversive difference field, D a decompo-
sable extension of K and B C D. Suppose that for any inversive difference overfield L of K and
for any difference overfield U of L with K(B)p C U, the following holds,

tr.deg L{B)y/L < 1= any f € B is algebraic over L.

Then any f € B is algebraic over K.

Theorem 4.1. Letp € C* be not a root of unity, L an inversive difference overfield of (C(t),t —
pt), U = (U, T) a difference overfield of L and f € U satisfy

(f+p it H(f+p tta™h)

Ff= _ , 4.1

7s e (@)
where f = Tf and ? = 72f. Then we obtain

tr. deg L{f)/L < 1= [ is algebraic over L. (4.2)

The proof of Theorem 4.1 is given later. We now prove the following lemma:

Lemma 4.2. Let p € C* be not a root of unity, L an inversive difference overfield of (C(t),t
pt), U = (U,T) a difference overfield of L and f € U satisfy (4.1). If tr. deg L{f)/L = 1, then
there are n,l € Z>o such that

a2 = (4.3)

0<1i<n,n#0 and 2l #n.
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Proof. There is an irreducible polynomial F' € L[X, Y]\ {0} such that F(f, f) = 0. We set

nog mni

F=>"Y a,;X'V7, (4.4)
i=0 j=0

where a; ; € L and define F*, Fy, F; € L[X,Y]\ {0} as

no ni

Fr =" (e ) XY, (4.5)
i=0 j=0
11 —1p-1,-1
Fo(X,Y) = Y™(1 + X)"F <(X P tyziﬁ}? ! ),X> , (4.6)
1,1 ~1p-1,-1
F(X,Y)= X" (14+Y)"F* (Y, ¥ +p tX)((::L?; ! )> , (4.7)

respectively. Now we prove this lemma by dividing the proof into the following eight steps:
Step 1. We prove that F|Fy and F*|Fy in L[ X,Y].

We find that (f, f) is a zero of F' and Fy, and (f, ?) is a zero of F* and Fy. By the assumption
tr.deg L{f)/L = 1, we see that f is transcendental over L, which implies F|Fy and F*|Fp, the
required (cf. the book [17], Ch. II, §13, Lemma 2).

Step 2. We prove ng = n;.

By using F|Fy and F*|Fp in L[X,Y], we get the following:

no = degyx F' < degx F1 < ny, (4.8)
ng > degy Fy > degy F* = degy F' = n;. (4.9)
We set

and define P € L[X,Y] as
F = PF. (4.11)

Step 3. We prove that the following equations hold:

n n
V4p )"V +p 't e )Y r(ain)Y =P agY", (4.12)
=0 =0
A+YYP Y +p )" IV +p it a )" r(ain-)Y =P ;Y7 (4.13)
=0 =0
A+Y)"> 7(ai0)Y =P an:Y?, (4.14)
i=0 =0

where j =1,2,--- ,n—1.



Solutions to a g-analog of Painlevé III equation of type Dgl) 15

We find P € L[Y] because

degy P = degx F1 — degx F' = 0. (4.15)
We obtain
R(X.Y) = {<1 Y)Y 4 p Y 4 p i) T<au>YZ} o
j=0 i=0

3

{(1 +YYP Y +p )Y +p it )

7=0 =0
(4.16)
PR(X,Y)=P )Y a;;X'V7/ =) Pa;; X'V =) (Pzaj@)fl) X7, (4.17)
i,j=0 4,i=0 §=0 i=0
By comparing coefficients of X of (4.11), we get (4.12)—(4.14).
n n
Step 4. We prove Zaoﬂyi #0 and Zain £ 0.
i=0 i=0
n .
Supposing Z ap;Y"' =0, we get
i=0
Ao = A1y =+ = Qpp = 0, (418)
from (4.12). This contradicts degy F' = n.
n
Supposing Z am-Yi =0, we get
i=0
aTL,O = an71 = e e . — an,n = O’ (419)
This contradicts degx F' = n.
Step 5. We prove that there are Ay € L and l,m € Z>o which satisfy
P=A1+Y)"(Y +p 1t H{(Y +p it o) (4.20)

where 0 < I, m < n.

We define I; and Iy by (Y + p~1t~1)1||P and (Y + p~'t~ta~1)®2|| P, respectively. We get

1+ 15 =n, (4.21)
because

li+1s >n, (4.22)

l1+1s <n, (4.23)

hold from (4.12) and (4.14), respectively. We set
[ =11. (4.24)

We get

O+ Y )Y (4.25)
=0
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from (4.14). Considering the coefficient of Y of the above, we get

n
S r(ai0)Y' = r(ano)(Y +p D (Y +p e
=0

Substituting this into (4.14), we get
n .
T(ano) 1+ Y)"(V +p ) (Y +p it e )" =P an Y7
i=0

Therefore we can set
P=AQ+Y)"(Y +p 't H (Y +p it ta
Step 6. We prove anpn—m # 0 and an,, # 0.
By using (4.20) and (4.26) in (4.14), we get

n
T(ano)(1+Y)"™ =AY an:Y".
=0

Comparing the coefficients of Y~ of (4.29), we get

An,n—m 7& 0.

By using (4.20) in (4.12), we get

n

n
V4p )" V4 p e ) DY (@)Y = A1+ Y)Y agiY

=0 =0
From (4.31), we get

n

(Y _’_pfltfl)nfl(y + pfltflal)lH Z aO,iYia
i=0
degy (Z T(ai,n)Yl) =m.
i=0
Therefore we obtain a,, , # 0.

Step 7. We prove 2m = n.
By using (4.20) and (4.26) in (4.13), we get

n
(Y _{_pfltfl)nfm(y _’_pfltflafl)nfm Z T(ai,n—m)yi
=0

n
=AY +p Y +p ) Y Y
1=0

By comparing degrees of Y of (4.34)

2m =n.

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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Step 8. We prove that the following equations hold:

7(ao0) = p """ (an0), (4.36)
7(an,0) = Aoan,0, (4.37)
7(an,0) = Aoln,m, (4.38)
7(aon) = Aogp™at"ag p, (4.39)
T(am,n) = Aoao,n, (4.40)
T(anm) = Aolm,n (4.41)

From the coefficient of Y of (4.26), we get (4.36). From the coefficients of Y and Y™ of
(4.29), we get (4.37) and (4.38), respectively. From the coefficients of Y? and Y™™ of (4.31),
we get (4.39) and (4.40), respectively. From the coefficient of Y2" of (4.34), we get (4.41).

Now we prove Lemma 4.2. From (4.37) and (4.38), we get

Gp 0 = Anm- (442)

By using (4.36), (4.37), (4.39), (4.40), (4.41), and (4.42), we obtain

T(apo) = p "o 7"t "7 (an0) (4.43)
& ago=a"""t "apg (4.44)
& 7(aom) = Aop" e any (4.45)
& 7(aom) = p"a® "7 (any) (4.46)
& agn = p"a® Mang (4.47)
& T(amn) = Aop"a® "an (4.48)
& T(amn) = p”an_”T(amo) (4.49)
& amp = pnam_"amo (4.50)
& T(anm) = Agp"a® " an (4.51)
& 7(anm) = p"® "7 (anp) (4.52)
& tpm = p"0” Mang (4.53)
s a2l =", (4.54)
We also get
9 # n, (4.55)
because p is not a root of unity. |

In order to prove Theorem 4.1, we use the following lemma:

Lemma 4.3. Let £ be an inversive difference overfield of (C(t),t — pt) and U a difference
overfield of £. Using the Backlund transformations, (2.11) and (2.12), we find that if there is a
solution f € U to (4.1) with a = A satisfying tr.deg L{f)/L = 1, then for all j € Z, there is a
solution g € U to (4.1) with a = p’ A satisfying tr.deg L(g)/L = 1.

Now we prove Theorem 4.1 by using Lemma 4.2 and Lemma 4.3.
Proof of theorem 4.1. We assume tr.deg £(f)/L = 1. We will derive a contradiction. We
consider the set ® of all (A,j) € C* x Zx¢ satistying the following conditions: (i) there is a
solution ¢ to (4.1) with @ = A such that tr.deg L(g)/L = 1; (ii) there is ¢ € Z \ {0} which
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satisfies A® = p/. We find ® # {} by Lemma 4.2. We choose (A1, k) € ® whose k is minimum.

There is ¢ € Z \ {0} which satisfies
Ay = Pk»
and from Lemma 4.2, there are n,l € Z>o which satisfy
AT =)
where 0 <1 <n, n=# 0 and 2] # n. Supposing k = 0, we get
P = A (i
from (4.57) because
Af =1,
from (4.56). This contradicts the assumption that p is not a root of unity. Therefore
k # 0.
We obtain
in =k(n—2l),
because
pr= A = gt = A2 o i = pR(n=2D) oy — k(n — 2l),

from (4.56) and (4.57).
Now we consider by dividing the range of [ into the following four types:

(i) 0 <2l <n. We find (p~tAq, |k —i]) € ® because
(pr A" =p A =P

This contradicts the minimality of £ because we get

0<2l<n
S0<n=-20<n
k(n — 2l)

S0< ——<k
n

S0<i<k
S —k<—-i<0
S0<k—i<k
& |k —i| <k,

from (4.61).

(ii) n < 2l < 2n. In the same way as (i), we can prove the contradiction.

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)
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(iii) I =0. We get
A" =p", (4.71)

from (4.57). From Lemma 4.3, we find that the assumption holds for a = p~*A;. From
Lemma 4.2, there is n’ € Z~¢ and I’ € Z>( which satisfy

— n' =2l n'
A" = (4.72)

and n’ > I’. This contradicts that p is not a root of unity from

’ n' =2l

P = ((p ' A)") =1. (4.73)

(iv) l =n. In the same way as (iii), we can prove the incoherence.

Therefore we find a contradiction in any case, and so we conclude tr.deg L£{f)/L # 1, which
implies

tr.deg L£{f)/L < 1= f is algebraic over L, (4.74)

the required. ]

5 Concluding remarks

(1)
In this paper, we have studied algebraic function solutions to q—Pﬁf and proved its irreducibility.

(1)
Before closing, we mention a determinant formula of algebraic function solutions to q—PIDH7

As mentioned in Section 3.1, K. Kajiwara et al. anticipate the determinant formula of algebraic
(1)

function solutions to ng . By the continuous limit, the Laurent polynomials are reduced to the
determinants of which the determinant formula above are composed. This gives us expectation
that each of the Laurent polynomials has an analogous determinant expression.
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