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The purpose of the present paper is to discuss about estimation of median with a preliminary test.
Two procedures are presented, one uses Median test and the other uses Wilcoxon two-sample test for the
preliminary test.  Sections 3 and 4 give mathematical formulations of such properties, including mean
square errors with one specified case.  Section 5 discusses their optimal significance levels of the pre-
liminary test and proposes their numerical values by Monte Carlo method. In addition to mean square
errors, mean absolute errors are used for the regret criterion.

1. Introduction

Estimation with a preliminary test that aims at pooling of data has been investigated
under the parametric model mainly. Especially normal assumption was used frequently
because of the easiness to formalize and to evaluate its performances. However it is rare
that such assumption is satisfied in real case, as these procedures are intended for small
sample cases.

Tamura (1965, 1967) discussed about some properties of preliminary test estimator for
the population median and shift parameter in the nonparametric circumstances, and derived
expected values and mean square errors and relative efficiency with respect to the never
pooling estimator numerically, but didn’t refer to the selection of significance level for the
preliminary test, though it is quite necessary in practical situations.

This paper presents two procedures for estimating population median, one uses Median
test and the other uses Wilcoxon two-sample test for the preliminary test.  To our regret it
is almost impossible to derive the general forms available for arbitrary sample size and sig-
nificance level of the preliminary test, then one specified case is dealt with. = Minimax re-
gret principle is applied to determine the optimal significance level for the preliminary test.
For the regret criterion, mean square errors and mean absolute errors are used. Monte
Carlo method is adopted for numerical evaluation.

2. Procedures

Let X= (X1,-**, X,,) and Y= (Y3,-*, Y,) be respectively the random samples of size m, n
from the continuous distributions F{(x) and F(x— &), where F(&)=0.5and & =0. Our
main object is to estimate the value of the population median § and for this purpose, we
first test the hypothesis 8 =0. The preliminary test is done by Median test or Wilcoxon
two-sample test and the sample median is used as the estimator of &.

Let now the critical regions of size a for Median test and Wilcoxon two-sample test be
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Ry (a), Ry (@) respectively. Then the estimator with Median test is defined as follows,
(a) & =median(X), if (X, 7) €Ry(a),
() & =median (X, Y), if (X,7) eRiy(a).
And the estimator with Wilcoxon two-sample test is defined as follows,
(a) & =median(X), if (X,7) €Ry(a),
(b) & =median(X, Y), if (X, 7) eRg(a),

Here, median (X) , median (X, Y¥) imply the sample median of X and the sample median of
pooled data (X, Y) respectively.

3. Distribution

Since we cannot derive the general distribution of € and € in the forms available for
arbitrary values of m, n and a, we shall deal with the case m=3, n=4, and set the signifi-
cance level of the preliminary test to 0.1143, because it is the exact level that exists in both
tests.

The critical regions Ry (0.1143), R, (0.1143) are determined by the following order-
ings,

R,(0.1143) = {(XXXYYYY), (XXYXYYY), (XYXXYYY), (YXXXYYY)},
Ry (0.1143) = {(XXXYYYY), (XXYXYYY), (XYXXYYY), (XXYYXYY)}.

If (X, 7) is in the region of other orderings, the hypothesis & =0 is accepted.  The

density of the estimator & is given as follows,
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Y, X;
+Pr [<Y<z+4dz Y, )<Y< X, )]
Ys3 X3

And the density function g,,(z) may be expressed as follows,
e =6F Q[ f) 1=Fx=8)) s
FUPQSQ) [ (Pl 8) —Fle=0))/0) (1=F (= ) 'n
FUPQF = 3)/) | ) A= F e 8))%dx

+36F(2) F(z— 8)%f(2) 1—F(2)) 1—=F(z—¢8))*?
+12F(z— )% (2) 1=F()?(1—F(z— ¢))
+36F () Flz— 0)%(z—0) (1—F())?(1—F(z— &))
+36F(2)°F(z— 0 )f(z— &) (1—F(2)) 1—F(z— ¢8))*?
+4F(z— 8)*f(z— 8) 1—F(2))2

On the other hand, the density of the estimator € is given as follows,
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X1 X
+Pr [:<Y<z+4dz, el )<Y< (X3)
Y- Y3

X3
+Pr [2<YV<z4+dz, X1<Y1<X,< ¥< ( Y, )]
}E!

X X3
+Pr [<¥<etde < [ )<r< ( v, )]
2
Y3

+Pr [:<Y<zt+dz ( §1 ]<Y1< Y<r,< ( is )]
A 3

Y X,
+Pr [:<¥V<z44dz, Yy )<Y< X, )]
Ys3 X3

And the density function g,,,(z) may be experssed as follows,
8wl =6P QS [ 19 1=F e 0))as

FUPQSQD [ (6= 0) —Fle= )/t 1=Fla— b)) %as
F27Q) [0 (Plem 8) =F a)>dxff(x> (1= F(x— 8))%x
FPQSQ [ (Pl 8) =Fle= )3/ (1= Flem 8)) s
+36F() Fle— 8)2/() A—F(2) 1—Flz— 8))?
+12F(z— 0)% () 1—F () *(1—F(z— ¢))
270 [ 76— 0) (FQ —FG) o] /) (1=F(x— 8)) e
+36F () F(z— 0)%f(z— ) (1—F())*(1—F(¢—9))
+72f(e= 8) [ ) /= 0) (F() = F() ds (1= F(2) (1=F(c= 8))*
+36/(e= 8) [ 7= 8) (F() —F() " (1=F(2)) (1= F(c— ))°
72 ) [ Pl e amff(x— 8) (1—F(x)) (1—F(x— 6)) dx

+4F(z— )3 f(z—0) (1—F(2))>.



TRk 2 4F IMREREBTIFHARME $Hl12% H35 —351—

In the concrete, assume that F(x) be exponential distribution with mean 1 and variance
1, then the density function g,,(z) and g,,(z) may be expressed as follows,

—E 0 (6 m1) Ue—5e?), 0=c=35,
040 =| eI (= 1) =2 ()

+(—59¢2° —8e* 4526 ° +69¢ 2% =361 2 —18.52%) € (1), 6 = ¢,
6

—ge_sz_a (e¢—1) (3¢3—5¢°), 0= z=9¢,
a2 = %ﬂﬁ” (6¢—1) (36%° +106— 1067 %) +6¢7 72129 (—p24,%)
 (—17¢° —66%° +206¢— 1465+ 1561 ¢ +12672% —10647 %) € (2), S=2z

where € (z) =0 for z= ¢ and € (z) =1 for z> 6.

4. Expected value and MSE

The expected values and mean square errors for the exponential distribution with mean
1, variance 1, m=3, n=2 and @ =0.1143 are given as follows,

E(E)= _ 81 30 33 55 639 5,303, —23_83—5,
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(11%20501 639518&2 +300g2)%e 0~ g 530
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2 2
+27(lc;g22) )[23_(137060101 223518&2 +6(10?2) =
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32082 5 a0 SAIOBE 5 25 BlOBZ 5 -5 Sloud +(1og92)2,
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Remark ,
The distributions of never pooling estimator &1, i.e. @ =1 and always pooling estimator
&, ie. @ =0 are expressed as follows,

g.(2) =6F(2)f(z2) 1—F(2))

20 () =12F(2)?F (= 8)f(z) A1—=F(z—9))?
+36F(2) Flz— 0)% () 1=F(2)) 1—F(z— 8.))*
+12F(z— 8)°f(2) 1=F(2))*(01=F(z—9))
+4F(2)*f(z— 8) 1—F(z—9))?
+36F (2)*F(z— 0 ) f(z— 8) 1—F(2)
+36F (2) F(z— 8)%(z—= ) 1—F(2)
+4F(z—0)*f(z—0) 1—F(2))*

(1=F(z—9))?
2(1—F(z—9))

Assume that F(x) be exponential distribution with mean 1 and variance 1, then the density
function g; (z) and g,(z) are given as follows,

5 =6(1—r)e %
g0(2) =—140e7"4*° +240¢ %4 +180¢ ™% * —120, % T 2% — 240,530
_608—5z+43 +168—4z+3+726—4z+25 _+_48e—4z+35 +4e‘4z+45

Mean square errors are given as follows,

_19 5 2
MSE(&)) = 183 log,2+ (log,2)
_1 31 2log2\ 35, 23  log2, 55 27 6log2, 5 4
MSE(Eo) =5~ Coopsn t 105 )¢ T a0t 5 Ve g5 ) Tt
_2_ —34 __1_ ~20 i —é 2_ __ logez 2
+ 105 Oe 3 Se + c de 4+ 0°—2(log2) o 2 + (log,2)

Figure 1 shows mean square errors of Median test estimator, Wilcoxon test estimator, never
pooling estimator and always pooling estimator.
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Figure 1 MSEof &, ¢, £1and &
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5. Optimal Significance Level

Let a minimax regret be a criterion for optimal significance level.  The regret R is de-
fined as follows,

R=err(&,) —min(err(€1), err (o))

where err is for mean square errors or mean absolute errors, and 51, is for preliminary test
estimatiors, and &1 is for never pooling estimator, and &g is for always pooling estimator.
Then the optimal significance level a,, may be determined on the minimax regret.

Since it is too complicated to get exact regret values for each significance level, every
numerical evaluation is done by Monte Carlo method.  Table 1 and 2 show the optimal sig-
nificance levels and minimax regret values at the time.

Table 1.  Optimal significance levels based on MSE

Median test Wilcoxon two-sample test
a,, (regret) a,, (regret)
m=25, n=5 ) 0.5000 (0.0041) 0.4206 (0.0064)
m="5, n=10 0.5734 (0.0147) 0.2567 (0.0139)
m=>5, n=15 0.5000 (0.0228) 0.1974 (0.0197)

Table 2.  Optimal significance levels besed on MAE

Median test Wilcoxon two-sample test

@, (regret) @, (regret)
m=5, n=5 0.5000 (0.0183) 0.2783 (0.0179)
m=5, n=10 0.5734 (0.0319) -0.1855 (0.0289)
m=5, n=15 0.5000 (0.0451) 0.1528 (0.0360)

6. Conclusion

In this paper, we derived the optimal significance level of the preliminary test for esti-
mating median. At each case, it will be clear that significance levels on MAE are relative-
ly smaller than those on MSE, ie. @,y (MSE) = a,,(MAE). As these tests take discrete
values for significance level, optimal significance levels of Median test are fairly large.
And it is well known that minimax regret criterion detemination is conservative.  Sa if we
want to utilize prior information actively, we should use other criterion, for instance use of
prior distribution.
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