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1 Introduction

The multiple zeta values are real numbers first studied by Leonhard Euler. These num-
bers have been appeared in various contexts in number theory, geometry, knot theory,
mathematical physics and arithmetical algebraic geometry. In 1994, Don Zagier made a
conjecture about the dimensions of the vector spaces spanned by the multiple zeta values.
This conjecture was partially solved by Tomohide Terasoma, Alexander Goncharov and
Pierre Deligne in 2000’s. According to this result, there are many relations over Q among
the multiple zeta values. One of the main problems in the theory of multiple zeta values
is to clarify all relations among multiple zeta values. In Section 2, we present some basics
of the multiple zeta values and introduce several well-known relations among them.

Tsuneo Arakawa and Masanobu Kaneko introduced a function as a generalization
of the Riemann zeta function. This function is related to multiple zeta functions and
to poly-Bernoulli numbers. In particular the special values at positive integers of the
Arakawa-Kaneko zeta function are expressed by multiple zeta values. We discuss them in
Section [3l

In Section ], we give the following identities, all of them involving multiple zeta values
of maximal height:

Theorem 4.1. For any integers r,k > 1, we have

min(r,k)
¢(1,...,1,k+1) Z 1)i-1 Z Z Clas+bi, . a; +by).
r—1 j=1 ar+--+a;=r b1+"'+bj=k

Ya;>1 Vb >1

The right-hand side of this formula is symmetric in r and k, and thus the formula makes
the duality for the multiple zeta values of height one visible. The proof uses results on the

special values of the Arakawa-Kaneko zeta function. The next result is a generalization
of Theorem (.11

Theorem 4.2. Fork = (ki,...,kq) € N and r € N with r > d, we have

> o 1 Ll L) = ) > (=)t (K e,

7"1+ Frg=r 1,1 rg—1 k'=k wt(r)=
Vi >1 dep(k’)<r dep(r)=dep(k’)

where k' = k means K’ is a refinement of k.

This theorem has two proofs. The first is combinatorial by using Ohno’s relation and the
second is algebraic by using the derivation relation. We explain them in Section Bl Also
we apply this method to the finite multiple zeta values in Section [6l

In the last section [7, we give a purely algebraic version of the Taylor series for the
reciprocal gamma function (Theorem [T1]). This series as well as the Taylor series of the
gamma function play an important role in the theory of regularization of MZVs. We
review this theory in subsection 23] The coefficients of the Taylor series of I'(z)~! are
described in terms of the multiple zeta values of maximal height:



Corollary 7.2.
1

_ 2
T(z) =r+yx
00 n—2 k k
v - = 1) (= 1 )
+Z 7’L_+ [ Z (_]‘) . kl'k’r‘ )C(k17"'ak7‘) x +1'
n=2 k=0 k14 +kr—n k

2 Multiple zeta values

In this section, we recall basic facts on the multiple zeta values. The multiple zeta value
(MZV) and the multiple zeta star value (MZSV) are real numbers given by the nested
series

1
C(klw-'akr) = Z ﬁ’

0<my<--<m, M1 = T
1
* [
C(kyy oy k) E T
0<my<--<m, M1 " Mr

for each index set k = (kq,...,k,) of positive integers k;, with the last entry k, > 2 for
convergence. The quantities wt(k) := ky + - -+ + k., dep(k) := r, and ht(k) := #{i| k; >
2,1 < i < r} are called respectively the weight, the depth, and the height of the index
set k (or of the multiple zeta value ((k) = ((k1,...,k;)). A list of MZVs in low weights
is given in the table below.

Table 1: MZVs in low weights

wt=2 | wt=3 wt =4 wt =25
dep=1] ¢(2) | ¢(3) ¢(4) ¢(5)
dep = 2 ¢(1,2) | €(1,3),¢(2,2) | ¢(1,4),¢(2,3),¢(3,2)
dep = 3 C(1,1,2) | ¢(1,1,3),¢(1,2,2),¢(2,1,2)
dep =4 ¢(1,1,1,2)
wt =6

dep =1 ¢(6)

dep = 2 ¢(1,5),¢(2,4),¢(3,3),¢(4,2)

dep =31 ((1,1,4),((1,2,3),¢(1,3,2),¢(2,1,3),((2,2,2),((3,1,2)

dep =4 ¢(1,1,1,3),¢(1,1,2,2),¢(1,2,1,2),¢(2,1,1,2)

dep =5 ¢(1,1,1,1,2)




We note that the number of MZVs of weight k and depth r is (f:f), and of weight k is

2k=2,

We shall also need the following multiple zeta function of one variable:

1
0<my <--<my My =2 1L ML,
It is shown in [2] that the function ((ky, ..., k.—1, ky+s) can be meromorphically continued

to the whole s-plane and has a pole at s = 0 when k, = 1. We need the description of the
principal part at s = 0 in terms of regularized polynomials, which we explain in subsection
2.3

Further we mention a conjecture for MZVs by Zagier [33]. For each k > 0, we define
the Q-vector space Z; by

ZO = Q> Zl = {0}7
Zv= > QClky,. k) (B>2).

k1++kr:k
r>1,k;€ENkr>2

In 1994, Zagier gave a conjecture for the dimension of Zj;. Let a sequence {dj}r>¢ be
defined recursively by

do=1,dy =0,dy =1,d, = dp_o + dy_3 (k > 3).
Conjecture 2.1 (Zagier [33]). For any integer k > 0, the equality
dimg Zj = dy,
holds.

Table 2: d,,

k 0O|12|3[4/5]6 |7 |89 10 | 11 12 13 14 15
dip |10 (1]1{1(22]3|4] 5 7 9 12 16 21 28
2F=2 ) — 1 — 1 1]2|4[8|16]32| 64| 128|256 | 512 | 1024 | 2048 | 4096 | 8192

That the number dj, gives an upper bound of the dimension of Zj, is proved by Goncharov,
Terasoma and Deligne-Goncharov.

Theorem 2.2 (Goncharov [§], Terasoma [31], Deligne-Goncharov [6]). For any integer
k, the inequality
dim@ Zk S dk

holds.



Also we define the Q-vector space Z generated by all MZVs:

k=0

The vector space Z becomes a (Q-algebra. Moreover, Z has two product rules, which are
called the harmonic (stuffle) product and the shuffle product. The product of MZVs with
weights k and £’ is a linear combination of MZVs with weight k+ k', i.e., Z5- Zi C Zpinr.
In 1997, Michael Hoffman made the following conjecture [I1]. This conjecture was proved
by Francis Brown [5].

Theorem 2.3 (Brown [5]). The space Z is spanned by ((ki, ..., k.)’s with k; € {2,3}.

2.1 Algebraic setup

We recall the algebraic setup of MZVs that was introduced by Hoffman [T1] with a slightly
different convention. Let % be the Q-vector space

% =P Qv
r=0
spanned by a finite formal Q-linear combination of symbols [k] = [ky,..., k] with k =

(ki,..., k) € N for some r. We understand Q[N°] = Q[(] for » = 0. Further let %°
denote the subspace of Z spanned by the admissible symbols, i.e., by [#] and the symbols
[k1, ..., k] with k. > 2. First, we introduce the harmonic (stuffle) product on Z. We
consider the Q-bilinear product * which is defined inductively as:

1. for any index k, [0] = [k] = [k] * [(] = [K];
2. for any indices k = (ky,...,k.) and 1 = (I1,...,l5) with r,s > 1,

(] o (1] = ([ ] (1], Ry - (] s (L], 4] o+ [l (L] By 4 L],

where k- = (ky,...,k—1),1- = (l1,...,ls_1). Hoffman proved that Z, = (Z,*) is a
commutative and associative Q-algebra and that Z? is a subalgebra of %, [11]. Moreover,
he proved that the evaluation map ¢ : Z° > [ki,..., k.| — ((ki,..., k) € R, being
extended Q-linearly, is an algebra homomorphism from Z° to R, i.e., we have

(k] + [I) = ¢(k)¢(D) (1)

for any k,1 € %°.

Secondly, we introduce the shuffle product. Let $) := Q (eg, e1) be the noncommutative
polynomial ring in two indeterminates ey, €1, and $! (resp. $°) its subring Q+ e, (resp.
Q+e19ep). On 9, we consider the Q-bilinear shuffle product mr which is defined inductively
as:



1. for any words w, lmw = wm 1 = w;
2. for any words uy, us € {eg, e1} and wy, wy € 9,

U1W1 IO UWo = ul(wl juni UQUJQ) + UQ(Ul’lUl I wg).

We set e := ejef™ (k € N). Then §' is freely generated by {ex}r>1. As a Q-vector
space, $! is identified with % under the correspondence [ky, ..., k,] <> ey ep, - - ex.. We
define m on # by using the identification [kq,..., k.| <> e ex, - -ex.. For instance,
[2]w [2] = 2[2,2] + 41, 3] because [2] <> e1ey and ejegmeiey = 2ejepeiey + dejerepey.
Then %, := (%, m) is also a commutative and associative Q-algebra and Z° becomes a
subalgebra of #Z,,. Further the evaluation map ¢ : Z° > [ky,..., k] — ((ki,..., k) €R,
being extended Q-linearly, is an algebra homomorphism from %Z° to R, i.e. we have

C([k]m 1) = ¢(k)¢(1) (2)
for any k,1 € #°. By (Il) and (), we have
(k] = []) = ¢(k)¢(1) = ¢([k]w [1)
for any k,1 € Z°. This is called the finite double shuffle relation.

Example 2.4. When k = (2),1 = (2), we calculate ((2)-{(2) by harmonic product % and
shuffle product m respectively:

C([2] % [2]) = 2¢(2,2) +¢(4),
C([2]m [2]) = 2¢(2,2) +4¢(1,3).

Then we get .
((1,3) = 7).

2.2 Some relations for the MZVs

We introduce some relations among MZVs. The MZV is expressed by an iterated integral.

Proposition 2.5 (Iterated integral expression). For any index k = (ky,...,k,) with

by > 2,
dt, dt dty, dt dt dt
C(kla"-akr) - / 2. fatl kit2 - BCkitks
1-— tl t2 tkl 1-— tk1+1 tk1+2 tk1+k‘2
0<t1<"'<tk<1 \—,—/ N ~ _
k1—1 ko—1
g i d
L= tept1 trkot2 t,
o1

where k =k + -+ k.



Example 2.6.

/

0<t1<--<t5<1

Let k = (ky, ...

with a,, b, > 1.

The following result, which is a direct consequence of the iterated integral expression,

When k = (3,2),
dty dtydts dty dts / /’f? dt, \ dtydts dty dts
1—ty to t3 1—ty t5 o L—t1) ty t3 1 —t4 t;
~—— N~ 0<te<--<ts<1
3-1 2-1
B / i te\ dtydts dty dts
B —m )ty t3 1—ty ts
O<to<--<ts<l =
A A
1 m3 1-— t4 t5
0<ta<ts<l N
B T\ o=, dts
- > ﬁ) >t dti—"
O<ti<ts<l =1 n=1
= i R
m3 4 5
O<ti<ts<l \Mn=l
_ R
mn | ts
0<ts<1 0o<m<n
=((3,2).
,k.) be an index set with k, > 2. We write
k=(1,....,0Lb+1,...,1,...,1,bs+ 1)
1 1
al1— as—
Then, we define the dual index set of k as
k*=(,...,Las+1,...,1,...,1,a, + 1).
—— ——

bs—1 b1—1

provides the so-called duality theorem for the MZVs.

Theorem 2.7

The sum of all MZVs with fixed weight and depth is equal to the Riemann zeta value

of that weight. This identity is called the sum formula conjectured by Courtney Moen

(Duality theorem). Fork = (ki,..., k) with k. > 2, we have

(k) = ¢(k").

and Hoffman, and proved by Andrew Granville, Zagier and others.

Theorem 2.8

(Sum formula). For 0 <r < k, we have

> (ke

k1++kr:k
Vki>1, kp>2



In 1992, Hoffman proved the following identity [10].

Theorem 2.9 (Hoffman’s relation). For any index k = (ky, ..., k.) with k, > 2, we have

-1

ngl,... ki Lk, k) = 0> (ko ke ki — G+ Lk, k).

1<i<r j=1
k52

(5)

Yasuo Ohno introduced a generalization of all of the duality theorem and the sum formula
and Hoffman’s relation in [24].

Theorem 2.10 (Ohno’s relation). For k = (ky,..., k) with k, > 2 and m € Zsq, we
have

2 : 2 : ! ! / / / /
<(k1+€17k2+82,...,kT+6T): <(k1+€17k2+€2,"' ,k,r,/ +€T/),
e1t-ter=m g ttel ,=m
Ve >0 Vel >0
i 2

(6)
where (ki,...,k.) is the dual of k.

When m = 0 in (@), we get the duality theorem (B). When m = 1, (@) and the duality
theorem give Hoffman’s relation (Bl). Specializing (@) tok = (1,...,1,2) and m = k—r—1,
e
we obtain the sum formula (4)).
In 1997, Tu Quoc Thang Le and Jun Murakami proved the following theorem by using
the theory of knot invariants [19].

Theorem 2.11 (Le-Murakami’s relation). For any integers k and s with 1 < s < k, we
have

k k—s
> () QkH.Z(%H) (2 - 2) Byr™, (7)

wt(k)=2k i=
ht(k)=s

where B,, is the n-th Bernoulli number.

Note that the right-hand side is expressed as the product of the MZVs and the MZSVs:

k—s

> (—1tr®e(k) = (—1)F 22, .., 2),

wt(k)=2k 1:0 i i
ht(k)=s
because
7T2T (2 _ 227‘)32
2,. d ¢*(2,...,2) = v

oo



(cf. [20], [34])

The generating function of the MZVs with fixed weight, depth and height is given by
Ohno and Zagier [25]. Let I(k,r,s) be the set of indices k of weight k, depth r, height s,
and Iy(k,r, s) be the subset of admissible indices, i.e., indices with the extra requirement
that k. > 2. The set Iy(k,r,s) is non-empty only if the indices k, n and s satisfy the
inequality s > 1, r > s, and k > r + s.

Theorem 2.12 (Ohno—Zagier [25]). The generating function of MZVs of fized weight,
depth and height is given by

Z Z C<k> xk—r—syr—szs—l

k,r,s>0 \kely(k,r,s)

: ( <
= 1 —exp
Ty — 2

where a and B are o + B =x + vy, aff = z.

) (n 4y — o — 6”))) , ®)

n

™

Specializing (§)) to z = xy, we have the sum formula (). If y = —z in (8), then we obtain
Le-Murakami’s relation (). Specializing () to z = 0, we get a formula given by Kazuhiko
Aomoto and Vladimir Gershonovich Drinfel’d [11 [7]:

1= ¢, L ke yt = P(111<_1 f)g_l ;)w =exp (Z # (" +y" = (z+ y)n)) .

Next we explain the derivation relation for the MZVs. A derivation d on $) is a Q-
linear endomorphism of § satisfying Leibniz’s rule 0(ww’) = d(w)w’ + wd(w'). Such a
derivation is uniquely determined by its images of generators ey and e;. For each [ € N, the
derivation 9; on ) is defined by 9;(eg) := e1(eg + €1) " teg and 9y(e1) := —ei(eo + €1)' " Leo.
We note that 9;(1) = 0 and 9;(eg + e;) = 0. We define the Q-linear map Z : $° — R by
Z(1):=1and Z(eg, ---ex.) := ((ki,..., k). Kentaro Thara, Kaneko and Zagier proved
the derivation relations for the MZVs [13].

Theorem 2.13 (Derivation relation). Forl € N, we have
Z(0(w)) =0 (wen).

This relation is a generalization of Hoffman’s relation (B]) which is equivalent to the case
[ = 1. Also it is known that Ohno’s relation is equivalent to the union of the duality
formula and the derivation relation.



2.3 Regularization of divergent MZVs

We review the theory of regularization of MZVs. For any index k, we may write
p .
K =) ax[1]" e 2]}
i=0
q .
k] = bym[1]" €2 1]
=0

with a; € Z° and b; € Z° ([1]*" = [1] * -+ * [1] and [1]" = [1]m - - -m [1]), because of the
—_——— —_———

i J
isomorphisms %, = #°([1]] and Z,, = %° [[1]]. And define (. (k;T) and ¢, (k; T) in R[T]
by

Gk T) = Z C(a))T" and (u(k;T) = ZC(bj>Tj.

P
i=0 §=0

These are Q-algebra homomorphisms (, : Z. — R[T] and ¢, : Zy — R[T] from Z to
the polynomial algebra R[T] extending ¢ and satisfying (.([1];7) = ¢, ([1];T) = T. Also
these are the polynomials in R[7T] uniquely characterized by the asymptotics

1
E — = ((k;log M +~) +O(M ™) as M — oo for some € > 0
myoem”

O<my <---<mp<M r

(v is Euler’s constant) and
Lik,,. k() = Gu(k; —=log(1 —2)) + O((1 — x)°) as x — 1 for some € > 0,

k, (x) is the multiple polylogarithm function defined by

-----

™

Ligy, ()= > ———

0<my <--<myp my ---m,

The fundamental theorem of regularizations of MZVs claims that the two polynomials
C(k;T) and (, (k; T) are related with each other by an R-linear map coming from the
Taylor series of the gamma function I'(x). Define an R-linear endomorphism p on R[T]]
by the equality

p(e"") = A(z)e™

in the formal power series algebra R[T|[[z]], on which p acts coefficientwise, where

A(x) = exp (Z <‘””<<n>:c”) € R[l«])

n=2

Note that A(x) = e?*T'(1 + ). We will discuss the Taylor series of A(x)~! in Section [
Thara, Kaneko and Zagier proved the following theorem in [13].

10



Theorem 2.14 (Fundamental theorem of regularization). For any index k, we have

Cu (k5 T) = p(Gu(k; T)).

We denote the constant term ¢, (k;0) of the shuffie-regularized polynomial , (k;T")
by (. (k) and call it the shuffle-regularized value of (possibly divergent) (k). If k is of
the form k = (ky,...,kn, 1,...,1) with k, > 2,m > 0, then both ¢, (k;7T) and (.(k;T)

———
are of degree m and each coefficient of T" is a linear combination of multiple zeta values
of weight ky + -+ k, +m —i. Ilf m =0 (and so n = r), then (,(k;7T) = ((k;T) =
Gu (ks 0) = Go(k; 0) = (ki .., Ka).

Now write
=~ ey =3 do

Then, as was shown in [3], the principal parts at s = 0 of ((ky,...,k-—1,k + s) and
C(s+1)((k1, ..., kr—1, k- + s) are given respectively by

kv, ko, By + 5) ZCZS‘ (s — 0) (9)
1=0
and
(s + 1)C(Rrs - ko, o + 5) = Zci +0(s) (s 0). (10)

As a corollary, we obtain the following result which will be needed later.

Proposition 2.15. For any index k = (k1, ..., k), the constant terms of Laurent series
of C(kv,... kr—1,kr+5s) and T'(s+1)C(k1, . .., kr—1, k. +5) are given respectively by C.(k; )
and G (K).

3 The Arakawa-Kaneko zeta function

In this section, we review the Arakawa-Kaneko zeta function which will be used in the
proof of Theorem L1l In 1999, Arakawa and Kaneko introduced a generalization of the
Riemann zeta function by using the polylogarithm. The Arakawa-Kaneko zeta function

&k(s) is defined by
1 [ Lig(1—e)
e A
§r(s) I'(s) /0 et — 1

for k > 1, where Lij(z) is the polylogarithm function >"°7 2" /n*. The integral converges
for R(s) > 0. When k = 1, &(s) is equal to s((s+1). The Arakawa-Kaneko zeta function

11



is related to poly—Bernoulh numbers and to multiple zeta functions. For any integers k,
poly-Bernoulli numbers B and ¢ are defined by the generating functions

> " lel—et wt" ~ Lixg(1—e)
Bk) _ d C —
HZ:O n! 1—et an HZO nl et —1

Theorem 3.1 (Arakawa-Kaneko [2]). (i) The function & (s) continues to an entire
function of s, and the special values at non-positive integers are given by

6(-m) = (e = S0 (1) B (n e o)

(ii) The function &(s) can be written in terms of the zeta functions ((k, ..., ki, s) as
s , 1,...,1,s)+s-C(1,...,1,s+1
&(s) = Zc )+ )
i k—2—1 k-1
k—2

<.
Il
o

The special values at positive integers of the function &(s) are expressed in terms of

MZVs.

Theorem 3.2 (Arakawa—Kaneko [2]). For k> 1 and m > 0,

Gm+1) = D (ar+1)C(ar+1,... a1 +1a,+2). (11)
a1+--tap=m
Ya;>0

Ohno proved that (1)) is equal to the MZSV of height one.

Theorem 3.3 (Ohno [24]). For k> 1 and m >0,
Ee(m+1)=C"(1,...,1,k+1).
“1

Also Arakawa and Kaneko studied a generalization of the function & (s). The gener-
alized Arakawa-Kaneko zeta function &(ky,. .., k,; s) is defined by

1 &0 _ le ok (1 — Git)
kiy... kpys) = —— [ 71—t dt 12
é( 1, ) 75) F(S) /Ov et — 1 ( )
for any integers » > 1 and ky,...,k. > 1. This function is absolutely convergent for

R(s) > 0. When r = 1, £(k; s) equals & (s). The function &(ky, ..., k,;s) also relates with
multi-poly-Bernoulli numbers and multiple zeta values [17].

12



Theorem 3.4 (Arakawa—Kaneko [2]). For r,k > 1, we have

S+ a,
EL.. Lms+1) = (-1 Y ( )((a1+1,...,ar1+1,ar+1+s)
k

a1+-+ar= Gr
k—1 1 vkl
r—2
+ 1), ..., L,r—9)C¢(1,...,1,1+s). 13
z‘:O( )'¢( - )¢( ‘ ) (13)
The special values at positive arguments of £(1,...,1,7;s+ 1) are expressed by multiple
———

k—1
zeta values.

Theorem 3.5 (Arakawa—Kaneko [2]). Let m > 0,7 > 1, and k > 1 be integers. Then

E1,...,Lrym+1)
——
k—1
rt+k
- ¥ (“ )C(al—i—1,...,ar_1+1,ar+k:+1). (14)

k
ai1+---+ar=m
Va; >0

4 Main results

We now present our main results, all of which are identities involving multiple zeta values
of maximal height (no component of the index is one).

Theorem 4.1 (Kaneko—Sakata [16]). For any integers r,k > 1, we have

min(r,k)
17"'a17k+1 = _1j_1 a b, 15
(Lo oLk+D)= 3 D7 3 (ath) (15)
r—1 J=1 wt(a)=k, wt(b)=r
dep(a)=dep(b)=j
where, for two indices a = (a1, ...,a;) and b = (by,...,b;) of the same depth, we write

C((a+b) for ((a; +by,...,a; +bj).

Note that the right-hand side of this formula is symmetric in r and k, and thus the

formula makes the duality ((1,...,1,k+1) =((1,...,1,r+ 1) visible. (N.B. We use the
i panend

duality in our proof, so that we are not giving an alternative proof of the duality.) To our

knowledge, no such symmetric explicit formula for the height-one MZV has been known,

except for the well-known symmetric generating function [I, [7]:

= [l-z-y)

1— Z C(1,..., L k+)a"y* = Md-of—y) _ exp (Z@ (" +y" — (x+ y)")) :

13



Also, we should remark that the right-hand side of the theorem is symmetric with respect
to any permutations of the arguments, so that the theorem of Hoffman [10, Theorem 2.2]
ensures the right-hand side is a polynomial in the Riemann zeta values (n), the fact also
can be seen from the generating function above. Moreover, we note that all the MZVs
appearing on the right-hand side is of maximal height.

As a final remark, the case of r = 2 gives nothing but the sum formula for depth 2
(r =1 gives the trivial identity ((k + 2) = ((k +2)). It was Hirofumi Tsumura who first
remarked that we could obtain the depth 2 case of the sum formula (@) if we looked at
the behavior at s = 0 of the identity (I3]) for » = 2. The proof of Theorem [£1]is given in
Section

Further we give a generalization of Theorem 41l For two indices k, k', we say k' refines
k (denoted k' > k) if k can be obtained from k’ by combining some of its adjacent parts.
For example, (1,2,3,4) = (1+2,3+4) = (3,7).

Theorem 4.2 (Murahara—Sakata [23]). For k = (ky,...,kq) € N and r € N with r > d,
we have

> g Lk L) = ) > (1)K ).
7"1+ +rqg=r 1_1 rg—1 k'=k wt(r)=
Y >1 dep(k’)<r dep(r)=dep(k’)

The case d = 1 of Theorem [4.2] gives Theorem [4.1l In Section 5, we will give two different
proofs of Theorem 2l The first proof is based on the duality theorem and Ohno’s
relations, and the second is on the derivation relations. In Section [6, we will also prove a
counterpart of this theorem for the finite multiple zeta values.

Example 4.3. When k£ = 3,7 = 4 in Theorem 1] or k = (3),7 = 4 in Theorem [.2], we
have

C(1,1,1,4) = ¢(7) — (¢(5,2) +2¢(4,3) + 2¢(3,4) + €(2,5))
+¢(3,2,2) +¢(2,3,2) +¢(2,2,3).
Example 4.4. When k = (3,2),7 = 4 in Theorem [.2] we have
((4,1,1,3) +¢(1,4,1,3) + ((1,1,4,3)
= ((6,3) +¢(5,4) +¢(4,5)
—(€(5,2,2) +¢(4,3,2) +2¢(4,2,3) + 2¢(3,3,3) +¢(3,2,4) + ((2,4,3) +((2,3,4))
+((3,2,2,2) +¢(2,3,2,2) + ((2,2,2,3).
Recall the classical sum formula states that the sum of all MZVs of fixed weight and
depth is equal to the Riemann zeta value of that weight (Theorem 2.8)). If we extend the

sum to include non-convergent MZVs with the shuffle regularization, the result will be
the height-one MZV (up to sign).

Theorem 4.5 (Shufﬂe—regularized sum formula, [16]). For any integers r,k > 1, we have

r—1
> Guk) = (=17 LR+ ),

wt(k)=r+k r—1
dep(k)=r

where (y (k) is the shuffle reqularized value which was recalled in subsection [Z.3.

14



Although this theorem may be well known, our proof seems to be new and hopefully be
of some interest. We do not know if there exists any nice stuffle-regularized sum formula.

Remark 4.6. Shuji Yamamoto also obtained a generalization of Theorem [£.1] and The-
orem .5 by using generating function [32]. For any integers ky, ..., k., j € Z>, set

Up(kiy oo ke, j) = > e ) Claty+ - +apt, - a;+ - +a).
a1,1++a1,;=k1 ar1t-tarj=kr
Yap ;>1 Yari>1

Here U, (k1,..., k-, 7) = 0 except ky,..., k. > j. When j = 0, we define

1 if k= =k =0,

0 otherwise.

UT(kl,...,kr,O):{

Then, the generating function of U,.(k; ..., k., ) is given by

. B ad w
Uil bl atei = T (1 ) o)
kl,...%;po ' nl_—[1 (m—z1)-(m—x,)

Tl =) T(1—2,)
T T(l—ay)--T(1—-a)

(17)

where aj,...,q, are the roots of (X —z1)---(X —z,) + w = 0. When r = 2 and
w = z — xy, ([17) and Theorem give the following:

Z U2 kl,kg, ki k2 j(z—xy)j

k1,k2>7>0
— 1+ (Z . Iy) Z Z C xk:frfsyrfszsfli
k,r,s>0 \kelp(k,r,s)
Therefore we obtain
min(k—r,r) j
k) = 1) g
)BRNSTED DI R AT} (19
kelo(k,r,s) Jj=s

forr > s> 1,k >r+s. From this we have, for ki, ks > 7 > 1,

min(k1,k2) s—1
nii= Y ((0) X aw. (19
s=j J kelo(k1+ka,k2,s)

Specializing ([I8) to s = 1, we have Theorem Il Equation (I§]) can be obtained from
Theorem E.2]

Further Yamamoto gave alternative proof of Theorem L3l Set

Uy (k,r)(T) = > Cular,... a3 T)  €R[T).

a1+-+ar==k
Va;>1

15



Then, the generating function of U} (k,r)(T) is given by

oL (1 —2)0(1 + w)
MNl—z+w)

Z Ul (k,r)(T)a*"w" = e

k>r>0

By Theorem 2.12] and this generating function, we get

—_

r—

UR (M = S-S ()

m!
0 kelp(k—r+m,r—m,1)

3
]

When T = 0, this equation gives Theorem [l

Finally, we give a kind of sum formula for the maximal-height MZVs in the form of
generating function. This is also essentially known (can be deduced from Theorem 2.12),
but may be new in this form of presentation. Let T'(k) be the sum of all multiple zeta
values of weight k& and of maximal height:

T(k):== > (k... k).

k1++k7‘:k
r>1,Yk;>2

Theorem 4.7 (Kaneko—Sakata [16]). We have the generating series identity

1+Y Tkt =1+ 2, 22 [ 1+ 3,...,3)z"
; (k) ;u ) ;C( n )

n

We prove these results in the next section.

5 Proofs

First we prove Theorem E.I] by studying relations between the Arakawa-Kaneko zeta
function and the MZVs in detail. Secondly we prove Theorem in two ways by using
Ohno’s relation and the derivation relation.

5.1 Proof of Theorem [4.1]
Since we have the duality ¢(1,...,1,k+ 1) = ((1,...,1,7 + 1) and the right-hand side
—— ——

r—1 k—1

of (I3 is symmetric in r and k, it is enough to prove the theorem under the assumption
k > r. We proceed by induction on 7. When r = 1, both sides become ((k + 1) and the
assertion is true for all £ > 1. Suppose r > 2 and the theorem is true when the depth on
the left is less than r (and k is greater than or equal to the depth).

We look at the values at s = 0 of both sides of (I3)). The value &(1,...,1,7;1)

k—1
on the left is evaluated in (I4) and is equal to {(1,...,1,k + 1). Since the functions
——

r—1

16



Clag +1,...,a,—1 + 1,a, + 1 + s) with a, = 0 as well as {(1,...,1,1+ s) on the right
——

have poles at s = 0, we need to look at the constant term of the ﬁaurent expansion of the

right-hand side. (Because £(1,...,1,r;s+ 1) is entire, all the poles on the right actually
k—1

cancel out.) In what follows within the proof of Theorem l.T], we simply write the constant

term of the Laurent expansion at s = 0 of ((ky,...,k—1,k.+s) as ((k1, ..., k-—1, k) even

when k., = 1, which is equal to (.(ki,...,k.;7y) by Proposition in subsection 23]

Note that these values satisfy the harmonic product rule. With this convention, we have

¢l LE+1)=(=1"" > (et a0 +1)

r—1 a1+-+ar==k
Yap>0
r—2
+ 1), ..., L,r—14)-¢(1,...,1).
ZO( )¢ : ) ¢( 1 )
= -1 i+

We apply the duality ¢(1,...1,7 —i) = ((1,...,1,k+ 1) in the second sum on the right
—— ——

k-1 r—i—2
and use the induction hypothesis (since » —i — 1 < r) to obtain

¢ LEk+1)=(=D)"" Y Cla+1,...,a+1)

ai1+-+ar=k
r—1 H_VQ:_ZO
r—2 r—i—1
DD DS VD DI CE S ORI
i=0 j=1 wt(a)=k, wt(b)=r—i—1 i+1

dep(a)=dep(b)=j

= (=1)" Z Cla+1,...,a, +1)

a1+-+ar=k
Yap>0
r—1 r—j—1
S EDT S Y e Y Casb)C ),
j=1 wt(a)=k =0 wt(b)=r—i—1 i+1
dep(a)=j dep(b)=j

Now we expand the product ((a + b) - {(1,...,1) by using the harmonic product and
——

i+1
re-arrange the terms according to the number of 1’s to compute the inner sum
r—j—1
—1) a+b)-((1,...,1).
YD Y catb) )
=0 wt(b)=r—i—1 i+1
dep(b)=j
For that purpose, we introduce another notation. For a fixed index a = (ay,...,a;) of
depth 7 and integers [,n > 0, we set
S(a,l,n) = > Clay +b1,. .., 1, . as+ b,y 1, a4+ b)),
wt(b)=r—I

dep(b)=j, ht(b)=n

17



where the sum runs over all b = (by, ..., b;) of weight r—1, depth j, and height n, and over
all possible positions of exactly [ 1’s in the arguments. Then, by the harmonic product
rule, we have

> (la+b) ¢, )= Z Z (Hl_)S(a,z,n).

wt(b)=r—i—1 i1 l=max(0,i+1—j) n=i+1-1
dep(b)=j

We note that, when we expand ((a+ b){(1,...,1) by the harmonic product, the number
it1

of 1’s in each term should at least ¢ + 1 — j when 7 < ¢+ 1. And if the number of 1’s is

[, then the height n on the right varies from i +1 — [ to j. A particular term in the sum

S(a,l,n) on the right comes in exactly (Hflll) ways from the product ((a+b)((1,...,1)

i+1

on the left, because there are i +1 — [ out of n positions of the index a + b on the left

which produces that particular term on the right by colliding i+1—1 1’s at those positions.
When we sum this up alternatingly for i = 0,...,r — j — 1 with signs, all coefficients

of S(a,l,n) with n,l > 1 vanish, because of the binomial identity

SﬁlJyQ+T—J:ﬂ

r—j—1 j
Y(=1F > Cla+b)C(L....)=> S(a0,n)+ (1) 'S(a,r — j,0).
=0 wt(b)=r—i—1 \T-i—,l—/ n=1

dep(b)=j

When j < r — 1, we have
Y S@omn) = > (la+b)
n=1 wt(b)=r, dep(b)=j

and this gives
~1

<3

> C(a+Db). (20)
j=1 wt(a)=k, wt(b)=r
dep(a)=dep(b)=j

18



Finally, we have

r—1
(1) (=1)"7"'S(a,r = 4,0)
j=1 wt(a)=k
dep(a)=j
r—1
= (_1)TZ Z S(a,r —j,O)
J=1 wt(a)=k
dep(a)=j
= (=1) > Clar+1,...,a,+1).
al+“'+ar:k

ap>0, at least one ap=0

Hence, this and the terms in

=D )+, a1

CL]_+---+CLT=]C
Yap>0

with at least one a, = 0 cancel out, thereby remains the term
D ), (ath) (21)
wt(a)=k, wt(b)=r

dep(a)=dep(b)=r

The sum of (20)) and (21]) gives the right-hand side of the theorem, and our proof is done.
[

5.2 Proof of Theorem by using Ohno’s relation
We set k := wt(k).

RHS.= Y > (1)t 4r)

k’'~k wt(r)=r

dep(k')<r dep(r)=dep(k’)
min(k,r) '
= ) (-t Y > K A K+ y).
j=d (k/l,‘..,k;)zk 14ty =r
Yri>1
From Ohno’s relations, we have
Z g(kfg—{—’l"l,...,k;—i—’f‘j)
ritetry=r
Yri>1
= > (K Arn+L. K4+
riteetrj=r—j
Yri >0
= Z C(r1+1,...,rk}_1+1,rk;+2,...,rk_k/1+1+1,...,rk_1+1,rk+2).
me e
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Then,

min(k,r)
RHS. = Y (-1~ Y Yoo At L 2,
i—d (R ook )k T1ebrp=r—j ™ g
Yr >0 kj_l
.,T’k,kllJrl + 1,...,Tk_1 + 1,T]€+2).
K1

(22)

Now, for a fixed k = (ky,. .., kq) € N¢ of weight k£ and r € N with r > d, and a variable
s € N, we set

F(s) := Fir(s)
= Z i+l o rg1+ L, + 2, e+ L e+ L+ 2),
Wt ke o

where the sum runs over those r;s such that the argument of ( is of height s. For each j
in equation (22)), the number of each height s MZV is (2:3) because it is determined by
the partitions of k and the allocation of r. (Here, we note that there are s — d places with
a component greater than 1 that are determined by the partitions of k and the allocation
of r, and there are j — d places which depend on the various partitions of k.) Thus, by
focusing on the height and retaking the sums, we have

min(k,r) . min(k,r) s—d
RHS. = Y (=17 Y (j_d)F(s).

j=d s=j

From the binomial theorem and the duality theorem, we have

RHS. :(g)F(d) + <® - G)) F(d+1)

min(k,r)—d

min(k,r) — d :
—-Hm ’ F k,
s |03 (MG ) pminge
= F(d)
= E C(L,...,Lr+2,...,1,...,1,rg+2)
—— N~——
it Ara=r—d kg—1 k1—1
r;>0
= g ¢(1, ...,1,7’1+1...,1,...,1,7‘d—i—1)
———
rA et ra=r k:d—l k1—1
7'2>1
= E 1, . Lk +1,...,1, .. Lkg+ 1)
N—— S~——
T A= ri—1 ra—1
ri>1
= L.H.S.
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5.3 Proof of Theorem by using the derivation relation

In this section, we give an alternative proof of Theorem 2l Let o be the endomorphism
on $ such that a(eg) := ey — e1eg and «a(ey) := —ejeg, and 7 be the anti-automorphism
on $ such that 7(eg) := e; and 7(e1) := ep. For each | € N, we define the derivation D,
on § by Di(ep) := 0 and Dj(e;) := ejely. Set o := exp ( ) %) Then, we find the map
o is an automorphism on H= Q ((eg, €1)), and we see that o(eg) = eg and o(e1) = ey
(See also [I3] Section 6] and [30, Appendix].)

According to Thara, Kaneko and Zagier in |13 Proof of Theorem 3|, we first note that

o—TOT = (1 — exp (Z %)) 0. (23)

By Theorem [2.13] we have

Z <<l—exp (i %)) a(w)> =0 (wen).

From the equality (23) and by putting a(ejef elegd 1) into w,

l—ep”

Z((oc — tor)a(eref - - ereft™)) = 0.

Here,
oaferef .. ejebih
= o((—ereg)(eg — ereg)™ ™t -+ (—ereg)(eg — erep)*e™h)
= (=1)%(ereg(eg — ereg) - ereg(eg — ereg)*a™)
€o €o it €o €o Fa=t
— (=1)¢ _ —
( )611—60 <60 611—60) 611—60 (60 611-60)
o
DY Y gt e (cag™)
r=d €1,1+ " +Ed kg =T
€i,;>0(2<5<k;)
€i1=>1
........ ereg (—ereg™?) - - - (—ereg").
When ¢; ; = 0, we understand e;e;” = —eg. On the other hand,
roraler e epekt™!) = ot

((—e1eo)(eo — ffleo)kl_1 ++ - (—exep)(eg — e1eo)kd_1)
(—=1)%ro7(ereq(eq — ereg) - ereg(eg — ereg) ™)

)

)

1 dTJ((61 — eleo)kd_leleo (e — eleo)kl_leleo)
ek

€o €o
)7 ( ey ---elfl
]_—60 ]_—6()

€1 €1k
_1)d egl . eod
1-— €1 1-— €1

= (=
= (=
(
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o0
= (=1)? E g ek . erieh,

r=d r1+-+rqg=r
Vri>1

Then, we have

o)
Y e (—ac™)

r=d €1,1++€d,k,; =T
€i,j20 (2<5<k;)
;121

ad,k’d )

o0
r1 ki rq kq
—E g ei'egt --rei’ey! € Ker 7.

r=d ri+--+rq=r
Vi >1

This finishes the proof of the theorem. O

5.4 Proof of Theorem

We multiply I'(s 4+ 1) on both sides of the identity (I3]) and look at the constant terms

of the Laurent expansions at s = 0. The left-hand side is holomorphic at s = 0 and gives

the value ((1,...,1,k+ 1) as we already saw in subsection 5.1l The function (SZ‘”)F(S +
—— T

r—1
1){(a1+1,...,a,—1 4+ 1,a, + 1+ s) on the right is holomorphic at s =0 if @, > 1, and in
that case gives the value ((a; +1,...,a,_1 + 1,a, + 1). If a, =0, then

+ar
(8 aa )F(s—l—l)((al—l—l,...,ar_1+1,ar+1+s):F(s+1)§(a1+1,...,ar_1+1,1+s)

has a pole at s = 0 and its constant term of the Laurent expansion is (,, (a1 +1,...,a,+1)
by Proposition 215 On the other hand, the function I'(s + 1){(1,...,1,1 + s) has no
N——

constant term at s = 0 because (,(1,...,1;7) = T /(i + 1)!, and hence we conclude
+1
i+
the proof of the theorem. O
We remark that we can also prove the theorem by computing directly the left-hand

side using the regularization formula [I3], (5.2)].

5.5 Proof of Theorem [4.7

This is almost obvious if we write k; (> 2) as k; = 2+ --- 4+ 2 (k;: even) or k; =
3+2+---+2 (ki: odd), and consider the harmonic product of (*(2,...,2){(3,...,3)
after writing (*(2,...,2) as sums of ordinary multiple zeta values.
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An alternative proof is given by using the main identity in [25]. As is already remarked
there, if we specialize y = 0 and 2z = 2? in equation (&), we obtain

1+ ZT(k)xk = exp <Z @ﬁ") - exp (Z(—l)"‘1@x3n> :

It is standard that

exp (i @q@") =TI1l+2)I'1—2)= ﬁ (1 - ;1_22)_ — 1+ iC*Q’ o 72)1,2”7

whereas the identity

exp (Z(—l)"1@x3"> =1+ Z ¢(3,...,3)z""

n=1

is a special case of [13, Corollary 2 of Proposition 4]. O

6 Finite multiple zeta values

In this section, we prove the counterpart of Theorem for what we call finite multi-
ple zeta values (FMZVs), a generic term for the A-finite multiple zeta values and the
symmetrized multiple zeta values.

We consider the collection of truncated sums

1
Gk, k) = Y

O<my<-<mp<p 01 """ Tr

modulo all primes p in the quotient ring A = (Hp Z/pZ) / <@p Z/pZ), which is a

Q-algebra. Elements of A are represented by (a,),, where a, € Z/pZ, and two elements
(ap), and (by), are identified if and only if a, = b, for all but finitely many primes p.
For integers ki, ..., k. € N, the A-finite multiple zeta value (A-FMZV) and the A-finite
multiple zeta star value (A-FMZSV) are defined by

CA(kfl,...7kT) = ( Z ﬁ modp) S A,

O<ni<--<np<p 1 ° T »
1
Ax -
C (kl,...7l€7«).—( E ﬁmodp EA
0<ni<-<np<p—1 M1 T T p
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Also we introduce a conjecture for A-FMZVs. For each k > 0, we define a Q-vector
subspace Z4 in A by

ZA,O = Q7

Zak = Y, Q- k),
k1++kr:k
r>1,k;eN

ZA ::ZZA’k’
k=0

The dimension of the Q-vector space generated by A-FMZVs of weight k was conjectured
by Zagier:

Conjecture 6.1 (Zagier). For any integer k > 0, the equality
diHlQ ZA,k = dk,3
holds.

Here dy is the non-negative integer satisfying the following recursion (the same sequence
as in Conjecture [21]):

dk:dk72+dk73 (]{723), d<0:0, d():l, d1:0, d2:1

The symmetrized multiple zeta values were first introduced by Kaneko and Zagier in
[15, [18]. For integers ki, ..., k. € N, we let

T

Cf(kla ceey k?") = Z<_1)ki+1+m+’%<*(kla ceey kw T)C*(km ey ki-l—l; T)?
=0

T

Sk, k) =D (DR (ks TG (R K T).

=0

Here, the symbols (, and ¢, on the right-hand sides stand for the regularized polynomials
coming from harmonic and shuffle regularizations as explained in subsection In the
sum, we understand (. (0;7) = (,(0;7) = 1. Kaneko and Zagier proved that both
CS(ki,... k) and ¢S (ky, ..., k,) are elements in Z independent of T' and the congruence

k.. k) =C(ky. .. k) mod ((2)

holds in the Q-algebra Z. The symmetrized multiple zeta value (SMZV) is defined as an
element in the quotient ring Z/¢(2) by

Cs(kh SR kr) = Cf(kla SR k’l’) mod C(Q)
Kaneko and Zagier conjectured that A-FMZVs connect with SMZVs.

Conjecture 6.2 (Kaneko—Zagier [I8]). There exists an algebra isomorphism ¢ between
Z4 and Z/C(2) such that ¢ : 243 CAky,. .. k) = CS(ki. .. k) € Z/C(2).
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Next we introduce the harmonic product and a shuffle identity for FMZVs. The
harmonic product is immediate from the definition, and the shuffle identities for A-FMZVs
and SMZVs are proved by Kaneko and Zagier.

Theorem 6.3 (Kaneko—Zagier [18]). For any indicesk = (ky,... k) and1= (Iy,...,ly),
we have

¢F (K] * ) = ¢Z(K)CE ),
F(Km 1)) = (—1)" Ok, T),

where T is the reversal (Is,...,lh) and F is either A or S.

6.1 Some relations for the FMZVs

We introduce several relations among FMZVs. For k = (ky,..., k) € N, we define
Hoffman’s dual of k by

K :=(1,...,141,...,1+1,...,1+1,...,1).
k k k
1 2 T

Note that (kY)Y = k, wt(k") = wt(k), dep(k) + dep(k") = wt(k) + 1 by definition.
Hoffman proved the following property for A-FMZSVs:

Theorem 6.4 (Hoffman [12]). For any indices k, we have
¢ (KY) = ¢ (k). (24)

The sum formula for A-FMZVs is conjectured by Kaneko in [14], proved by Shingo
Saito and Noriko Wakabayashi in [2§]. Recently the sum formula for SMZV was proved
by Hideki Murahara [21]. For k,r,i € Z with 1 <i<n <k —1, set

Livi=A{(k1,....k.)eN" | ks + -+ k. =k, k > 2}

Theorem 6.5 (Saito-Wakabayashi [28], Murahara [21]). For k,r,i € Z with1 <i <n <
k — 1, we have

3 'gf(kl,...,kr):(—ni1((’;:11>+(—1)"(i:1)>3(k), (25)

where
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Kojiro Oyama proved Ohno type relations for the FMZVs, which were first conjectured
by Kaneko in [I5].

Theorem 6.6 (Oyama [26]). For (ky,...,k.) € N' and m € Z>,, we have

Z C]:(k1+51;---akr+5r> = Z C]:((ki"i_g/la"'ukq/"’+€;~/)V>7 (26>

€1+ ter=m gy Ftel ,=m
VEiZO Va{>0
i

where (k7 ..., kl,) = (ki,...,k.)" is Hoffman’s dual of (ki,...,k.) and F = A or S.

) Nyt

The derivation relations for the FMZVs were conjectured by Oyama and proved by Mu-
rahara in [22]. We define two Q-linear maps Z4: ' — A and Zs: H' — Zg/((2)
respectively by Z4(1) := 1 and Zy(ey, - -ex,) := (A(ky,..., k), and Zs(1) := 1 and
Zs(eg, - -er,) = (S(ki,..., k). We also define the Q-linear operator R, on § by
R, == wey (w € 9).

Theorem 6.7 (Murahara [22]). Forl € N, we have
Zr(R'ORey(w)) =0 (weH', F=AorS).
Our result is the following:

Theorem 6.8 (Murahara—Sakata [23]). For k = (ki,...,kq) € N? and r € N with r > d,
we have

@ Lk LR+ )
N—— N—— N—— N——
r0+"v'j.r>dl:r+1 ro—1 r1—1 rg—1—1 rg—1
SY (O ) (F=AorS)
k’'>k wt(r)=r

dep(k')<r dep(r)=dep(k’)

6.2 Proof of Theorem [6.8 by using Ohno type relation

We can prove Theorem in the same manner as in the proof of Theorem 2 From
Ohno type relations (26]), we have

R.H.S.
= > Y (NI )
k'>~k wt(r)=r
dep(k’)<r dep(r)=dep(k’)
min(k,r) .
DN D DEEED DR CESTES BECERPER)
j=d (. k )=k ri+- +7“J =r—j

V>0
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. 7rk’1—1 + 1,7’],3/1 + 27

min(k,r)
Y Y L

j=d (K], k) =k rot-+rp=r—j
1 J VTZ'ZO k‘ll
= P 4 T R S 4 = AN VNS T PR VS R ¥
kh—1 ki1
\%
rkz—k; + 27rk—k;+1 + 1, ey T + 1) )
!
K

For a fixed k = (ky,...,kq) € NY and r € N with r > d, and a variable s € N, we set

Z CF((TO+27Z’1+17"'77’.]€1*1+117Tk1 +27

G(s) = Gy, (s) :=
ro+-+ry=r—d—2 kltl
V>0, ht=s
7nk1+1 + 17 cee 7rk1+k271 + 17 cee 7rkfkd,17kd+1 + 17 s 77jk7kd71 + 17
S ~~ (& J/
v
kg_1—1

ko1
Theky T2, Thkgrr 1o+ 1mp 4 2)"),

kg—1

G'(s) == Gy, (s) == Z (L, + 1, e+ 1 + 2,
k11

ri4-+ry=r—d—1
V>0, ht=s
S L T o Wit TR S FPE FRS H ol P S S e ol
ka—1 kd,1—1

Tk—kd+2,fk—kd+1+1,---,7"k—1+1/,7‘k+2)v)

kg—1

Z CF<(T0+27T1+17---77%171-1—%,7’1{1+2,

_'_
ro+-+rg_1=r—d—1 kl‘:l
V>0, ht=s
Tt L Tk L ey kg H L TRk + L
ka—1 kd,1—1
Theky + 2,7 +1 re1+1,1)Y)
k—kg sy e—kg+1 gy T k—1 o )
kg—1
" e/ L F
G"(s) == k,r(s) = E ¢ ((1{’14—17---,7%1714-11,7%1+2,
riteetrg_1=r—d kltl
Yr; >0, ht=s
(7S T ol PR LRSI I S PR T R S I o PO S S
ko—1 kd,1—1

Th—ky T Q,Z”k—kdﬂ +1,..., 11 + 1/7 1)v)>

kg—1
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where the sum runs over those r;s such that the argument of ¢ is of height s. By
concentrating on the height, and adding up all the terms, then re-arranging the sums; we
have

min(k+1,r—1) min(k+1,r—1) s d 1
_ j—d—1 - v
RES= Y (Y (j_ d_l)c:(s)
j=d+1 $=J
min(k,r—1) min(k:,r—l)
P IRCTED M A EE
s=j j —d
mm(k 1,r—1) min(k—1,r—1)
, —d+1
—1)/—d+1 § G
+ S DN Gy 0

j=d— 8=]

Gd+1)+G(d)+G"(d-1)

= > Tro+1LL.. Lm+2 g 2,1, Lrg+1)Y)
—— ——

rottrg=r—d k11 kg—1
Y30 1 d

- Z G VU U IS TR VU DS RS B I I D §
N—— N—_—— N—_—— N—_——

ro+--+rqg=r+1
Vpi>1

=L.H.S.

ro—1 r1—1 rq—1—1 rq—1

6.3 Proof of Theorem by using the derivation relation
By Theorem [6.7], we have

Zr (R (1 — exp (i %)) Reoa(w)> =0 (wen).

Since R.,0 = 0R,,,

Zr (R (1 — exp (i %)) UReO(w)> =0 (weH).

From the equality (23) and by putting a(ejef* - - eyegz 1) into w, we have

Zr(R_ (o — 70T)Regar(eref ™ - - eeft ™)) = 0.
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Since R_'0R., = o and by the same calculation in subsection (.3, we have

—1 ki1—1 kqg—1
R, oReafeieg ™ - -erep’ )

= oa(eef ... elelgdfl)

o0
_ d €1,1 €1,2 €1,k
= (-1 E E ereg " (—ereg ) (—eeg )
r=d €11+ +Ed kg =T
€i,;>0(2<5<k;)
;21 (j=1)

"""" ereg” (—ereg"?) -+ (—ere™?).

When ¢; ; = 0, we understand e;e,” = —eg. On the other hand,

-1 ki —1 ka—1
R, ToTRea(ereg' ™ - -erep” )

M=l (—ereg)(eg — e1eg)fa™h)

)krl -~ eqep(eg — 6160)]”71)

= R_'7o7T R, ((—e1€0) (€9 — e1€p)
= (_1)dRélTUTReo(€1€0(eo — e1€g
1 ngolTaT(eleo(eO — eleo)krl .- ereq(eg — eleo)krleo)

(=1)
= (—1)'R_'ro(ei(er — ereq) ™ erey - - (e1 — ereg)™ erep)
(1)

_ 1 €0 €
1R kq R S
607—(611—6061 1—60 “ 1—60
€1 k €1 k ].
= (—1)I——e¢fr ... ey’
( )1—610 1—6101—61

o
k -1
(DTS e e

r=d ro+-+rq=r+1
Yri>1

Then, we have

(o]
ST adtcad) e Cad

r=d €1,1+ " +Ed kg =T
£i,;>0(2<5<k;)
€i,j=1(j=1)

ey (—ereg"?) - (—erey™)

o0
— E E ro k1 71 rd kq—1
— 616061 "'6160 .

r=d ro+--+rq=r+1
Vri>1

This completes the proof of the theorem.
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7 Taylor series for the reciprocal gamma function

In this section, we consider the Taylor series of A~!(z) in subsection DZ{l In [4], the

~((n)2")

following formula for the Taylor series of the function A™'(z) = exp(d>_ 7,

is given:
exp (Z %C (?W”)

n=2
= (ke —1)-(k — 1
=1+ (-DF > (-1 Uy kl)'l(€| )C(kl,...,kT)m'“. (27)
k=2 k1+-+kr=k
r>1,k;>2

We note that the function on the left-hand side of (27) is equal to e™*/T'(1 + x), where
~ is Euler’s constant. In [I3] and [27], this function plays an important role in the theory
of regularization of MZVs. Arakawa and Kaneko proved (27)) by using the Weierstrass
infinite product of the gamma function:

e "

rr - L)

n=1
ST (e e )
n=1 k=2
NS p(kr—1)- - (ky — 1) b
=1+ (=D Y (-1 prpr Sl ket
k=2 ki4-+kr=k
r>1,7k;>2

The aim of this section is to give an alternative, purely algebraic proof of the formula in
the setting of abstract algebra of MZVs.
Our result is the following:

Theorem 7.1 (Sakata [29]). Let Z.[[x]] be the ring of formal power series over Z,. The
equality

n=2
. Ph =1 (k1)
=14+ (-DF Y (= B by, ... k] 2" (28)
k=2 ki+-+kr=k
r>1,%k;>2

holds in %.[[x]]. Where exp, is the exponential exp,(f) = > 0"+ —n with f" being the
power in the ring Z.[[x]].

Applying the evaluation map ( coefficient-wise to both sides of (28]), we obtain 7). It
is worth remarking that the right-hand sides of both (27)) and (28)) take exactly the same
form. As a corollary, we obtain an explicit formula for the Taylor series for the reciprocal
gamma function:

30



Corollary 7.2.
1

_ 2
_F(x) T+
e’} n—2
7" (=1)" Pk =1)-- (ke —1) ntl
+) I T > (-1 Tk Clk, ..o k) | 2t
n=2 k=0 ki+-+kr.=n—k
r>1,Yk;>2
7.1 Proof
Set

sy = Y (—1)T(k1_kll)!:::]({:]j’!"_l)[kl,...,kr]

k1++k7':k
r>1,k;>2

for £ > 2, and put S(0) = 1,S(1) = 0. By taking the log, of both sides of the equation
([28) and then taking x - 0/0z, we see that (since both sides are 1 for x = 0) equation (28]
is equivalent to

<Z(—1)”_1[n]x"> % (Z(—nm(m)xm) => (-1)"nS(n)a",

n=2 m=0 n=2

which in turn is equivalent to
Z[m] * S(n—m) =—-nS(n)
for n > 2. We compute [m] * [ky, ..., k.] in [m] * S(n — m) by the harmonic product:

LHS =Y Y (-1)7"(’“1 — (ke = 1) (m] * [k, ... ki

k! k!
m=2 ki+--+kr=n—m
r>1,7k;>2
B [T] X rn—2r (k’l _ 1) (k‘r _ 1)
=2y X Pk
1
r=1 m=2 ki+-+kr=n—m
Yk >2
T r+1
x ( skt my k] + [k, m, ,kr]>
I=1 =1 I-th

On the other hand,

(5]
RHS.=-n) (-1 > (k= 1) : : (ke — 1) [k, k).

ki+-+kr=n
Vi >2
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Therefore, the proof is completed if we show that the terms of length r» on both sides
coincide for each r, i.e.,

n—2r -
Y Y B D]

m=2 k1+-+kr=n—m =1
Yk >2

n—2r—+2 r

ki—1)--- (k1 —1
- > > ( kl),lil )Z[kl,...,m,...,km]

m=2 kit tky_1=n—m r—1 =1 Ith
Vi >2

- Y G R Gl (29)

Fple - k!
k1+"'+k‘r:n 1 r
Vi >2

Let us compute the first sum on the left-hand side of the last equation (29) by putting
k; +m = h. Then, we have

n—2r "
Y X P R

m=2 ki+--+kr=n—m =1
Vi >2

r n—2rn—2r42

kv —1)--- (ko1 —1)(Ah—m—1
DD IEDS ol e >((h_m)!>[k1,...,@,...,kr_l]

m=2 h=m+2 ki+-+kr_1=n—h r—1: I-th
Vi >2

) ron—2r+2 Z (k1_1)::-(kr_1—1) (h_2 M) [P I S

(h —m)! A

the first sum of (29) is equal to

T n—2r42 b= 1) (kg — 1 b1
I S S e (=) | N Bt

I=1  h=2 kit+-Athkr_1=n—h r—1:

Vi >2
r n—2r42
ki—1)-(k,—1 — 1
+ > (ki = 1) - (ke )[kl,...,h,...,kT_l]. (31)
kl!"'kr—l! A
=1 h=2 ki++k,_1=n—h [-th
Yk >2
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Because the terms of h = 2,3 in (B0) cancel out the terms of & = 2,3 in (B1]) respectively,
we include the terms of h = 2,3 in the sums. Replacing h in the first sum by k;, we have

- (k1 —=1)--- (k= 1)
_Z Z k, g koo ko k]

1=1 ky+-+ky=n

Vi >2

r n—2r+2
(kr—1)--- (k1 — 1)
+Z Z Z koo k) ot By
I=1  h=2 ki+- -tk _1=n—h 1 r—1: I-th
Vi >2
ki —1)-- (k. — 1)
D Yy e IS
ki+-+kr=n L r
Ve >2

n—2r+2

(kl_]')(kT—l_l) s
N Z Z kll"'kr—ll [k‘lh“';]/},...

h=2 ki+~+kr_1=n—nh =1 I-th
Vi >2

This gives equation (29) and hence completes the proof.
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