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Abstract

In algebraic geometry, a number of invariants for classifying algebraic varieties are obtained
from the cohomology groups of coherent sheaves. Some typical algorithms to compute the
dimensions of the cohomology groups have been proposed by Decker and Eisenbud, and their
algorithms have been implemented over compute algebra systems such as Macaulay2 and Magma.
On the other hand, M. Maruyama showed an alternative method to compute the dimensions in
his textbook. However, Maruyama’s method was not described in an algorithmic format, and
it has not been implemented yet. In this paper, we give an explicit algorithm of his method to
compute the dimensions and bases of the cohomology groups of coherent sheaves. We also analyze
the complexity of our algorithm, and implemented it over Magma. By our implementation, we
examine the computational practicality of our algorithm. Moreover, we give some possible
applications of our algorithm in algebraic geometry over fields of positive characteristics.
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1 Introduction

For a positive integer r, let S = K[Xy,...,X,]| be the polynomial ring of (r + 1) variables over a
field K. The polynomial ring S can be represented as the graded ring S = @~ Sq, by taking Sy
for each d > 0 to be the set of all linear combinations of monomials of total degree d in Xy, ..., X,.
Let Py = Proj(S) denote the projective r-space, and Opr_ the structure sheaf on Pj. Given
a coherent sheaf F on P} and ¢ € Z, denote by H? (P}, F) its g-th cohomology group. It is
important to compute the cohomology groups of coherent sheaves since the groups are used to
compute a number of invariants such as Hilbert functions, Euler characteristics, and arithmetic
genera of algebraic varieties. Thus the computation of the cohomolgy groups is one of the most
crucial topics in algebraic geometry.

J.-P. Serre [11] theoretically showed a possibility to compute the dimension dimg H? (P}, F) of
the cohomology group HY (P}, F) as a K-vector space. After that, some algorithms to compute
dimg HY (P, F) have been proposed by Smith [12] and Decker-Eisenbud [4]. Their algorithms
are based on computational techniques of commutative algebra such as Grobner bases for free
modules, free resolutions, exterior algebra and Tate resolutions. In particular, algorithms proposed
by Decker-Eisenbud have been implemented over computer algebra systems such as Macaulay2 [6]
and Magma [1]. On the other hand, M. Maruyama showed an alternative method! to compute
dimg H? (P, F) in his textbook [9] (unfortunately, it is written in Japanese). Different from
Decker-Eisenbud’s algorithms, Maruyama’s method enables to directly compute H? (P}, F) by
computing projective resolutions and the Cech cohomology via Grébner bases for free modules and
linear algebra. We can also compute an explicit basis of H? (P}, F) by Maruyama’s method. As
we will see in Section 5.2, this basis is useful to compute important objects in algebraic geometry.
For example, for given finitely generated graded S-modules M, N and a graded homomorphism
Y : M — N of degree zero, the induced K-linear map H9(v)) : HY(Py, M) — H(P}, N) can
be computed via the basis for ¢ > 1, where M (resp. N ) is the coherent sheaf associated with M
(resp. N) on .

In this paper, we focus on Maruyama’s method to compute the cohomology group HY (P}, F)
for ¢ > 1 (in Appendix, we also introduce a method by Maruyama of the computation in the case
of ¢ = 0). His method is not described in an algorithmic format, and it has not been implemented
yet over computer algebra systems. Then our main contributions are as follows:

(1) We write down Maruyama’s method as an explicit algorithm (Algorithm 3.2.1 in Subsection
3.2) to compute the dimension and a basis of the K-vector space H4(P}, F) for ¢ > 1. We also
implemented our algorithm over Magma as a new function “CohomologyBasis”. (cf. Magma
has the function “CohomologyDimension”?, which outputs only the dimension but not any
basis of H? (P}, F)). In particular, our algorithm enables to compute a representation matrix
of a morphism of the cohomology groups.

(2) We analyze the complexity of our algorithm. We also examine the efficiency of our algorithm
by experiments.

(3) We present some applications of our algorithm, which are useful to study algebraic geometry
over fields of positive characteristics. In particular, as a typical application of our algorithm,

n [13, Chapter 8], only an example is computed by using a similar method to the method while Maruyama gave
the method in a general style.

2The source code of our implementation and the computation results are available at
http://www2.math.kyushu-u.ac.jp/ “m-kudo/ (our source code is in the file CohomologyBasis.txt).



we show a method to compute the action of Frobenius to varieties defined over fields of positive
characteristics (we briefly describe the application below).

One of the most valuable applications of our algorithm is to compute the action of Frobenius
to varieties defined over a field K of positive characteristic p. Let fi,...fs € S = K[Xo,..., X,]
be homogeneous polynomials. We set X as the locus V (f1,...,fs) C P} of the zeros of the
polynomials fi,..., fs. Let Ox be the structure sheaf on X. Then the computation of the action
of Frobenius H?(X,0x) — H?(X,0Ox) can be reduced to the computation of the morphism
H1 (X NG) X(p)) — H7(X,Ox) induced by the canonical inclusion X — X (?) where X denotes
V(P ..., fF). As we will describe in Section 5, our algorithm gives a useful tool to compute
a representation matrix of the morphism H4? (X ® 0 X(p)) — H9(X,0x) of K-vector spaces, by
which the structure of the action of Frobenius H? (X, Ox) — H? (X, Ox) can be obtained explicitly.

The rest of this paper is organized as follows: In Section 2, we introduce Maruyama’s method to
compute the dimensions and bases of the cohomology groups of coherent sheaves on the projective
r-space P-. In Section 3, we give an explicit algorithm of Maruyama’s method, and analyze its
complexity. In Section 4, we show experimental results obtained from our implementation of our
algorithm over Magma. We examine the computational behavior of our algorithm, by which it is
conclude that our algorithm and implementation are practical. In Section 5, we discuss possible
applications of our function CohomologyBasis. In Section 6, we conclude our work, and give our
future works.

Notation

° @2:1 M; : the direct sum of R-modules Mj, ..., M,

e M (m) : the m-th twisted graded R-module P,y M, 1+ of a graded R-module M = P, ., My,
where each M; is the homogeneous part with degree ¢t of M,

e Oy : the structure sheaf on a scheme Y,

e M : the sheaf associated with an S-module M,

o F (m) : the m-th Serre twist of a sheaf F of Oy-modules,

e HY(Y,F) : the ¢g-th cohomology group of a sheaf F on a scheme Y,
e Ry : the localization of a ring R by an element f € R,

e Ry : the homogeneous part with degree d of a graded ring R,

(:’;‘) : the binomial coefficient of two non-negative integers m and n with m > n.

2 Preliminaries

In this section, we introduce Maruyama’s method given in [9, Chapter 6] to compute the dimensions
of the cohomology groups of coherent sheaves on a projective space.



2.1 Fundamental properties of the cohomology groups of coherent sheaves

In this subsection, we review some general facts on the cohomology groups of coherent sheaves
on projective schemes (see [7, Chapter 3] for details). These properties are necessary to describe
Maruyama’s method in the next subsection.

Theorem 2.1.1 ([7], Theorem 5.1) Let K be a field. Let P} = Proj(S) be the projective r-
space Py with S = K[Xo,..., X;], and Opr_ the structure sheaf on Py.. Let S = @dzo Sy denote
the graded ring, where Sy is the set of all linear combinations of monomials of total degree d in
Xo,..., X, for d > 0. Let S(m) denote the m-th twisted graded ring @, ; Sm+t of S for m € Z.
We have the following results:

(1) For all m € Z, there exist isomorphisms of K -vector spaces as follows:
Sy, form >0,
H' (Pic, Oy, (m)) =3 "
K 0 form <0.
In other words, for every m > 0, the set
{Xéo-~-X7lf' i i>0for0<i<r, andlp+---+1, =m}

of monomials of total degree m is a basis of HY (IP”I"(, Opr. (m))

(2) H (P, Opr. (m)) =0 for 0 < q <r and arbitrary m.

(3) Let (S (m)(XO"'Xr))O denote the homogeneous part with degree 0 of the localization S (m) x,...x, )

by Xo---X,. Note that (S (m)(XO"'Xr))O is the K -vector space spanned by the set

{aXéO---XlT .

ro

a€K,l;€Zfor0<i<r andlp+---+1, =m}.
Let W be the K -vector subspace of (S (m)(Xo---XT))O spanned by

{Xéo-quf ; 1; >0 for some i, and lop+ -+ I, = m}.

Then we have the following isomorphism of K -vector spaces:

H” (Py, Opy (m)) = (S(m)(xo__XT))o /W (2.1.1)

Hence for every m < 0, the set
{Xolo---XrlT s li<O0for0<i<r, andlp+---+1, =m}

gives rise to a basis of the K -vector space H” (P, Opr. (m)) via the above isomorphism (2.1.1).

Corollary 2.1.2 ([7], Theorem 5.1) For all m € Z, we have the following:
{ (m”) for m > 0,

T

0 for m < 0.
{ (_m_l) form < —r —1,

dimg H? (Py, Opr_(m)) =

T

dimg H" (P, Opr_(m)) = 0 for m > —r — 1.

We also have H1 (P%, Opr. (m)) =0 forq#0,7r and m € Z.
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Theorem 2.1.3 ([9], Theorem 4.78) Let X C P} be a projective scheme over a field K. Let F
be a coherent sheaf on X. Then for all ¢ > r, we have H? (X, F) = 0.

Theorem 2.1.4 ([7], Chapter 3, Theorem 5.2) Let X C P} be a projective scheme over a field
K. Let F be a coherent sheaf on X.

(1) For each q > 0, the q-th cohomology group H4(X,F) is a finite-dimensional K -vector space.

(2) There exists an integer my, depending on F, such that H1 (X, F (m)) =0 for each ¢ > 0 and
m > my.

2.2 Maruyama’s method

In this subsection, we introduce a result (Theorem 2.2.1) by Maruyama. The result gives us a
method to compute the cohomology groups of coherent sheaves on a projective space.

Let Py = Proj(S) be the projective r-space with S = K[Xj,..., X;], and Opr_ the structure
sheaf on P}.. To simplify the notations, we denote P} and Opr_ by P" and Opr, respectively. Let
F be a coherent sheaf on P". By the definition of coherent sheaves on P", there exists an exact

sequence
tryo t1

00w <m§r+2)> s A Do (m(.”) EL gy (2.2.1)
j=1

for some t; and my) with 1 <i <r+4+2and 1< j <t. For an index ¢ with ¢; = 0, we identify

@?:1 Opr (mgl)) = 0. Put

tit1
o (D)
Git1 .E_BOP (mj ) ’ (2.2.2)
7=1
Ki:=Ker(f;) for0<i<r+1, K_;:=F.

In general, for a sheaf F on a topological space, the cohomology groups are defined by a (canonical)
injective resolution of F and they are computed by the injective resolution (see [7, Chapter 3] for
details). However, in Maruyama’s method, we have a projective resolution (2.2.1) for a coherent
sheaf F on the projective space P". This implies that the cohomology groups are computed by
the projective resolution without computing an injective resolution. In this case, it requires the
following result to compute the cohomology groups by using the projective resolution.

Theorem 2.2.1 ([9], Chapter 6) Let P} = Proj(S) be the projective r-space with S = K[Xo, ..., X,],
and Opr_ the structure sheaf on Py.. To simplify the notations, we denote Py and Opr_ by P" and
Opr, respectively. Let F be a coherent sheaf on P". Recall that the coherent sheaf F has a pro-
jective resolution of the form (2.2.1). Put G; and K; as in (2.2.2). Then there exist the following
isomorphisms of K-vector spaces:

(1) HO (7, F) 2 Ker (H" (fr—q)) /T (" (fr—qs1)) for 1< g < 7— 1,
(2) H" (P",F) = Coker (H" (f1)),
where H" (f;) denotes the morphism H" (P",G; 1) — H" (P",G;) induced by f; for 1 <i <r+1.



Proof. As only a sketch of a proof is given in [9], we give a complete proof here. To simplify the
notations, we denote H? (P",H) by HY (H) for a coherent sheaf H on P in this proof.

First we show the second statement H" (F) = Coker (H" (f1)). The sequence of coherent Opr-
modules Go — G; — F — 0 is exact, and the functor H" (+) is right exact. Hence the sequence

H"(f1) H"(fo)

H" (G2) H" (1) H" (F) —=0

is exact, and thus H" (F) = Coker (H" (f1)).
Next we show the first statement

HI (F) 2 Ker (B (fy—q)) /I (H' (fr—q21)) for 1< q<r—1.
For every 1 < i <1+ 2, we have the following short exact sequence of coherent sheaves:

0—=Kic1 = Gi — Ki—a — 0. (Ey)
Thus there exists a long exact sequence of cohomology groups

0 HO (ICi,l) — HO (gl) — HO (/Cz;z)
Hl (]Ci—l) — Hl (QZ) — Hl (ICZ‘_Q)
Hrt (Kz’—l) — a1 (gz> — Hrt (]Ci_g)
H" (Kifl) — H" (gl) — H" (’Ci,Q) — 0

Ll

foreach 1 <i¢<r+2.
Then we claim H?(G;) =0 for 1 < g <r — 1. In fact, by its definition in (2.2.2), it follows that

HY(G;) = HY éé Opr <m§1)) o é;Hq ((’)]pr <m§1)))
j=1 J=1

since P" is a noetherian topological space, and the cohomology commutes with arbitrary direct sums
on a noetherian topological space in general. By Theorem 2.1.1 (2), we have HY (O[pw (m(l))> =0

J
for all indexes i, j and 1 < g <r — 1. Hence we have H?(G;) =0 for 1 < g <r—1.
From the long exact sequences (L;) for 1 <i <r + 2, it follows that

HO(F) = B (o) = 2 H 7 (Kmya).
Recall that the sequence
0= HI(F) = H ™ (Krmg2) = H (Kimg1) = H" (Gr—g)

is exact. We have H? (F) = Ker (0,), where o, denotes the K-linear map H" (IC,_q—1) = H" (Gr—q)
in the above exact sequence. Note that the following diagram of morphisms of coherent sheaves

commutes

fr—q+1
grfq+2 I grqurl - ICrqul —0

frfq \L

gr—q



where the horizontal sequence is exact. Since the functor H” (-) is right exact, the horizontal
sequence of the following commutative diagram is also exact:

H"(fr_
H" (Gr_gs2) (fr—q+1)

H" (Gr—qt1) —= H" (Ky—g-1) —>0

Ogq

H" (Gr—q)

Thus we have H? (F) = Ker (04) = Ker (H" (fr—q)) /Im (H" (fr—g+1)) as K-vector spaces. O

By Theorem 2.2.1, we have the following explicit formulae.
Corollary 2.2.2 The notations are same as in Theorem 2.2.1. Then we have
dimg HY (F) = dimgH" (Gr—q41) —rankH" (fr—q) — rankH" (fr—g41)
for1<q<r-—1, and
dimgH" (F) = dimgH" (G1) —rankH" (f1).

Remark 2.2.3 In a similar way to the proof of Theorem 2.2.1, it is possible to give an explicit
formula for computing the dimension of the global section I' (P, F) = H° (P}, F). We shall
introduce the formula in Appendix A.

3 Explicit algorithm of Maruyama’s method

In this section, we give an algorithm (Algorithm 3.2.1) of Maruyama’s method to compute a basis
of the cohomology groups of coherent sheaves on the projective r-space P’ over a field K.

3.1 Interpretation of Maruyama’s method

In this subsection, we give an interpretation of Maruyama’s key results (Theorem 2.2.1 and Corollary
2.2.2) to compute the cohomology groups of coherent sheaves. As in the previous section, let
P = Proj(S) be the projective r-space over a field K with S = K[Xp,...,X;], and Opr_ the
structure sheaf on P}.. For a coherent sheaf H on P, let HI(P},H) denote the ¢g-th cohomology
group of H. To simplify the notations, we denote Py, Opr and H?(Py, H) by P", Opr and H(H),
respectively. Let F be a coherent sheaf on P". Let M be a finitely generated graded S-module
corresponding to F, that is, 7 = M.

For an integer n, we now describe Maruyama’s method to compute the cohomology groups
H?(F (n)) for 1 < ¢ < r for the n-th twisted coherent sheaf F (n). We note that F(n) = M(n),

where M (n) is the n-th twisted graded S-module of M. As F has the projective resolution (2.2.1),
the S-module M has the (minimal) graded resolution of length at most r + 1

tr+2

t
0 @S (~dr?) B @S (~d) B a0 (3.1)
Jj=1 j=1



for some integers t; and dg-z) (I1<i<r+2andl1<j<t), where S(m) denotes the m-th twisted
graded ring @, Sm+¢ of S for an integer m € Z. If the resolution (3.1.1) has length ¢, we set
t; =0 for /+2 < i <r+2 (ie, we may assume that the resolution always has length r + 1).
Note that each morphism ¢; is a graded homomorphism of degree zero between two free S-modules
Pl 5(— d(ZJrl ) and @J 15(—= d’ )) Thus, for each 0 <i < r+1, we can represent each morphism

Jj=1 J
p; as a tiy1 >< t;-matrix

A; = : : , (3.1.2)

where the (k, £)-entry g( D e Sis homogeneous of degree (dy) - d,(:H)). For the twisted sheaf F(n),

by the resolution (3.1.1), we have an exact sequence of coherent Opr-modules

tr — e~
0 éoﬂw (n— ) eraafm) el @(’)p (n—a?) ) Fn) - 0, (3.1.3)

where each twisted morphism ¢; (n) is a morphism induced by ¢;(n). Here @;(n) denotes the
morphism

7,+1

@s( a) —>@s( —d) s u e, (3.1.4)

Note that each ¢;(n) is also represented by A; as well as ¢; (but the graded S-modules of the
domains and codomains of ¢; and @;(n) are different if n # 0). The exact sequence (3.1.3) gives a
projective resolution for the twisted sheaf F(n). With the projective resolution, we can compute
cohomology groups H?(F(n)) for 1 < g <r by Theorem 2.2.1.

Specifically, we compute the dimensions of the cohomology groups as follows: As in the previous
section, put

tit1 '
Gir1 =P Opr (n—dV) | fi =i (n),
o (o4 .
Ki=Ker(f;)) for0<i<r+1, K_j:=F.
Then we can apply Corollary 2.2.2 to compute dimyx H? (F (n)). In fact, we have
t; )
dimp H' (G;) = dimg @D H' (OPT (n - dg.”))
j=1
N . (3.1.6)
= dimgH" (Opr (n—d") ).
St (0- o )
Moreover, for d = dgi), we have
(71;"“1) forn—d<—r—1,
dimgH" (Opr (n —d)) = (3.1.7)

0 forn—d>-r—1



by Corollary 2.1.2. Note that the morphism H" (f;) can be represented by the matrix A;. Since
K-bases of H" ((9]1»;< <n — dg-z))) for 1 < j <t; can be obtained by Theorem 2.1.1 (3), it is possible

to compute rankH" (f,—,) and rankH" (f,_4+1), and thus dimg H9 (F (n)) can be computed. As a
summary, once

t;,d and A; = (g,g)»lg%mh for1<i<r+2and1<j<t (3.1.8)
1<e<t;

are determined, we can easily compute dimg H? (F (n)) for 1 < ¢ <r.

3.2 Algorithm based on Maruyama’s method

In this subsection, we present an algorithm to compute a basis of cohomology groups of coherent
sheaves on the projective r-space P over a field K. Before we give our algorithm, we first give an
outline of our algorithm in order to make procedures of our algorithm clear. Our algorithm consists
of some sub-procedures, which shall be explained precisely in Subsection 3.3.

3.2.1 Outline of our algorithm

Let P} = Proj (S) be the projective r-space over a field K with the polynomial ring S = K[Xo, ..., X,],
and Opr_ the structure sheaf of P}.. For a coherent sheaf 1 on P, let HY (P, H) denote the g-th
cohomology group of H. To simplify the notations, as in Subsection 3.1, we denote P}, Opr. and
HY(P%,H) by P", Opr and HY(H), respectively.

Given a coherent sheaf F on P" and an integer n, we give an algorithm based on Maruyama’s
method to compute a basis of the cohomology group H? (F(n)) for 1 < g < r. As in Subsection
3.1, let M denote a finitely generated graded S-module corresponding to F. Our algorithm has
the following two main procedures Steps A and B, and Step B consists of four sub-procedures
(B-1)—(B-4):

Step A. Given a set of explicit S-generators of M, we first compute a (minimal projective) resolution
of the form (3.1.1) for M. Specifically, we compute all elements of (3.1.8), which are
determined from the resolution (3.1.1).

Step B. Given the elements of (3.1.8), we next compute a basis of H? (F (n)) for each 1 < ¢ < r.
This step can be divided in the following four steps:

(B-1) Given the elements of (3.1.8), we compute a basis of H"(G;) forr—qg <i<r—q+2
by Theorem 2.1.1 (3), where H"(G;) denotes the cohomology group of G; given in
(3.1.5).

(B-2) From bases of H"(G;) forr —g<i<r—q+2and A; forr—q¢<i<r—q+1, we
compute the representation matrices of the maps H"(f,—q) and H"(fy—q+1), where

H"(f;) : H'(Git1) — H'(Gi)
is a K-linear map given by v — vA; fori=r —qand r —q+ 1.

(B-3) We next compute bases of the K-vector spaces Ker (H"(fr—q)) and Im (H"(fr—q+1))-
(B-4) Finally, we compute a basis of

Ker (H" (fr—q)) /T (H" (fr—g41)) = HI(F(n)).

10



In Step A, we utilize theory of Grobner bases. For Step B, we utilize partition and sorting techniques

n (B-1), and linear algebra techniques in (B-2)—(B-4). In particular, in (B-4), we utilize a linear
algebra technique to extend a given basis of a vector space to a basis of a higher dimensional space,
and to compute a basis of a quotient vector space Ker(H"(fr—q))/Im(H"(fr—g4+1)) over K.

Remark 3.2.1 In Step A, we compute a (minimal) free resolution for the input module. Several
computational methods for free resolutions are proposed and implemented in computer algebra
systems. Such computations for free resolutions can be done in exponential time in general. How-
ever, objects such as the cohomology groups should be determined by mathematical invariants of
input structures. From this, in our complexity analysis of Subsection 3.5, we set such mathematical
invariants obtained from the form of free resolutions as inputs.

3.2.2 Procedures in Step B

Computation of Step A is well-known in theory of Grobner bases (see [3, Chapter 6] for details), and
we skip Step A. Here we give an algorithm of Step B. We also describe an outline of sub-producers
in Step B (details of the sub-procedures shall be described in Subsection 3.3).

Recall that we obtain a minimal free resolution of length ¢ = r + 1 for the graded S-module M
in Step A. Then we assume that we have the following:

toy1

o—>@5( d“) @5( d(1)> M 0. (3.2.1)
Put

Milz{eajls( dj) (O§Z§£+1)’ ttz{tl,...,tg_ﬂ],
M (1=0), (3.2.2)

4 = [dﬁ”,...,dgﬂ (1<i<l+1), d:= [d(l),...,d(”l) }

Recall that ; is represented by the matrix A; given in (3.1.2) for each 0 < i < £. In Step A, all
entries g,(;)é of A; are also determined explicitly.

In Algorithm 3.2.1, we show our algorithm to compute a basis of the cohomology group H? (F (n))
for 1 < ¢ < r. In our algorithm, we take M, F' (M) := ((Mz';@i,tiad(i)aAi))0<i<€+1a qgand n € Z
as inputs. In Subsection 3.3, we shall prove the correctness of Algorithm 3.2.1 to output a basis of
H1(F (n)).

Algorithm 3.2.1 includes several sub-procedures as subroutines. In the following, we describe
each of the sub-procedures (detailed description of the sub-procedures shall be given in Subsection

3.3):

(1) CohomologyOfStructureSheafSum: Given n, ¢t and d = [dy, ..., d:], this sub-procedure com-
putes a basis of H" (G), where G := @;:1 Opr (n — d;). In Step (B-1) of Algorithm 3.2.1, we
apply this sub-procedure to compute a basis of H"(G;) for r — ¢ < i < r — g+ 2, where G; is
defined by (3.1.5).

(2) RepresentationMatrix: Let ¢ be a homomorphism defined by

¢
© : @S(mJ)H@S(m;) s uu- A, (3.2.3)
=1 '
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where A is a (¢ x ) matrix such that the (k,¢)-entry g of the matrix A is a homogeneous
polynomial of degree (mj, —my) in S for each k and ¢. Let

t t
G := P Opr(m;) and G’ := Q;lopr(m;) (3.2.4)
]:

i=1

denote the coherent sheaves associated with @2:1 S(m;) and EB;IZI S(m}), respectively. Given
¢ and bases of H"(G) and H"(G'), this sub-procedure computes the representation matrix of
the induced morphism

H" () : H (P",G) — H" (P",G') ; w—w- A (3.2.5)

In our implementation for this sub-procedure, we minimize the representation matrix for
efficiency. We use this sub-procedure in Step (B-2) of Algorithm 3.2.1. This sub-procedure
calls the following two functions:

e Action: For each element v of a basis of H" (G), this function computes the element
H"(p)(v) € H'(G").

e ColumnOfRepresentationMatrix: This function computes a column of a representation
matrix of H" ().

(3) QuatientSpaceBasisMatrix: Given a K-vector space V with a (row) basis matrix A and its
subspace W C V' with a (row) basis matrix B, this sub-procedure computes a basis matrix
C' of the quotient vector space V/W. We use this sub-procedure in Step (B-4) of Algorithm
3.2.1.

In Table 1, we give an outline of our algorithm (Algorithm 3.2.1) to compute a basis H?(F(n)) for
I1<qg<r.
3.3 Detailed description on sub-procedures in Step B

In this subsection, we give a precise description on the sub-procedures given in Subsection 3.2.2.
Recall that the following sub-procedures are used as subroutines in Algorithm 3.2.1:

(1) CohomologyOfStructureSheafSum,
(2) RepresentationMatrix,

e Action,

e ColumnOfRepresentationMatrix, and
(3) QuatientSpaceBasisMatrix.

Let Py = Proj(S) be the projective r-space with S = K[Xj,..., X;], and Opr_ the structure
sheaf on P}.. Let H? (P}, H) denote the g-th cohomology group of a coherent sheaf H on P}.. To
simplify the notations, we denote Py and Opr_ by P" and Opr, respectively, and denote H? (P, H)
by HY(H) for a coherent sheaf H on P".

12



Table 1: Outline of our algorithm (Algorithm 3.2.1) of Maruyama’s method to compute H? (F(n))
for1<qg<r

Procedures Techniques
Step A | Compute a (minimal) free resolution of M Grobner basis
Step B | (B-1) | Compute a basis of H" (G;)
foreachr —g<i<r—qg+2
(CohomologyOfStructureSheafSum).
(B-2) | Compute representation matrices of
H" (fr—q) and H" (fr—g+1)
(RepresentationMatrix,
ColumnOfRepresentationMatrix and Action).
(B-3) | Compute bases of Linear
Ker (H" (fy—q)) and Im (" (f,—g1)) algebra
(Solve a linear system and
compute an echelon form of a matrix)
(B-4) | Compute a basis of
Ker (H" (fr—q)) /Im (H" (fr—g+1))

(QuatientSpaceBasisMatrix)

Partition,
Sorting

3.3.1 Description on CohomologyOfStructureSheafSum

Recall that given n, t and d = [dy,...,d;], this sub-procedure computes a basis of the K-vector
space H"(G), where G := @;zl Opr (n —d;). In Algorithm 3.3.1, we show an algorithm for this
sub-procedure.

Proposition 3.3.1 Givenn, t andd = [dy,...,d;], Algorithm 3.3.1 outputs a basis of the K -vector
space H" (G), where G := @;zl Opr (n — dj). In particular, if H" (G) = 0, Algorithm 3.3.1 outputs
0.

Proof. 1t is sufficient to consider the case of t > 1. We have H" (G) = @3‘:1 H" (Opr (n —dj)). For

an element v € H" (Opr (n — d;)), we denote by ¢j(v) an element (0,...,0,v,0,...,0) in H" (G),
where we let ¢; denote the embedding

s H (Opr (n— dj)) < H™ (G) = D H (Op (n — d;)) (3.3.1)
j=1

for 1 <j <t Put R; :=1Im(;) ={¢j(v); ve H (Opr(n—dj))} for 1 < j <t Foreachl <j<t,
the set

{Xolo - X, i< 0for 0<i <7, and lg+---+ 1, =n —d;} (3.3.2)

is a basis of the K-vector space H" (Opr (n —d;)) if n — d;j < —r — 1 by Theorem 2.1.1 (3). Thus

{Lj (Xolo .. -XTlT) il; <0 for 0<i<r, and lg+- -+, =n — dj} (3.3.3)
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Algorithm 3.2.1 CohomologyBasis(M, F (M) ,q,n)
Input: A finitely generated graded S-module M, the minimal free resolution F (M) :=
((Mi,cpi,ti,d(i),Ai))0<i<T+2 of M, an integer g € {1,...,r} and n € Z

Output: A basis of HY (P}, F (n)), where F := M
1: /*Step A has been finished*/

2: ¢ +—r—q+1

3. /*Step (B-1)*/

4: fori=¢ —1toqd +1do

5. V; + CohomologyOfStructureSheafSum (¢;, d®,n) /*Basis of H" (G;)*/
7: end for

8: if Vy =0 then

9: return ()

10: else

11:  /*Case of H" (Gy) # 0%/

12: {og,... ,vkq,} — Vg

13:  /*Step (B-2)*/

14: fori=¢ —1toq do

15: R; < RepresentationMatrix (Vit1,V;, A;) /*Representation matrix of H" (;)*/
16: end for

17.  /*Step (B-3)*/

18:  /*Solve the linear system v -*Ry_; = 0 over K*/

19:  Bger + (basis matrix of {V eKF ;v '‘Ry—1 = 0} - qu/)

20:  /*Compute the reduced row echelon form of the matrix Ry ™/

21: By < (basis matrix of {u 'Ry ; ue qu’+1} C K*a)

22:  /*Step (B-4)*/

23:  Becon ¢ QuatientSpaceBasisMatrix (Bker, Bim)

24:  return (the set of the row vectors of the matrix B - ¢[vy, . . . )
25: end if

is a basis of the K-vector space R; if n —d; < —r — 1. We also note that H" (Opr (n — d;)) = 0 if
n—d; > —r—1. Thus the output basis V of Algorithm 3.3.1 is a basis of the K-vector space H" (G)
if there exists an index j such that n —d; <r — 1. In the case of n —d; >r —1forall 1 <j <t,
we have H" (G) = 0. In this case, Algorithm 3.3.1 outputs 0. O

3.3.2 Description on RepresentationMatrix

Let ¢ be a homomorphism defined by (3.2.3). Let G and G’ be coherent sheaves as in (3.2.4). Given
¢ and bases of H"(G) and H"(G’), this sub-procedure computes the representation matrix of H" (),
defined in (3.2.5). In Algorithm 3.3.2, we give an algorithm for this sub-procedure.

Algorithm 3.3.2 calls Action and ColumnOfRepresentationMatrix as subroutines. In the fol-
lowing, let us first describe each function:

14



Algorithm 3.3.1 Cohomology0fStructureSheafSum (¢,d,n)

Input: An integer t € Z>¢, a sequence d = [d1, ..., d:] of integers, and n € Z

Output: A basis of the K-vector space H" (P",G), or (), where G := @;:1 Opr (n — d;)
V<0
2: if t > 1 then

3: forj=1totdo

4 if n —d; < —r —1 then

5: V; <—{Lj(X0l0~-XrlT) s li<0for0<i<r, andly+---+1 =n—d;}
6: V(—VUVJ'

7 end if

8: end for

9: end if

10: return V

Algorithm 3.3.2 RepresentationMatrix (V, V' A)
Input: Ordered bases V = {vi,...,vs} and V' = {v},...,v,} of the K-vector spaces
H" (@;Zl Opr (m])) and H" (@?:1 Opr (mé)), respectively, and a (¢ x ¢') matrix A represent-

ing a given homomorphism ¢ : @?:1 S(m;) — @?:1 S(mf)

Output: The (s’ x s) matrix R such that [H" (9) (v1),..., H" (9) (vs)] = [v],...,vL] - R

1: R + (the (¢’ x s) zero matrix over K)

2: for i =1 to s do

3:  Im; < Action (v;, A) /*Compute H" (@) (v;)*/
4:  Cols; < ColumnOfRepresentationMatrix (Im;,)’) /*Compute the i-th column of R*/
5
6
7

Replace the i-th column of R by ! (Cols;)
: end for
: return R

Description on Action: Recall that the function Action computes the element H"(p)(v) €
H"(G') for each element v of a basis of H"(G). In Algorithm 3.3.3, we give an algorithm for this
function.

Proposition 3.3.2 Let ¢ be a graded homomorphism of degree zero of free S-modules defined by
(3.2.3). Fiz 1 < i < t, and let 1;(Xo"--- X,r) be an element of a basis of the K -vector space

ar (]P”", @3.:1 Opr ('mj)>, where v; is defined by (3.3.1). Let H" () denote the K-linear map given
in (3.2.5). For 1 <j <t let hj denote the j-th entry of HT(@)(M(X(Z)O - XIM)), namely,

H™ (@) (1i(XE - X)) = [ha, ..., hy.
Then Algorithm 3.3.3 outputs the set
{tj(hjp) s 1<j<t, hyp € {term of h;} }

with Zzlzl Yoptilhin) = H" (@) (Li(Xolo e Xrl")).
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Algorithm 3.3.3 Action (Li(XolO o Xrl’“), A)
Input: An element ¢; (Xol0 . -Xrlr) of a basis of the K-vector space H" (P, @Di_, Opr (m;)) and

a (t x t') matrix A representing a given homomorphism ¢ : @2:1 S(mj) — @5:1 S(mf)
Output: The set {¢j(h;x); 1 <j<t, hj, € {term of h;} } or 0, where each hj; is the j-th entry
of the vector H" (¢) (Li (Xolo . Xrlr))
1: Im «+ 0
2: for j =1 tot' do
3. gi; < (the (4, 7)-entry of A)

4:  Nj; < (the number of the terms of g; ;) /*g; ; is a homogeneous polynomial*/
5: if Ni,j 75 0 then

6: T < (the (lexicographical) ordered set of the terms of g; ;)
T fOI‘k‘:(ko,...,k‘T)ETdO

8: thg +— 1g

9: ay < (the coefficient of Xgo o Xk g; )

10: break(i') < 0

11: for i/ =0 to r do

12: if [,y + k;y < —1 then

13: th{; — hj,k : Xi(,li/+ki/)

14: else

15: break (i) < 1

16: break i /*Means a, X 0 ... X, krtlr = 0 in H"(P", Opr (m}))*/
17: end if

18: end for

19: if break (i') # 0 then

20: hj,k — ag h]"k

21: Im < Im U {¢;(hjr)}

22: end if

23: end for

24:  end if

25: end for

26: return Im

Proof. Let A = (g;,)i; denote the representation matrix of ¢ defined in (3.2.3). Note that each
gi; is a homogeneous polynomial in S. We denote by IV; ; the number of the terms of each g; ;.
Suppose N; ;j > 1 (the case N; ; is trivial). Then we can write

for some a, € K ~ {0} with k = (ko,...,k.) € (Z0)""*. Let T be the lexicographical ordered set
consisting of the terms of g; ;. The j-th entry of the vector H" (9) (LZ'(XOlO e XTZT)) is

Xolo . Xrlrgi,j — E akXolo+k0 . Xir-l-kr.

If I + ky > 0 for some 0 < i/ < r, then the term ajXot*o .. -X,lf*’“ can be regarded as 0
via the isomorphism (2.1.1) in Theorem 2.1.1 (3). Thus ¢;(hj) is equal to ap X0tk ... xl+hkr jf
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lir + ki < —1 for all ¢/. It also follows that {¢;(h; )}k is the set of the terms of the j-th entry of the
vector H" (3) (1;(Xo" - -+ X,'r)) for each 1 < j < #. Then Proposition 3.3.2 holds. O

Description on ColumnOfRepresentationMatrix: Recall that this function computes a column
of a representation matrix of H"(p). In Algorithm 3.3.4, we give an algorithm for this function.

Algorithm 3.3.4 ColumnOfRepresentationMatrix (Im, W)
Input: A finite subset Im = {1;(1) (akX(lfo- < Xk)i ki<0for 0<i<r,and Y, k= Mi(k) bk indexed
by k = (ko,...,k)’s of the K-vector space W := H" (}P”", @2‘:1 Opr (m3)> and its basis W =

{Lj(Xol‘)« . -XTZT) ; 1<j<t, ;<0 for 0<i<r, and lo+ - +I, =m;}, where t € Zo and m;
(1 <j<t)are given
Output: The vector [by,...,bs] € K° such that >, h = 377, bjw;, where s = # (W) and
W= {wl,...,ws}
1: b+ [OK,...,OK] € K?
2: Ny < (the (ordered) finite set of the indexes k = (ko, ..., k) of Im)
3: for k = (ko,...,k;) € Niy do

) (arpXo" .- X,*r) « (the element of Im corresponding to the index k)
5 WL+ W

6:  {eig) (Xo? - XpI) by = Wi

7. Ind (Wg) < (the set of the indexes j = (jo,...,Jr) of Wy)

8:  for j = (jo,...,Jr) € Ind Wy) do

9: Li(j)(XojO .-+ X,7r) + (the element of W}, corresponding to the index j)
10: if (ko,...,kr i (k) = (Jo,---,Jr,i(j)) then

11: Replace by ay the entry of b corresponding to ¢ (Xojo e er”‘)

12: Wi < Wi {Li(j) (Xojo . ~erT)}

13: break j

14: end if

15:  end for

16: end for

17: return b

Proposition 3.3.3 Let
Im = {Li(k) (ango- . -Xff*) ; ki<0for 0 <¢<r and Z ki = mi(k)}
? k

be a (ordered) finite subset indexed by k = (ko, ..., ky)’s of the K -vector space H" (PT, 69;:1 Opr (mj))
with the basis

W= {Lj(XolO' . ~Xrl’“) ; 1<j<t, [;<0for 0 <i <7, and lp+ -+ = m;},

where t; is defined by (3.3.1). We put s :== # (W). Let {wi,...,ws} be the (ordered) set of all
elements of W. Then Algorithm 3.3.4 outputs the vector [by,...,bs] € K® such that ), . h =

> =1 bjw.
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Proof. The iteration starts with some k = (ko,...,k) € Ny, where Ny, denotes the (ordered)
finite set of the indexes k = (ko,...,k,) of Im. We set Wy := W. Since W is a basis of the K-

vector space H" (]P”", @;:1 Opr (mj)>, there exists unique wj(;y € W such that ;) (Xoko - Xokr) =
wjy. Then we set by := ag. Note that Li(l)(Xolo - Xolr) # wj(y for each I # k. Thus we
obtain b;(;y € K such that ¢, (apXoho - - Xokr) = bjkyw;jy for each k € Nyy. As a result, we

have ) crn h = E;zl bjw;, where we set b; := 0 if Li(k)<akX0kO -+ Xo*r) # bjw; for each k € Ny,
O

Correctness of RepresentationMatrix: Here we prove the correctness of the function RepresentationMatrix
(Algorithm 3.3.2).

Proposition 3.3.4 Let ¢ be a homomorphism defined by (3.2.3). Let G and G’ be coherent sheaves
as in (3.2.4). Given ¢ and bases V and W of H"(G) and H"(G'"), Algorithm 3.3.2 outputs the
representation matriz of H" (), defined in (3.2.5) via the bases.

Proof. Each element v € V can be written as v = Li(Xolo . -X,,l’“) for some 7 and ly,...,l.. By
Proposition 3.3.2, Algorithm 3.3.3 outputs the set

{tj(hjr) 3 1< 5 <t hjp € {term of h;} }

such that Z?:l Sk ti(hik) = H™ ($) (1i(Xo" - - X,'r)), where each hj is an element in H" (P", Opr (m;)).
Put s := #(W). By Proposition 3.3.3, Algorithm 3.3.4 outputs the vector [by,...,bs] € K* such
that 25:1 > ti(hjk) = >25_; bjw;, and thus we have H” () (Li(Xolo - X)) = > 5=1bjw;. Con-
sequently Algorithm 3.3.2 outputs the representation matrix of H"($) via V and W. O

3.3.3 Description on QuotientSpaceBasisMatrix

Recall that given a K-vector space V with a (row) basis matrix A and its subspace W C V with a
(row) basis matrix B, this sub-procedure computes a basis matrix C of the quotient vector space
V/W. In Algorithm 3.3.5, we show an algorithm for this sub-procedure.

Proposition 3.3.5 Given a K-vector space V' with a (row) basis matriz A and its subspace W CV
with a (row) basis matriz B, Algorithm 3.3.5 outputs a basis matriz of the K -quotient space V/W .

Proof. We denote by a; = [aj1,...,0im| and b; = [bj1,...,b;mn] the i-th row vector of the matrix
A and the j-th row vector of the matrix B, respectively. Since the K-vector space W is a subspace of
the K-vector space V, there exist unique uq j, ..., Un, j € K such that b; = uy ja; +-- -+ um, jam,
for each 1 < j < mg. Note that u; := [uyj,...,Upm, ;| is the j-th row of U in Algorithm 3.3.5
for each 1 < j < my, where U is the (mg x mq) matrix such that B = U - A. Let U’ be a basis
matrix of K™! obtained by extending the basis of the row vectors of the matrix U. We denote by
u) = [u] ..., up, ;| the j-th row vector of the matrix U’ for each ma +1 < j < my. Let U” be the
((m1 — mg) x mq)-matrix such that its j-th row vector is u;+m2 for each 1 < j < my — mo. The
mq — my elements u’l’jal + -4 u;nm-am1 € V for mo + 1 < j < my are linearly independent since
U” is a full-rank matrix. In addition, the dimension of the K-vector space V/W is precisely equal
to my — mo. Thus the matrix U” - A can be regarded as a basis matrix of the K-quotient space
V/W. O
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Algorithm 3.3.5 QuotientSpaceBasisMatrix (A, B)
Input: A basis matrix A of a K-vector subspace V of K™ and a basis matrix B of a K-vector
subspace W C V of K™
Output: A basis matrix C' of the K-quotient space V/W
1: if B is a zero matrix then
2:  return A
3: else
4: my < (the number of the rows of A (the dimension of V'))
5. mg < (the number of the rows of B (the dimension of W))
6
7
8
9

U < (the (mg x mj) matrix such that B =U - A)
U’ + (a basis matrix of K™ obtained by extending the basis of the row vectors of U)
U// — U/
. for j=1tomsdo

10: b; < (the j-th row vector of U)

11: Remove bj from U” and update U”

12:  end for

13:  return U”- A

14: end if

3.4 Correctness of Algorithm 3.2.1

In Subsection 3.3, we gave a precise description on the sub-procedures of Algorithm 3.2.1. In this
subsection, we prove the correctness of Algorithm 3.2.1.

Let P% = Proj(S) be the projective r-space over a field K with the polynomial ring S =
K[Xo,...,X,]. Let Opr_ be the structure sheaf of P}.. To simplify the notations, we denote P}
and Opr_ by P" and Opr, respectively, and denote H? (P", H) by H?(H) for a coherent sheaf H on
P". Recall that for a given coherent sheaf F, integers ¢ > 1 and n, our aim is to compute a basis
of the K-vector space H? (F(n)). As in the previous subsection, let M denote a finitely generated
graded S-module corresponding to F. Recall that M has a (minimal) free resolution of length
¢ =1+ 1 of the form (3.1.1). We also recall that the input parameters of Algorithm 3.2.1 are M,
F (M) := ((MZ',(pi,ti,d(i),Ai))oqqﬂ, g > 1and n € Z, where M;, t;, d¥ and A; are given in
(3.1.2) and (3.2.2) for 0 <i < £+ 1.

Theorem 3.4.1 The notations are same as above. For input parameters M, F (M) = ((Mz, @i ti, d®, A,))

q>1 and n € Z, Algorithm 3.2.1 outputs a basis of the K-vector space H1 (F (n)).

Proof. Recall that by Theorem 2.2.1 (1), the cohomology group H? (F (n)) is isomorphic to the K
vector space Ker (H" (fr—q)) /Im (H" (fr—q+1)) via the following complex:

HT‘(frqurl) Hr(frfq)

H" (Gr—g+2) H" (Gr—g+1) H" (Gr—q) -

Putq¢ :==r—q+1. Let V;, = {Ugi), . ,v,i?} be the ordered set output by Algorithm 3.3.1 for inputs
t;, d and n. By Proposition 3.3.1, V; is a basis of the K-vector space H" (G;) for ¢ —1 < i < ¢/ +1.
If H" (Gy) = 0 (i.e., Vy = 0), then Ker (H" (fy—1)) = Im (H" (fy)) = 0 and H? (F(n)) = 0. Thus
the output () by Algorithm 3.2.1 is correct if Vy = ()
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Suppose Vy # 0. Put ky = # (Vq/) = dimgH" (gq/). Let R; denote the matrix output by
Algorithm 3.3.2 for inputs V41, V; and A; for i = ¢’ — 1 and ¢/. By Propositions 3.3.4, R; is the

representation matrix of H” ( f;) with respect to the ordered bases V;11 and V; for i = ¢'—1 and ¢/. By

the construction of Bge (resp. Bim), the matrix Bger - t[v§q/), . ,v,(cqi)] (resp. By - t[v§q/), . ,v,(cqi)])
q q

is clearly a basis matrix of Ker (H" (fy—1)) (resp. Im (H" (fy))). Let Beon be the matrix output

by Algorithm 3.3.5 for inputs Bk, and Byy,. By Proposition 3.3.5, Beon -t[vgq/), . ,v,(gqi)] is a basis
q

matrix of Ker (HT (fq/,l)) /Im (HT (fq/)). Hence Theorem 3.4.1 holds. g

3.5 Complexity analysis

In this subsection, we investigate the complexity of Algorithm 3.2.1. Recall that from Remark 3.2.1,
we estimated the complexity of our algorithm for mathematical invariants of the input object since
the cohomology groups in algebraic geometry should be determined by such invariants.

The notations are same as in Algorithm 3.2.1. Let P’ = Proj(S) be the projective r-space with
S = K[Xo, ..., X,], and Opr_ the structure sheaf on P}.. Let H(P},H) denote the g-th cohomology
group of a coherent sheaf H on Py.. To simplify the notations, we denote Py and Opr_ by P" and
Opr, respectively, and denote HY(P",’H) by H9(#) for a coherent sheaf H on P.

First we recall the input and output parameters and the objects to compute in Algorithm 3.2.1
(cf. Step. B in Table 1 of Subsection 3.2.2). Let M be a finitely generated graded S-module. The
module M has a (minimal) free resolution of the form (3.2.1). The input parameters of Algorithm
3.2.1are M, F(M) := ((Ml-,@i,ti,d(i),Ai))ogigH, 1<q<randneZ, where M;, ¢;, t;, d¥ and
A; are given in (3.1.2) and (3.2.2), ¢ is the degree of the output cohomology group H4(F(n)), and
n is the twist number of the sheaf F = M associated with the module M on P. Throughout this
section, we set

¢ :=r—q+1. (3.5.1)

The output of Algorithm 3.2.1 is a basis of the K-vector space H4(F(n)). In Algorithm 3.2.1, the
objects to compute in Step B are bases of the K-vector spaces H"(G;) for r —q < i < r —q+ 2,
where each sheaf G; is defined in (3.1.5). From Step B-2 to Step B-4 of Algorithm 3.2.1, the objects
to compute are

(B-2) The representation matrices R; of the K-linear maps H"(f;) via the bases obtained in Step

—~—"

B-1fori=r—qand r—q+1, where H"(f;) = H" (goz(n)) is given as in (3.2.5) for each 1,

(B-3) The basis matrix Bie (resp. Brm) of the K-vector space Ker(R,_,) := {v € K*' ; v .
‘Ry—1 = 0} (vesp. Im(R,_g41) :={v-'Ry ; v € K*/+1}), where k; := dimg H"(G;) for
T—QSZST—Q-FZ

(B-4-1) The basis matrix Bcop of the K-quotient space Ker(R,_g)/Im(R,—g+1),
(B-4-2) The matrix Beoy, - t[v§q/), . ,v,(cq;)].
q
Here V; = {vgi),...,vg)} is a basis of the K-vector space H"(G;) for each ¢ — 1 < i < ¢' + 1.
For fixed r and ¢, all of the above objects to compute are determined by ¢;, d?, A; and n for

¢ —1<1i < ¢ +1. From this, we analyze the complexity of Algorithm 3.2.1 according to the
parameters n, t™®) := max{t; ; ¢ —1 < i < ¢'+1} and d™®) := max{d® ™) ; /-1 < i < ¢'+1},
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where d(& max) .— max{dg.i) ;1 <j<t}forqd —1<i<¢g+1. For a simplicity, suppose that
H"(G)#O0forallqd —1<i<¢ +1.

Proposition 3.5.1 We use the same notations as above. Algorithm 3.2.1 (not counting the com-
putation of a basis of the K -vector space H"(P",G;) forr —q<i<r—q+1) runs in

0 ( (19 o) ny)4) (35.2)

arithmetic operations over S = K[Xo,...,X,].

Proof. We determine the complexity based on a theory of linear algebra (see [10] for details).
Let V;, = {vgl),...,vg)} denote the basis of the K-vector space H"(G;) in Algorithm 3.2.1 for
¢ -1<i<q+1

(B-2) The representation matrices R; of the K-linear maps H"(f;) fori =r —q and r —q+ 1:
(W) (@) by the K-linear map H"(fi—1).

In this part, we first compute the image of {vl ,...,vk,zw
Recall that by (3.1.6) and (3.1.7), the dimension k; := #(V;) of the K-vector space H"(G;) is

ki = dimg H'(Gi) = O (t<ma><>(d<max) - n)r)

for ¢ —1 <i < ¢ +1. We compute the vector Uj(-i) - A;_q1 for 1 < j < k;. Note that A;_1 is a
(t; X ti—1)-matrix over K|[Xo, ..., X,]. Thus the computation runs in

0 ((t<ma><>)2(d<max) - n)r) (3.5.3)

arithmetic operations over the polynomial ring K[Xo, ..., X,]. We then obtain O (t(max) (d(max) n)r)
elements in H" (G;_1). By comparing the elements with the ordered basis {vgi_l), e vliijll) },

we obtain the representation matrix R;_; in
0 <(t(max))2(d(max) _ n)27‘) (354)

arithmetic operations over K[Xy,...,X,]. Thus the arithmetic complexity in this step is
given by (3.5.4).

(B-3) The basis matriz Bger (resp. Bmm) of the K-vector space Ker (R,—q) (resp. Im (Ry_q11)):
We assume that the computation is done by the Gaussian elimination over the field K. In
this case, since R; is a matrix over K and the number of the rows and the columns of R; is
bounded by t(™&%)(g(maX) _ )7 the naive computation gives

0 ((t<maX>)3(d<maX> . n)?"") (3.5.5)

arithmetic operations over K.
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(B-4-1) The basis matriz Beon of the K-quotient space Ker (R,_,) /Im (R,_g41): In this step, we first
compute the matrix U such that By, = U - Bker- We solve the linear system b; = u - Bger
by the Gaussian elimination over K for each i, where b; is the i-th row of the matrix Bry,.
Thus the above U is determined in

0] ((t(max) (d(max) _ n)r) ((t(max))3(d(max) _ n)3r>>
- 0 (((t(max))4(d(max) B n)‘”)) 556

arithmetic operations over K because the number of the rows of both of the matrices By,
and Byge, are O () (dmaX) — )y We then compute the square matrix of full rank by
extending the basis of the row vectors of U. Since U is a matrix over K and the number of
the rows and the columns of U is bounded by (™% (4(™aX) _ »)"  this computation can be

done in
O ((t(ma"))2(d(m“) - n)QT) (3.5.7)
arithmetic operations over K.
(B-4-2) The matriz Beon -t[v§q/) yeees v,(gi]]i)]: Finally, we compute the basis matrix By -t[vgq,), . ,U,EZ:)]

of the K-vector space HY (F(n)). The number of the rows and the columns of B}, is bounded
by tmax)(gmax) _ p)r. Recall that ky = O (£ (d™2%) — n)). Thus the multiplication of

the matrix Beo and the vector vy, . .. ,vkq,] requires
0 ((t<ma’<>)2(d(ma’<> - n)2’") (3.5.8)
arithmetic operations over K[Xo, ..., X,].
Putting all the steps together, namely considering (3.5.3)-(3.5.8), Proposition 3.5.1 holds. O

Corollary 3.5.2 [t is possible to estimate the complerity of Algorithm 3.2.1 over K. The nota-
tions are same as in Proposition 3.5.1. Let a be the mazimum of the number of the terms of the
components of A; for ¢ —1 < i < ¢ +1. The arithmetic complexity of Algorithm 3.2.1 over K (not
counting the computation of a basis of the K-vector space H"(G;) for ¢ —1<i<q +1) is

0 <(t(rnaX)(_n i d(max))r>4 4 o2 (t(maX)(_n i d(max))r>2> ‘ (3.5.9)

The value
D :=max{dimgH"(G;); ¢ —1<i<q +1} (3.5.10)

is appropriate as an asymptotic parameter of Algorithm 3.2.1. We describe the reason why the
parameter D is appropriate as an asymptotic parameter of Algorithm 3.2.1. Recall that we have
dimg H™(Gi) = ) ( J > ford —1<i<q +1 (3.5.11)
r
j=1
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and thus dimg H"(G;) = O (t(ma")(d(max) —n)"). The values t; and dg-i) are uniquely determined
for the input module M since the form of the projective resolution of M is uniquely determined.

) (%)
Thus each value Z?:l ("_ﬁli ) is also uniquely determined by M and n. From this we can take D

as an asymptotic parameter of Algorithm 3.2.1. In a similar way to Corollary 3.5.2, the arithmetic
complexity of Algorithm 3.2.1 with respect to D over K is as follows.

Corollary 3.5.3 The notations are same as in Proposition 3.5.1. We set D := max{dimx H"(G;) ; ¢'—
1<i<q +1} asin (3.5.10). Then the arithmetic complezity of Algorithm 3.2.1 over K is

O(D* + a?D?), (3.5.12)

where « is same as in Corollary 3.5.2.

4 Implementation and experiments

In this section, we show experimental results on our implementation of Algorithm 3.2.1. Our aim
is to confirm the performance of our implementation, and we observe that our implementation
performs more efficiently than the complexity estimated in Subsection 3.5 for several benchmark
examples. This behavior is considered as a result of our computational improvement and its de-
tails are given in Observation 4.1.2. We use a computer with 2.60GHz CPU (Intel Corei5) and
8GB memory. The OS is Windows 8.1 Pro 64bit. We implemented Algorithm 3.2.1 over Magma
V2.20-10 [1]. The source code of our implementation and the computation results in this sec-
tion are available at http://www2.math.kyushu-u.ac. jp/ m-kudo/ (our source code is in the file
CohomologyBasis.txt).

4.1 Experiments on the performance of our implementation

Let P = Proj(S) be the projective r-space on the field Q of rational numbers, where S :=
Q[Xo,...,X,]. For given m and T, we choose a set C of 10 tuples of homogeneous polynomials
fi,--, fm € S randomly chosen so that it satisfies the following:

(1) For each tuple (f1,..., fm) €C,

(a) (fi,-.-,fm) # S, where (f1,..., fm) denotes the ideal of S generated by f1,..., fim.

(b)

(c) All coefficients of f; are equal to 1 for each 1 <i < m.

(d) /{fi) ¢ /(f;) for 1 <i < j < m, where VI denotes the radical of an ideal I C S.
)

(e) The polynomial f; is irreducible over Q for each 1 <i < m.

(2) For two different tuples (f1,...,fm) and (f1,...,fr) in C, (fis.-oy fm) # (f1s---s fl,) as
ideals.

The number of the terms of f; is equal to T for each 1 <7 < m.

(3) For two tuples (fi,..., fm) and (f1,..., f,) in C, two graded S-modules M = S/(f1,..., fm)
and M' := S/(f],..., f},) have the same form of minimal free resolutions, that is, they have
the minimal free resolutions

tr t
0 — QSS (~a ) Ds (~a?) B ar -0 (4.1.1)
j=1

Jj=1
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and
7‘+2

0—>@S( ”2) @ (dl) 20 0. (4.1.2)

Note that ¢; # ¢} for 0 <i <r+ 1 in general.

For each set C and each tuple (f1, ..., fm) € C, we compute bases of the K-vector spaces H? (}P”" , f(n))

for some n € Z and 1 < ¢ < r by Algorithm 3.2.1, where F is the coherent sheaf associated with
M :=Q[Xo,. .., Xr]/{f1, s fm). Let (’)% be the structure sheaf on P. We fix the following nota-
tions:

¢ = r—q+1, O .=max{t; ;¢ —1<i<q +1},
d® ™) = max{d) s 1<j<t}forg —1<i<q +1,
Jmax) . _ max{d(l max) . i d —1<i<q + 1},

g, = @O}}W(TL— )forq 1<i<q +1,

D := max{dlmKH (PG, Gi) : d —1<i<q +1}.

To simplify the notations, we denote by H4(H) the g-th cohomology group H? (Pb, H) of a coherent

sheaf H on Pg. Let f = (fi...,fm) € C. For the representation matrix A; = (g,(j)g) Lkt <tz
of each homomorphism ¢; in the resolution (4.1.1), we denote by «; ¢ the maximum of the number
of the terms of g,(f)g for 1 <k <t;41 and 1 < /¢ <. Then let ar be the maximum of o, _,¢ and

(bound)

ap_g+1,¢- Moreover, let o be the maximum of af for f € C.

Remark 4.1.1 As the twist number n decreases, the asymptotic parameter D increases by (3.5.10)
and (3.5.11). Thus it is possible to investigate the performance of our implementation by decreasing
n.

In the following, we describe the form of the minimal free resolutions in our experiments.

Case 1 Put r:=3, m:=2, T :=3 and ¢ := 1. We choose a pair of two homogeneous polynomials
f1 and fo in Q[ Xy, X1, X2, X3] (uniformly) at random so that the following conditions hold:

(a) The minimal free resolution of M := S/(f1, f2) forms

0—S(— S(— LR M 0.

@M

j=1
(b) The number of the terms of f; is equal to 3 for i = 1 and 2.
In this case, it follows that
=[1,2,1,0,0], dV=[0], d® =13,3], d® =1[6].
We compute bases of H' (P@,]—'(n)) forn =0, —5, —10 and —15. Note that ¢/ = r—q+1 =
3, tmax) = 2 and dmax) = ¢,
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Case 2 Put r:==3, m:=2, T := 3 and ¢ := 1. We choose a pair of two homogeneous polynomials
fi and fy in Q[Xp, X1, X2, X3] (uniformly) at random so that the following conditions hold:

(a) The minimal free resolution of M := S/(f1, fo) forms

0—S(— S(— LR M 0.

@w

7j=1
e number of the terms of f; is equal to 4 for + = 1 and 2.
b) Th ber of th f f; i 1 to 4 f d
In this case, it follows that
=[1,2,1,0,0], dV = [0, d? =[4,4], d® =[],
We compute bases of H' <P@,]—"(n)) forn =0, —5, —10 and —15. Note that ¢ = r—q+1 =
3, 1) — 9 and g = g

Case 3 Putr:=3,m:=3,T :=3and q := 1. We choose a tuple of three homogeneous polynomials
f1, fo and f3 in Q[Xo, X1, X2, X3] (uniformly) at random so that the following conditions
hold:

(a) The minimal free resolution of M := S/(f1, f2, f3) forms

3 3
05S(-93EPS(-6)3EPS(-3) 352 M—0.

j=1 J=1
(b) The number of the terms of f; is equal to 3 for 1 <14 < 3.
In this case, it follows that

t=[1,3,3,1,0], dM =[0], d? =[3,3,3],
d® =16,6,6], d* =19].

We compute bases of H' (P@,f(n)) forn =0, —5, —10 and —15. Note that ¢ = r—q+1 =
3, t(max) = 3 and dmax) =9

Case 4 Put r:=5, m:=4,T := 3 and q := 1. We choose a tuple of four homogeneous polynomials
f1, f2, f3 and f4 in Q[Xo, X1, X2, X3, X4, X5] (uniformly) at random so that the following
conditions hold:

(a) Put I := (f1, fa, f3, f4). The minimal free resolution of M := S/I forms

4 6 4
0—-5(-8) B P S(-6) B P S(-4) B3P s(-2) 3 sEM—o0.

Jj=1 Jj=1 Jj=1

(b) The number of the terms of f; is equal to 3 for 1 <14 < 4.
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In this case, it follows that

t=101,4,6,4,1,0,0], dV =0, d? =12,2,2,2],
d® =1[4,4,4,4,4,4], d% =16,6,6,6], d© =]g].

We compute bases of H* (]P’@]—"(n)) forn =0, —2, —4 and —6. Note that ¢/ =r—q+1 =5,
t(max) — 4 and d(rnax) =8,

Case 5 Put r:=7, m:=5,T :=2 and g := 2. We choose a tuple of five homogeneous polynomials
fiy.-oy f5in Q[X, ..., X7] (uniformly) at random so that the following conditions hold:

(a) Put I :=(f1,..., fs). The minimal free resolution of M :=S/I forms

5 10 10

0—5(-10)3PS(-8) 2 Ps(-6)BPS(-4)
j=1 j=1 j=1
5
B2Ps(-2 B sBM—o.
j=1

(b) The number of the terms of f; is equal to 2 for 1 <4 < 5.
In this case, it follows that

t=1[1,5,10,10,5,1,0,0,0 ],
dY =10], d? =12,2,2,2,2], d® =1[4,4,4,4,4,4,4,4,4,4],
d® =16,6,6,6,6,6,6,6,6,6], d° =[8,8,8,8,8, d =][10].

We compute bases of H? (P@,]—"(n)) forn =0, —2, —4 and —5. Note that ¢ =r—q+1 =6,
tmax) — 5 and d(max) = 10,

In Table 2, we show the results of the computations for each case.

Observation 4.1.2 From the timing (“Average”) in Table 2, we see that our implementation of
Algorithm 3.2.1 performs more efficiently than the complexity estimated in Subsection 3.5. The
timing in Table 2 implies that the practical complexity is O (DZ) while the complexity estimated in
Subsection 3.5 is O (D4) for a fixed . This seems due to that we pruned unnecessary operations in
our implementation. More precisely, in Step B-2, our implementation minimizes the representation
matrices, by which the linear systems in Step B-3 are solved more efficiently than the estimated
complexity O(D3). Step B-4 can be also terminated more efficiently than the estimated one O(D*).
From this, the practical complexity of our algorithm is considered O(D?). We conclude that our im-
plementation of Algorithm 3.2.1 has sufficiently practical performance to experimentally investigate
some properties of algebraic varieties.
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Table 2: Experimental results on Algorithm 3.2.1. We performed experiments for Cases 1-5. Pa-
rameters r and ¢ are the dimensions of the projective space and the degree of the cohomology group
to compute, respectively. The values of the parameters t(max) - g(max) and o(bound) gre determined
from the forms of minimal free resolutions. The parameter D is the asymptotic parameter for
the complexity estimated in Subsection 3.5. (The parameter D depends on the value of n in our
experiments.) “Average” means the average of time for performing our implemetation.

Parameters fixed || Parameters (tmax) - q(max) and qbound) Experimental results on
Case in each case are determined from resolutions) our algorithm (Algorithm 3.2.1)
r q n t(max) d(max) a(bound) D The dimension of Averag‘e
the output H? (F(n)) (sec.)

3 1 0 2 6 3 10 10 0.01

1 3 1 ) 2 6 3 120 54 0.12
3 1 —10 2 6 3 455 99 1.91

3 1 —-15 2 6 3 1,360 144 14.14

3 1 0 2 8 4 35 33 0.02

9 3 1 -5 2 8 4 220 112 0.29
3 1 —10 2 8 4 680 192 3.54

3 1 —15 2 8 4 1,632 272 22.06

3 1 0 3 9 9 56 0 0.03

3 3 1 -5 3 9 9 360 0 1.28
3 1 —10 3 9 9 1,365 0 17.52

3 1 —-15 3 9 9 3,420 0 123.12

5 1 0 4 8 11 21 17 0.01

4 5 1 -2 4 8 11 126 48 0.19
5 1 —4 4 8 11 504 80 2.27

5 1 —6 4 8 11 1,848 112 21.90

7 2 0 5 10 4 36 31 0.03

5 7 2 -2 5 10 4 330 160 0.58
7 2 —4 ) 10 4 1,716 416 19.51

7 2 -5 5 10 4 3,960 592 86.19

4.2 Benchmarks

We also show benchmarks by our implementation of Algorithm 3.2.1. The notations are same as
in Subsection 4.1. Recall from Subsection 3.5 that main computations of Algorithm 3.2.1 are the
following:
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Each procedure and its complexity of Algorithm 3.2.1

Object to compute Complexity

B-2 The representation matrices R; of the K-linear

(B-2) ' 0] (ozzDQ)
maps H" (f;) fori=r—qgandr —qg+1

(B-3) The basis matrix Bge, (resp. Biy) of the K-vector
space Ker (R,_,) == {v € K" ; v-'Ry_, = 0} O (D?)
(resp. Im (Ry_g+1) :=={v 'Ry ; v € KFa+1})

B-4-1) | The basis matrix B}, of the

(B-41) o 0 (0"
K-quotient space Ker (R,—q) /Im (R, —g+1)

A . tr,, (@) (4"

(B-4-2) | The matrix Bco/h [0y ,/. £ Uk, ], o (a2D2)

where V = {vgq ), e ,v,(gq,)} is a basis of H"(Gy)
q

Note that the above complexity is estimated over K. Table 3 shows the result of the benchmarks
for one sample in Case 4 (see Subsection 4.1). We denote by C'(™#*) the maximum of the coefficients
of the components of the representation matrices A; (for ¢ — 1 <i < ¢ +1).

Table 3: The result of the benchmarks for one sample in Case 4 by our implementation of Algorithm
3.2.1. The parameter D is the asymptotic parameter for the complexity estimated in Subsection
3.5. (The parameter D depends on the value of n in our experiments.)

Parameters (C(™2%) is Time for each procedure
determined from resolutions) and total time (sec.)
n ‘ D ‘ a ‘ C(max) B-2 ‘ B-3 ‘ B-4-1 ‘ B-4-2 H Total time (sec.)
—2 126 | 3 1 0.094 | 0.000 | 0.000 | 0.063 0.157
—4 | 504 |3 1 1.750 | 0.031 | 0.000 | 0.313 2.094
-5 11,848 | 3 1 18.671 | 0.359 | 0.000 | 1.265 20.295

Observation 4.2.1 It is implied that our implementation follows the complexity determined in
Subsection 3.5 for any case. (It does not take much time for the computation of Bge, in certain
cases because we use the built-in function over Magma to compute the kernel of a matrix, and
because the algorithms implemented in the function include the LU decomposition, which performs
faster than the Gaussian elimination.)

5 Applications

In this section, we introduce two possible applications of Algorithm 3.2.1. The first application is to
compute the rank of morphisms of the cohomology groups via Maruyama’s method. The second one
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is an algorithm to compute the action of Frobenius to the cohomology groups on algebraic varieties
(e.g., algebraic curves). In particular, the rank of the action of Frobenius on a (non-singular)
algebraic curve is said to be the Hasse-Witt rank of the curve. The Hasse-Witt rank is a very
important invariant of such varieties in algebraic geometry over fields of positive characteristics.

5.1 Background

Let K be a field of positive characteristic char(K) = p > 0. We assume that K is a perfect field (e.g.,
K =F, or F;). Let fi,..., fi be homogeneous polynomials in the graded ring S = K[Xo,..., X,].
For homogeneous polynomials fi,..., f; € K[Xo,...,X;], we denote by Vi (f1,..., ft) the locus of
the zeros in the projective r-space P = Proj(S) of the system of f1,..., fi. Put X := Vi (f1,..., fr)
and X®) = Vi (fP,..., fF). Let F: X — X be the (absolute) Frobenius morphism on X. In
algebraic geometry over fields of positive characteristics, it is important to compute the action of
Frobenius F* : H1(X,0x) — H4(X,Ox) for 1 < ¢ <r, where Oy is the structure sheaf on X and
HY(X,Ox) denotes the ¢g-th cohomology group of Ox on X. In algebraic geometry over fields of
positive characteristic and arithmetic geometry, it is very important to compute the rank of F* via
a basis of the K-vector space H?(X,Ox) The variety X is said to be superspecial if F* =0 and X
is non-singular over K.

Now we describe a basic strategy to compute the action of Frobenius F*. For a simplicity, we
assume that X is a non-singular algebraic curve, and we consider the case of g = 1. Let Z := I and
IP := IP be the ideal sheaves associated with the ideals I := (f1,..., fi)g and IP := (.. s,
respectively. Let F; be the (absolute) Frobenius morphism on P}.. The following diagram commutes:

H'(X,0x) = H?(P, T)
F1‘X(p))* \LFI*

F* Hl (X(P)7 OX(P)) = 5 H2(P7}(?Ip)

H'(X,0x) = H2(PY,, T)

Here the morphism H'(X®), Oy,)) — H'(X,Ox) (resp. H?(P},IP) — H?(P},T)) is induced by
the canonical morphism from Oy to Ox (resp. ZP to Z) corresponding to the homomorphism
S/1P — S/I (vesp. IP — I). In other words, H'(X®) Oy q)) — H'(X,0Ox) is the morphism
induced by the immersion X < X® . In our method, to compute the rank of F*, it requires to
compute

(1) An explicit basis of H?(P%.,Z) and
(2) The representation matrix of the homomorphism H?(P%.,ZP) — H?(P%,Z) via the basis.

By Algorithm 3.2.1, we can compute a basis of H? (P, 7). In the next subsections, we first give an
algorithm to compute the representation matrix, after that, we also give an algorithm to compute
the rank of F™*.

Remark 5.1.1 Let X be an elliptic curve in P%( defined by a homogeneous polynomial f € § =
K[x,y,z] with degf = 3. The action of Frobenius F* is the zero map or a bijective map on
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HY(X,0x) since H'(X,0y) is a 1-dimensional K-space and since K is a perfect field with the
positive characteristic p. The condition F™* # 0 (resp. F* = 0) is said that X has Hasse invariant
1 (resp. X has Hasse invariant 0). In this case, it is easy to determine whether X has Hasse

invariant 1 or 0. In fact, H? (]P)%(, ) always has the canonical basis { -} and Fy (wyz> =1

xpypzp °
The morphism H?(P%,7P) — H?(P%,Z) is represented by fP~1. Thus the Hasse invariant of X is
determined by the coefficients of (zyz)P~! in fP~1 (see [7, Chapter 4] for details).

5.2 Computing morphisms of cohomology groups

Let K be a field ( in this subsection, the characteristic char(K) is not necessary to be positive). Let
fi,..., ft be homogeneous polynomials in the graded ring S = K[Xj,...,X;]. As in the previous
subsection, put X := Vi (f1,...,ft) (resp. X® = Vi (P, ..., fF)), where Vi (f1,..., ft) (resp.
Vi (fY, ..., fF)) is the locus of the zeros in the projective r-space P} = Proj(S) of the system of
fis-ooy fr (vesp. fP,... fF). In the case of char(K) > 0, to compute the action of Frobenius on
X, it requires to compute the representation matrix of the morphism H? (P}, Z?) — H? (P}, Z) in
the previous subsection. Here Z (resp. ZP) is the ideal sheaf induced by the ideal I := (f1,..., fi)s
(xesp. 17 i= (/7. P)s):

In this subsection, we consider a more general case. In more detail, we consider to compute
the morphism HY (V) : H?(X,F) — HY(X,F’) induced by a morphism ¥ : F — F’ of given
coherent sheaves on X. (The characteristic of K does not need to be a positive integer.) We
propose an algorithm to compute H? (V) for 1 < ¢ < r as an application of Algorithm 3.2.1. To
simplify the notations, we denote Py, Opr and HY(Pj,H) by P, Opr and H?(H), respectively.
Let ) : M — M’ be a homomorphism of finitely generated graded S-modules. For free resolutions
of M and M’, there exist v; for 1 <14 < r + 2 such that the following diagram commutes:

J Jj=1

o P

0 @S (_C§r+z>>@...L’I@LS(_#))AWHO

Oﬂ@trjq ( d(r+2)) W;l)ﬂ)eatli S ( d(1)> M ——0

Note that it is possible to compute each morphism v; (e.g., see [5, Chapter 15] for details). We set

'L+1

Git1:= EBOIPW (— (1) ) , fii= i, Kii=Ker(f;) for0<i<r+4+1, K_1:=F,

’L+1

1= @O (— Z+1)>  fli=¢, Kl i=Ker(f) for 0<i<r+1, Ky :=F.

We denote by ¥; the induced morphism zZZ : Gi — G.. Since the diagram

0 Ki-1 G; Ki—a —=0

L]

0 Ki gi Kiy—=0

)
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commutes, where the horizontal sequences are exact. In a similar way to the proof of Theorem
2.2.1, we have the following commutative diagram:

HY(F) —= HT (Kg) —> - ——= H"Y(K,_q_2) —> Ker(o,)

o |

HI(F") inJrl(;Cé) S S Y " q_o) — Ker(oy)

where o4 and oy, denote the K-linear maps H"(K;—¢-1) = H"(Gr—¢) and H"(K|._,_;) = H"(G;_,),
respectively. Here a morphism between the quotient spaces Ker(H"(fr—q))/Im(H" (fr—g+1)) and
Ker (H" (f}_,)) /Tm (H" (f}_,+1)) is induced as follows:

Hr(fr7q+1)

H (Gr—g12) Ker(H' (Jy—g)) —= Ker(H"(fr—))/In(H (Jy411)
lHT(‘l’r—qH) lHT(‘I’r—qH)
r( el Y

HY (G vy) ) (B (1)) —— Ker(H(f1_))/Im(H"(f!_.11))

The diagram

Ker (H"(fr—q)) /Im (H" (fr—g41)) —— Ker(og) — H"(Ky—g-1)

| |

Ker (H(f{_,)) /tm (H"(f]_441)) —— Ker(og) —= H"(K|_,_y)

commutes, where 7 and 7’ are the K-isomorphisms naturally induced by H" (Gy—g41) = H"(Kr—¢—1)

and H"(G,_,1) — H"(K]_,_1), respectively. Hence the following diagram commutes:

HYF) —=> H M (Kr—q-2) — = Ker(H" (f,—q))/Im (H" (fr—q41))
qul l lm%_qm
HUF') == H N (KL_yy) — Ker(H"(fi_)/Im (H" (f/_y41))

Thus it follows that rank H?(¥) = rankH" (¥, _,41). From the above commutative diagrams and
the equality rank H9(V) = rankH" (¥, _,41), rank H?(¥) is computable as follows:

(1) Compute bases of the K-vector spaces H(F) and HY(F') by Algorithm 3.2.1. Let V and V'
be the bases of the K-vector spaces H?(F) and HY(F'), respectively.

(2) Compute the lifting map ¢,_q+1 (e.g., see [5, Chapter 15] for details). Let C,_411 be the
representation matrix of ¥ _q41.

(3) Compute rankH" (¥, _441) by (V,V',Cr_g41), and it.
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5.3 Computing the action of Frobenius to the cohomology groups

As in Section 5.1, let K be a field of positive characteristic char(K) = p > 0. Suppose that K is a
perfect field (e.g., K = F, or F,). Let fi,..., fi be homogeneous polynomials in S = K[X, ..., X,]
with ged(f;, f;) = 1 for 1 < i < j < t. Put X := Vg(f1,...,fr) and X® = Vie(fP,..., fP),
where Vi (f1,..., ft) (resp. Vi (fP,..., fF)) denotes the locus of the zeros in the projective r-space

. = Proj(S) of the system of fi,...,f; (resp. fV,...,fF). Let F : X — X be the (absolute)
Frobenius morphism on X, and F* : H'(X,Ox) — H'(X,Ox) the action of Frobenius for ¢ = 1,
where Oy is the structure sheaf on X and H'(X, Ox) denotes the 1st cohomology group of Ox on
X.

In this subsection, for given p and fi,..., f;, we give an algorithm to compute the action of
Frobenius F*. Let T := I and ZP := I be the ideal sheaves associated with the ideals I :=
(fi,..., fi)s and IP := (fT ..., fF)s, respectively. Let ¢ : S/I? — S/I denote the homomorphism
defined by f + I? — f + I, which corresponds to the immersion X < X®). For free resolutions of
S/IP and S/I, there exist ¢; for 1 < i <r + 2 such that the following diagram commutes:

(») (») ®) ®)

OHMfﬁgg'”&@;ilS(—dy)p) Ao A g .
¢T+2 id& wl J/’L/)

0—>Mr+2ipr;1>...i>@§2:15<_d§1)) P g %o S/ 0

Here we give an algorithm to compute a representation matrix of F*.
(1) Compute a basis V = {v1,...,v,} of the K-vector space H?(P",Z) by Algorithm 3.2.1.

(2) Compute the the lifting map v, (e.g., see [5, Chapter 15] for details). Let C, be the represen-
tation matrix of ¢, as a homomorphism of S-modules.

(3) Compute C, - (v;)P for 1 <i < g, and the representation matrix of F* via the basis V.

6 Concluding remarks and future works

In this paper, we introduced and analyzed Maruyama’s method to compute the dimensions of the
cohomology groups of coherent sheaves on a projective space. Our main contributions are as follows:

(1) We wrote down Maruyama’s method as an explicit algorithm (Algorithm 3.2.1 in Subsection
3.2) which compute not only the dimension but also a basis. As mentioned below, this basis
is very useful to computes important invariants. We also implemented the algorithm over
Magma as a new function “CohomologyBasis”.

(2) We analyzed the complexity of our algorithm to verify that our implementation has no unnec-
essary operations. We also examined the efficiency of our algorithm by experiments. In fact,
the practical complexity of Algorithm 3.2.1 estimated by our implementation and experiments
is O (DQ) while the complexity estimated theoretically in Subsection 3.5 is O (D4), where D is
the asymptotic parameter of Algorithm 3.2.1 in our analysis. This is due to apply the pruning
unnecessary operations to our implementation. Thus Algorithm 3.2.1 and our implementation
are practical to investigate the structures of varieties in algebraic geometry.
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(3) As applications of Algorithm 3.2.1, we gave two further algorithms. One is an algorithm
to compute the rank of morphisms of cohomology groups via bases obtained by Algorithm
3.2.1. Another one is to compute the rank of the representation matrix of the action of the
Frobenius to varieties such as modular curves over fields of positive characteristics. The rank
of the representation matrix of the action of the Frobenius is said to be the Hasse- Witt rank
which is a very important invariant of varieties in algebraic geometry over fields of positive
characteristics.

From our contributions of this work, it is concluded that Maruyama’s method provides a very
computationally useful tool to investigate the structures of varieties in algebraic geometry.

However, our algorithm works well under the assumption that a free resolution of a module has
been computed. Thus it is necessary to improve the computation of a free resolution for a finitely
generated module. From this, our future works are the following;:

e Improve the efficiency of computing syzygies and free resolutions.

e Investigate the behavior of the Hasse-Witt rank of varieties over fields of positive character-
istics and find a special class of varieties whose Hasse-Witt ranks take strange behavior.
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A Computation of global sections

Let S = K[Xy,...,X,] be the polynomial ring with r + 1 variables over a field K, P} = Proj (5)
the projective r-space on the field K, and Opr_ the structure sheaf on P.. For a coherent sheaf
H on P, let HY(P},H) denote the ¢g-th cohomology group of H. To simplify the notations, we
denote Py, Opr_ and H(Py,H) by P", Opr and H9(H), respectively. Let F be a coherent sheaf on

P", and M a finitely generated graded S-module corresponding to F, that is, F = M.
In this appendix, we give an algorithm to compute the dimension of the global section I'(P}., F(n)) =
HO(P7,, F(n)), where F(n) denotes the n-th Serre twist of the coherent sheaf F. The coherent sheaf

F = M (resp. the finitely generated graded S-module M) has a resolution (2.2.1) (resp. a (minimal)
free resolution (3.1.1)). In the following, we give an explicit formula of dimy H%(X, F).

Theorem A.0.1 ([9], Chapter 6) Let P} = Proj(S) be the projective r-space with S = K[Xo, ..., X,],
and Opr_ the structure sheaf on Py.. To simplify the notations, we denote Py and Opr_ by P" and
Opr, respectively. Let F be a coherent sheaf on P". Recall that the coherent sheaf F has a pro-
jective resolution in a form (2.2.1). Put G; and K; as in (2.2.2). Then there exist the following
isomorphisms of K-vector spaces::

(1) H(F) = (H%(G1)/Ker (H(fo))) & (Ker (H"(f;)) /Tm (H"(fr+1)))-
(2) Ker (H"(fo)) = H(Ko).
(3) H(Ko) =Im (H°(f1)) ® Ker (H"(fr+1)),

where HY(f;) denotes the morphism HY(X,G;+1) — HY(X,G;) induced by f; for 1 < i < r+ 1.
Thus we have the following formula of dimy H (F):

dimgHY(F) = dimgH%(G)—dimg H" (Gryo)+dimg H" (G y1) —1kHO(f1) —rkH"(f,),
where we set tkH" (f;) := dimgIm(H"(f;)).

Proof. As only a sketch of a proof is given in [9], we give a complete proof here.
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(1) We have the following exact sequence of cohomology groups:
0— H°(Ko) — H°(G1) — H°(F) = H' (Ko) — 0. (A.0.1)
Since the K-homomorphism H? (F) — H'! (Kg) is surjective, it follows that
HY (F) 2 Tm (H" (fo) ® H' (Ko) = (H° (G1) /Ker (H° (fo))) ® H' (Ko).

In the same way as HY (F) (1 < ¢ <) (Theorem 2.2.1), we have the isomorphism H! (Kq) =
Ker (H" (£,)) /T (H" (fy41)

(2) The result clearly holds by the exact sequence (A.0.1).
(3) By the exact sequence
H°(Gy) — H° (Ko) = H' (K1) — 0,

we have HY (K) = Im (1) @ H' (K1), where 7 denotes the morphism H° (Gy) — HY (Ko).
Note that the following diagram commutes:

HO(X7g2) ) HO(Xagl>

e,

HO (Xa K:O)

Since the morphism HY (X, Ky) — H" (X, G) is injective, we have Ker (H? (f1)) = Ker (7).
Hence we have

HY(X,G) /Ker (1)

H°(X,Go) /Ker (H° (f1))
~ Im (H"(f1)).

Im (7)

12

In the same way as H?(F) (1 < ¢ < r) (Theorem 2.2.1), we have the isomorphism H* (K1)
Ker (H" (fr+1)) because K = G, 19.

O IR

By Theorem A.0.1, in a similar way to the case of 1 < ¢ < r (Section 3), it is possible to give
an explicit algorithm to compute the dimension of the global section T'(P", F(n)) = H°(P", F(n))
(let us omit to write down it explicitly in this paper).
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