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Abstract

Stability of parallel flow of the compressible Navier-Stokes equation in a cylin-
drical domain is studied. It is shown that if the Reynolds and Mach numbers
are sufficiently small, then the linearized semigroup is decomposed into two
parts; one behaves like a solution of a one dimensional heat equation as time
goes to infinity and the other one decays exponentially. Based on the linearized
analysis, it is shown that if the Reynolds and Mach numbers are sufficiently
small, then parallel flow is asymptotically stable and the asymptotic leading
part of the disturbances is described by a one dimensional viscous Burgers
equation.
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1 Introduction

This paper studies the large time behavior of solutions of the initial boundary value
problem for the compressible Navier-Stokes equation

∂tρ+ div(ρv) = 0, (1.1)

ρ(∂tv + v · ∇v)− µ∆v − (µ+ µ′)∇divv +∇p(ρ) = ρg, (1.2)

v|∂D∗ = 0, (1.3)

(ρ, v)|t=0 = (ρ0, v0) (1.4)

in a cylindrical domain Ω∗ = D∗ ×R:

Ω∗ = {x = (x′, x3); x′ = (x1, x2) ∈ D∗, x3 ∈ R}.

Here D∗ is a bounded and connected domain in R2 with smooth boundary ∂D∗;
ρ = ρ(x, t) and v = T(v1(x, t), v2(x, t), v3(x, t)) denote the unknown density and
velocity, respectively, at time t ≥ 0 and position x ∈ Ω∗; p(ρ) is the pressure that is
a smooth function of ρ and satisfies

p′(ρ∗) > 0

for a given positive constant ρ∗; µ and µ′ are the viscosity coefficients that satisfy

µ > 0, 2
3
µ+ µ′ ≥ 0;

and g is an external force of the form g = T
(
g1(x′), g2(x′), g3(x′)

)
with g1 and g2

satisfying (
g1(x′), g2(x′)

)
=
(
∂x1Φ(x′), ∂x2Φ(x′)

)
,

where Φ and g3 are given smooth functions of x′. Here and in what follows T· stands
for the transposition.

Problem (1.1)-(1.3) has a stationary solution us = T(ρs(x
′), vs(x

′)) which repre-
sents parallel flow. Here ρs is determined by{

Const.− Φ(x′) =
∫ ρs
ρ∗

p′(η)
η
dη,∫

D∗
ρs − ρ∗dx′ = 0,

while vs takes the form
vs = T

(
0, 0, v3

s(x
′)
)
,

where v3
s(x
′) is the solution of {

−µ∆′v3
s = ρsg

3,

v3
s |∂D∗= 0.

Here
∆′ = ∂2

x1
+ ∂2

x2
.
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The purpose of this paper is to investigate the large time behavior of solutions
to problem (1.1)-(1.4) when the initial value (ρ, v) |t=0= (ρ0, v0) is sufficiently close
to the stationary solution us = T(ρs, vs).

As for the asymptotic behavior of multi-dimensional compressible Navier-Stokes
equations on unbounded domains, a lot of results have been obtained through the
studies on the problems about global existence, stability, convergence rates and so
on, see, e.g., [6, 8, 17, 19, 20, 21, 22, 23, 25] and references therein. Concerning the
stability of parallel flows, in [16], the stability of a plane Poiseuille type flow in an
infinite layer of Rn was considered under the disturbances in some L2-Sobolev space
on the infinite layer. It was shown in [16] that the low frequency part of the linearized
semigroup behaves like n − 1 demensional heat kernel and the high frequency part
decays exponentially as t → ∞, provided that the Reynolds and Mach numbers
are sufficiently small and the density of the parallel flow is sufficiently close to the
given constant ρ∗. The nonlinear problem was studied by Kagei [12]; and it was
proved that the stationary parallel flow is asymptotically stable under sufficiently
small initial disturbances in some L2-Sobolev space. Futhermore, the asymptotic
behavior of the disturbance is described by an n − 1 dimensional heat equation
when n ≥ 3. When n = 2, the asymptotic behavior of the disturbance is no longer
described by a linear equation but by a one dimensional viscous Burgers equation.
( See also [3, 4, 5] for the stability of time periodic parallel flow.)

As for the case of the cylindrical domain Ω∗, Iooss and Padula [9] studied the
linearized stability of a stationary parallel flow in Ω∗ under the disturbances periodic
in x3. It was shown in [9] that the linearized operator generates a C0-semigroup in
L2 on the basic periodicity cell under vanishing average condition for the density-
component. In particular, if the Reynolds number is suitably small, then the semi-
group decays exponentially as time goes to infinity. Furthermore, the essential
spectrum of the linearized operator lies in the left-half plane strictly away from
the imaginary axis and the part of the spectrum lying in the right-half to the line
Reλ = −c for some number c > 0 consists of finite number of eigenvalues with finite
multiplicities. As for the stability under local disturbances on Ω∗, i.e., disturbances
which are non-periodic but decay at spatial infinity, the stability of the motionless
state ũs = T(ρ∗, 0) was studied in [18]; and it was shown in [18] that the disturbance

decays in L2(Ω∗) in the order t−
1
4 if the initial disturbance is sufficiently small in

H3(Ω∗) ∩ L1(Ω∗), where H3(Ω∗) denotes the L2-Sobolev space on Ω∗ of order 3.
Furthermore, the asymptotic behavior of the disturbance is described by a solution
of a one dimensional linear heat equation. (See also [10] for the analysis in Lp(Ω∗).)

In this paper we will consider the stability of parallel flow ūs under local distur-
bances on Ω∗. After introducing suitable non-dimensional variables, the equations
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for the disturbance u = T(φ,w) = T
(
γ2(ρ− ρs), v − vs

)
takes the following form:

∂tφ+ v3
s∂x3φ+ γ2div(ρsw) = f 0(φ,w), (1.5)

∂tw − ν
ρs

∆w − ν̃
ρs
∇divw +∇

(
P ′(ρs)
γ2ρs

φ
)

+ν∆′v3s
γ2ρ2s

φe3 + v3
s∂x3w + (w′ · ∇′v3

s)e3 = f(φ,w), (1.6)

w |∂Ω= 0, (1.7)

(φ,w) |t=0= (φ0, w0). (1.8)

Here Ω∗ is transformed into Ω = D × R with |D| = 1; us = T(ρs, vs) and P (ρ)
denote the dimensionless parallel flow and pressure, respectively; ν, ν̃ and γ are the
dimensionless parameters defined by

ν =
µ

ρ∗`V
, ν̃ =

µ+ µ′

ρ∗`V
, γ =

√
p′(ρ∗)

V

with the reference velocity V which measures the strength of vs; e3 = T(0, 0, 1) ∈ R3

and ∇′ = T(∂x1 , ∂x2); f
0(φ,w) and f(φ,w) are the nonlinearities given by

f 0(φ,w) = −div(φw),

f(φ,w) = −w · ∇w + νφ
(φ+γ2ρs)ρs

(
−∆w + ∆′vs

γ2ρs
φ
)
− ν̃φ

(φ+γ2ρs)ρs
∇divw

+ φ
γ2ρs
∇
(
P ′(ρs)φ
γ2ρs

)
− 1

2γ4ρs
∇
(
P ′′(ρs)φ

2
)

+ P̃3(ρs, φ, ∂x′φ),

where

P̃3(ρs, φ, ∂x′φ) = φ3

γ4(φ+γ2ρs)ρ3s
∇P (ρs)− 1

2γ6ρs
∇
(
φ3P3(ρs, φ)

)
+ φ

2γ6ρ2s
∇
(
P ′′(ρs)φ

2 + 1
γ2
φ3P3(ρs, φ)

)
− φ2

γ2(φ+γ2ρs)ρ2s
∇
(

1
γ2
P ′(ρs)φ+ 1

2γ4
P ′′(ρs)φ

2 + 1
2γ6
φ3P3(ρs, φ)

)
,

with

P3(ρs, φ) =

∫ 1

0

(1− θ)2P ′′′(ρs + θγ−2φ)dθ.

See Section 2.2 below for the definition of non-dimensional variables. This problem
is written as

∂tu+ Lu = F (u), u = T(φ,w), w |∂D= 0, u |t=0= u0, (1.9)

where F (u) = T(f 0(φ,w), f(φ,w)); and L is the operator on L2(Ω) defined by

L =

(
vs · ∇ γ2div(ρs·)
∇
(P ′(ρs)
γ2ρs
·
)
− ν
ρs

∆I3 − ν+ν′

ρs
∇div + vs · ∇

)
+

(
0 0

ν∆′vs
γ2ρ2s

e3 ⊗ (∇v3
s)

)
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with domain

D(L) =
{
u = T(φ,w) ∈ L2(Ω); w ∈ H1

0 (Ω), Lu ∈ L2(Ω)
}
.

Here, for a = T(a1, a2, a3) and b = T(b1, b2, b3), we denote the 3× 3 matrix (aibj) by
a⊗ b.

To investigate the nonlinear problem (1.9), we study spectral properties of the
linearized semigroup e−tL. We prove that there exists a bounded projection P0

satisfying P0e
−tL = e−tLP0 such that if Reynolds and Mach numbers are sufficiently

small, then, for the initial value u0 = T(φ0, w0), it holds that

‖e−tLP0u0 − [H(t)〈φ0〉]u(0)(t)‖L2(Ω) ≤ C(1 + t)−
3
4‖u0‖L1(Ω). (1.10)

Here u(0) is some function of x′; 〈φ0〉 denotes the average of φ0 over D, (thus, 〈φ0〉
is a function of x3 ∈ R); and H(t) is the heat semigroup defined by

H(t) = F−1e−(iκ1ξ+κ0ξ2)tF

with some constants κ1 ∈ R and κ0 > 0, where F and F−1 denote the Fourier
transform on R and the inverse Fourier transform, respectively. Furthermore, the
(I − P0)-part of e−tL satisfies the exponential decay estimate

‖e−tL(I − P0)u0‖H1(Ω) ≤ Ce−dt{‖u0‖H1(Ω)×H̃1(Ω) + t−
1
2‖w0‖L2(Ω)} (1.11)

for a positive constant d. Here H̃1(Ω) is the set of all locally H1 functions in L2(Ω)
whose tangential derivatives near ∂Ω belong to L2(Ω).

Based on the results on spectral properties of e−tL, we investigate the nonlinear
problem (1.9). We prove that if the initial disturbance u0 = T(φ0, w0) is sufficiently
small, then the disturbance u(t) exists globally in time and it satisfies

‖u(t)‖L2(Ω) = O(t−
1
4 ) (1.12)

‖u(t)− (σu(0))‖L2(Ω) = O(t−
3
4

+δ) (δ > 0) (1.13)

as t→∞. Here σ = σ(x3, t) satisfies the following one dimensional viscous Burgers
equation

∂tσ − κ0∂
2
x3
σ + κ1∂x3σ + κ2∂x3(σ

2) = 0

with initial value 〈φ0〉.
To prove (1.12) and (1.13), we first investigate spectral properties of the lin-

earized semigroup e−tL. To do so, we consider the Fourier transform of the linearized
equation in x3 ∈ R which is written as

∂tû+ L̂ξû = 0, û |t=0= û0,

where ξ ∈ R denotes the dual variable. The operator L̂ξ has different properties
of the cases |ξ| � 1 and |ξ| � 1. We thus decompose the semigroup e−tL into two

parts: e−tL = F−1
(
e−tL̂ξ ||ξ|≤1

)
+ F−1

(
e−tL̂ξ ||ξ|>1

)
. As for the low frequency part,
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we take a new approach. A straightforward application of the arguments in [16, 18]
seems to yield a more restrictive smallness conditions for the Reynolds and Mach
numbers. To overcome this, we combine the arguments in [16, 18] and the energy
method in [9]. As in [16, 18], we decompose the low frequency part of the semigroup
according to the spectral properties of the linearized operator with zero-frequency.
The decay estimate for the L2 norm is then established with the aid of the energy
method in [9] applied to the decomposed system. Based on the decay estimate for
L2 norm, we obtain the estimate for the L2 norm of the derivatives. We note that
this approach also enables us to improve the decay estimate in [16, Theorem 3.2].
On the other hand, in the case of the high frequency part, we employ the Fourier
transformed version of Matsumura-Nishida’s energy method as in [16, 18].

After establishing the decay estimates for the linearized semigroup, we then
investigate the spectrum of −L̂ξ for |ξ| ≤ r0 in more detail for some small r0 > 0.

The spectrum of −L̂ξ for |ξ| ≤ r0 can be regarded as a perturbation from the
one with ξ = 0, and we will show that the spectrum near the origin is given by
a simple eigenvalue λ0(ξ) = −iκ0ξ − κ1ξ

2 + O(|ξ|3) as |ξ| → 0. Furthermore,

we will establish the boundedness of the eigenprojection Π̂(ξ) for the eigenvalue
λ0(ξ) in some Sobolev space by investigating the regularity of the corresponding

eigenfunctions. Setting P0 = F−11{|ξ|≤r0}Π̂(ξ)F with a frequency cut-off function
1{|ξ|≤r0} such that 1{|ξ|≤r0} = 1 for |ξ| ≤ r0 and 1{|ξ|≤r0} = 0 for |ξ| > r0, we find the
asymptotic behavior of e−tLP0 as described in (1.10).

The proof of (1.12) and (1.13) is then given by using the factorization of e−tLP0,
estimate (1.11) and the energy method. We decompose the disturbance u(t) into its
P0 and I −P0 parts. We then estimate the P0-part by representing it in the form of
variation of constants formula in terms of e−tLP0 and employ the factorization result
of e−tLP0. For the (I − P0)-part of u(t), we employ the Matsumura-Nishida energy
method. In contrast to [3, 12], we make use of the estimate (1.11) and combine it
with the energy method. This simplifies the argument in [3, 12] where a complicated
decomposition is also used in the energy method to estimate the (I − P0)-part of
u(t), In this paper we do not need to use such a complicated decomposition of the
(I − P0)-part in the energy method due to (1.11).

This paper is organized as follows. In Section 2 we introduce notations and
non-dimensional variables. We then state the existence of stationary solution which
represents parallel flow. In Section 3 we state our main results of this paper. Sec-
tion 4 is devoted to the study of the linearized semigroup. We derive the decay
estimate of the low frequency part in Section 4.1, and the high frequency part in
Section 4.2. In Section 4.3 we will investigate the spectrum of −L̂ξ for |ξ| ≤ r0,
and in Section 4.4 we will establish a factorization of e−tLP0 and prove (1.10). Sec-
tion 4.5 is devoted to the proof of (1.11). The nonlinear problem is then studied
in Section 5. In Section 5.1 we decompose the problem into the one for a coupled
system of the P0 and I − P0 parts of u(t). Section 5.2 is devoted to estimating the
P0-part of the disturbance u(t), while the (I − P0)-part is estimated in Section 5.3.
Section 5.4 is devoted to the estimates for the nonlinearities. The proof of (1.13) is
given in Section 5.5.
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2 Preliminaries

In this section we introduce notations throughout this paper. We then introduce
non-dimensional variables and state the existence of stationary solution which rep-
resents parallel flow.

2.1 Notation

We first introduce some notations which will be used throughout the paper. For
1 ≤ p ≤ ∞ we denote by Lp(X) the usual Lebesgue space on a domain X and its
norm is denoted by ‖ · ‖Lp(X). Let m be a nonnegative integer. Hm(X) denotes the
m th order L2 Sobolev space on X with norm ‖ · ‖Hm(X). In particular, we write
L2(X) for H0(X).

We denote by Cm
0 (X) the set of all Cm functions with compact support in X.

Hm
0 (X) stands for the completion of Cm

0 (X) in Hm(X). We denote by H−1(X) the
dual space of H1

0 (X) with norm ‖ · ‖H−1(X).
We simply denote by Lp(X) (resp., Hm(X)) the set of all vector fields w =

T(w1, w2, w3) on X and its norm is denoted by ‖ · ‖Lp(X) (resp., ‖ · ‖Hm(X)). For u =
T(φ,w) with φ ∈ Hk(X) and w = T(w1, w2, w3) ∈ Hm(X), we define ‖u‖Hk(X)×Hm(X)

by ‖u‖Hk(X)×Hm(X) = ‖φ‖Hk(X) + ‖w‖Hm(X).
When X = Ω we abbreviate Lp(Ω) as Lp, and likewise, Hm(Ω) as Hm. The

norm ‖ · ‖Lp(Ω) is written as ‖ · ‖Lp , and likewise, ‖ · ‖Hm(Ω) as ‖ · ‖Hm .
In the case X = D we denote the norm of Lp(D) by | · |p. The norm of Hm(D)

is denoted by | · |Hm , respectively. The inner product of L2(D) is denoted by

(f, g) =

∫
D

f(x′)g(x′)dx′, f, g ∈ L2(D).

Here g denotes the complex conjugate of g. For uj = T(φj, wj) (j = 1, 2), we also
define a weighted inner product 〈u1, u2〉 by

〈u1, u2〉 = 1
γ2

∫
D

φ1φ2
P ′(ρs)
γ2ρs

dx′ +

∫
D

w1 · w2ρsdx
′,

where ρs = ρs(x
′) is the density of the parallel flow us. As will be seen in Proposi-

tion 2.1 below, ρs(x
′) and P ′(ρs(x′))

ρs(x′)
are strictly positive in D.

For f ∈ L1(D) we denote the mean value of f over D by 〈f〉:

〈f〉 = (f, 1) =
1

|D|

∫
D

fdx′,

where |D| =
∫
D
dx′. For u = T(φ,w) ∈ L1(D) with w = T(w1, w2, w3) we define 〈u〉

by
〈u〉 = 〈φ〉+ 〈w1〉+ 〈w2〉+ 〈w3〉.

Partial derivatives of a function u in x, x′, x3 and t are denoted by ∂xu, ∂x′u,
∂x3u and ∂tu. We also write higher order partial derivatives of u in x as ∂kxu =
(∂αxu; |α| = k).
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We set

[[f(t)]]k =
( [ k

2
]∑

j=0

‖∂jt f(t)‖2
Hk−2j

) 1
2
,

‖|Df(t)‖|k =

 ‖∂xf(t)‖2, k = 0,(
[[∂xf(t)]]2k + [[∂tf(t)]]2k−1

) 1
2
, k ≥ 1.

We define a function space Z(T ) by

Z(T ) =
{
u = T(φ,w) ∈ C0

(
[0, T ];H2 × (H2 ∩H1

0 )
)
∩ C1

(
[0, T ];L2

)
; ‖u‖Z(T ) <∞

}
where

‖u‖Z(T ) = sup
0≤t≤T

[[u(t)]]2 +
(∫ T

0
‖|Dw(t)‖|22dt

) 1
2
.

We denote the n × n identity matrix by In. We define 4 × 4 diagonal matrices
Q0 and Q̃ by

Q0 = diag(1, 0, 0, 0), Q̃ = diag(0, 1, 1, 1).

It then follows that for u = T(φ,w) with w = T(w1, w2, w3),

Q0u =

(
φ
0

)
, Q̃u =

(
0
w

)
.

We denote the Fourier transform of f = f(x3) (x3 ∈ R) by f̂ or F [f ]:

f̂(ξ) = F [f ](ξ) =

∫
R

f(x3)e−iξx3dx3, ξ ∈ R.

The inverse Fourier transform is denoted by F−1:

F−1[f ](x3) = (2π)−1

∫
R

f(ξ)eiξx3dξ, x3 ∈ R.

We denote the resolvent set of a closed operator A by ρ(A) and the spectrum by
σ(A).

We finally introduce a function space which consists of locally H1 functions in
L2(Ω) whose tangential derivatives near ∂D belong to L2(Ω). To do so, we first
introduce a local curvilinear coordinate system. For any x′0 ∈ ∂D, there exist a

neighborhood Õx0 of x′0 and a smooth diffeomorphism map Ψ = (Ψ1,Ψ2) : Õx′0 →
B1(0) = {z′ = (z1, z2) : |z′| < 1} such that

Ψ
(
Õx′0 ∩D

)
= {z′ ∈ B1(0) : z1 > 0},

Ψ
(
Õx′0 ∩ ∂D

)
= {z′ ∈ B1(0) : z1 = 0},

det∇x′Ψ 6= 0 on Õx′0 ∩D.
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By the tubular neighborhood theorem, there exist a neighborhood Ox′0 of x′0 and a
local curvilinear coordinate system y′ = (y1, y2) on Ox′0 defined by

x′ = y1a1(y2) + Ψ−1(0, y2) : R → Ox′0 , (2.1)

where R = {y′ = (y1, y2) : |y1| ≤ δ̃1, |y2| ≤ δ̃2} for some δ̃1, δ̃2 > 0; a1(y2) is the unit
inward normal to ∂D that is given by

a1(y2) =
∇x′Ψ1

|∇x′Ψ1|
.

Setting y3 = x3 we obtain

∇x = e1(y2)∂y1 + J(y′)e2(y2)∂y2 + e3∂y3 ,

∇y =

 Te1(y2)
1

J(y′)
Te2(y2)
Te3

∇x,

where

e1(y2) =

(
a1(y2)

0

)
, e2(y2) =

(
a2(y2)

0

)
, e3 =

0
0
1

 ; (2.2)

J(y′) = |det∇x′Ψ|, a2(y2) =
−∇⊥x′Ψ1

|∇⊥x′Ψ1|

with ∇⊥x′Ψ1 = T(−∂x2Ψ1, ∂x1Ψ1). Note that ∂y1 and ∂y2 are the inward normal
derivative and tangential derivative at x′ = Ψ−1(0, y2) ∈ ∂D∩Ox′0 , respectively. Let
us denote the normal and tangential derivatives by ∂n and ∂, i.e.,

∂n = ∂y1 , ∂ = ∂y2 .

Since ∂D is compact, there are bounded open sets Om (m = 1, . . . , N) such that
∂D ⊂ ∪Nm=1Om and for each m = 1, . . . , N , there exists a local curvilinear coordinate
system y′ = (y1, y2) as defined in (4.68) with Ox′0 , Ψ and R replaced by Om, Ψm

and Rm =
{
y′ = (y1, y2) : |y1| < δ̃m1 , |y2| < δ̃m2

}
for some δ̃m1 , δ̃

m
2 > 0. At last, we

take an open set O0 ⊂ D such that

∪Nm=0Om ⊃ D, O0 ∩ ∂D = ∅.

We set a local coordinate y′ = (y1, y2) such that y1 = x1, y2 = x2 on O0. We note
that if h ∈ H2(D), then h |∂D= 0 implies that ∂kh |∂D∩Om= 0 (k = 0, 1).

Let us introduce a partition of unity {χm}Nm=0 subordinate to {Om}Nm=0, satisfy-
ing

N∑
m=0

χm = 1 on D, χm ∈ C∞0 (Om) (m = 0, 1, 2 · · · , N).
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We denote by H̃1(Ω) the set of all locally H1 functions in L2(Ω) whose tangential
derivatives near ∂Ω belong to L2(Ω), and its norm is denoted by ‖w‖H̃1(Ω):

‖w‖H̃1(Ω) = ‖w‖2 + ‖∂x3w‖2 + ‖χ0∂x′w‖2 +
N∑
m=1

‖χm∂w‖2.

Note that H1
0 (Ω) is dense in H̃1(Ω).

2.2 Stationary solution

In this subsection we rewrite the problem into the one in a non-dimensional form
and state the existence of stationary solution which represents parallel flow. Let
k0 be an integer satisfying k0 ≥ 3. We introduce the following non-dimensional
variables:

x = `x̃, v = V ṽ, ρ = ρ∗ρ̃, t = `
V
t̃,

p = ρ∗V
2P̃ , Φ = V 2

`
Φ̃, g3 = V 2

`
g̃3,

V = |v3
s|Ck0∗ (D∗)

=
k0∑
k=0

sup
x′∈D∗

`k|∂kx′v3
s(x
′)|, ` =

(∫
D∗

dx′
)1

2
.

The problem (1.1)-(1.3) is then transformed into the following non-dimensional prob-

lem on Ω̃ = D̃ ×R:

∂t̃ρ̃+ divx̃(ρ̃ṽ) = 0, (2.3)

ρ̃(∂t̃ṽ + ṽ · ∇x̃ṽ)− ν∆x̃ṽ − (ν + ν ′)∇x̃divx̃ṽ + P̃ ′(ρ̃)∇x̃ρ̃ = ρ̃g̃, (2.4)

ṽ |∂D̃ = 0, (2.5)

(ρ̃, ṽ) |t̃=0= (ρ̃0, ṽ0). (2.6)

Here D̃ is a bounded and connected domain in R2; g̃ = T
(
∂x̃1Φ̃, ∂x̃2Φ̃, g̃

3
)
; and ν and

ν ′ are non-dimensional parameters:

ν =
µ

ρ∗`V
, ν ′ =

µ′

ρ∗`V
.

We also introduce a parameter γ:

γ =

√
P̃ ′(1) =

√
p′(ρ∗)

V
.

Note that the Reynolds and Mach numbers are given by 1/ν and 1/γ, respectively.

In what follows, for simplicity, we omit tildes of x̃, t̃, ṽ, ρ̃, g̃, P̃ , Φ̃, D̃ and Ω̃
and write them as x, t, v, ρ, g, P , Φ, D and Ω. Observe that, due to the non-
dimensionalization, we have

|D| =
∫
D

dx′ = 1,

and thus,

〈f〉 =

∫
D

f(x′) dx′.

Let us state the existence of a stationary solution which represents parallel flow.

11



Proposition 2.1. If Φ ∈ Ck0(D), g3 ∈ Hk0(D) and |Φ|Ck0 is sufficiently small,
then (2.3)-(2.5) has a stationary solution us = T(ρs, vs) ∈ Ck0(D). Here ρs satisfies{

Const.− Φ(x′) =
∫ ρs(x′)

1
P ′(η)
η
dη,∫

D
ρsdx

′ = 1, ρ1 < ρs(x
′) < ρ2 (ρ1 < 1 < ρ2),

for some constants ρ1, ρ2 > 0 and vs is a function of the form vs = T(0, 0, v3
s) with

v3
s = v3

s(x
′) being the solution of{

−ν∆′v3
s = ρsg

3,

v3
s |∂D= 0.

Furthermore, us = T(ρs, vs) satisfies the estimates:

|ρs(x′)− 1|Ck ≤ C|Φ|Ck(1 + |Φ|Ck)k,

|v3
s |Ck ≤ C|v3

s |Hk+2 ≤ C|Φ|Ck(1 + |Φ|Ck)k|g3|Hk

for k = 3, 4, · · · , k0.

Proposition 2.1 can be proved in a similar manner to the proof of [24, Lemma
2.1].

Setting ρ = ρs + γ−2φ and v = vs + w in (2.3)-(2.6) (without tildes), we arrive
at the initial boundary value problem for the disturbance u = T(φ,w) written in
(1.5)-(1.8) in section 1.

3 Main result

In this section we state the main result of this paper. Hereafter we set

ν̃ = ν + ν ′.

Theorem 3.1. There exist positive constant ν0, γ0 and ω0 such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ‖ρs − 1‖C3 ≤ ω0, then the following assertions hold. There is a

positive number ε0 such that if u0 = T(φ0, w0) ∈ [H2 × (H2 ∩ H1
0 )] ∩ L1 satisfies

‖u0‖H2∩L1 ≤ ε0, then there exists a unique global solution u(t) = T(φ(t), w(t)) of
(1.5)-(1.8) in C0([0,∞);H2×(H2∩H1

0 ))∩C1([0,∞);L2); and the following estimates
hold

‖∂lx3u(t)‖2 = O(t−
1
4
− l

2 ), (l = 0, 1) (3.1)

‖u(t)− (σu(0))(t)‖2 = O(t−
3
4

+δ) (∀δ > 0) (3.2)

as t → ∞. Here u(0) = u(0)(x′) is a function given in Proposition 4.55 (iii) below;
and σ = σ(x3, t) is a function satisfying

∂tσ − κ0∂
2
x3
σ + κ1∂x3σ + κ2∂x3(σ

2) = 0,
σ |t=0=

∫
D
φ0(x′, x3)dx′

(3.3)

with some constants κ0 > 0 and κ1, κ2 ∈ R.
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As in [3, 12], Theorem 3.1 is proved by combining the local solvability (Propo-
sition 5.23 below) and the appropriate a priori estimates. We will establish the
necessary a priori estimates in Section 5.

To establish the a priori estimates, we will use the results on spectral properties
of the linearized semigroup e−tL which will be studied in Section 4. In Section 5.1,
we will decompose the problem into the one for a coupled system of the P0 and I−P0

parts of u(t). The a priori estimates will then be derived in Section 5.2–Section 5.4.
The proof of (3.2) will be given in Section 5.5.

4 Linear problem

In this section, we treat the linearized problem of (1.5)–(1.8)

∂tφ+ v3
s∂x3φ+ γ2div(ρsw) = 0,

∂tw − ν
ρs

∆w − ν̃
ρs
∇divw +∇

(
P ′(ρs)
γ2ρs

φ
)

+ν∆′v3s
γ2ρ2s

φe3 + v3
s∂x3w + (w′ · ∇′v3

s)e3 = 0,

w |∂Ω= 0,

(φ,w) |t=0= (φ0, w0).

This problem is written as

∂tu+ Lu = 0, u = T(φ,w), w |∂D= 0, u |t=0= u0, (4.1)

where L is the operator on L2(Ω) defined by

L =

(
vs · ∇ γ2div(ρs·)
∇
(P ′(ρs)
γ2ρs
·
)
− ν
ρs

∆I3 − ν+ν′

ρs
∇div + vs · ∇

)
+

(
0 0

ν∆′vs
γ2ρ2s

e3 ⊗ (∇v3
s)

)
≡ L1 + L2

with domain

D(L) =
{
u = T(φ,w) ∈ L2(Ω); w ∈ H1

0 (Ω), Lu ∈ L2(Ω)
}
.

In this section, we set
ω = ‖ρs − 1‖Ck0 .

In a similar manner to that in [9], one can show that −L1 generates a C0-
semigroup on L2(Ω). Since ‖L2u‖2 ≤ C‖u‖2, it follows from the standard perturba-
tion theory that −L generates a C0-semigroup e−tL on L2(Ω). It is not difficult to
prove that if u0 ∈ H1(Ω)×H1

0 (Ω), then

e−tLu0 ∈ C
(
[0, T ];H1(Ω)×H1

0 (Ω)
)
,

Q0e
−tLu0 ∈ H1

(
0, T ;L2(Ω)

)
,

Q̃e−tLu0 ∈ L2
(
0, T ;H2(Ω)

)
∩H1

(
0, T ;L2(Ω)

) (4.2)
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for all T > 0. Furthermore, since H1
0 (Ω) is dense in H̃1(Ω), one can see from (4.2),

Lemma 4.50 and Lemma 4.51 below that if u0 ∈ H1(Ω)× H̃1(Ω), then

e−tLu0 ∈ C
(
[0, T ];H1(Ω)× H̃1(Ω)

)
∩ C

(
(0, T ];H1(Ω)×H1

0 (Ω)
)
,

∇Q̃e−tLu0 ∈ L2
(
0, T ; H̃1(Ω)

) (4.3)

for all T > 0.
Our aim in this section is to analyze the spectrum of the linearized operator for

the purpose of the study of the nonlinear stability in Section 5. It is shown that if the
Reynolds and Mach numbers are sufficiently small, then the linearized semigroup
is decomposed into two parts; one behaves like a solution of a one dimensional
heat equation as time goes to infinity and the other one decays exponentially. We
first consider the decay estimate for the linearized semigroup in Section 4.1 and
Section 4.2. Furthermore, we analyze the spectrum of the linearized operator in
Section 4.3–Section 4.5. Some estimates for the spectral projections are established,
which will also be useful for the study of the nonlinear problem.

Let us state the main results in this section. In Section 4.1 and Section 4.2, we
will obtain the decay estimate for e−tLu0.

Theorem 4.1. Suppose that u0 = T(φ0, w0) ∈
(
H1(Ω) × H1

0 (Ω)
)
∩ L1(Ω). There

exist positive constants ν1, γ1 and ω1 such that if ν ≥ ν1, γ2

2ν+ν′
≥ γ1 and ω ≤ ω1,

then there holds the estimate

‖∂kx′∂lx3e
−tLu0‖L2(Ω) ≤ C

{
(1 + t)−

1
4
− l

2 ‖u0‖L1(R:L2(D)) + e−dt‖u0‖H1(Ω)

}
for t ≥ 0 and 0 ≤ k + l ≤ 1 with positive constants C and d.

In Section 4.3–Section 4.5, we will analyze e−tLu0 more precisely.

Theorem 4.2. There exist positive constants ν1, γ1 and ω1 such that if ν ≥ ν1,
γ2

2ν+ν′
≥ γ2

1 and ω ≤ ω1, then e−tLu0 is decomposed as

e−tLu0 = e−tLP0u0 + e−tLP∞u0.

Here P0 and P∞ are projections satisfying

P0 + P∞ = I, P 2 = P,

PL ⊂ LP, Pe−tL = e−tLP

for P ∈ {P0, P∞}; and e−tLP0 and e−tLP∞ have the following properties.
(i) If u0 ∈ L1(Ω) ∩ L2(Ω), then e−tLP0u0 satisfies the following estimates

‖∂kx′∂lx3e
−tLP0u0‖2 ≤ Ck,l(1 + t)−

1
4
− l

2‖u0‖1 (4.4)

uniformly for t ≥ 0 and for k = 0, 1, · · · , k0 and l = 0, 1, · · · ;

‖e−tLP0u0 − [H(t)〈φ0〉]u(0)‖2 ≤ Ct−
3
4‖u0‖1 (4.5)
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uniformly for t > 0. Here

H(t)〈φ0〉 = F−1[e−(iκ1ξ+κ0ξ2)t〈φ̂0〉],

where u(0) = u(0)(x′) is the function given in Lemma 4.6 below; and κ1 ∈ R and
κ0 > 0 are some constants satisfying

κ1 = O(1),

κ0 = C γ2

ν

{
1 +O

(
1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
2ν+ν′

γ2

)}
,

where C is a positive constant.
(ii) If u0 ∈ H1(Ω)× H̃1(Ω), then there exists a constant d > 0 such that e−tLP∞u0

satisfies
‖e−tLP∞u0‖H1 ≤ Ce−dt

(
‖u0‖H1×H̃1 + t−

1
2‖w0‖2

)
(4.6)

uniformly for t > 0.

Remark 4.3. It is well-known that if u0 = T(φ0, w0) ∈ L1(Ω), then ‖H(t)〈φ0〉‖2 =

O
(
t−

1
4

)
, and σ = σ(x3, t) = H(t)〈φ0〉 satisfies{

∂tσ − κ0∂
2
x3
σ + κ1∂x3σ = 0,

σ |t=0=
∫
D
φ0(x′, x3)dx′.

To prove Theorem 4.1 and Theorem 4.2, we consider the Fourier transform of
(4.1) in x3 variable which is written as

∂tφ̂+ iξv3
s φ̂+ γ2∇′ · (ρsŵ′) + γ2iξρsŵ

3 = 0, (4.7)

∂tŵ
′ − ν

ρs
(∆′ − ξ2)ŵ′ − ν̃

ρs
∇′(∇′ · ŵ′ + iξŵ3) +∇′

(P ′(ρs)
γ2ρs

φ̂
)

+ iξv3
sŵ
′ = 0, (4.8)

∂tŵ
3 − ν

ρs
(∆′ − ξ2)ŵ3 − ν̃

ρs
iξ(∇′ · ŵ′ + iξŵ3) + iξ

(P ′(ρs)
γ2ρs

φ̂
)

+ iξv3
sŵ

3

+ν∆′v3s
γ2ρ2s

φ̂+ ŵ′ · ∇′v3
s = 0, (4.9)

ŵ |∂D= 0 (4.10)

for t > 0, and
T
(
φ̂, ŵ

)
|t=0= T

(
φ̂0, ŵ0

)
= û0. (4.11)

We thus arrive at the following problem

∂tû+ L̂ξû = 0, û |t=0= û0 (4.12)

with a parameter ξ ∈ R. Here û = T
(
φ̂(x′, t), ŵ(x′, t)

)
∈ D

(
L̂ξ
)

(x′ ∈ D, t > 0),

û0 ∈ H1(D)×H1
0 (D), and L̂ξ is the operator on L2(D) of the form

L̂ξ = Âξ + B̂ξ + Ĉ0,

where

Âξ =


0 0 0

0 − ν
ρs

(∆′ − |ξ|2)I2 − ν̃
ρs
∇′∇′· −i ν̃

ρs
ξ∇′

0 −i ν̃
ρs
ξ∇′· − ν

ρs
(∆′ − |ξ|2) + ν̃

ρs
|ξ|2

 ,
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B̂ξ =


iξv3

s γ2∇′ · (ρs·) iγ2ρsξ

∇′
(
P (ρs)
γ2ρs
·
)

iξv3
sI2 0

iξ P (ρs)
γ2ρs

0 iξv3
s

 , Ĉ0 =

 0 0 0
0 0 0

ν∆′v3s
γ2ρ2s

T(∇′v3
s) 0


with domain of definition

D
(
L̂ξ
)

=
{
û = T(φ̂, ŵ) ∈ L2(D); ŵ ∈ H1

0 (D), L̂ξû ∈ L2(D)
}
.

Note that D
(
L̂ξ
)

= D
(
L̂0

)
for all ξ ∈ R, where L̂0 = L̂ξ |ξ=0.

As in the case of L, following [9], one can show that−L̂ξ generates a C0-semigroup
on L2(D). Furthermore if û0 ∈ H1(D)×H1

0 (D), then

e−tL̂ξ û0 ∈ C
(
[0, T ];H1(D)×H1

0 (D)
)
,

Q0e
−tL̂ξ û0 ∈ H1

(
0, T ;H1(D)

)
,

Q̃e−tL̂ξ û0 ∈ L2
(
0, T ;H2(D)

)
∩H1

(
0, T ;L2(D)

) (4.13)

for any T > 0. Furthermore, we can see that if u0 ∈ H1(D)× H̃1(D), then

e−tLξu0 ∈ C
(
[0, T ];H1(D)× H̃1(D)

)
∩ C

(
(0, T ];H1(D)×H1

0 (D)
)
,

∂x′Q̃e
−tLξu0 ∈ L2

(
0, T ; H̃1(D)

) (4.14)

for any T > 0.
To prove Theorem 4.1 we decompose e−tLu0 in the following way. Fix a pos-

itive number r0. We define 1{|η|≤r0} and 1{|η|>r0} by 1{|η|≤r0}(ξ) = 1 if |ξ| ≤ r0,
1{|η|≤r0}(ξ) = 0 if |ξ| > r0, and 1{|η|>r0}(ξ) = 1− 1{|η|≤r0}(ξ).

We decompose e−tLu0 as

e−tLu0 = U1(t)u0 + U∞(t)u0,

where

U1(t)u0 = F−1
[
1{|η|≤r0}(ξ)e

−tL̂ξ û0

]
, U∞(t)u0 = F−1

[
1{|η|>r0}(ξ)e

−tL̂ξ û0

]
.

We can then obtain the following decay estimates for U1(t)u0 and U∞(t)u0.

Theorem 4.4. There exist positive constants ν1, γ1, ω1 and d such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then for any l = 0, 1, · · · , there exists a positive constant
C = C(l) such that the estimates

‖∂lx3U1(t)u0‖L2 ≤ C(1 + t)−1/4−l/2‖u0‖L1(R:L2(D)),

‖∂x′∂lx3U1(t)u0‖L2 ≤ C
{

(1 + t)−1/4−l/2‖u0‖L1(R:L2(D)) + e−dt
(
‖u0‖L2 + ‖∂x′u0‖L2

)}
hold for t ≥ 0.
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Theorem 4.5. There exist positive constants ν1, γ1, ω1 and d such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then the estimate

‖U∞(t)u0‖H1 ≤ Ce−dt‖u0‖H1

holds for t ≥ 0 with a positive constant C.

Theorem 4.1 follows from Theorem 4.4 and Theorem 4.5. In Section 4.1 we will prove
Theorem 4.4 and in Section 4.2 we will give an outline of the proof of Theorem 4.5.
In Section 4.3 we will investigate the spectrum of −L̂ξ for |ξ| � 1. The proof of
Theorem 4.2 (i) will be given in Section 4.4; and more detailed properties of P0 and
e−tLP0 will be given, where we will establish a factorization of e−tLP0 which will be
useful in the nonlinear analysis. Theorem 4.2 (ii) is proved in Section 4.5.

4.1 Decay estimate of the low frequency part

In this section we give a proof of Theorem 4.4. Theorem 4.4 is a consequence of
Proposition 4.17 and Proposition 4.25 below.

For simplicity we omit ·̂ of û, φ̂ and ŵ in (4.7)-(4.12).

To prove Theorem 4.4 we decompose u(t) based on a spectral property of L̂ξ
with ξ = 0, namely, L̂0.

We introduce the adjoint operator L̂∗ξ of L̂ξ with the weighted inner product 〈·, ·〉.
We define L̂∗ξ by

L̂∗ξ = Â∗ξ + B̂∗ξ + Ĉ∗0

with domain of definition

D
(
L̂∗ξ
)

=
{
u = T(φ,w) ∈ L2(D); w ∈ H1

0 (D), L̂∗ξu ∈ L2(D)
}
,

where
Â∗ξ = Âξ, B̂∗ξ = −B̂ξ

and

Ĉ∗0 =

0 0 γ2ν∆′v3s
P ′(ρs)

0 0 ∇′v3
s

0 0 0

 .

Note that D(L̂ξ) = D(L̂∗ξ) for any ξ ∈ R. It follows that〈
Âξu, v

〉
=
〈
u, Â∗ξv

〉
=
〈
u, Âξv

〉
,〈

B̂ξu, v
〉

=
〈
u, B̂∗ξv

〉
= −

〈
u, B̂ξv

〉
,〈

Ĉ0u, v
〉

=
〈
u, Ĉ∗0v

〉
and 〈

L̂ξu, v
〉

=
〈
u, L̂∗ξv

〉
17



for u, v ∈ D
(
L̂ξ
)
.

We begin with a lemma on the zero-eigenvalue of L̂0 and L̂∗0.

Lemma 4.6. (i) There exists a constant ω1 > 0 such that if ν+ν̃
ν
ω ≤ ω1, then λ = 0

is a simple eigenvalue of L̂0 and L̂∗0.

(ii) The eigenspaces for λ = 0 of L̂0 and L̂∗0 are spanned by u(0) and u(0)∗, respec-
tively, where

u(0) = T(φ(0), w(0)), w(0) = T(0, 0, w(0),3)

and
u(0)∗ = T(φ(0)∗, 0).

Here

φ(0)(x′) = α0
γ2ρs(x′)
P ′(ρs(x′))

, α0 =
(∫

D

γ2ρs(x′)
P ′(ρs(x′))

dx′
)−1

;

and w(0),3 is the solution of the following problem{
−∆′w(0),3 = − 1

γ2ρs
∆′v3

sφ
(0),

w(0),3 |∂D= 0;

and
φ(0)∗(x′) = γ2

α0
φ(0)(x′).

(iii) The eigenprojections Π̂(0) and Π̂(0)∗ for λ = 0 of L̂0 and L̂∗0 are given by

Π̂(0)u = 〈u, u(0)∗〉u(0) = 〈Q0u〉u(0),

Π̂(0)∗u = 〈u, u(0)〉u(0)∗

for u = T(φ,w), respectively.

(iv) Let u(0) be written as u(0) = u
(0)
0 + u

(0)
1 , where

u
(0)
0 = T(φ(0), 0), u

(0)
1 = T(0, w(0)).

Then
u(0)∗ = γ2

α0
u

(0)
0

and
〈u, u(0)〉 = α0

γ2
〈φ〉+ (w3, w(0),3ρs)

for u = T(φ,w) = T(φ,w′, w3).

Remark 4.7. φ(0) = O(1), α0 = O(1) and w(0),3 = O
(

1
γ2

)
as γ2 →∞.
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Proof . Let L̂0u = 0 for u = T(φ,w′, w3) ∈ D
(
L̂0

)
. Then

γ2∇′ · (ρsw′) = 0,

− ν
ρs

∆′w′ − ν̃
ρs
∇′∇′ · w′ +∇′

(P ′(ρs)
γ2ρs

φ
)

= 0,

− ν
ρs

∆′w3 + ν
γ2ρ2s

∆′v3
sφ+ w′ · ∇′v3

s = 0,

w |∂D= 0.

(4.15)

We take the weighted inner product of (4.15) with T(φ,w′, 0) to get

ν|∇′w′|22 + ν̃|∇′ · w′|22 = 0.

Since w′ ∈ H1
0 (D), we have w′ = 0. It then follows that

∇′
(
P ′(ρs)
γ2ρs

φ
)

= 0,

−∆′w3 = − 1
γ2ρs

∆′v3
sφ,

w3 |∂D= 0.

This implies that P ′(ρs)
γ2ρs

φ is a constant since D is connected, and we conclude that

Ker
(
L̂0

)
= span{u(0)}. Note that

∫
D
φ(0)dx′ = 1.

Let L̂∗0u = 0 for u = T(φ,w′, w3). Then
−γ2∇′ · (ρsw′) + γ2ν

P ′(ρs)
∆′v3

sw
3 = 0,

− ν
ρs

∆′w′ − ν̃
ρs
∇′∇′ · w′ −∇′

(P ′(ρs)
γ2ρs

φ
)

+ w3∇′v3
s = 0,

− ν
ρs

∆′w3 = 0,

w |∂D= 0.

The third equation, together with w3 |∂D= 0, implies that w3 = 0, and hence,
−γ2∇′ · (ρsw′) = 0,

− ν
ρs

∆′w′ − ν̃
ρs
∇′∇′ · w′ −∇′

(P ′(ρs)
γ2ρs

φ
)

= 0,

w′ |∂D= 0.

Similarly to the case of L̂0, one can show that w′ = 0 and P ′(ρs)
γ2ρs

φ is a constant. We

set φ(0)∗ = γ2

α0
φ(0)(x′). Note that

∫
D
φ(0)φ(0)∗ P ′(ρs)

γ4ρs
dx′ = 1. We thus proved (i), (ii)

and (iii) except the simplicity of λ = 0. The assertion (iv) can be verified by direct
computations.

It remains to prove the simplicity of λ = 0. Since we have already proved that
Ker
(
L̂0

)
= span{u(0)} and Ker

(
L̂∗0
)

= span{u(0)∗}, if we would prove the following
lemma, then the proof of the simplicity of λ = 0 would be complete.

Lemma 4.8. There exists a constant ω1 > 0 such that if ν+ν̃
ν
ω ≤ ω1, then R

(
L̂0

)
and R

(
L̂∗0
)

are closed; and there hold that

L2(D) = Ker
(
L̂0

)
⊕R

(
L̂0

)
, L2(D) = Ker

(
L̂∗0
)
⊕R

(
L̂∗0
)
.
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To prove Lemma 4.8, we show the following proposition.

Proposition 4.9. There exists a constant ω1 > 0 such that if ν+ν̃
ν
ω ≤ ω1, then for

any f = T(f 0, g) = T(f 0, g′, g3) ∈ L2(D) with 〈f 0〉 = 0, there is a unique solution

u = T(φ,w) ∈ D
(
L̂0

)
of the following problem:{

L̂0u = f,

〈φ〉 = 0.
(4.16)

Proof . Let us prove that if 〈f 0〉 = 0, then (4.16) has a unique solution u = T(φ,w) ∈
L2(D) × H1

0 (D) with 〈φ〉 = 0. The problem (4.16) is rewritten as the following
system: 

∇′ · w′ = F [w′; f 0],

−ν∆′w′ +∇′φ = G′[φ,w′; f 0, g′],

w′ |∂D= 0,

〈φ〉 = 0

(4.17)

and {
−ν∆′w3 = G3[φ,w′; g3],

w3 |∂D= 0,
(4.18)

where
F [w′; f 0] = ∇′ ·

(
(1− ρs)w′

)
+ 1

γ2
f 0,

G′[φ,w′; f 0, g′] =ν̃∇′F [w′; f 0] +∇′
(
(1− ρs)φ

)
+∇′ρsφ

+ ρs∇′
((

1− P ′(ρs)
γ2ρs

)
φ
)

+ ρsg
′,

G3[φ,w′; g3] = − ν
γ2ρs

∆′v3
sφ− ρsw′ · ∇′v3

s + ρsg
3.

We define a set Ẋ by

Ẋ = {(p, v′); p ∈ L2(D), v′ = T(v1, v2) ∈ H1
0 (D), 〈p〉 = 0}

with norm
|(p, v′)|Ẋ = |p|2 + ν|∇′v′|2.

We assume that
(
φ̃, w̃′

)
∈ Ẋ. Let us consider the following problem
∇′ · w′ = F [w̃′; f 0],

−ν∆′w′ +∇′φ = G′[φ̃, w̃′; f 0, g′],

w′ |∂D= 0.

(4.19)

It holds that
F [w̃′; f 0] ∈ L2(D),

〈
F [w̃′; f 0]

〉
= 0,
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G′[φ̃, w̃′; f 0, g′] ∈ H−1(D),

where H−1(D) denotes the dual space to H1
0 (D) with norm | · |H−1 . In fact, we have

from the Poincaré inequality that

|F [w̃′; f 0]|2 ≤ |∇′ ·
(
(1− ρs)w̃′

)
|2 + 1

γ2
|f 0|2

≤ C
{
ω|w̃′|H1 + 1

γ2
|f 0|2

}
≤ C

{
ω|∇′w̃′|2 + 1

γ2
|f 0|2

}
,

|G′[φ̃, w̃′; f 0, g′]|H−1 ≤ C
{
|∇′F [w̃′; f 0]|H−1 + |∇′

(
(1− ρs)φ̃

)
|H−1

+ |∇′ρsφ̃|H−1 +
∣∣ρs∇′((1− P ′(ρs)

γ2ρs
)φ̃
)∣∣
H−1 + |g′|H−1

}
≤ C

{
ν̃|F [w̃′; f 0]|2 + ω|φ̃|2 + |g′|2

}
≤ C

{
ω(|φ̃|2 + ν̃|∇′w̃′|2) + ν̃

γ2
|f 0|2 + |g′|2

}
.

From [26, III.1.4, Theorem 1.4.1], we see that there is a unique solution (φ,w′) ∈ Ẋ
of (4.19) and there holds the following estimate

|φ|2 + ν|∇′w′|2 ≤ C{ν|F [w̃′; f 0]||2 + |G′[φ̃, w̃′; f 0, g′]|H−1}
≤ C1

{
ω
(
|φ̃|2 + (ν + ν̃)|∇′w̃′|2

)
+ ν+ν̃

γ2
|f 0|2 + |g′|2

}
,

(4.20)

where C1 is a positive constant. Let us define a map Γ : Ẋ → Ẋ by

Γ(φ̃, w̃′) = (φ,w′) for (φ̃, w̃′) ∈ Ẋ,

where (φ,w′) ∈ Ẋ is a solution of (4.19). We see from (4.20) that

|Γ(φ̃, w̃′)|Ẋ ≤ C1

{
ω
(
|φ̃|2 + (ν + ν̃)|∇′w̃′|2

)
+ ν+ν̃

γ2
|f 0|2 + |g′|2

}
.

Since we have the estimate∣∣∣Γ(φ̃1, w̃
′
1)− Γ(φ̃2, w̃

′
2)
∣∣∣
Ẋ
≤ C1ω

{
|φ̃|2 + (ν + ν̃)|∇′w̃′|2

}
for (φ̃1, w̃

′
1), (φ̃2, w̃

′
2) ∈ Ẋ, if we take ω sufficiently small satisfying ω < 1

2C1
min{1, ν

ν+ν̃
},

then we see that Γ : Ẋ → Ẋ is a contraction map. This implies that there is a unique
(φ,w′) ∈ Ẋ such that Γ(φ,w′) = (φ,w′), i.e., there is a unique solution (φ,w′) ∈ Ẋ
of (4.17).

Furthermore, for a solution (φ,w′) ∈ Ẋ of (4.17), since

G3[φ,w′; g3] ∈ L2(D),

there is a unique solution w3 ∈ H1
0 (D) of (4.18). Consequently, we have

L̂0u = f in the sense of distribution,

where f = T(f 0, g′, g3) ∈ L2(D) with 〈f 0〉 = 0. Since f ∈ L2(D), it holds that

L̂0u ∈ L2(D). It then follows that

u ∈ D
(
L̂0

)
.
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This completes the proof. �

Proof of Lemma 4.8 We have already proved that

Ker(L̂0) = Π̂(0)L2(D).

To prove R
(
L̂0

)
=
(
I − Π̂(0)

)
L2(D), we first show that

u = T(φ,w) ∈
(
I − Π̂(0)

)
L2(D) if and only if 〈φ〉 = 0. (4.21)

Let us prove (4.21). We can decompose u = T(φ,w) as

u = 〈φ〉u(0) + u1.

Here
〈φ〉u(0) ∈ Π(0)L2(D), u1 = T(φ1, w1) ∈

(
I − Π(0)

)
L2(D).

This implies that if 〈φ〉 = 0, then

u = 〈φ〉u(0) + u1 = u1 ∈
(
I − Π̂(0)

)
L2(D).

On the other hand, if u = T(φ,w) ∈
(
I−Π̂(0)

)
L2(D), then there exists ũ = T

(
φ̃, w̃

)
∈

L2(D) such that

u = ũ−
〈
φ̃
〉
u(0).

It then follows that
〈φ〉 =

〈
φ̃
〉
−
〈
φ̃
〉

= 0.

We thus conclude that (4.21) holds true.

We next show that R
(
L̂0

)
=
(
I−Π̂(0)

)
L2(D). Since

〈
Q0L̂0u

〉
= 〈∇′ ·(ρsw′)〉 = 0,

we see from (4.21) that L̂0u ∈
(
I − Π̂(0)

)
L2(D), and, therefore,

R(L̂0) ⊂
(
I − Π(0)

)
L2(D).

On the other hand, if f = T(f 0, g′, g3) ∈
(
I− Π̂(0)

)
L2(D), then it follows from (4.21)

that 〈f 0〉 = 0. By Proposition 4.9, there exists a unique solution u = T(φ,w) ∈
D
(
L̂0

)
such that L̂0u = f with 〈φ〉 = 0. This implies that f ∈ R

(
L̂0

)
, and, thus,(

I − Π(0)
)
L2(D) ⊂ R

(
L̂0

)
.

Therefore we see that R
(
L̂0

)
=
(
I − Π̂(0)

)
L2(D). Consequently, we have R

(
L̂0

)
is

closed and
L2(D) = Ker

(
L̂0

)
⊕R

(
L̂0

)
.

Similarly, one can prove that Ker
(
L̂∗0
)

= Π̂(0)∗L2(D) andR
(
L̂∗0
)

=
(
I−Π̂(0)∗)L2(D).

We thus see that R
(
L̂∗0
)

is closed and

L2(D) = Ker
(
L̂∗0
)
⊕R

(
L̂∗0
)
.
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This completes the proof of Lemma 4.6. �

We are now ready to prove Theorem 4.4. We decompose u(t) as follows

u(t) = σ(t)u(0) + u1(t),

σ(t) = 〈Q0u(t)〉 = 〈u(t), u(0)∗〉,
u1(t) =

(
I − Π̂(0)

)
u(t).

The density component of u1 is denoted by φ1 and the velocity component is denoted
by w1, namely,

u1 = T(φ1, w1).

Note that 〈φ1〉 = 0 and w1 |∂D= 0; the latter follows from u(0) ∈ D
(
L̂0

)
which

implies that w(0),3 |∂D= 0.

Remark 4.10. (i) The boundary condition w1|∂D = 0 implies that the Poincaré
inequality holds for w1: |w1|2 ≤ C|∂x′w1|2.
(ii) The vanishing mean value condition 〈φ1〉 = 0 implies that the Poincaré inequal-
ity holds for φ1: |φ1|2 ≤ C|∂x′φ1|2.

We define M̃ξ by

M̃ξ = L̂ξ − L̂0 = Ãξ + B̃ξ,

where

Ãξ = Âξ − Â0 =

0 0 0
0 ν

ρs
ξ2I2 − ν̃

ρs
iξ∇′

0 − ν̃
ρs
iξ∇′· ν+ν̃

ρs
ξ2

 ,

B̃ξ = B̂ξ − B̂0 =

 iξv3
s 0 γ2iξρs

0 iξv3
sI2 0

iξ P
′(ρs)
γ2ρs

0 iξv3
s

 .

Decomposing u(t) in (4.12) as u(t) = σ(t)u(0) + u1(t), we obtain

∂t(σu
(0) + u1) + L̂0u1 + M̃ξ(σu

(0) + u1) = 0.

Applying Π(0) and I − Π(0) to this equation, we have{
∂tσ +

〈
Q0M̃ξ(σu

(0) + u1)
〉

= 0,

∂tu1 + L̂0u1 +
(
I − Π̂(0)

)
M̃ξ(σu

(0) + u1) = 0.

Since Π̂(0)M̃ξu =
〈
Q0M̃ξu

〉
u(0) and Q0M̃ξ = Q0B̃ξ, we get

∂tσ +
〈
Q0B̃ξ(σu

(0) + u1)
〉

= 0, (4.22)

∂tu1 + L̂ξu1 + M̃ξ(σu
(0))−

〈
Q0B̃ξ(σu

(0) + u1)
〉
u(0) = 0, (4.23)

w1 |∂D= 0, σ(0) = σ0, u1(0) = u1,0, (4.24)
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where σ0 and u1,0 are given by

σ0 = 〈u0, u
(0)∗〉, u1,0 =

(
I − Π̂(0)

)
u0.

We see from (4.14) that if u0 ∈ H1(D)×H1
0 (D), then

σ ∈ H1(0, T ),

u1 ∈ C
(
[0, T ];H1(D)×H1

0 (D)
)
,

φ1 ∈ H1
(
0, T ;H1(D)

)
,

w1 ∈ L2
(
0, T ;H2(D)

)
∩H1

(
0, T ;L2(D)

)
for all T > 0.

Lemma 4.11. For u1 = T(φ1, w
′
1, w

3
1) ∈ R

(
I − Π̂(0)

)
, there hold the estimates:

(i)
∣∣〈Q0B̃ξu

(0)
〉∣∣ ≤ C|ξ|.

(ii)
∣∣〈Q0B̃ξu1

〉∣∣ ≤ C|ξ|
(
|φ1|2 + γ2|w3

1|2
)
.

(iii)
∣∣〈Q0B̃ξu1

〉∣∣ ≤ C
(
|ξ||φ1|2 + γ2|∇′ · w′1 + iξw3

1|2 + γ2ω|w′1|2
)
.

Lemma 4.11 can be proved by direct computations. We omit the proof.

We will employ an energy method to obtain the decay estimate on solutions of
(4.22)-(4.24). We write (4.23) as:

∂tφ1 + iξv3
sφ1 + γ2∇′ · (ρsw′1) + γ2iξρsw

3
1

+ iξv3
sσφ

(0) + γ2iξρsσw
(0),3 −

〈
Q0B̃ξ(σu

(0) + u1)
〉
φ(0) = 0,

∂tw
′
1 − ν

ρs
(∆′ − ξ2)w′1 − ν̃

ρs
∇′(∇′ · w′1 + iξw3

1) +∇′
(
P ′(ρs)
γ2ρs

φ1

)
+ iξv3

sw
′
1

− ν̃
ρs
iξ∇′(σw(0),3) = 0,

∂tw
3
1 − ν

ρs
(∆′ − ξ2)w3

1 − ν̃
ρs
iξ(∇′ · w′1 + iξw3

1) + iξ
(
P ′(ρs)
γ2ρs

φ1

)
+ iξv3

sw
3
1

+ ν
γ2ρ2s

∆′v3
sφ1 + w′1 · ∇′v3

s + ν+ν̃
ρs
ξ2σw(0),3 + iξα0σ

+ iξv3
sσw

(0),3 −
〈
Q0B̃ξ(σu

(0) + u1)
〉
w(0),3 = 0.

(4.25)

Before proceeding further we introduce some notations. For u = T(φ,w) we define

E0[u] by

E0[u] = 1
γ2

∣∣∣√P ′(ρs)
γ2ρs

φ
∣∣∣2
2

+ |√ρsw|22.

For w = T(w′, w3) with w′ = T(w1, w2) we define D̃ξ[w] by

D̃ξ[w] = ν(|∇′w|22 + |ξ|2|w|22) + ν̃|∇′ · w′ + iξw3|22.

For φ we define φ̇ by
φ̇ = ∂tφ+ iξv3

sφ.

24



Proposition 4.12. There exist constants ν1 > 0 and ω1 > 0 such that if ν ≥ ν1

and ν+ν̃
ν
ω ≤ ω1, then there hold the estimates:

1
2
d
dt

(
α0

γ2
|σ|2 + E0[u1]

)
+ 1

2
D̃ξ[w1] ≤ C

{(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
1
γ2

+ ν
γ4

)
|φ1|22

}
, (4.26)

ν+ν̃
γ4

∣∣φ̇1

∣∣2
2
≤ C

{
ν+ν̃
γ4
|ξ|2|σ|2 + ν+ν̃

γ4
|ξ|2|φ1|22 +

(
1 + ν+ν̃

ν
ω2
)
D̃ξ[w1]

}
. (4.27)

Proof . Multiplying (4.22) by σ(t) and taking real part of the resulting equation, we
have

1
2
d
dt
|σ|2 + Re

{〈
Q0B̃ξ(σu

(0) + u1)
〉
σ
}

= 0. (4.28)

Since B̃∗ξ = −B̃ξ and u(0)∗ = γ2

α0
u

(0)
0 , we see that〈

Q0B̃ξu1

〉
σ =

〈
B̃ξu1, σu

(0)∗〉
= −

〈
u1, B̃ξ(σu

(0)∗)
〉

= − γ2

α0

〈
u1, B̃ξ(σu

(0)
0 )
〉
,

(4.29)

where u
(0)
0 = T(φ(0), 0). On the other hand, since〈

Q0B̃ξ(σu
(0))
〉
σ = iξ|σ|2

{
〈v3
sφ1〉+ 〈γ2ρsw

3
1〉
}
,

we have
Re
{〈
Q0B̃ξ(σu

(0))
〉
σ
}

= 0. (4.30)

We thus obtain from (4.28)-(4.30) that

1
2
d
dt
|σ|2 − γ2

α0
Re
〈
u1, B̃ξ(σu

(0)
0 )
〉

= 0. (4.31)

We next take the weighted inner product of (4.25) with u1. The real part of the
resulting equation then gives

1
2
d
dt
E0[u1] + Re

〈
L̂0u1, u1

〉
+ Re

〈
M̃ξ(σu

(0) + u1), u1

〉
− Re

{〈
Q0B̃ξ(σu

(0) + u1)
〉
〈u(0), u1〉

}
= 0.

(4.32)

Since B̂∗ξ = −B̂ξ, we see that Re
〈
B̂ξu1, u1

〉
= 0. It then follows that

Re
〈
L̂0u1, u1

〉
+ Re

〈
M̃ξ(σu

(0) + u1), u1

〉
= Re

〈
Ĉ0u1, u1

〉
+ Re

〈
Âξu1, u1

〉
+ Re

〈
Ãξ(σu

(0)), u1

〉
+ Re

〈
B̃ξ(σu

(0)), u1

〉
= Re

〈
Ĉ0u1, u1

〉
+ D̃ξ[w1] + Re

〈
Ãξ(σu

(0)), u1

〉
+ Re

〈
B̃ξ(σu

(0)), u1

〉
.

This, together with (4.32), gives

1
2
d
dt
E0[u1] + D̃ξ[w1] + Re

〈
Ĉ0u1, u1

〉
+ Re

〈
Ãξ(σu

(0)), u1

〉
+ Re

〈
B̃ξ(σu

(0)), u1

〉
− Re

{〈
Q0B̃ξ(σu

(0) + u1)
〉
〈u(0), u1〉

}
= 0.

(4.33)
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We add α0

γ2
× (4.31) to (4.33), to get

1
2
d
dt

(
α0

γ2
|σ|2 + E0[u1]

)
+ D̃ξ[w1] + Re

〈
Ĉ0u1, u1

〉
+ Re

〈
Ãξ(σu

(0)), u1

〉
+ Re

〈
B̃ξ(σu

(0)
1 , u1)

〉
− Re

{〈
Q0B̃ξ(σu

(0) + u1)
〉
〈u(0), u1〉

}
= 0,

(4.34)

where u
(0)
1 = T(0, w(0)). Here we used the equation

−Re
〈
u1, B̃ξ(σu

(0)
0 )
〉

+ Re
〈
B̃ξ(σu

(0)), u1

〉
= Re

〈
B̃ξ(σu

(0)
1 ), u1

〉
.

By the Poincaré inequality we have∣∣Re
〈
Ãξ(σu

(0)), u1

〉∣∣ ≤ C
(
ν
γ2
|ξ|2|σ||w3

1|2 + ν̃
γ2
|ξ||σ||∇′ · w′1 + iξw3

1|2
)

≤ 1
8
D̃ξ[w1] + C ν+ν̃

γ4
|ξ|2|σ|2,

∣∣Re
〈
B̃ξ(σu

(0)
1 ), u1

〉∣∣ ≤ C|ξ||σ|
(

1
γ2
|φ1|2 + 1

γ2
|w3

1|2
)

≤ C
(

1
γ2

+ 1
νγ4

)
|ξ|2|σ|2 + 1

γ2
|φ1|22 + 1

8
D̃ξ[w1].

Since 〈φ1〉 = 0, there holds that

|〈u(0), u1〉| ≤ C 1
γ2
|w3

1|2.

Applying Lemma 4.11 and the Poincaré and Hölder inequalities, we thus have the
following estimates:∣∣Re

{〈
Q0B̃ξ(σu

(0) + u1)
〉
〈u(0), u1〉

}∣∣
≤ C|ξ|

(
|σ|+ |φ1|2 + γ2|w3

1|2
)

1
γ2
|w3

1|2
≤ 1

8
D̃ξ[w1] + C

(
1
νγ4
|ξ|2|σ|2 + 1

νγ4
|φ1|22 + 1

ν
D̃ξ[w1]

)
,∣∣Re

{〈
Ĉ0u1, u1

〉}∣∣ ≤ C
(
ν
γ4
|φ1|22 + 1

ν
D̃ξ[w1]

)
.

Therefore we find that there exists a constant ν1 > 0 such that if ν ≥ ν1, then

1
2
d
dt

(
α0

γ2
|σ|2 + E0[u1]

)
+ 1

2
D̃ξ[w1] ≤ C

{(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
1
γ2

+ ν
γ4

)
|φ1|22

}
.

We next estimate φ̇1. By the first equation of (4.25) there holds that

1
γ2
φ̇1 =− (∇′ · (ρsw′1) + iξρsw

3
1)

− 1
γ2

{
iξv3

sσφ
(0) + γ2iξρsσw

(0),3 −
〈
Q0B̃ξ(σu

(0) + u1)
〉}
.

We thus obtain

1
γ4
|φ̇1|22 ≤ C

{
1
γ4
|ξ|2|σ|2 + 1

γ4
|ξ|2|φ1|22 +

(
1

ν+ν̃
+ ω2

ν

)
D̃ξ[w1]

}
.

Multiplying by ν + ν̃ to both sides, we have the desired estimate. This completes
the proof. �

Let us estimate |φ1|2. We first introduce the Bogovskĭi lemma.
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Proposition 4.13. Let L̇2(D) be defined by

L̇2(D) = {f ∈ L2(D) : 〈f〉 = 0}.

There exists a bounded operator B : L̇2(D)→ H1
0 (D) such that

−∇′ · Bf = f,

|∇′Bf |2 ≤ C|f |2
for any f ∈ L̇2(D).

Proof . See, e.g., [7, III.3, Theorem 3.2]. �

The proof of the following proposition is based on the argument in [9].

Proposition 4.14. There exist constants ν1 > 0 and ω1 > 0 such that if ν ≥ ν1,
γ ≥ 1 and ν+ν̃

ν
ω ≤ ω1, then there hold the estimates:

d
dt
J0[u1] + 1

2
1

ν+ν̃
|φ1|22

≤ C
{(

γ2

ν(ν+ν̃)
+ 1
)
D̃ξ[w1] + ν

ν+ν̃
|ξ|2D̃ξ[w1] +

(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2

}
,

(4.35)

|J0[u1]| ≤ C
{

γ2

ν(ν+ν̃)
|w1|22 + ν

γ2(ν+ν̃)
|φ1|22

}
,

where
J0[u1] = 1

ν+ν̃
Re(w′1, ρsψ

′)

with ψ′ = Bφ1.

Proof . Set ψ′ = Bφ1. Taking the inner product of (4.25)2 with ρsψ
′, we get

Re(∂tw
′
1, ρsψ

′) + Re
(
∇′(P

′(ρs)
γ2ρs

φ1), ρsψ
′) = ReI, (4.36)

where

I =− ν(∇′w′1,∇′ψ′)− νξ2(w′1, ψ
′) + ν̃(∇′ · w′1, φ1) + ν̃iξ(w3

1, φ1)

− iξ(ρsv3
sw
′
1, ψ

′) + ν̃iξ(σw(0),3, φ1).

Let us estimate the first term of the left-hand side of (4.36). It holds that

Re(∂tw
′
1, ρsψ

′) = d
dt

Re(w′1, ρsψ
′)− Re(w′1, ρs∂tψ

′).

Since
−∇′ · ∂tψ′ = ∂tφ1

and

∂tφ1 = −
{
iξv3

sφ1 + γ2∇′ · (ρsw′1) + iξγ2ρsw
3
1

+ iξv3
sσφ

(0) + γ2iξρsσw
(0),3 −

〈
Q0B̃ξ(σu

(0) + u1)
〉
φ(0)
}
,
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we obtain

|Re(w′1, ρs∂tψ
′)|

≤ C|w′1|2|∂tψ′|2
≤ C|w′1|2{|ξ||φ1|2 + γ2|∇′ · w′1|2 + γ2|w′1|2 + γ2|ξ|2|w3

1|2 + |ξ||σ|}
≤ 1

8
|φ1|22 + C

{(
γ2 + γ2

ν+ν̃

)
|w1|22 + (1 + γ2)|ξ|2|w1|22 + γ2|∇′ · w′1|22 + ν+ν̃

γ2
|ξ|2|σ|2

}
≤ 1

8
|φ1|22 + C

{(
1
ν

+ γ2

ν
+ γ2

ν(ν+ν̃)

)
D̃ξ[w1] + ν+ν̃

γ2
|ξ|2|σ|2

}
.

We next estimate the second term of the left-hand side of (4.36). There exists
ω1 > 0 such that if ω ≤ ω1, then it holds that

Re
(
∇′
(P ′(ρs)
γ2ρs

φ1

)
, ρsψ

′
)

=
∣∣∣√P ′(ρs)

γ2
φ1

∣∣∣2
2
− Re

(
P ′(ρs)
γ2ρs

φ1, (∇′ρs) · ψ′
)

≥ C(1− ω)
∣∣∣√P ′(ρs)

γ2
φ1

∣∣∣2
2

≥ 3
4
|φ1|22.

As for I, we have

|I| ≤ 1
8
|φ1|22 + C

{(
ν + ν̃2

ν+ν̃
+ 1

ν

)
D̃ξ[w1] + ν|ξ|2D̃ξ[w1] + ν̃2

γ4
|ξ|2|σ|2

}
.

Therefore it holds that

d
dt

Re(w′1, ρsψ
′) + 1

2
|φ1|22 ≤ C

{(
1
ν

+ γ2

ν
+ γ2

ν(ν+ν̃)
+ ν + ν̃2

ν+ν̃

)
D̃ξ[w1]

+ ν|ξ|2D̃ξ[w1] +
(
ν+ν̃
γ2

+ (ν+ν̃)2

γ4

)
|ξ|2|σ|2

}
.

Multiplying by 1
ν+ν̃

to both sides of this inequality, we have the desired estimate.
This completes the proof. �

We next derive the estimate for σ. We introduce a notation. Let us define J1[u]
by

J1[u] = Re
{
iξ 1
ν+ν̃
〈ρs(A+ |ξ|2)−1[ρsw

3
1]〉σ

}
for u = σu(0) + u1 with u1 = T(φ1, w

1
1, w

2
1, w

3
1). Here A is an operator on L2(D)

defined by

Aϕ = −∆′ϕ for ϕ ∈ D(A) = H2(D) ∩H1
0 (D).

Proposition 4.15. There exist constants ν1 > 0, γ1 > 0, ω1 > 0 and α̃0 > 0 such
that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ν+ν̃
ν
ω ≤ ω1, then there hold the estimates:

1
2
d
dt

(
ν

(ν+ν̃)γ2
|σ|2 + J1[u]

)
+ 1

2
α̃0

ν+ν̃
|ξ|2|σ|2

≤ C
{

ν
(ν+ν̃)γ2

|φ1|22 + 1
ν+ν̃
|ξ|2|φ1|22 + ν2

(ν+ν̃)γ4
max{1, |ξ|2}|ξ|2|φ1|22

+ γ2

(ν+ν̃)ν
D̃ξ[w1] +

(
ν̃2

(ν+ν̃)2
+ 1

ν

)
|ξ|2D̃ξ[w1]

}
,

(4.37)

|J1[u]| ≤ 1
γ2
|σ|2 + C γ2

(ν+ν̃)2
|w1|22,

where α̃0 is a positive constant.
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Proof . Since〈
Q0B̃ξ(σu

(0) + u1)
〉

=
〈
Q0B̃ξu

(0)
〉
σ + γ2iξ〈ρsw3

1〉+ iξ〈v3
sφ1〉,

(4.22) is written as

∂tσ +
〈
Q0B̃ξu

(0)
〉
σ + γ2iξ〈ρsw3

1〉 = −iξ〈v3
sφ1〉. (4.38)

Set
B̃3
ξ =

(
iξ P

′(ρs)
γ2ρs

0 iξv3
s

)
.

Since P ′(ρs)
γ2ρs

φ(0) = α0, we have

B̃3
ξu

(0)
0 = iξ P

′(ρs)
γ2ρs

σφ(0) = iξα0.

We thus obtain
−(∆′ − ξ2)w3

1 = −α0

ν
iξσρs − ρs

ν
∂tw

3
1 + I3

1 . (4.39)

Here

I3
1 = −ρs

ν

{
Ĉ3

0u1 − ν̃
ρs
iξ(∇′ · w′1 + iξw3

1)

+ B̃3
ξu1 + σM̃3

ξ u
(0)
1 −

〈
Q0B̃ξ(σu

(0) + u1)
〉
w(0),3

}
,

where Ĉ3
0 and M̃3

ξ are 1× 4 matrix operators defined by

M̃3
ξ =

(
0 0 ν+ν̃

ρs
ξ2
)

+ B̃3
ξ , Ĉ3

0 =
(

ν
γ2ρ2s

∆′v3
s

T(∇′v3
s) 0

)
.

It then follows from (4.39) that

w3
1 = −α0

ν
iξσ(A+ |ξ|2)−1ρs − (A+ |ξ|2)−1[ρs

ν
∂tw

3
1] + (A+ |ξ|2)−1I3

1 .

Substituting this into (4.38) we obtain

∂tσ +
〈
Q0B̃ξu

(0)
〉
σ + α0γ2

ν

〈
ρs(A+ |ξ|2)−1ρs

〉
|ξ|2σ = I0

1 − I0
2 , (4.40)

where
I0

1 = −γ2iξ
〈
ρs(A+ |ξ|2)−1I3

1

〉
− iξ〈v3

sφ1〉,

I0
2 = γ2iξ

〈
ρs(A+ |ξ|2)−1[ρs

ν
∂tw

3
1]
〉
.

Let us calculate (4.40) × σ and take its real part. Since Re
{〈
Q0B̃ξu

(0)
〉}

= 0, we
have

1
2
d
dt
|σ|2 + α0γ2

ν

〈
ρs(A+ |ξ|2)−1ρs

〉
|ξ|2|σ|2 = Re(I0

1σ) + Re(I0
2σ).

Since
〈
ρs(A+ |ξ|2)−1ρs

〉
=
∣∣(A+ |ξ|2)−

1
2ρs
∣∣2
2

is continuous in ξ and is positive for all
ξ ∈ R, we see that there exists a positive constant α̃0 = O(|ξ|−2) as |ξ| → ∞ such
that

α0γ2

ν

〈
ρs(A+ |ξ|2)−1ρs

〉
≥ α̃0γ2

ν
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for all ξ ∈ R with |ξ| ≤ R. We thus obtain

1
2
d
dt
|σ|2 + α̃0γ2

ν
|ξ|2|σ|2 ≤ Re(I0

1σ) + Re(I0
2σ). (4.41)

As for the right-hand side of (4.41), we see from

|(A+ |ξ|2)−1p|2 ≤ C
|ξ|2+1

|p|2

that

|Re(I0
1σ)| ≤ α̃0γ2

ν

(
1
10

+ C 1
γ2

)
min{1, |ξ|2}|σ|2

+ C
{
|φ1|22 +

(
γ2

ν
+ 1

νγ2

)
|ξ|2|φ1|22 + ν

γ2
max{1, |ξ|2}|ξ|2|φ1|22

+ γ2

ν2
D̃ξ[w1] +

( (ν+ν̃)γ2

ν2
+ γ2ν̃2

(ν+ν̃)ν

)
|ξ|2D̃ξ[w1]

}
.

(4.42)

We next derive the estimate for I0
2σ. There holds that

Re(I0
2σ) = Re

{
γ2iξ

〈
ρs(A+ |ξ|2)−1

(
ρs
ν
∂tw

3
1

)〉
σ
}

= d
dt

Re
{
iξ γ

2

ν

〈
ρs(A+ |ξ|2)−1(ρsw

3
1)
〉
σ
}

− Re
{
iξ γ

2

ν

〈
ρs(A+ |ξ|2)−1(ρsw

3
1)
〉
∂tσ
}

= d
dt

(γ2(ν+ν̃)
ν

J1[u]
)
− Re

{
iξ γ

2

ν

〈
ρs(A+ |ξ|2)−1(ρsw

3
1)
〉
∂tσ
}
.

(4.43)

Let us estimate the second term of the right-hand side of this equation. We see from
(4.22) that∣∣∣Re

{
iξ γ

2

ν

〈
ρs(A+ |ξ|2)−1[ρsw

3
1]
〉
∂tσ
}∣∣∣

=
∣∣∣Re
{
iξ γ

2

ν

〈
ρs(A+ |ξ|2)−1(ρsw

3
1)
〉{
−
〈
Q0B̃ξu

(0)
〉
− γ2iξ〈ρsw3

1〉 − iξ〈v3
sφ1〉

}}∣∣∣
≤ C γ2

ν
|ξ|

1+|ξ|2 |w1|2
{
|ξ||σ|+ γ2|ξ||w1|2 + |ξ||φ|2

}
≤ 1

10
α̃0γ2

ν
min{1, |ξ|2}|σ|2 + C

{
1
ν
|ξ|2|φ1|22 + γ4

ν2
D̃ξ[w1]

}
.

(4.44)

If 1
ν
, 1
γ2

and ν+ν̃
γ2

are sufficiently small, it then follows from (4.41), (4.42), (4.43) and

(4.44) that

1
2
d
dt

(
|σ|2 + γ2(ν+ν̃)

ν
J1[u]

)
+ 1

2
α̃0γ2

ν
|ξ|2|σ|2

≤ C
{
|φ1|22 + γ2

ν
|ξ|2|φ1|22 + ν

γ2
max{1, |ξ|2}|ξ|2|φ1|22

+ γ4

ν2
D̃ξ[w1] +

(γ2(ν+ν̃)
ν2

+ γ2ν̃2

ν(ν+ν̃)

)
|ξ|2D̃ξ[w1]

}
.

(4.45)

Furthermore we have the estimate

|J1[u]| =
∣∣∣Re
(
iξ 1
ν+ν̃

〈
ρs(A+ |ξ|2)−1[ρsw

3
1]
〉
σ
)∣∣∣

≤ 1
γ2
|σ|2 + C γ2

(ν+ν̃)2
|w1|22.

(4.46)
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Multiplying by ν
γ2(ν+ν̃)

to both sides of (4.45), we obtain the desired estimates. This
completes the proof. �

From Proposition 4.12, Proposition 4.14 and Proposition 4.15, we get the esti-
mate of |σ|, |φ1|2 and |w1|2.

Proposition 4.16. Let R > 0. There exist positive constants ν1, γ1, ω1 independent
of R and an energy functional E1[u] such that if ν ≥ ν1R

2, γ2

ν+ν̃
≥ γ2

1R
2, ν+ν̃

ν
ω ≤ ω1

and |ξ| ≤ R, then there hold the estimates:

d
dt
E1[u] + 1

ν+ν̃
(|ξ|2|σ|2 + |φ1|22) + D̃ξ[w1] ≤ 0, (4.47)

1
2

(
1
γ2
|σ|2 + E0[u1]

)
≤ CE1[u] ≤ 3

2

(
1
γ2
|σ|2 + E0[u1]

)
,

where C is a positive constant independent of u.

Proof . For a given R > 0 we assume that |ξ| ≤ R. Let b1 > 1 and b2 > 1 be
constants. Define E1[u] by

E1[u] = b1

(
1 + γ2

ν(ν+ν̃)

)(
α0

γ2
|σ|2 + E0[u1]

)
+ b2J0[u1] + ν

γ2(ν+ν̃)
|σ|2 + J1[u].

Since we have
1
2
(|φ1|22 + |w1|22) ≤ C0E0[u1] ≤ 3

2
(|φ1|22 + |w1|22),

|J0[u1]| ≤ C1

{
ν

γ2(ν+ν̃)
|φ1|22 + γ2

ν(ν+ν̃)
|w1|22

}
,

|J1[u]| ≤ 1
γ2
|σ|2 + C2

γ2

(ν+ν̃)2
|w1|22,

if 1
ν+ν̃

< 1, ν+ν̃
γ2

< 1 and b1 > 8 max{C0C1b2, C0C2, α
−1
0 }, then there exists a constant

C > 0 such that

1
2

(
1
γ2
|σ|2 + E0[u1]

)
≤ CE1[u] ≤ 3

2

(
1
γ2
|σ|2 + E0[u1]

)
. (4.48)

Let us compute b1 ×
(
1 + γ2

ν(ν+ν̃)

)
× (4.26) + b2 × (4.35) + (4.37) then

1
2
d
dt
E1[u] + b1

2

(
1 + γ2

ν(ν+ν̃)

)
D̃ξ[w1] + b2

2
1

ν+ν̃
|φ1|22 + α̃0

2
1

ν+ν̃
|ξ|2|σ|2

≤ C3

{
b1

(
1 + γ2

ν(ν+ν̃)

)(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 + b1

(
1 + γ2

ν(ν+ν̃)

)(
1
γ2

+ ν
γ4

)
|φ1|22

+ b2

(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 + b2

(
1 + γ2

ν(ν+ν̃)

)
D̃ξ[w1] + b2

ν
ν+ν̃
|ξ|2D̃ξ[w1]

+ ν
(ν+ν̃)γ2

|φ1|22 + 1
ν+ν̃
|ξ|2|φ1|22 + ν2

(ν+ν̃)γ4
max{1, |ξ|2}|ξ|2|φ1|22

+ γ2

ν(ν+ν̃)
D̃ξ[w1] +

(
ν̃2

(ν+ν̃)2
+ 1

ν

)
|ξ|2D̃ξ[w1]

}
.

Fix b1 > 1 and b2 > 1 so large that b2 ≥ 16C3R
2 and b1 ≥ 16 max{C0C1b2, C0C2, α

−1
0 ,

C3b2, C3R
2}. We assume that ν ≥ ν1 and γ ≥ γ1 are so large that ν ≥ 16C3b1 max{

α̃−1
0 , b−1

2 , 1} and γ2 > 16C3(1 + α̃−1 + α̃−
1
2 )(ν + ν̃)max{b1, b2, b

−1
2 (1 +R2)}. It then

follows that there exists a constant C > 0 such that

d
dt
E1[u] + C

{
1

ν+ν̃
|ξ|2|σ|2 + 1

ν+ν̃
|φ1|22 + D̃ξ[w1]

}
≤ 0. (4.49)
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We thus obtain the desired estimates. This completes the proof. �

We are now in a position to prove the estimate of the L2 norm of U1(t)u0.
Before proceeding further we introduce a notation. For R > 0 we define 1{|η|≤R} by
1{|η|≤R}(ξ) = 1 for |ξ| ≤ R and 1{|η|≤R}(ξ) = 0 for |ξ| > R.

Proposition 4.17. Let R > 0. There exist positive constants ν1, γ1 and ω1 such
that if ν ≥ ν1R

2, γ2

ν+ν̃
≥ γ2

1R
2, and ν+ν̃

ν
ω ≤ ω1, then for any l = 0, 1, · · · , there exists

a constant C = C(l) > 0 such that the estimate

‖∂lx3F
−1[1{|η|≤R}(ξ)e

−tL̂ξ û0]‖L2 ≤ C(1 + t)−
1
4
− l

2‖u0‖L1(R:L2(D)) (4.50)

holds for t ≥ 0.

Proof. For a given R > 0, we assume that |ξ| ≤ R. Since

|ξ|2|σ|2 + |φ1|22 + D̃ξ[w1] ≥ d̃0|ξ|2(|σ|2 + |φ1|22 + |w1|22)

for some constant d̃0 = d̃0(R) > 0, we see from (4.47) that there exists a constant
d0 > 0 such that

d
dt
E1[u](t) + d0|ξ|2|u|22 ≤ 0.

This implies that ∣∣e−tL̂ξ û0(ξ)
∣∣
L2 ≤ Ce−d0|ξ|

2t|û0(ξ)|L2 . (4.51)

We thus obtain the desired estimate. This completes the proof. �

We next estimate derivatives of u. We introduce some notations. We define
J

(0)
2 [u] by

J
(0)
2 [u] = −2Re

〈
σu(0) + u1, B̂ξQ̃u1

〉
for u = σu(0) + u1.

In addition, we set

E
(0)
2 [u] =

(
1 + b3γ2

ν

)(
α0

γ2
|σ|2 + E0[u1]

)
+ D̃ξ[w1],

Ẽ
(0)
2 [u] = E

(0)
2 [u] + J

(0)
2 [u],

where b3 is a positive constant to be determined later. We note that there exists a
constant b∗3 > 0 such that if b3 ≥ b∗3 and γ2 ≥ 1 then

1
2
E

(0)
2 [u] ≤ Ẽ

(0)
2 [u] ≤ 3

2
E

(0)
2 [u].

Taking b3 suitably large, we have the following estimate for Ẽ
(0)
2 [u].
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Proposition 4.18. There exist constants b3 ≥ b∗3, ν1 > 0 and ω1 > 0 such that if
ν ≥ ν1, γ2 ≥ 1 and ω ≤ ω1, then there holds the estimate:

1
2
d
dt
Ẽ

(0)
2 [u] + 1

4
b3
γ2

ν
D̃ξ[w1] + 1

2
|√ρs∂tw1|22

≤ C
{(

1
ν

+ ν+ν̃
νγ2

+ ν̃2

γ4

)
|ξ|2|σ|2 + (ν+ν̃)2

γ4
|ξ|4|σ|2

+
(

1
ν

+ 1
γ2

+ ν2

γ4

)
|φ1|22 + 1

γ2
|ξ|2|φ1|22

}
.

(4.52)

Proof . Since u is a solution of

∂tu+ L̂ξu = 0,

it holds that 〈
∂tu, ∂tQ̃u1

〉
+
〈
L̂ξu, ∂tQ̃u1

〉
= 0. (4.53)

We first consider the first term on the left-hand side of (4.53). Since

∂tσ = −
〈
Q0B̃ξ(σu

(0) + u1)
〉
,〈

u(0), ∂tQ̃u1

〉
=
〈
u

(0)
1 , ∂tQ̃u1

〉
,

applying Remark 4.10 and Lemma 4.11, we obtain

Re
〈
∂tu, ∂tQ̃u1

〉
= Re

{〈
∂tσu

(0), ∂tQ̃u1

〉
+
〈
∂tu1, ∂tQ̃u1

〉}
= Re

{
−
〈
Q0B̃ξ(σu

(0) + u1)
〉〈
u

(0)
1 , ∂tQ̃u1

〉
+ |√ρs∂tw1|22

}
≥ 7

8
|√ρs∂tw1|22 − C

{
1
γ4
|ξ|2(|σ|2 + |φ1|22) + 1

ν
D̃ξ[w1]

}
.

(4.54)

As for the second term on the left-hand side of (4.53), we see from L̂0u
(0) = 0 and

B̂0u
(0) = 0 that〈

L̂ξu, ∂tQ̃u1

〉
=
〈
M̃ξ(σu

(0)), ∂tQ̃u1

〉
+
〈
L̂ξu1, ∂tQ̃u1

〉
=
〈
Ãξ(σu

(0)), ∂tQ̃u1

〉
+
〈
B̂ξ(σu

(0) + u1), ∂tQ̃u1

〉
+
〈
Âξu1, ∂tQ̃u1

〉
+
〈
Ĉ0u1, ∂tQ̃u1

〉
.

(4.55)

It follows from (4.53), (4.54) and (4.55) that

7
8
|√ρs∂tw1|22 + Re

〈
Ãξ(σu

(0)), ∂tQ̃u1

〉
+ Re

〈
B̂ξ(σu

(0) + u1), ∂tQ̃u1

〉
+ Re

〈
Âξu1, ∂tQ̃u1

〉
+ Re

〈
Ĉ0u1, ∂tQ̃u1

〉
≤ C

{
1
γ4
|ξ|2|σ|2 + 1

γ4
|ξ|2|φ1|22 + 1

ν
D̃ξ[w1]

}
.

(4.56)

Next we show the estimate

Re
{〈
B̂ξ(σu

(0) + u1), ∂tQ̃u1

〉
+
〈
Âξu1, ∂tQ̃u1

〉}
≥ 1

2
d
dt

(
D̃ξ[w1] + J

(0)
2 [u]

)
− ε|√ρs∂tw1|22

− C
{(

1
γ2

+ 1
εγ4

)
|ξ|2|σ|2 + 1

γ2
|ξ|2|φ1|22 +

(
1
νγ2

+ γ2

ν
+ 1

εν

)
D̃ξ[w1]

} (4.57)
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for any ε > 0 with C independent of ε. In fact, it holds by integrating by parts that

Re
〈
Âξu1, ∂tQ̃u1

〉
= 1

2
d
dt
D̃ξ[w1]. (4.58)

Since B̂∗ξ = −B̂ξ, we see that

Re
〈
B̂ξ(σu

(0)
0 ), ∂tQ̃u1

〉
= − d

dt

{
Re
〈
σu

(0)
0 , B̂ξQ̃u1

〉}
+ Re

〈
∂t(σu

(0)
0 ), B̂ξQ̃u1

〉
. (4.59)

By (4.22) we have

∂tσ = −
〈
Q0B̃ξ(σu

(0) + u1)
〉
.

It then follows from Lemma 4.11 that∣∣Re
〈
∂t(σu

(0)
0 ), B̂ξQ̃u1

〉∣∣ =
∣∣Re
{〈
Q0B̃ξ(σu

(0) + u1)
〉〈
u

(0)
0 , B̂ξQ̃u1

〉}∣∣
≤ C

{
1
γ2
|ξ|2(|σ|2 + |φ1|22) +

(
1
νγ2

+ γ2

ν

)
D̃ξ[w1]

}
.

(4.60)

Similarly to above, there holds the following equation:

Re
〈
B̂ξu1, ∂tQ̃u1

〉
= − d

dt

{
Re
〈
u1, B̂ξQ̃u1

〉}
+ Re

〈
∂tu1, B̂ξQ̃u1

〉
= − d

dt

{
Re
〈
u1, B̂ξQ̃u1

〉}
+ Re

〈
∂tQ0u1, B̂ξQ̃u1

〉
+ Re

〈
∂tQ̃u1, B̂ξQ̃u1

〉
.

(4.61)

We estimate the second term on the right hand of (4.61). By (4.25) we have

∂tQ0u1 = −Q0

{
L̂ξu1 + M̃ξ(σu

(0))−
〈
Q0B̃ξ(σu

(0) + u1)
〉
u(0)
}

= −Q0B̂ξu1 −Q0B̃ξ(σu
(0)) +

〈
Q0B̃ξ(σu

(0) + u1)
〉
u(0).

Since
〈
∂tQ0u1, B̂ξQ̃u1

〉
=
〈
∂tQ0u1, Q0B̂ξQ̃u1

〉
, we see from Lemma 4.11 that∣∣Re

〈
∂tQ0u1, B̂ξQ̃u1

〉∣∣
≤ C

{∣∣Q0B̂ξu1

∣∣
2

+
∣∣Q0B̃ξ(σu

(0))
∣∣
2

+
∣∣〈Q0B̃ξ(σu

(0) + u1)
〉
u(0)
∣∣
2

}
× 1

γ2

∣∣Q0B̂ξQ̃u1

∣∣
2

≤ C
{

1
γ2
|ξ|2(|σ|2 + |φ1|22) +

(
1
νγ2

+ γ2

ν

)
D̃ξ[w1]

}
.

(4.62)

The third term on the right-hand of (4.61) is estimated as∣∣Re
〈
∂tQ̃u1, B̂ξQ̃u1

〉∣∣ ≤ C|√ρs∂tw1|2
(
|∇′ · (ρsw′1) + iξρsw

3
1|2 + |ξ||w1|2

)
≤ ε|√ρs∂tw1|22 + C 1

εν
D̃ξ[w1]

for any ε > 0 with C independent of ε. This, together with (4.61) and (4.62), leads
to the inequality

Re
〈
B̂ξu1, ∂tQ̃u1

〉
≥ − d

dt

{
Re
〈
u1, B̂ξQ̃u1

〉}
− ε|√ρs∂tw1|22

− C
{

1
γ2
|ξ|2(|σ|2 + |φ1|22) +

(
1
νγ2

+ γ2

ν
+ 1

εν

)
D̃ξ[w1]

} (4.63)
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for any ε > 0 with C independent of ε. Furthermore, we have∣∣Re
〈
B̂ξ(σu

(0)
1 ), ∂tQ̃u1

〉∣∣ ≤ C|√ρs∂tw1|2|iξρsσw(0),3 + iξv3
sσw

(0),3|2
≤ ε|√ρs∂tw1|22 + C 1

εγ4
|ξ|2|σ|2

(4.64)

for any ε > 0 with C independent of ε. By (4.59), (4.60), (4.63) and (4.64), we
obtain

Re
〈
B̂ξ(σu

(0) + u1), ∂tQ̃u1

〉
≥ −1

2
d
dt
J

(0)
2 [u]− ε|√ρs∂tw1|22

− C
{(

1
γ2

+ 1
εγ4

)
|ξ|2|σ|2 + 1

γ2
|ξ|2|φ1|22 +

(
1
νγ2

+ γ2

ν
+ 1

εν

)
D̃ξ[w1]

}
.

This, together with (4.58), gives (4.57).
The remaining terms on the left-hand side of (4.56) are estimated as∣∣Re

〈
Ãξ(σu

(0)), ∂tQ̃u1

〉∣∣
≤ C

{
ν̃|ξ||∇′w(0),3|2 + (ν + ν̃)|ξ|2|w(0),3|2

}
|σ||√ρs∂tw1|2

≤ ε|√ρs∂tw1|22 + C 1
ε

{
ν̃2

γ4
|ξ|2|σ|2 + (ν+ν̃)2

γ4
|ξ|4|σ|2

}
,

(4.65)

∣∣Re
〈
Ĉ0u1, ∂tQ̃u1

〉∣∣ ≤ C
(
ν
γ2
|φ1|2 + |w′1|2

)
|√ρs∂tw1|2

≤ ε|√ρs∂tw1|22 + C 1
ε

{
ν2

γ4
|φ1|22 + 1

ν
D̃ξ[w1]

}
.

(4.66)

Here ε is an arbitrary positive number and C is a constant independent of ε. Taking
ε > 0 suitably small, we see from (4.56) with (4.57), (4.65) and (4.66) that if ν ≥ 1
and γ2 ≥ 1, then

1
2
d
dt

(
D̃ξ[w1] + J

(0)
2 [u]

)
+ 3

4
|√ρs∂tw1|22

≤ C0

{(
1
γ2

+ ν̃2

γ4

)
|ξ|2|σ|2 + (ν+ν̃)2

γ4
|ξ|4|σ|2

+ ν2

γ4
|φ1|22 + 1

γ2
|ξ|2|φ1|22 + γ2

ν
D̃ξ[w1]

}
.

(4.67)

We take b3 as b3 ≥ max{b∗3, 4C0} and then add (4.67) to b3
γ2

ν
× (4.26), to get (4.52).

This completes the proof. �

We next establish the estimate for higher order derivatives near the boundary
∂D. We introduce the local curvilinear coordinate system.

For any x′0 ∈ ∂D, there exist a neighborhood Õx0 of x′0 and a smooth diffeo-

morphism map Ψ = (Ψ1,Ψ2) : Õx′0 → B1(0) = {z′ = (z1, z2) : |z′| < 1} such
that 

Ψ
(
Õx′0 ∩D

)
= {z′ ∈ B1(0) : z1 > 0},

Ψ
(
Õx′0 ∩ ∂D

)
= {z′ ∈ B1(0) : z1 = 0},

det∇x′Ψ 6= 0 on Õx′0 ∩D.
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By the tubular neighborhood theorem, there exist a neighborhood Ox′0 of x′0 and a
local curvilinear coordinate system y′ = (y1, y2) on Ox′0 defined by

x′ = y1a1(y2) + Ψ−1(0, y2) : R → Ox′0 , (4.68)

where R = {y′ = (y1, y2) : |y1| ≤ δ̃1, |y2| ≤ δ̃2} for some δ̃1, δ̃2 > 0; a1(y2) is the unit
inward normal to ∂D that is given by

a1(y2) =
∇x′Ψ1

|∇x′Ψ1|
.

We set y3 = x3. It then follows that

∇x = e1(y2)∂y1 + J(y′)e2(y2)∂y2 + e3∂y3 ,

∇y =

 Te1(y2)
1

J(y′)
Te2(y2)
Te3

∇x,

where

e1(y2) =

(
a1(y2)

0

)
, e2(y2) =

(
a2(y2)

0

)
, e3 =

0
0
1

 ; (4.69)

J(y′) = |det∇x′Ψ|, a2(y2) =
−∇⊥x′Ψ1

|∇⊥x′Ψ1|
with ∇⊥x′Ψ1 = T(−∂x2Ψ1, ∂x1Ψ1). Note that ∂y1 and ∂y2 are the inward normal
derivative and tangential derivative at x′ = Ψ−1(0, y2) ∈ ∂D∩Ox′0 , respectively. We
denote the normal and tangential derivatives by ∂n and ∂, i.e.,

∂n = ∂y1 , ∂ = ∂y2 .

Since ∂D is compact, there are bounded open sets Om (m = 1, . . . , N) such that
∂D ⊂ ∪Nm=1Om and for each m = 1, . . . , N , there exists a local curvilinear coordinate
system y′ = (y1, y2) as defined in (4.68) with Ox′0 , Ψ and R replaced by Om, Ψm

and Rm =
{
y′ = (y1, y2) : |y1| < δ̃m1 , |y2| < δ̃m2

}
for some δ̃m1 , δ̃

m
2 > 0. At last, we

take an open set O0 ⊂ D such that

∪Nm=0Om ⊃ D, O0 ∩ ∂D = ∅.

We set a local coordinate y′ = (y1, y2) such that y1 = x1, y2 = x2 on O0.
Note that if h ∈ H2(D), then h |∂D= 0 implies that ∂kh |∂D∩Om= 0 (k = 0, 1).
Let us introduce a partition of unity {χm}Nm=0 subordinate to {Om}Nm=0, satisfy-

ing
N∑
m=0

χm = 1 on D, χm ∈ C∞0 (Om) (m = 0, 1, · · · , N).

In the following we will denote by [A,B] the commutator of A and B, i.e.,

[A,B] = AB −BA.
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Lemma 4.19. For 1 ≤ m ≤ N there hold the following estimates.
(i) |[∂, ∂xj ]h| ≤ C|∂x′h| for h ∈ H2(D) and j = 1, 2.

(ii) |(χm[∂, ∂xj ]h, χm∂h)| ≤ C|χm∂x′h|22 for h ∈ H2(D) and j = 1, 2.

(iii) |(χm[∂, ∂xk∂xl ]h, χm∂h)| ≤ η|χm∂x′∂h|22 +C
(
1+ 1

η

)
|∂x′h|2L2(D∩Om) for all η > 0,

h ∈ H2(D) with ∂h |∂D∩Om= 0 and k, l = 1, 2.

Proof . (i) For x′ ∈ D ∩ Om, we set y′ = Ψm(x′), h(x′) = h̃(y′). Then there exists
a smooth matrix valued function A1(y′) such that ∇x′ = A1(y′)∇y′ . We thus find
that

[∂, ∂xj ]h = ∂∂xjh− ∂xj∂h =
∑

0≤l1, 0≤l2, l1+l2=1

hl1l2∂
l1∂l2n h̃,

where hl1l2 = hl1l2(y
′) are smooth functions depending only on D ∩ Om. Since

1
C
|∂y′h̃| ≤ |∂x′h| ≤ C|∂y′h̃|

for some constant C > 0, we have the desired inequality. This completes the proof
of (i).
(ii) The estimate in (ii) immediately follows from (i).
(iii) We have ∇y′ = A1(y′)−1∇x′ . We set A1(y′)−1 =

(
cij(x′)

)
ij

. There holds that

[∂, ∂xkxl ]h = −
2∑
j=1

{∂xk∂xlc2j∂xjh+ ∂xlc
2j∂xk∂xjh+ ∂xkc

2j∂xl∂xkh}.

It follows from integration by parts that∣∣(χm∂xlc2j∂xk∂xjh, χm∂h)
∣∣

=
∣∣(χm∂xlc2j∂xjh, χm∂xk∂h) + (χm∂xk∂xlc

2j∂xjh, χm∂h) + (∂xkχ
2
m∂xlc

2j∂xjh, ∂h)
∣∣

≤ C
{
|χm∂xjh|2|χm∂xk∂h|2 + |χm∂xjh|2|χm∂h|2 + |∂xjh|L2(D∩Om)|χm∂h|2

}
≤ η|χm∂x′∂h|22 + C

(
1 +

1

η

)
|∂x′h|2L2(D∩Om).

This complete the proof of (iii). �

We are in a position to estimate higher order derivatives. We first derive the
estimate for ∂φ1.

Proposition 4.20. For 1 ≤ m ≤ N , there exist constants ν1 > 0, ω1 > 0 and b > 0
such that if ν ≥ ν1, γ2 ≥ 1 and ν+ν̃

ν
ω ≤ ω1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ1

∣∣∣2
2

+ |χm
√
ρs∂w1|22

)
+ bν+ν̃

γ4

∣∣χm∂φ̇1

∣∣2
2

+ 1
2
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ 1

2
ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
≤ C

{(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
η + 1

γ2

)
|φ1|22 +

(
η + 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ1|22

+
(
η + 1

γ2

)
|∂x′φ1|22 +

(
1
ην

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w1] +

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1]

}
(4.70)

for any η > 0 with C independent of η.
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Proof . Applying ∂ to (4.25), we have

∂t∂φ1 + iξv3
s∂φ1 + γ2∇′ · (ρs∂w′1) + γ2iξρs∂w

3
1 = F̃ 0,

∂t∂w
′
1 − ν

ρs
(∆′ − |ξ|2)∂w′1 − ν̃

ρs
∇′(∇′ · ∂w′1 + iξ∂w3

1)

+∇′
(
P ′(ρs)
γ2ρs

∂φ1

)
+ iξv3

s∂w
′
1 = G̃′,

∂t∂w
3
1 − ν

ρs
(∆′ − |ξ|2)∂w3

1 − ν̃
ρs
iξ(∇′ · ∂w′1 + iξ∂w3

1)

+iξ P
′(ρs)
γ2ρs

∂φ1 + iξv3
s∂w

3
1 + ν

γ2ρ2s
∆′v3

s∂φ1 + ∂w′1 · ∇′v3
s = G̃3

(4.71)

on D ∩ Om and
∂w1 |∂D∩Om= 0.

Here F̃ 0 = F 0
1 + F 0

2 , G̃′ = G′1 +G′2 and G̃3 = G3
1 +G3

2, with

F 0
1 = −[∂, iξv3

s ]φ1 − γ2[∂,∇′ · ρs]w′1 − γ2[∂, iξρs]w
3
1,

G′1 = ν
[
∂, 1

ρs
∆′
]
w′1 − ν

[
∂, 1

ρs
|ξ|2
]
w′1 + ν̃

[
∂, 1

ρs
∇′∇′·

]
w′1 + ν̃

[
∂, 1

ρs
∇′(iξ)

]
w3

1

−
[
∂,∇′ P

′(ρs)
γ2ρs

]
φ1 − [∂, iξv3

s ]w
′
1,

G3
1 = ν

[
∂, 1

ρs
∆′
]
w3

1 − ν
[
∂, 1

ρs
|ξ|2
]
w3

1 + ν̃
[
∂, 1

ρs
iξ∇′·

]
w′1 − ν̃

[
∂, 1

ρs
|ξ|2
]
w3

1

− [∂, ν
γ2ρ2s

∆′v3
s ]φ1 −

[
∂, iξ P

′(ρs)
γ2ρs

]
φ1 − [∂, iξv3

s ]w
3
1 − [∂, T(∇′v3

s)]w
′
1,

F 0
2 = −

{
iξσ∂(v3

sφ
(0)) + γ2iξσ∂(ρsw

(0),3)−
〈
Q0B̃ξ(σu

(0) + u1)
〉
∂φ(0)

}
,

G′2 = −
{
−ν̃iξσ∂

(
1
ρs
∇′w(0),3

)}
,

G3
2 = −

{
(ν + ν̃)ξ2σ∂( 1

ρs
w(0),3) + iξσ∂(v3

sw
(0),3)−

〈
Q0B̃ξ(σu

(0) + u1)
〉
∂w(0),3

}
.

We set F̃ = T(F̃ 0, G̃′, G̃3), F1 = T(F 0
1 , G

′
1, G

3
1) and F2 = T(F 0

2 , G
′
2, G

3
2). Taking the

weighted inner product of (4.71) with χ2
m∂u1, we have

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ1

∣∣∣2
2

+ |χm
√
ρs∂w1|22

)
+ ν
{
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

}
+ ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
= Re{〈F, χ2

m∂u1〉 − I},

(4.72)

where

I =ν
(
∇′∂w1,∇′(χ2

m)∂w1

)
+ ν̃
(
∇′ · ∂w′1 + iξ∂w3

1,∇′(χ2
m) · ∂w′1

)
−
(
P ′(ρs)
γ2ρs

∂φ1,∇′(χ2
m) · ρs∂w′1

)
+ (iξv3

s∂w1, χ
2
mρs∂w1)

+
(

ν
γ2ρs

∆′v3
s∂φ1, χ

2
m∂w

3
1

)
+ (∂w′1 · ∇′v3

s , χ
2
mρs∂w

3
1).

Let us estimate the right-hand side of (4.72). By Lemma 4.19 and the Poincaré
inequality we have

|Re〈F1, χ
2
m∂u1〉|

≤
(
η + C

γ2

)
|φ1|22 +

(
η + C

γ2

)
|ξ|2|φ1|22 +

(
η + C

γ2

)
|∂x′φ1|22

+ C
(

1
νη

+ ν
γ2

+ ν̃
ν

+ 1
ν

+ 1
)
D̃ξ[w1] + 1

8
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ 1

8
ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22,
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|ReI| ≤
(
η + C

γ2

)
|∂x′φ1|22 + C

(
ν
γ2

+ 1
νη

+ 1
ν

+ 1
)
D̃ξ[w1]

+ 1
8
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ 1

8
ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
for any η > 0 with C independent of η > 0. By Lemma 4.11 and the Hölder
inequality we deduce that

|Re〈F2, χ
2
m∂u1〉| ≤ C

{(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
1
γ2

+ 1
γ4

)
|ξ|2|φ1|22 +

(
η + 1

γ2

)
|∂x′φ1|22

+
(

1
ν

+ 1
νη

)
D̃ξ[w1] +

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1]

}
for any η > 0 with C independent of η > 0. Therefore we see from (4.72) that if
ν ≥ 1, γ2 ≥ 1 and ω ≤ 1, then

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ1

∣∣∣2
2

+ |χm
√
ρs∂w1|22

)
+ 3

4
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ 3

4
ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
≤ C

{(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
η + 1

γ2

)
|φ1|22 +

(
η + 1

γ2
+ 1

γ4

)
|ξ|2|φ1|22

+
(
η + 1

γ2

)
|∂x′φ1|22 +

(
1
νη

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w1] +

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1]

}
.

(4.73)

We next estimate ∂φ̇1. The first equation of (4.71) leads to

1
γ2
∂φ̇1 = 1

γ2

(
∂t∂φ1 + iξ∂(v3

sφ1)
)

= 1
γ2
F̃ 0 −

{
1
γ2
iξ∂v3

sφ1 +∇′ · (ρs∂w′1) + iξρs∂w
3
1

}
.

We thus have

1
γ4

∣∣χm∂φ̇1

∣∣2
2
≤ C

{
1
γ4
|ξ|2|σ|2 + 1

γ4
|ξ|2|φ1|2 + 1

ν
D̃ξ[w1] + |χm(∇′ · ∂w′1 + iξ∂w3

1)|22
}
.

Take b > 0 suitably small and add bν+ν̃
γ4
|χm∂φ̇1|22 to (4.73). We thus obtain the

desired estimate. This completes the proof. �

We next derive the estimate for ∂nφ1.

Proposition 4.21. For 1 ≤ m ≤ N , there exist constants ν1 > 0, ω1 > 0 and b > 0
such that if ν ≥ ν1, γ2 ≥ 1 and ν+ν̃

ν
ω ≤ ω1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂nφ1

∣∣∣2
2

)
+ 1

2
1

ν+ν̃

∣∣χmP ′(ρs)
γ2

∂nφ1

∣∣2
2

+ bν+ν̃
γ4

∣∣χm∂nφ̇1

∣∣2
2

≤ C
{
ν+ν̃
γ4
|ξ|2|σ|2 +

(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|φ1|22 + ν+ν̃

γ4
|ξ|2|φ1|22 +

(
ν̃
ν

+ 1
)
D̃ξ[w1]

+ ν
ν+ν̃
|ξ|2D̃ξ[w1] + ν2

ν+ν̃

(
|χm∂n∂w1|22 + |χm∂2w1|22

)
+ 1

ν+ν̃
|√ρs∂tw1|22

}
.

(4.74)

Proof . For a scalar field p(x′) on D ∩ Om, we set

p̃(y′) = p(x′)
(
y′ = Ψm(x′), x′ ∈ D ∩ Om

)
.

39



Similarly we transform a vector field h(x′) = T
(
h1(x′), h2(x′), h3(x′)

)
into h̃(y′) =

T
(
h̃1(y′), h̃2(y′), h̃3(y′)

)
as

h(x′) = E(y′)h̃(y′),

where E(y′) =
(
e1(y′2), e2(y2), e3

)
with e1(y2), e2(y2) and e3 given in (4.69). Note

that, since e3 = T(0, 0, 1), the Fourier transform in x3 = y3 commutes with these

transformations. It then follows that φ̃1(y′) and w̃1(y′) = T
(
w̃1

1(y′), w̃2
1(y′), w̃3

1(y′)
)

are governed by the following system of equations

∂tφ̃1 + iξṽs
3φ̃1 + γ2d̂ivy(ρ̃sw̃1) + iξṽ3

sσφ̃
(0) + γ2iξρ̃sσw̃

(0),3

−
〈
Q0B̃ξ(σũ

(0) + ũ1)
〉
φ̃(0) = 0,

∂tw̃
1
1 + ν

ρ̃s

(
r̂oty r̂otyw̃1

)1 − ν+ν̃
ρ̃s

(
∇̂yd̂ivyw̃1

)1
+ ∂y1

(
P̃ ′(ρ̃s)
γ2ρ̃s

φ̃1

)
+ ν
γ2ρ̃2s

(
∆y′ ṽs

)1
φ̃1 + iξṽs

3w̃1
1 − ν̃

ρ̃s
iξσ∂y1w̃

(0),3 = 0,

∂tw̃
2
1 + ν

ρ̃s

(
r̂oty r̂otyw̃1

)2 − ν+ν̃
ρ̃s

(
∇̂yd̂ivyw̃1

)2
+ 1

J
∂y2

(
P̃ ′(ρ̃s)
γ2ρ̃s

φ̃1

)
+ ν
γ2ρ̃2s

(
∆y′ ṽs

)2
φ̃1 + iξṽs

3w̃2
1 − ν̃

ρ̃s
iξσ 1

J
∂y2w̃

(0),3 = 0,

∂tw̃
3
1 + ν

ρ̃s

(
r̂oty r̂otyw̃1

)3 − ν+ν̃
ρ̃s

(
∇̂yd̂ivyw̃1

)3
+ iξ P̃

′(ρ̃s)
γ2ρ̃s

φ̃1

+ ν
γ2ρ̃2s

(
∆y′ ṽs

)3
φ̃1 + iξṽs

3w̃3
1 + w̃1

1∂y1 ṽs
3 + 1

J
w̃2

1∂y2 ṽs
3 + ν+ν̃

ρs
ξ2σw̃(0),3

+iξ P̃
′(ρ̃s)
γ2ρ̃s

σφ̃(0) + iξṽ3
sσw̃

(0),3 +
〈
Q0B̃ξ(σũ

(0) + ũ1)
〉
w̃(0),3 = 0

(4.75)

with ρ̃s(y
′) = ρs(x

′), ṽ3
s(y
′) = v3

s(x
′) and P̃ ′

(
ρ̃s(y

′)
)

= P ′
(
ρs(x

′)
)
. Here ∇y, divy

and roty denote the gradient, divergence and rotation in the curvilinear coordinate

y which are written for p̃ = p̃(y′) and h̃ = T
(
h̃1(y′), h̃2(y′), h̃3(y′)

)
as

∇yp̃ = e1∂y1 p̃+ 1
J
e2∂y2 p̃+ e3∂y3 p̃,

divyh̃ = 1
J

{
∂y1(Jh̃

1) + ∂y2h̃
2 + ∂y3(Jh̃

3)
}
,

rotyh̃ = (rotyh̃)1e1 + (rotyh̃)2e2 + (rotyh̃)3e3

with

(rotyh̃)1 = 1
J

{
∂y2h̃

3 − ∂y3(Jh̃2)
}
,

(rotyh̃)2 = ∂y3h̃
1 − ∂y1h̃3,

(rotyh̃)3 = 1
J

{
∂y1h̃

2 − ∂y2(Jh̃1)
}
,

and, therefore,

(rotyrotyh̃)1 = 1
J

{
∂y2(rotyh̃)3 − ∂y3(rotyh̃)2

}
,

(rotyrotyh̃)2 = ∂y3(rotyh̃)1 − ∂y1(rotyh̃)3,

(rotyrotyh̃)3 = 1
J

{
∂y1(rotyh̃)2 − ∂y2(rotyh̃)1

}
;

the Fourier transformed gradient ∇̂y is given by

∇̂yp̃ = e1∂y1 p̃+ 1
J
e2∂y2 p̃+ e3iξp̃;
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and similarly d̂ivy and r̂oty are obtained from divy and roty by replacing ∂y3 with iξ
respectively. Applying ∂y1 to the first equation of (4.75), we have

∂t∂y1φ̃1 + iξṽs
3∂y1φ̃1 + γ2ρ̃s∂y1 d̂ivyw̃1

= −
{
iξ∂y1 ṽs

3φ̃1 + γ2∂y1
(
d̂ivy(ρ̃sw̃1)

)
− γ2ρ̃s∂y1 d̂ivyw̃1

+ iξ∂y1(ṽ
3
sσφ̃

(0)) + γ2iξ∂y1(ρ̃sσw̃
(0),3)−

〈
Q0B̃ξ(σũ

(0) + ũ1)
〉
∂y1φ̃

(0)
}
.

(4.76)

To eliminate the term ∂y1∂y1w̃
1
1 in this equation, we consider γ2ρ̃s

ν+ν̃
× (4.75)2 + 1

ρ̃s
×

(4.76). It then follows that

1
ρ̃s
∂t∂y1φ̃1 + P̃ ′(ρ̃s)

ν+ν̃
∂y1φ̃1 + 1

ρ̃s
iξṽ3

s∂y1φ̃1 = I, (4.77)

where I = I1 + I2 with

I1 =− γ2

ν+ν̃

{
ρ̃s∂tw̃

1
1 + ν

(
r̂oty r̂otyw̃1

)1

+ ρ̃s∂y1

(
P̃ ′(ρ̃s)
γ2ρ̃s

)
φ̃1 + ν

γ2
ρ̃s
(
∆y′ ṽs

)1
φ̃1 + iξρ̃sṽs

3w̃1
1

}
−
{
iξ 1
ρ̃s
∂y1 ṽs

3φ̃1 + γ2 1
ρ̃s
∂y1
(
d̂ivy(ρ̃sw̃1)

)
− γ2∂y1 d̂ivyw̃1

}
,

I2 =− γ2

ν+ν̃
(−ν̃iξσ∂y1w̃(0),3)−

{
iξ 1
ρ̃s
∂y1(ṽ

3
sσφ̃

(0))

+ γ2iξ 1
ρ̃s
∂y1(ρ̃sσw̃

(0),3)− 1
ρ̃s

〈
Q0B̃ξ(σũ

(0) + ũ1)
〉
∂y1φ̃

(0)
}
.

Considering
∫

Ψm(D∩Om)
(4.77)×χ̃2

m
P̃ ′(ρ̃s)
γ4

∂y1φ̃1Jdy
′ with χ̃m(y′) = χm(x′), we see that

1
2
d
dt

(
1
γ2

∣∣∣χ̃m√ P̃ ′(ρ̃s)
γ2ρ̃s

∂y1φ̃1

∣∣∣2
2

)
+ 1

ν+ν̃

∣∣∣χ̃m P̃ ′(ρ̃s)
γ2

∂y1φ̃1

∣∣∣2
2

=

∫
Ψm(D∩Om)

I × χ̃2
m
P̃ ′(ρ̃s)
γ4

∂y1φ̃1Jdy
′.

Since (
r̂oty r̂otyw̃1

)1
= 1

J
∂y2
(

1
J
∂y1(Jw̃

2
1)− 1

J
∂y2w̃

1
1

)
− iξ(iξw̃1

1 − ∂y1w̃3
1),

we obtain

ν+ν̃
γ4
|χ̃mI1|22 ≤ C

{(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|χ̃mφ̃1|22 + ν+ν̃

γ4
|ξ|2|χ̃mφ̃1|22 + 1

ν+ν̃
|χ̃m
√
ρ̃s∂tw̃1|22

+ (ν + ν̃)ω2|χ̃mw̃1|22 + 1
ν+ν̃
|ξ|2|χ̃mw̃1|22 + ν2

ν+ν̃
|ξ|4|χ̃mw̃1|22

+ (ν + ν̃)ω2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|ξ|2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|χ̃m∂y′∂y2w̃1|22

}
,

ν+ν̃
γ4
|χ̃mI2|22 ≤ C

{
ν+ν̃
γ4
|ξ|2|σ|2 + ν+ν̃

γ4
|ξ|2|φ̃1|2L2(Ψm(D∩Om)) + (ν + ν̃)|w̃1|2L2(Ψm(D∩Om))

}
.

It then follows that

1
2
d
dt

(
1
γ2

∣∣∣χ̃m√ P̃ ′(ρ̃s)
γ2ρ̃s

∂y1φ̃1

∣∣∣2
2

)
+ 3

4
1

ν+ν̃

∣∣∣χ̃m P̃ ′(ρ̃s)
γ2

∂y1φ̃1

∣∣∣2
2

≤ C
{
ν+ν̃
γ4
|ξ|2|σ|2 +

(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|χ̃mφ̃1|22 + ν+ν̃

γ4
|ξ|2|φ̃1|2L2(Ψm(D∩Om))

+ (ν + ν̃)|w̃1|2L2(Ψm(D∩Om)) + 1
ν+ν̃
|ξ|2|χ̃mw̃1|22 + ν2

ν+ν̃
|ξ|4|χ̃mw̃1|22

+ (ν + ν̃)ω2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|ξ|2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|χ̃m∂y′∂y2w̃1|22

+ 1
ν+ν̃
|χ̃m
√
ρ̃s∂tw̃1|22

}
.

(4.78)
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We next consider ∂y1
˙̃
φ1 where

˙̃
φ1 = ∂tφ̃1 + iξṽ3

s φ̃1. (4.77) gives that

1
γ2
∂y1

˙̃
φ1 = 1

γ2ρ̃s

(
I + iξ∂y1 ṽ

3
s φ̃1 − γ2

ν+ν̃
P̃ ′(ρ̃s)
γ2ρ̃s

∂y1φ̃1

)
.

This equation leads to the estimate

ν+ν̃
γ4

∣∣χ̃m∂y1 ˙̃
φ1

∣∣2
2
≤ C

{
ν+ν̃
γ4

∣∣χ̃mρ̃s(I + iξ∂y1 ṽ
3
s φ̃1)

∣∣2
2

+ 1
ν+ν̃

∣∣∣χ̃m P̃ ′(ρ̃s)
γ2

∂y1φ̃1

∣∣∣2
2

}
≤ C

{
ν+ν̃
γ4
|χ̃mI|22 + 1

ν+ν̃

∣∣∣χ̃m P̃ ′(ρ̃s)
γ2

∂y1φ̃1

∣∣∣2
2

}
.

Therefore if we take b > 0 suitably small and add bν+ν̃
γ4

∣∣χ̃m∂y1 ˙̃
φ1

∣∣2
2

to (4.78), we get

1
2
d
dt

(
1
γ2

∣∣∣χ̃m√ P̃ ′(ρ̃s)
γ2ρ̃s

∂y1φ̃1

∣∣∣2
2

)
+ 1

2
1

ν+ν̃

∣∣∣χ̃m P̃ ′(ρ̃s)
γ2

∂y1φ̃1

∣∣∣2
2

+ bν+ν̃
γ4

∣∣χ̃m∂y1 ˙̃
φ1

∣∣2
2

≤ C
{
ν+ν̃
γ4
|ξ|2|σ|2 +

(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|χ̃mφ̃1|22 + ν+ν̃

γ4
|ξ|2|φ̃1|2L2(Ψm(D∩Om))

+ (ν + ν̃)|w̃1|2L2(Ψm(D∩Om)) + 1
ν+ν̃
|ξ|2|χ̃mw̃1|22 + ν2

ν+ν̃
|ξ|4|χ̃mw̃1|22

+ (ν + ν̃)ω2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|ξ|2|χ̃m∂y′w̃1|22 + ν2

ν+ν̃
|χ̃m∂y′∂y2w̃1|22

+ 1
ν+ν̃
|χ̃m
√
ρ̃s∂tw̃1|22

}
.

(4.79)

The desired estimate follows from (4.79) by inverting to the original coordinates x′

and noting that ∂y1 = ∂n, ∂y2 = ∂. This completes the proof. �

We next derive the interior estimate for the derivative of φ1.

Proposition 4.22. There exist constants ν1 > 0, ω1 > 0 and b > 0 such that if
ν ≥ ν1, γ2 ≥ 1 and ν+ν̃

ν
ω ≤ ω1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χ0

√
P ′(ρs)
γ2ρs

∂x′φ1

∣∣∣2
2

+ |χ0
√
ρs∂x′w1|22

)
+ bν+ν̃

γ4

∣∣χ0∂x′φ̇1

∣∣2
2

+ 1
2
ν
(
|χ0∇′∂x′w1|22 + |ξ|2|χ0∂x′w1|22

)
+ 1

2
ν̃|χ0(∇′ · ∂x′w′1 + iξ∂x′w

3
1)|22

≤ C
{(

1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 + 1

γ2
|φ1|22 +

(
1
γ2

+ ν+ν̃
γ4

+ ω2

ν+ν̃

)
|ξ|2|φ1|22

+
(
η + 1

γ2

)
|∂x′φ1|22 +

(
1
ην

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w1] +

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1]

}
(4.80)

for any η > 0 with C independent of η.

Since supp(χ0w1) ⊂ D we have ∂x′w1 |∂D∩O0= 0. Therefore we can prove this
proposition similarly to the proof of Proposition 4.20. We omit the details.

Before proceeding further we introduce an energy functional. We define E
(0)
3 [u1]

by

E
(0)
3 [u1] = 1

γ2

∣∣∣χ0

√
P ′(ρs)
γ2ρs

∂x′φ1

∣∣∣2
2

+ |χ0
√
ρs∂x′w1|22

+ b4

N∑
m=1

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ1

∣∣∣2
2

+ |χm
√
ρs∂w1|22

)
+

N∑
m=1

1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂nφ1

∣∣∣2
2
,
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where b4 is a positive constant. Taking b4 suitably large, we have the following
estimate for E

(0)
3 [u1].

Proposition 4.23. There exist constants ν1 > 0, ω1 > 0, b > 0 and b4 > 0 such
that if ν ≥ ν1, γ2 ≥ 1 and ν+ν̃

ν
ω ≤ ω1, then there holds the estimate:

1
2
d
dt
E

(0)
3 [u1] + bν+ν̃

γ4

∣∣∂x′φ̇1

∣∣2
2

+ 1
2

{
ν
(
|χ0∇′∂x′w1|22 + |ξ|2|χ0∂x′w1|22

)
+ ν̃|χ0(∇′ · ∂x′w′1 + iξ∂x′w

3
1)|22
}

+ 1
2

N∑
m=1

{
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
}

≤ C
{(

1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2 +

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν2

γ4(ν+ν̃)

)
|φ1|22

+
(
η + ω2

ν+ν̃
+ 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ1|22 +

(
η + 1

γ2

)
|∂x′φ1|22

+
(

1
νη

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w1] +

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1] + 1

ν+ν̃
|√ρs∂tw1|22

}
(4.81)

for any η > 0 with C independent of η.

Using Proposition 4.20, Proposition 4.21 and Proposition 4.22, we obtain the
estimate of Proposition 4.23.

We next derive a dissipative estimate for |∂2
x′w1|2 and |∂x′φ1|2.

Proposition 4.24. There exist constants ν1 > 0 and ω1 > 0 such that if ν ≥ ν1,
ν+ν̃
ν
ω ≤ ω1 and γ2 ≥ 1, then there holds the estimate:

ν2

ν+ν̃
|∂2
xw
′
1|22 + 1

ν+ν̃
|∂x′φ1|22

≤ C
{(

1
ν+ν̃

+ ν+ν̃
γ4

)
|ξ|2|σ|2 + ν2

γ4(ν+ν̃)
|φ1|22 +

(
1

ν+ν̃
+ ν2+ν̃2

γ4(ν+ν̃)

)
|ξ|2|φ1|22

+
(
ν̃
ν

+ 1
)
(1 + |ξ|2)D̃ξ[w1] + 1

ν+ν̃
|√ρs∂tw1|22 + ν2+ν̃2

γ4(ν+ν̃)

∣∣φ̇1

∣∣2
H1

}
.

(4.82)

Proof .We first derive the estimate for ∂2
x′w
′
1 and ∂x′φ1. We will employ the following

estimate for solutions of Stokes equation. If (p, h′) is the solution of
∇′ · h′ = F 0,

−∆′h′ + 1
ν
∇′p = 1

ν
G′,

h′ |∂D= 0,

then there holds

|∂2
x′h
′|22 + 1

ν2
|∂x′p|22 ≤ C

{
|F 0|2H1 + 1

ν2
|G′|22

}
. (4.83)

(See, e.g., [7, IV.6], [26, III.1.5].) By the first and second equations of (4.25), with
the boundary condition of w′1, we see that (φ1, w

′
1) satisfies the following Stokes
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equation 
∇′ · w′1 = F 0

1 ,

−∆′w′1 + 1
ν
∇′
(
P ′(ρs)
γ2

φ1

)
= 1

ν
G′1,

w′1 |∂D= 0,

where

F 0
1 = − 1

γ2ρs

{
∂tφ1 + iξv3

sφ1 + γ2(∇′ρs) · w′1 + γ2iξw3
1

+ iξv3
sσφ

(0) + γ2iξρsσw
(0),3 −

〈
Q0B̃ξ(σu

(0) + u1)
〉
φ(0)
}
,

G′1 = −ρs
{
∂tw

′
1 + ν

ρs
ξ2w′1 − ν̃

ρs
(∇′ · w′1 + iξw3

1) + iξv3
sw
′
1

+∇′
(

1
ρs

)P ′(ρs)
γ2

φ1 − ν̃
ρs
iξ∇′(σw(0),3)

}
.

By Lemma 4.11 and the Poincaré inequality, we have

|F 0
1 |22 ≤ C

{
1
γ4
|ξ|2|σ|22 + 1

γ4
|φ1|22 + 1

ν
D̃ξ[w1] + 1

γ4

∣∣φ̇1

∣∣2
2

}
,

|∂x′F 0
1 |22 ≤ C

{
1
γ4
|ξ|2|σ|2 + 1

γ4
|ξ|2|φ1|22 + 1

ν
(1 + |ξ|2)D̃ξ[w1] + 1

γ4

∣∣φ̇1

∣∣2
H1

}
,

|G′1|22 ≤ C
{
ν̃2

γ4
|ξ|2|σ|2 +

(
ω2 + ν̃2

γ4

)
|ξ|2|φ1|22 +

(
1
ν

+ ν̃2

ν

)
D̃ξ[w1]

+
(
ν + ν̃2

ν

)
|ξ|2D̃ξ[w1] + ν̃2

γ4

∣∣φ̇1

∣∣2
H1 + |√ρs∂tw1|22

}
.

Since
∂x′
(
P ′(ρs)
γ2

φ1

)
= P ′(ρs)

γ2
∂x′φ1 +

P ′′(ρs)∂x′ρs
γ2

φ1,

P ′(ρs)
γ2
≥ 1

2
,

and
|φ1|2 ≤ C|∂x′φ1|2

by the Poincaré inequality, we see that∣∣∂x′(P ′(ρs)γ2
φ1

)∣∣2
2
≥ C{|∂x′φ1|22 − ω2|φ1|22}
≥ C(1− ω2)|∂x′φ1|22
≥ C|∂x′φ1|22

for ω2 < 1
2
. We thus find the estimate

|∂2
x′w
′
1|22 + 1

ν2
|∂x′φ1|22

≤ C 1
ν2

{
ν2+ν̃2

γ4
|ξ|2|σ|2 + ν2

γ4
|φ1|22 +

(
ω2 + ν2

γ4
+ ν̃2

γ4

)
|ξ|2|φ1|22

+
(
ν + 1

ν
+ ν̃2

ν

)
D̃ξ[w1] +

(
ν + ν̃2

ν

)
|ξ|2D̃ξ[w1] + |√ρs∂tw1|22 + ν2+ν̃2

γ4

∣∣φ̇1

∣∣2
H1

}
.

(4.84)

We next derive the estimate for ∂2
x′w

3
1. The third equation of (4.25), with the

boundary condition of w3
1, is written as{

−∆′w3
1 = G3

1,

w3
1 |∂D= 0,
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where

G3
1 = −ρs

ν

{
∂tw

3
1 + ν

ρs
ξ2w3

1 − ν̃
ρs
iξ(∇′ · w′1 + iξw3

1)

+ iξ
(P ′(ρs)
γ2ρs

φ1

)
+ iξv3

sw
3
1 + ν

γ2ρ2s
∆′v3

sφ1 + w′1 · ∇′v3
s

+ ν+ν̃
ρs
ξ2σw(0),3 + iξα0σ + iξv3

sσw
(0),3 −

〈
Q0B̃ξ(σu

(0) + u1)
〉
w(0),3

}
.

We thus obtain
|w3

1|2H2 ≤ C|G3
1|22.

It then follows that

|∂2
x′w

3
1|22 ≤ C 1

ν2

{(
1 + 1

γ4
+ (ν+ν̃)2

γ4

)
|ξ|2|σ|2 + ν2

γ4
|φ1|22 +

(
1 + 1

γ4

)
|ξ|2|φ1|22

+
(
ν + ν̃ + 1

ν

)
D̃ξ[w1] + ν̃2

ν+ν̃
|ξ|2D̃ξ[w1] + |√ρs∂tw1|22

}
.

(4.85)

Multiplying ν2

ν+ν̃
to (4.84) + (4.85), we have the desired estimate. This completes

the proof. �

We are now in a position to prove Theorem 4.4.

Proposition 4.25. Let R > 0. There exist positive constants ν1, γ1, ω1 and d such
that if ν ≥ ν1R

2, γ2

ν+ν̃
≥ γ2

1R
2 and ν+ν̃

ν
ω ≤ ω1, then for any l = 0, 1, · · · , there exists

a constant C = C(l) > 0 such that the estimate

‖∂x′∂lx3F
−1[1{|η|≤R}(ξ)e

−tL̂ξ û0]‖L2

≤ C
{

(1 + t)−
1
4
− l

2‖u0‖L1(R:L2(D)) + e−dt
(
‖u0‖L2 + ‖∂x′u0‖L2

)}
holds for t ≥ 0.

Proof . Let b5 and b6 be constants satisfying b5, b6 > 1. Define E
(0)
4 [u] by

E
(0)
4 [u] = b5

ν
ν+ν̃

Ẽ
(0)
2 [u] + b6E

(0)
3 [u1].

If γ2 ≥ 1, then there exists a constant C > 0 such that

1
2

{
1
γ2
|σ|2 + E0[u1] + 1

γ2
|∂x′φ1|22 + D̃ξ[w1]

}
≤ CE

(0)
4 ≤ 3

2

{
1
γ2
|σ|2 + E0[u1] + 1

γ2
|∂x′φ1|22 + D̃ξ[w1]

}
.

We compute b5
ν

ν+ν̃
× (4.52) + b6 × (4.81) + bb6 × (4.27) + (4.82). It holds that
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1
2
d
dt
E

(0)
4 [u] + ν2

ν+ν̃
|∂2
x′w1|22 + 1

ν+ν̃
|∂x′φ1|22

+ b3b5
4

γ2

ν(ν+ν̃)
D̃ξ[w1] + b5

2
1

ν+ν̃
|√ρs∂tw1|22 + bb6

ν+ν̃
γ4

∣∣φ̇1

∣∣2
H1

+ b6
2

{
ν
(
|χ0∇′∂x′w1|22 + |ξ|2|χ0∂x′w1|22

)
+ ν̃|χ0(∇′ · ∂x′w′1 + iξ∂x′w

3
1)|22
}

+ b6
2

N∑
m=1

{
ν
(
|χm∇′∂w1|22 + |ξ|2|χm∂w1|22

)
+ ν̃|χm(∇′ · ∂w′1 + iξ∂w3

1)|22
}

≤ C4

{
b5

ν
ν+ν̃

(
1
ν

+ ν+ν̃
νγ2

+ ν̃2

γ4

)
|ξ|2|σ|2 + b5

ν
ν+ν̃

(ν+ν̃)2

γ4
|ξ|4|σ|2

+ b5
ν

ν+ν̃

(
1
ν

+ 1
γ2

+ ν2

γ4

)
|φ1|22 + b5

ν
ν+ν̃

1
γ2
|ξ|2|φ1|22 + b6

(
1
γ2

+ ν+ν̃
γ4

)
|ξ|2|σ|2

+ b6

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν2

γ4(ν+ν̃)

)
|φ1|22 + b6

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ1|22

+ b6

(
η + 1

γ2

)
|∂x′φ1|22 + b6

(
1
νη

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w1] + b6

(
ν̃
ν

+ 1
)
|ξ|2D̃ξ[w1]

+ b6
1

ν+ν̃
|√ρs∂tw1|22 + bb6

ν+ν̃
γ4
|ξ|2|σ|2 + bb6

ν+ν̃
γ4
|ξ|2|φ1|22 + bb6

(
1 + ν+ν̃

ν
ω2
)
D̃ξ[w1]

+
(

1
ν+ν̃

+ ν+ν̃
γ4

)
|ξ|2|σ|2 + ν2

γ4(ν+ν̃)
|φ1|22 +

(
1

ν+ν̃
+ ν2+ν̃2

γ4(ν+ν̃)

)
|ξ|2|φ1|22

+
(
ν̃
ν

+ 1
)
(1 + |ξ|2)D̃ξ[w1] + 1

ν+ν̃
|√ρs∂tw1|22 + ν2+ν̃2

γ4(ν+ν̃)

∣∣φ̇1

∣∣2
H1

}
.

Fix b5 > 1 and b6 > 1 sufficiently large such that b6 ≥ 2C4

b
and b5 ≥ 8b6C4,

respectively. Let us take η > 0 so small satisfying η ≤ min{1, 1
8b6C4
}. We assume

that ν ≥ ν1 and γ ≥ γ1 are so large that ν ≥ ν1 > 1 and γ2 ≥ 8b6C4(ν + ν̃). Since
we have that

D̃ξ[w1] ≤ C(1 +R)|w1|2|∂2
x′w1|2

≤ ε|∂2
x′w1|22 + C 1

ε
(1 +R)2|w1|22

for any ε > 0, if we take ε sufficiently small such that ε < 1
2
ν2

ν+ν̃
, then we get

d
dt
E

(0)
4 [u] + d(|∇′φ1|22 + |∇′w1|2H1) ≤ C|u|22.

Now we decompose E
(0)
4 [u] as

E
(0)
4 [u] = E

(0)
4,0 [u] + E

(0)
4,1 [u],

where
1
2
|u|22 ≤ CE

(0)
4,0 [u] ≤ 3

2
|u|22,

1
2
(|∇′φ1|22 + |∇′w1|2H1) ≤ CE

(0)
4,1 [u] ≤ 3

2
(|∇′φ1|22 + |∇′w1|2H1).

It then follows that

d
dt
E

(0)
4,1 [u](t) + d1E

(0)
4,1 [u] + d

2
(|∇′φ1|22 + |∇′w1|2H1) ≤ C|u|22 − d

dt
E

(0)
4,0 [u](t).

We thus obtain

E
(0)
4,1 [u](t) + d

2

∫ t

0

e−d1(t−τ)(|∇′φ1|22 + |∇′w1|2H1)dτ

≤ e−d1tE
(0)
4,1 [u0] + C

∫ t

0

e−d1(t−τ)|u|22dτ −
∫ t

0

e−d1(t−τ) d
dτ
E

(0)
4,0 [u](τ)dτ.
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Since

e−d1(t−τ) d
dτ
E

(0)
4,0 [u](τ) = d

dτ

{
e−d1(t−τ)E

(0)
4,0 [u](τ)

}
+ d1e

−d1(t−τ)E
(0)
4,0 [u](τ)

and
E

(0)
4,0 [u] ≤ C|u|22,

we see that

E
(0)
4,1 [u](t) ≤ e−d1tE

(0)
4 [u0] + C

∫ t

0

e−d1(t−τ)|u(τ)|22dτ.

From (4.51), we obtain

E
(0)
4,1 [u](t) ≤ e−d1tE

(0)
4 [u0] + C|u0|22

∫ t

0

e−d1(t−τ)e−d0|ξ|
2τdτ.

Let us estimate the second term on the right-hand side of this inequality. We have∫ t/2

0

exp
{
−d1(t− τ)− d0|ξ|2τ

}
dτ ≤

∫ t/2

0

exp
{
−d1(t− τ)

}
dτ

≤ 1
d1

exp
{
−d1

2
t
}

≤ 1
d1

exp
{
−d1

2
|ξ|2
R2 t
}
,∫ t

t/2

exp
{
−d1(t− τ)− d0|ξ|2τ

}
dτ ≤ exp

{
−d0

2
|ξ|2t}

∫ t

t/2

exp{−d1(t− τ)
}
dτ

≤ 1
d1

exp
{
−d0

2
|ξ|2t

}
.

We set d2 = min
{
d0,

d1
R2

}
. It then follows that there exist positive constants ν1, γ1,

ω1, d1 and d2 such that if ν ≥ ν1R
2, γ2

ν+ν̃
≥ γ2

1R
2 and ν+ν̃

ν
ω ≤ ω1, then

E
(0)
4,1 [u](t) ≤ C

{
e−

d2
2
|ξ|2t|u0|22 + e−d1tE

(0)
4 [u0]

}
. (4.86)

�
Combining Proposition 4.17 and Proposition 4.25 with R = 1 we obtain the

desired estimates in Theorem 4.4.

4.2 Decay estimate of the high frequency part

In this section we will give a proof of Theorem 4.5. To prove Theorem 4.5, we will
employ an energy method to obtain the estimate on solutions of

∂tu+ L̂ξu = 0, w |∂Ω= 0, u |t=0= u0

similarly to Section 4.1. The following Propositions 4.26-4.31 can be proved in a
similar manner in Section 4.1. So we give the statements only and omit the proofs.
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Proposition 4.26. There exists a constant ν1 > 0 such that if ν ≥ ν1, then there
hold the estimates:

1
2
d
dt
E0[u] + 1

2
D̃ξ[w] ≤ C ν

γ4
|φ|22, (4.87)

ν+ν̃
γ4

∣∣φ̇∣∣2
2
≤ C

(
1 + ν+ν̃

ν
ω2
)
D̃ξ[w]. (4.88)

We proceed to estimate derivatives of u. We introduce some notations. We
define J

(∞)
2 [u] by

J
(∞)
2 [u] = −2Re

〈
u, B̂ξQ̃u

〉
.

In addition, we set

E
(∞)
2 [u] =

(
1 + b̃3γ2

ν

)
E0[u] + D̃ξ[w],

Ẽ
(∞)
2 [u] = E

(∞)
2 [u] + J

(∞)
2 [u],

where b̃3 is a positive constant to be determined later. We note that there exists a
constant b̃∗3 > 0 such that if b̃3 ≥ b̃∗3 and γ2 ≥ 1, then

1
2
E

(∞)
2 [u] ≤ Ẽ

(∞)
2 [u] ≤ 3

2
E

(∞)
2 [u].

Taking b̃3 suitably large, we have the following estimate for Ẽ
(∞)
2 [u].

Proposition 4.27. There exist constants b̃3 ≥ b̃∗3 and ν1 > 0 such that if ν ≥ ν1

and γ2 ≥ 1, then there holds the estimate:

1
2
d
dt
Ẽ

(∞)
2 [u] + 1

4
b̃3
γ2

ν
D̃ξ[w] + 1

2
|√ρs∂tw|22

≤ C
{(

1
γ2

+ ν2

γ4

)
|φ|22 + 1

γ2
|ξ|2|φ|22

}
.

(4.89)

Proposition 4.28. For 1 ≤ m ≤ N , there exist constants ν1 > 0 and b > 0 such
that if ν ≥ ν1, γ2 ≥ 1 and ω ≤ 1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ
∣∣∣2
2

+ |χm
√
ρs∂w|22

)
+ bν+ν̃

γ4

∣∣χm∂φ̇∣∣22
+ 1

2
ν
(
|χm∇′∂w|22 + |ξ|2|χm∂w|22

)
+ 1

2
ν̃|χm(∇′ · ∂w′ + iξ∂w3)|22

≤ C
{(
η + 1

γ2

)
|φ|22 +

(
η + 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ|22 +

(
η + 1

γ2

)
|∂x′φ|22

+
(

1
ην

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w]

}
(4.90)

for any η > 0 with C independent of η.

Proposition 4.29. For 1 ≤ m ≤ N , there exist constants ν1 > 0 and b > 0 such
that if ν ≥ ν1, γ2 ≥ 1 and ω ≤ 1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂nφ
∣∣∣2
2

)
+ 1

2
1

ν+ν̃

∣∣χmP ′(ρs)
γ2

∂nφ
∣∣2
2

+ bν+ν̃
γ4

∣∣χm∂nφ̇∣∣22
≤ C

{(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|φ|22 + ν+ν̃

γ4
|ξ|2|φ|22 +

(
ν̃
ν

+ 1
)
D̃ξ[w] + ν

ν+ν̃
|ξ|2D̃ξ[w]

+ ν2

ν+ν̃

(
|χm∂n∂w|22 + |χm∂2w|22

)
+ 1

ν+ν̃
|√ρs∂tw|22

}
.

(4.91)
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Proposition 4.30. There exist constants ν1 > 0 and b > 0 such that if ν ≥ ν1,
γ2 ≥ 1 and ω ≤ 1, then there holds the estimate:

1
2
d
dt

(
1
γ2

∣∣∣χ0

√
P ′(ρs)
γ2ρs

∂x′φ
∣∣∣2
2

+
∣∣χ0
√
ρs∂x′w

∣∣2
2

)
+ bν+ν̃

γ4

∣∣χ0∂x′φ̇
∣∣2
2

+ 1
2
ν
(
|χ0∇′∂x′w|22 + |ξ|2|χ0∂x′w|22

)
+ 1

2
ν̃|χ0(∇′ · ∂x′w′ + iξ∂x′w

3)|22
≤ C

{
1
γ2
|φ|22 +

(
1
γ2

+ ν+ν̃
γ4

+ ω2

ν+ν̃

)
|ξ|2|φ|22 +

(
η + 1

γ2

)
|∂x′φ|22

+
(

1
ην

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w]

}
(4.92)

for any η > 0 with C independent of η.

Before proceeding further we introduce an energy functional. We define E
(∞)
3 [u]

by

E
(∞)
3 [u] = 1

γ2

∣∣∣χ0

√
P ′(ρs)
γ2ρs

∂x′φ
∣∣∣2
2

+ |χ0
√
ρs∂x′w|22

+ b̃4

N∑
m=1

(
1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂φ
∣∣∣2
2

+ |χm
√
ρs∂w‖2

2

)
+

N∑
m=1

1
γ2

∣∣∣χm√P ′(ρs)
γ2ρs

∂nφ
∣∣∣2
2
,

where b̃4 is a positive constant. Taking b̃4 suitably large, we have the following
estimate for E

(∞)
3 [u].

Proposition 4.31. There exist constants ν1 > 0, b > 0 and b̃4 > 0 such that if
ν ≥ ν1, γ2 ≥ 1 and ω ≤ 1, then there holds the estimate:

1
2
d
dt
E

(∞)
3 [u] + bν+ν̃

γ4

∣∣∂x′φ̇∣∣22
+ 1

2

{
ν
(
|χ0∇′∂x′w|22 + |ξ|2|χ0∂x′w|22

)
+ ν̃|χ0(∇′ · ∂x′w′ + iξ∂x′w

3)|22
}

+ 1
2

N∑
m=1

{
ν
(
|χm∇′∂w|22 + |ξ|2|χm∂w|22

)
+ ν̃|χm(∇′ · ∂w′ + iξ∂w3)|22

}
≤ C

{(
η + ω2

ν+ν̃
+ 1

γ2
+ ν2

γ4(ν+ν̃)

)
|φ|22 +

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ|22

+
(
η + 1

γ2

)
|∂x′φ|22 +

(
1
νη

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w]

+ ν
ν+ν̃
|ξ|2D̃ξ[w] + 1

ν+ν̃
|√ρs∂tw|22

}
(4.93)

for any η > 0 with C independent of η.

We do not have the estimate for φ such as |φ|2 ≤ C|∂x′φ|2 similar to that for φ1

in Section 4.1. We thus use the estimate for a solution of the Fourier transformed
Stokes equation of the case |ξ|2 � 1.

Proposition 4.32. Assume that (p, h) ∈ H1(D) × H2(D) is a solution of the fol-
lowing Stokes equation 

∇′ · h′ + iξh3 = F 0,

(|ξ|2 −∆′)h′ + 1
ν
∂x′p = 1

ν
G′,

(|ξ|2 −∆′)h3 + 1
ν
iξp = 1

ν
G3,

h |∂D= 0.
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There exists a constant R0 = R0(D) > 0 such that if |ξ| ≥ R0, then there holds the
following estimate:

1
ν2
|p|22 + 1

ν2
|ξ|2|p|22 + 1

ν2
|∂x′p|22

+ |h|22 + |ξ|2|h|22 + |∂x′h|22 +
2∑
j=0

|ξ|2j|∂2−j
x′ h|

2
2

≤ CR2
0

{
|F 0|22 + |ξ|2|F 0|22 + |∂x′F 0|22 + 1

ν2
|G|22 + |∂x′h|22

}
,

where C is a positive constant independent of |ξ|.

Proposition 4.32 can be proved similarly to the proof of [12, Lemma6.6] and we
omit the proof. Applying Proposition 4.32, we have the following estimate.

Proposition 4.33. There exist constant ν1 > 0 such that if ν ≥ ν1, γ2 ≥ 1 and
ω ≤ 1, then there holds the estimate:

1
ν+ν̃

(
|φ|22 + |ξ|2|φ|22 + |∂x′φ|22

)
+ ν2

ν+ν̃

(
|w|22 + |ξ|2|w|22 + |∂x′w|22 +

2∑
j=0

|ξ|2j|∂2−j
x′ w|

2
2

)
≤ CR2

0

{(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|φ|22 + ν

ν+ν̃
D̃ξ[w]

+ ν2+ν̃2

γ4(ν+ν̃)

(∣∣φ̇∣∣2
2

+ |ξ|2
∣∣φ̇∣∣2

2
+
∣∣∂x′φ̇∣∣22)+ 1

ν+ν̃
|√ρs∂tw|22

}
(4.94)

for |ξ| ≥ R0, where R0 is the constant given in Proposition 4.32 and C is a positive
constant independent of |ξ|.

Proof . We observe that (φ,w) satisfies the following Stokes equation
∇′ · w′ + iξw3 = F 0,

(ξ2 −∆′)w′ + 1
ν
∇′
(P ′(ρs)

γ2
φ
)

= 1
ν
G′,

(ξ2 −∆′)w3 + 1
ν
iξ P

′(ρs)
γ2

φ = 1
ν
G3,

w |∂D= 0,

where

F 0 = − 1
ρs

{
∂tφ+ iξv3

sφ+ (∇′ρs) · w′
}
,

G′ = −ρs
{
∂tw

′ − ν̃
ρs
∇′(∇′ · w′ + iξw3)− P ′(ρs)

γ2ρs
φ∇′ρs + iξv3

sw
′},

G3 = −ρs
{
∂tw

3 − ν̃
ρs
iξ(∇′ · w′ + iξw3) + iξv3

sw
3 + ν

γ2ρs
∆′v3

sφ+ w′ · ∇′v3
s

}
.

Therefore we get the desired estimate from Proposition 4.32. This completes the
proof. �

We finally prove Theorem 4.5.
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Proof of Theorem 4.5 Let b̃5, b̃6 and b̃7 be constants satisfying b̃5, b̃6, b̃7 > 1.
Define Ẽ

(∞)
4 [u] by

Ẽ
(∞)
4 [u] = b̃5E

(∞)
3 [u] + b̃6

ν+ν̃
Ẽ

(∞)
2 [u] + b̃7

(
1 + ν̃

ν

)(
1 + |ξ|2

)
E0[u].

We compute (4.94)+ b̃5×
{

(4.93)+bν+ν̃
γ4

(
1+ |ξ|2

)∣∣φ̇∣∣2
2

}
+ b̃6

ν+ν̃
×(4.89)+ b̃7

(
1+ ν̃

ν

)(
1+

|ξ|2
)
× (4.87) then

1
2
d
dt
Ẽ

(∞)
4 [u] + ν2

ν+ν̃

(
|w|22 + |ξ|2|w|22 + |∂x′w|22 +

2∑
j=0

|ξ|2j|∂jx′w|
2
2

)
+ 1

ν+ν̃

(
|φ|22 + |ξ|2|φ|22 + |∂x′φ|22

)
+ b̃b5

ν+ν̃
γ4

(∣∣φ̇∣∣2
2

+ |ξ|2
∣∣φ̇∣∣2

2
+
∣∣∂x′φ̇∣∣22)

+ b̃5
2

{
ν
(
|χ0∇′∂x′w|22 + |ξ|2|χ0∂x′w|22

)
+ ν̃|χ0(∇′ · ∂x′w′ + iξ∂x′w

3)|22
}

+ b̃5
2

N∑
m=1

{
ν
(
|χm∇′∂w|22 + |ξ|2|χm∂w|22

)
+ ν̃|χm(∇′ · ∂w′ + iξ∂w3)|22

}
+ b̃3b̃6

4
γ2

ν(ν+ν̃)
D̃ξ[w] + b̃6

2
1

ν+ν̃
|√ρs∂tw|22 + b̃7

2

(
1 + ν̃

ν

)
(1 + |ξ|2)D̃ξ[w]

≤ C̃4

{
R2

0

(
ω2

ν+ν̃
+ ν2

γ4(ν+ν̃)

)
|φ|22 +R2

0
ν

ν+ν̃
D̃ξ[w] +R2

0
ν2+ν̃2

γ4(ν+ν̃)

(∣∣φ̇∣∣2
2

+ |ξ|2
∣∣φ̇∣∣2

2
+
∣∣∂x′φ̇∣∣22)

+R2
0

1
ν+ν̃
|√ρs∂tw|22 + b̃5

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν2

γ4(ν+ν̃)

)
|φ|22 + b̃5

(
η + ω2

ν+ν̃
+ 1

γ2
+ ν+ν̃

γ4

)
|ξ|2|φ|22

+ b̃5

(
η + 1

γ2

)
|∂x′φ|22 + b̃5

(
1
νη

+ ν
γ2

+ ν̃
ν

+ 1
)
D̃ξ[w] + b̃5

ν
ν+ν̃
|ξ|2D̃ξ[w]

+ b̃5
1

ν+ν̃
|√ρs∂tw|22 + b̃b5

(
ν+ν̃
γ4

+ (ν+ν̃)2

γ4ν

)
(1 + |ξ|2)D̃ξ[w]

+ b̃6

(
1

γ2(ν+ν̃)
+ ν2

γ4(ν+ν̃)

)
|φ|22 + b̃6

1
γ2(ν+ν̃)

|ξ|2|φ|22 + b̃7
ν+ν̃
γ4

(1 + |ξ|2)|φ|22
}
.

Fix b̃5 > 1, b̃6 > 1 and b̃7 > 1 so large that b̃5 ≥ 2C̃4

b
R2

0, b̃6 ≥ 8C̃4 max{R2
0, b̃5}

and b̃7 > 20C̃4 max{R2
0, b̃5

1
η(ν+ν̃)

, b̃5, b̃b5}, respectively. We take η > 0 and ω > 0

sufficiently small such that η < 1

20C̃4b̃5

1
ν+ν̃

and ω2 < 1

20C̃4
min{ 1

R2
0
, 1

b̃5
}, respectively.

We assume that ν ≥ ν1 and γ ≥ γ1 are large enough such that ν ≥ ν1 > 1 and

γ2 > 20C̃4 max
{
b̃6(ν + ν̃), b̃5

b̃7

ν2

ν+ν̃
,
√
b7(ν + ν̃)

}
. We then arrive at the estimate

d
dt
Ẽ

(∞)
4 [u] + ν2

ν+ν̃

(
|w|22 + |ξ|2|w|22 + |∂x′w|22 +

2∑
j=1

|ξ|2j|∂jx′w|
2
2

)
+ 1

ν+ν̃

(
|φ|22 + |ξ|2|φ|22 + |∂x′φ|22

)
+ ν+ν̃

γ4

(∣∣φ̇∣∣2
2

+ |ξ|2
∣∣φ̇∣∣2

2
+
∣∣φ̇∣∣2

H1

)
+ ν(|χ0∇′∂x′w|22 + |ξ|2|χ0∂x′w|22) + ν̃|χ0(∇′ · ∂x′w′ + iξ∂x′w

3)|22

+
N∑
m=1

{
ν
(
|χm∇′∂w|22 + |ξ|2|χm∂w|22

)
+ ν̃|χm(∇′ · ∂w′ + iξ∂w3)|22

}
+ 1

ν+ν̃

∣∣√ρs∂tw∣∣22 + ν+ν̃
ν

(1 + |ξ|2)D̃ξ[w]

≤ 0

for all ξ ∈ R with |ξ| ≥ R0. We define E
(∞)
4 [u] by

E
(∞)
4 [u] = |φ|22 + |ξ|2|φ|22 + |∂x′φ|22 + |w|22 + |ξ|2|w|22 + |∂x′w|22.
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Since

1
2

{(
1 + b̃3γ2

ν

)
E0[u] + D̃ξ[w]

}
≤ Ẽ

(∞)
2 [u] ≤ 3

2

{(
1 + b̃3γ2

ν

)
E0[u] + D̃ξ[w]

}
,

1
2

1
γ2
|∂x′φ|22 ≤ C̃5E

(∞)
3 [u] ≤ 3

2

(
1
γ2
|∂x′φ|22 + |∂x′w|22

)
for a positive constant C̃5, we see that

1
2
E

(∞)
4 [u] ≤ C̃6Ẽ

(∞)
4 [u] ≤ 3

2
E

(∞)
4 [u]

for a positive constant C̃6. We thus see that there exist positive constants ν1, γ1, ω1

and d such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1R
2
0 and ω ≤ ω1R

−2
0 , then

E
(∞)
4 [u](t) ≤ Ce−dtE

(∞)
4 [u0]

for |ξ| ≥ R0. On the other hand, for 1 ≤ |ξ| ≤ R0, we obtain the desired estimate
from (4.86) with R = R0. This completes the proof. �

4.3 Spectrum of −L̂ξ for |ξ| � 1

In this section, we consider the spectrum of −L̂ξ for |ξ| � 1.
Let us consider the resolvent problem

(λ+ L̂ξ)u = f

with |ξ| � 1, where u = T(φ,w) ∈ D(L̂ξ) = D(L̂0) and f = T(f 0, g) ∈ L2(D).
We first establish the resolvent estimate for |ξ| � 1. To do so, let us consider

the resolvent problem for ξ = 0

(λ+ L0)u = f, (4.95)

where u = T(φ,w) ∈ D(L0) and f = T(f 0, g) ∈ L2(D). Decomposing u in (4.134) as

u = 〈φ〉u(0) + u1

with
u1 =

(
I − Π(0)

)
u,

we obtain
λ
(
〈φ〉u(0) + u1

)
+ L0u1 = f.

Applying Π(0) and I − Π(0) to this equation, we have{
λ〈φ〉 = 〈f 0〉,
λu1 + L0u1 = f1,

(4.96)
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where f1 = (I−Π(0))f . We see from the first equation of (4.135) that if λ 6= 0, then

〈φ〉 = 1
λ
〈f 0〉.

This implies that
|〈φ〉| ≤ 1

|λ| |f
0|2. (4.97)

On the other hand, the u1-part has the following properties. The second equation
of (4.135) is written as

λφ1 + γ2∇′ · (ρsw′1) = f 0
1 ,

λw′1 − ν
ρs

∆′w′1 − ν̃
ρs
∇′∇′ · w′1 +∇′

(
P ′(ρs)
γ2ρs

φ1

)
= g′1,

λw3
1 − ν

ρs
∆′w3

1 + ν
γ2ρ2s

∆′v3
sφ1 + w′1 · ∇′v3

s = g3
1,

(4.98)

where u1 = T(φ1, w1) = T(φ1, w
′
1, w

3
1) and f1 = T(f 0

1 , g1) = T(f 0
1 , g

′
1, g

3
1).

To state the estimates for the u1-part, we introduce a quantity D̃0[w1] defined
by

D̃0[w1] = |∇′w1|22 + |∇′ · w′1|22
for w1 = T(w′1, w

3
1).

Proposition 4.34. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 and an energy
functional E0[u1] such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there holds the
estimate

(Reλ)E0[u1] + c
(
|φ1|22 + D̃0[w1]

)
≤ C|f1|2|u1|2,

where c and C are positive constants independent of u1 and λ; and E0[u1] is equiv-
alent to |u1|22.

Proposition 4.52 can be proved in a similar manner to the proof of [1, Proposition
4.7] by replacing d

dt
with Reλ and taking ξ = 0 there.

The Poincaré inequality yields D̃0[w1] ≥ C|w1|22 with a positive constant C.
Therefore, the resolvent estimates for −L0 now follow from (4.136) and Proposi-
tion 4.52.

Proposition 4.35. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 such that if
ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there is a positive constant c0 > 0 such that

Σ0 ≡ {λ 6= 0 : Reλ > −c0} ⊂ ρ(−L0).

Furthermore, the following estimates

|(λ+ L0)−1f |2 ≤ C
{ 1

|λ|
|f 0|2 +

1

(Reλ+ c0)
|f1|2

}
,

∣∣∂x′{Q̃(λ+ L0)−1f}
∣∣
2
≤ C

{ 1

|λ|
|f 0|2 +

1

(Reλ+ c0)1/2
|f1|2

}
hold uniformly for λ ∈ Σ0. The same assertions also hold for −L∗0.
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Based on Proposition 4.53, we have the resolvent estimates for −Lξ with |ξ| � 1.

Theorem 4.36. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 such that if
ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then the following assertions hold. For any η
satisfying 0 < η ≤ c0

2
there is a number r0 = r0(η) such that

Σ1 ≡ {λ 6= 0 : |λ| ≥ η, Reλ ≥ − c0
2
} ⊂ ρ(−Lξ)

for |ξ| ≤ r0. Furthermore, the following estimates

|(λ+ Lξ)
−1f |2 ≤ C|f |2,∣∣∂x′{Q̃(λ+ Lξ)
−1f}

∣∣
2
≤ C|f |2

hold uniformly for λ ∈ Σ1 and ξ with |ξ| ≤ r0. The same assertions also hold for
−L∗ξ.

Proof . Let us decompose Lξ as

Lξ = L0 + ξL(1) + ξ2L(2),

where

L(1) = i

 v3
s 0 γ2ρs
0 v3

sI2 − ν̃
ρs
∇′

P ′(ρs)
γ2ρs

− ν̃
ρs
∇′· v3

s

 , L(2) =

0 0 0
0 ν

ρs
I2 0

0 0 ν+ν̃
ρs

 .

For u = T(φ,w) ∈ L2(D)×H1
0 (D) we have

|L(1)u|2 ≤ C|u|L2×H1 , |L(2)u|2 ≤ C|u|2. (4.99)

Therefore, we see from Proposition 4.53 that for any 0 < η ≤ c0
2

there exists r0 > 0
such that if |ξ| ≤ r0, then∣∣(ξL(1) + ξ2L(2)

)(
λ+ L0

)−1
f
∣∣
2
≤ 1

2
|f |2. (4.100)

It then follows that

Σ1 ≡ {λ : |λ| > η, Reλ ≥ − c0
2
} ⊂ ρ(−Lξ),

and that, if λ ∈ Σ1, then
(
λ+ Lξ

)−1
is given by the Neumann series expansion(

λ+ Lξ
)−1

= (λ+ L0)−1 +
∞∑
N=0

(−1)N
[(
ξL(1) + ξ2L(2)

)(
λ+ L0

)−1]
for |ξ| ≤ r0, and it holds that

|
(
λ+ Lξ

)−1
f |2 ≤ C|f |2 (4.101)

for λ ∈ Σ1 and |ξ| ≤ r0. We thus obtain the desired estimates. This completes the
proof. �

As for the spectrum of −Lξ near λ = 0, we have the following result.
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Theorem 4.37. There exist positive constants ν1, γ1, ω1 and r0 such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then it holds that

σ(−Lξ) ∩ {λ : |λ| ≤ c0
2
} = {λ0(ξ)}

for ξ with |ξ| ≤ r0, where λ0(ξ) is a simple eigenvalue of −Lξ that has the form

λ0(ξ) = −iκ0ξ − κ1ξ
2 +O

(
|ξ|3
)

as ξ → 0. Here κ0 ∈ R and κ1 > 0 are the numbers given by

κ0 = 〈v3
sφ

(0) + γ2ρsw
(0),3〉 = O(1),

κ1 = γ2

ν

{
α0

∣∣(−∆′)−
1
2ρs
∣∣2
2

+O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}
,

where −∆′ denotes the Laplace operator on L2(D) under the zero Dirichlet boundary
condition with domain

D(−∆′) = H2(D) ∩H1
0 (D).

Proof . For u ∈ L2(D)×H1
0 (D) we see from Theorem 4.54 and (4.138) that

|L(1)u|2 ≤ C
(
|L0u|2 + |u|2

)
, |L(2)u|2 ≤ C|u|2.

Therefore, since 0 is a simple eigenvalue of −L0, we see from the analytic perturba-
tion theory that there exists a positive constant r0 such that

σ(−Lξ) ∩ {λ : |λ| ≤ c0
2
} = {λ0(ξ)}

for all ξ with |ξ| ≤ r0. Here λ0(ξ) is a simple eigenvalue of −Lξ. Furthermore, λ0(ξ)
and the eigenprojection Π(ξ) for λ0(ξ) are expanded as

λ0(ξ) = λ(0) + ξλ(1) + ξ2λ(2) +O(|ξ|3),

Π(ξ) = Π(0) + ξΠ(1) +O(|ξ|2) (4.102)

with

λ(0) = 0,

λ(1) = −
〈
L(1)u(0), u(0)∗〉,

λ(2) = −
〈
L(2)u(0), u(0)∗〉+

〈
L(1)SL(1)u(0), u(0)∗〉,

Π(1) = −Π(0)L(1)S − SL(1)Π(0),

where

S =
{(
I − Π(0)

)
L0

(
I − Π(0)

)}−1

.

We first consider λ(1). Since

L(1)u(0) = i

v3
sφ

(0) + γ2ρsw
(0),3

− ν̃
ρs
∇′w(0),3

α0 + v3
sw

(0),3

 ,
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we obtain

λ(1) = −
〈
L(1)u(0), u(0)∗〉 = −

〈
Q0L

(1)u(0)
〉

= −i
〈
v3
sφ

(0) + γ2ρsw
(0),3
〉

= iO(1)

as γ2 →∞.
We next consider λ(2). Since Q0L

(2)u(0) = 0, we have〈
L(2)u(0), u(0)∗〉 =

〈
Q0L

(2)u(0)
〉

= 0.

It then follows that

λ(2) =
〈
L(1)SL(1)u(0), u(0)∗〉 =

〈
Q0L

(1)SL(1)u(0)
〉
.

We define ũ by
ũ = SL(1)u(0),

which satisfies 
L0ũ =

(
I − Π(0)

)
L(1)u(0) = L(1)u(0) + λ(1)u(0),

w̃ |∂D= 0,

〈φ̃〉 = 0.

(4.103)

Note that ũ = T(φ̃, w̃) ∈ iR4 and λ(1) ∈ iR. We rewrite λ(2) as

λ(2) =
〈
Q0L

(1)ũ
〉

=
〈
iv3
s φ̃+ iγ2ρsw̃

3
〉
,

where ũ = T(φ̃, w̃) = T(φ̃, w̃′, w̃3). To show the strict negativity of λ(2), we estimate
ũ. The problem (4.142) is written as

γ2∇′ · (ρsw̃′) = iξv3
sφ

(0) + iγ2ρsw
(0),3 + λ(1)φ(0),

− ν
ρs

∆′w̃′ − ν̃
ρs
∇′∇′ · w̃′ +∇′

(
P ′(ρs)
γ2ρs

φ̃
)

= −i ν̃
ρs
∇′w(0),3,

− ν
ρs

∆′w̃3 + ν∆′v3s
γ2ρ2s

φ̃+ w̃′ · ∇′v3
s = iP

′(ρs)
γ2ρs

φ(0) + iv3
sw

(0),3 + λ(1)w(0),3,

w̃ |∂D= 0,

〈φ̃〉 = 0,

i.e., ũ = T(φ̃, w̃) = T(φ̃, w̃′, w̃3) is a solution of
∇′ · w̃′ = F 0[w̃′],

−ν∆′w̃′ +∇′φ̃ = G′[φ̃, w̃′],

w̃′ |∂D= 0,

〈φ̃〉 = 0

(4.104)

and {
−ν∆′w̃3 = G3[φ̃, w̃′],

w̃3 |∂D= 0,
(4.105)
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where F 0[w̃′], G′[φ̃, w̃′] and G3[φ̃, w̃′] are defined as

F 0[w̃′] = 1
γ2

{
iv3
sφ

(0) + iγ2ρsw
(0),3 + λ(1)φ(0)

}
−∇′ ·

(
(1− ρs)w̃′

)
,

G′[φ̃, w̃′] = −iν̃∇′w(0),3 + ν̃∇′F 0[w̃′] +∇′
(
(1− ρs)φ̃

)
+ (∇′ρs)φ̃+ ρs∇′

{(
1− P ′(ρs)

γ2ρs

)}
φ̃,

G3[φ̃, w̃′] = ρs

{
iP
′(ρs)
γ2ρs

φ(0) + iv3
sw

(0),3 + λ(1)w(0),3
}
− ρs

{
ν∆′v3s
γ2ρ2s

φ̃+ w̃′ · ∇′v3
s

}
.

As for the problem (4.143), since λ(1) = −i
〈
v3
sφ

(0) + γ2ρsw
(0),3
〉
, it holds that

〈F 0[w̃′]〉 = 0. Furthermore, we have

|F 0[w̃′]|2 ≤ C
{

1
γ2

(
|λ(1)||φ(0)|2 + |φ(0)|2 + γ2|w(0),3|2

)
+ ω|∇′w̃′|2

}
≤ Cω|∇′w̃′|2 +O

(
1
γ2

)
,

|G′[φ̃, w̃′]|H−1 ≤ C
{
ν̃|∇′w(0),3|H−1 + ν̃|∇′F 0[w̃′]|H−1 +

∣∣∇′((1− ρs)φ̃)∣∣H−1

+ |∇′ρsφ̃|H−1 +
∣∣ρs((1− P ′(ρs)

γ2ρs

)
φ̃
)∣∣
H−1

}
≤ Cω{|φ̃|2 + ν̃|∇′w̃′|2}+O

(
ν̃
γ2

)
.

Since (φ̃, w̃′) ∈ Ẋ ≡ {(p, v′) ∈ L2(D)×H1
0 (D) : 〈p〉 = 0} and it is a solution of the

Stokes system (4.143), we see from estimate for the Stokes system (see, e.g., [26])
that there holds the estimate

|φ̃|22 + ν2|∇′w̃′|22 ≤ ν2
{
Cω2|w̃′|22 +O

(
1
γ4

)}
+
{
Cω2

(
|φ̃|22 + ν̃2|∇′w̃′|22

)
+O

(
ν̃2

γ4

)}
≤ C1ω

2
{
|φ̃|22 + (ν + ν̃)2|∇′w̃′|22

}
+O

(
(ν+ν̃)2

γ4

)
.

Therefore, if ω is so small that ω2 < 1
2C1

min
{

1,
(

ν
ν+ν̃

)2}
, then

|φ̃|22 + ν2|∇′w̃′|22 = O
(

(ν+ν̃)2

γ4

)
. (4.106)

As for the problem (4.144), since

|G3[φ̃, w̃′]|2 ≤ C
{
|λ(1)||w(0),3|2 + 1

γ2
|φ(0)|2 + |w(0),3|2 + ν

γ2
|φ̃|2 + |w̃′|2

}
≤ C

{
ν
γ2
|φ̃|2 + |w̃′|2

}
+O

(
1
γ2

)
,

we have G3[φ̃, w̃′] ∈ L2(D). It then follows that

w̃3 = 1
ν
(−∆′)−1G3[φ̃, w̃′].

Since φ(0) = α0
γ2ρs
P ′(ρs)

(see Lemma 4.6 (ii)), we find that

〈ρsw̃3〉 = 1
ν

〈
ρs(−∆′)−1G3[φ̃, w̃′]

〉
= 1

ν

〈
ρs(−∆′)−1(iα0ρs)

〉
+ 1

ν

〈
ρs(−∆′)−1

{
iρsv

3
sw

(0),3 + ρsλ
(1)w(0),3 − ν∆′v3s

γ2ρs
φ̃− ρsw̃′ · ∇′v3

s

}〉
= iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ 1
ν

〈
ρs(−∆′)−1

{
iρsv

3
sw

(0),3 + ρsλ
(1)w(0),3 − ν∆′v3s

γ2ρs
φ̃− ρsw̃′ · ∇′v3

s

}〉
.
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Furthermore, since ũ = T(φ̃, w̃′) ∈ iR4 and λ(1) ∈ iR, we see from (4.145) that〈
ρs(−∆′)−1

{
iρsv

3
sw

(0),3 + ρsλ
(1)w(0),3 − ν∆′v3s

γ2ρs
φ̃− ρsw̃′ · ∇′v3

s

}〉
= iO

(
1
γ2

)
+ i
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)
.

It then follows that

〈ρsw̃3〉 = iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ i 1
ν

{
O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}
.

By (4.145) we also have

〈v3
s φ̃〉 = iO

(
ν+ν̃
γ2

)
.

We conclude that

λ(2) = 〈iv3
s φ̃+ iγ2ρsw̃

3〉

= iγ2
[
iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ i 1
ν

{
O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}]
+ i · iO

(
ν+ν̃
γ2

)
= −γ2

ν

[
α0

∣∣(−∆′)−
1
2ρs
∣∣2
2

+
{
O
(

1
γ2

)
+
(

1
ν2

+ ν
γ2

)
×O

(
ν+ν̃
γ2

)}]
< 0

for sufficiently small 1
ν

and ν+ν̃
γ2

. We thus obtain the desired estimates. This com-
pletes the proof. �

We next establish some estimates related to Π(ξ) in Hk(D). We first consider

estimates for higher order derivatives of
(
λ+ L0

)−1
f .

Proposition 4.38. For any f = T(f 0, g) ∈ Hk(D)×Hk−1(D). There exist positive

constants ν1, γ1, ω1 and c1 such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 , ω ≤ ω1 and λ ∈ Σ2 ≡ {λ 6=
0 : |λ| ≤ c1}, then (λ+L0)−1f ∈ Hk(D)×

(
Hk+1(D)∩H1

0 (D)
)

for k = 0, 1, · · · , k0.
Furthermore, the following estimate holds:

|(λ+ L0)−1f |Hk×Hk+1 ≤ C
(
1 + 1

|λ|

)
|f |Hk×Hk−1 ,

where C is a positive constant independent of λ ∈ Σ2. The same assertions also
hold for −L∗0.

Proof . For a given f = T(f 0, g) ∈ Hk(D)×Hk−1(D), we consider the problem{
(λ+ L0)U = f,

W |∂D= 0
(4.107)

for U = T(Φ,W ). Here L0 is differential operator given by

L0U =

 γ2∇′ · (ρsW ′)

− ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(P ′(ρs)
γ2ρs

Φ
)

− ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

Φ +W ′ · ∇′v3
s


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for U = T(Φ,W ). To solve the problem (4.146), we decompose Φ and f 0 as

Φ = Φ1 + σ, f 0 = f 0
1 + 〈f 0〉,

where σ = 〈Φ〉, Φ1 = Φ− σ and f 0
1 = f 0 − 〈f 0〉. Note that

〈Φ1〉 = 0, 〈f 0
1 〉 = 0.

Then (4.146) is equivalent to the problem

λσ = 〈f 0〉, (4.108)

λΦ1 + γ2∇′ · (ρsW ′) = f 0
1 , (4.109)

λW ′ − ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(P ′(ρs)
γ2ρs

(σ + Φ1)
)

= g′, (4.110)

λW 3 − ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

(σ + Φ1)−W ′ · ∇′v3
s = g3 (4.111)

with W |∂D= 0. If λ 6= 0, then we find from (4.147) that

σ = 1
λ
〈f 0〉. (4.112)

Substituting σ = 1
λ
〈f 0〉 into (4.149) and (4.150), we obtain

λΦ1 + γ2∇′ · (ρsW ′) = f 0
1 ,

λW ′ − ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(
P ′(ρs)
γ2ρs

Φ1

)
= g′ − 1

λ
〈f 0〉∇′

(
P ′(ρs)
γ2ρs

)
,

λW 3 − ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

Φ1 −W ′ · ∇′v3
s = g3 − 1

λ
〈f 0〉ν∆′v3s

γ2ρ2s

(4.113)

with W |∂D= 0. Let us write the problem (4.152) as
∇′ ·W ′ = F 0[Φ1,W

′ : f 0
1 ],

−ν∆′W ′ +∇′Φ1 = G′[Φ1,W
′ : f 0, g′],

W ′ |∂D= 0

(4.114)

and {
−ν∆′W 3 = G3[Φ1,W

′,W 3 : f 0, g3],

W 3 |∂D= 0.
(4.115)

Here
F 0[Φ1,W

′ : f 0
1 ] = − 1

γ2
λΦ1 +∇′ ·

(
(1− ρs)W ′)+ 1

γ2
f 0

1 ,

G′[Φ1,W
′ : f 0, g′] = −λρsW ′ + ν̃∇′F 0[Φ1,W

′ : f 0
1 ] +∇′

(
(1− ρs)Φ1

)
+∇′ρsΦ1

− 1
λ
〈f 0〉ρs∇′

(P ′(ρs)
γ2ρs

)
+ ρs∇′

((
1− P ′(ρs)

γ2ρs

)
Φ1

)
+ ρsg

′,

G3[Φ1,W
′,W 3 : f 0, g3] = −λρsW 3 − ν∆′v3s

γ2ρ2s

1
λ
〈f 0〉 − ν∆′v3s

γ2ρ2s
Φ1 − ρsW ′ · ∇′v3

s + ρsg
3.

We now define a set Ẋk by

Ẋk =
{

(p, v′) ∈ Hk(D)×
(
Hk+1(D) ∩H1

0 (D)
)

: 〈p〉 = 0
}
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with norm
|(p, v′)|Ẋk = |p|Hk + ν|v′|Hk+1 .

For a given
(
Φ̃1, W̃

′) ∈ Ẋk, we consider the problem
∇′ ·W ′ = F 0[Φ̃1, W̃

′ : f 0
1 ],

−ν∆′W ′ +∇′Φ1 = G′[Φ̃1, W̃
′ : f 0, g′],

W ′ |∂D= 0.

(4.116)

It holds that 〈
F 0[Φ̃1, W̃

′ : f 0
1 ]
〉

= 0, F 0[Φ̃1, W̃
′ : f 0

1 ] ∈ Hk(D),

G′[Φ̃1, W̃
′ : f 0, g′] ∈ Hk−1(D).

In fact, we see that〈
F 0[Φ̃1, W̃

′ : f 0
1 ]
〉

= − 1
γ2
λ
〈
Φ̃1

〉
+
〈
∇′ ·

(
(1− ρs)W̃ ′)〉+ 1

γ2
〈f 0

1 〉 = 0,∣∣F 0[Φ̃1, W̃
′ : f 0

1 ]
∣∣
Hk ≤ C

{
1
γ2
|λ|
∣∣Φ̃1

∣∣
Hk + ω

∣∣W̃ ′∣∣
Hk+1 + 1

γ2
|f 0

1 |Hk

}
and∣∣G′[Φ̃1, W̃

′ : f 0, g′]
∣∣
Hk−1

≤ C
{
|λ|
∣∣W̃ ′∣∣

Hk−1 + ν̃
∣∣F 0[Φ̃1, W̃

′ : f 0
1 ]
∣∣
Hk + ω

∣∣Φ̃1

∣∣
Hk + 1

|λ| |〈f
0〉|+ |g′|Hk−1

}
≤ C

{(
ν̃
γ2
|λ|+ ω

)∣∣Φ̃1

∣∣
Hk + ν( 1

ν
|λ|+ ν̃

ν
ω)
∣∣W̃ ′∣∣

Hk+1 +
(
ν̃
γ2

+ 1
|λ|

)
|f 0|Hk + |g′|Hk−1

}
for a positive constant C independent of λ. From [26], we see that there is a unique
solution (Φ1,W

′) ∈ Ẋk of (4.155) and there holds the estimate

|Φ|Hk + ν|W ′|Hk+1

≤ C
{
ν
∣∣F 0[Φ̃1, W̃

′ : f 0
1 ]
∣∣
Hk +

∣∣G′[Φ̃1, W̃
′ : f 0, g′]

∣∣
Hk−1

}
≤ C

{(
ν+ν̃
γ2
|λ|+ ω

)∣∣Φ̃1

∣∣
Hk + ν( 1

ν
|λ|+ ν+ν̃

ν
ω)
∣∣W̃ ′∣∣

Hk+1

+
(
ν+ν̃
γ2

+ 1
|λ|

)
|f 0|Hk + |g′|Hk−1

} (4.117)

for a positive constant C independent of λ. Let us define a map Γ1 : Ẋk → Ẋk such
that

Γ1

(
Φ̃1, W̃

′) = (Φ1,W
′),

where (Φ1,W
′) ∈ Ẋk is a solution of (4.155). From (4.156), for (Φ̃1,1, W̃

′
1), (Φ̃1,2, W̃

′
2) ∈

Ẋk, the estimate∣∣Γ1(Φ̃1,1, W̃
′
1)− Γ1(Φ̃1,2, W̃

′
2)
∣∣
Hk×Hk+1

≤ C1

{(
ν+ν̃
γ2

+ 1
ν

)
|λ|+

(
ν+ν̃
ν

+ 1
)
ω
}∣∣(Φ̃1,1 − Φ̃1,2, W̃

′
1 − W̃ ′

2

)∣∣
Ẋk
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holds for a positive constant C1 independent of λ. If ω and |λ| are so small that
ω < 1

2C1

ν
ν+ν̃

and |λ| < 1
2C1

, then Γ1 : Ẋk → Ẋk is a contraction map. This implies

that there is a unique (Φ1,W
′) ∈ Ẋk such that Γ1(Φ1,W

′) = (Φ1,W
′), i.e., there

is a unique solution (Φ1,W
′) ∈ Ẋk of (4.153). Furthermore, from (4.156), (Φ1,W

′)
satisfies the estimate

|Φ1|Hk + |W ′|Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g′|Hk−1

}
, (4.118)

where C is a positive constant independent of λ.
As for (4.154), for a given W̃ 3 ∈ Hk+1(D) ∩H1

0 (D), we consider the problem{
−ν∆′W 3 = G3[Φ1,W

′, W̃ 3 : f 0, g3],

W 3 |∂D= 0,
(4.119)

where (Φ1,W
′) ∈ Ẋk is a solution of (4.153). It holds that

G3[Φ1,W
′, W̃ 3 : f 0, g3] ∈ Hk−1(D).

In fact, we have∣∣G3[Φ1,W
′, W̃ 3 : f 0, g3]

∣∣
Hk−1

≤ C
{
|λ|
∣∣W̃ 3

∣∣
Hk−1 +

∣∣Φ1

∣∣
Hk−1 +

∣∣W ′∣∣
Hk−1 + |g3|Hk−1 + 1

|λ| |〈f
0〉|
}

≤ C2

{
|λ|
∣∣W̃ 3

∣∣
Hk−1 +

(
1 + 1

|λ|

)
|f 0|Hk + |g|Hk−1

} (4.120)

for a positive constant C2 independent of λ. If |λ| is sufficiently small satisfying
|λ| < min

{
1

2C1
, 1
C2

}
, then there is a unique solution W 3 ∈ Hk+1(D) ∩ H1

0 (D) of

(4.154). Furthermore, from (4.159), W 3 satisfies the estimate

|W 3|Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
, (4.121)

where C is a positive constant independent of λ.
Now we set

Σ2 ≡
{
λ 6= 0 : |λ| < min

{
1

2C1
, 1
C2

}}
.

Since Φ = σ + Φ1, we see that if ω < 1
2C1

ν
ν+ν̃

and λ ∈ Σ2, then there is a unique

solution (Φ,W ) ∈ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)

of (4.146). Moreover, from (4.151),
(4.157) and (4.160), Φ and W satisfies the estimate

|Φ|Hk + |W |Hk+1 ≤ |σ|+ |Φ1|Hk + |W ′|Hk+1 + |W 3|Hk+1

≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
for a positive constant C independent of λ ∈ Σ2.

Since D(L0) ⊃ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)
, we can replace L0 with L0; and we

find that if ω < 1
2C1

ν
ν+ν̃

and λ ∈ Σ2, then (λ+L0)−1f ∈ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)
.

Furthermore, (λ+ L0)−1f satisfies the estimate

|(λ+ L0)−1f |Hk×Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
,
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where C is a positive constant independent of λ ∈ Σ2. We thus obtain the desired
estimates. The assertions for L∗0 can be proved in a similar manner. This completes
the proof. �

We finally obtain the following estimates for the eigenfunctions uξ and u∗ξ asso-

ciated with λ0(ξ) and λ0(ξ), respectively, which yields the boundedness of Π(ξ) on
Hk(D).

Theorem 4.39. There exist positive constants ν1, γ1 and ω1 such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there exists a positive constant r0 such that for any ξ ∈ R
with |ξ| ≤ r0 the following assertions hold. There exist uξ and u∗ξ eigenfunctions

associated with λ0(ξ) and λ0(ξ), respectively, that satisfy

〈uξ, u∗ξ〉 = 1,

and the eigenprojection Π(ξ) for λ0(ξ) is given by

Π(ξ)u = 〈u, u∗ξ〉uξ.

Furthermore, uξ and u∗ξ are written in the form

uξ(x
′) = u(0)(x′) + iξu(1)(x′) + |ξ|2u(2)(x′, ξ),

u∗ξ(x
′) = u∗(0)(x′) + iξu∗(1)(x′) + |ξ|2u∗(2)(x′, ξ),

and the following estimates hold

|u|Hk+2 ≤ Ck,r0

for u ∈ {uξ, u∗ξ , u(1), u∗(1), u(2), u∗(2)} and k = 0, 1, · · · , k0: and a positive constant
Ck,r0 depending on k and r0.

We can prove Theorem 4.57 by using Proposition 4.56, similarly to the proof of
[12, Lemma 4.3]. We thus omit the proof.

4.4 Spectral properties of e−tLP0

In this section we give a a factorization of e−tLP0 and prove Theorem 4.2 (i).
We denote the characteristic function of a set {ξ ∈ R : |ξ| ≤ r0} by 1{|ξ|≤r0},

i.e.,

1{|η|≤r0}(ξ) =

{
1, |ξ| ≤ r0,

0, |ξ| > r0.

We define the projection P0 by

P0 = F−11{|ξ|≤r0}Π(ξ)F .
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P0 is a bounded projection on L2(Ω) satisfying

P0L ⊂ LP0, P0e
−tL = e−tLP0.

As in [3, 5], to investigate e−tLP0, we introduce operators related to uξ and u∗ξ .
We define the operators T : L2(R)→ L2(Ω), P : L2(Ω)→ L2(R) and Λ : L2(R)→
L2(R) by

T σ = F−1[Tξσ], Tξσ = 1{|ξ|≤r0}uξσ;

Pu = F−1[Pξu], Pξu = 1{|ξ|≤r0}〈u, u∗ξ〉;

Λσ = F−1[1{|ξ|≤r0}λ0(ξ)σ]

for u ∈ L2(Ω) and σ ∈ L2(R). It then follows that

P0 = T P , e−tLP0 = T etΛP .

We investigate boundedness properties of T , P and etΛ.
As for T , we have the following

Proposition 4.40. The operator T has the following properties:
(i) ∂lx3T = T ∂lx3 for l = 0, 1, · · · .
(ii) ‖∂kx′∂lx3T σ‖2 ≤ C‖σ‖L2(R) for k = 0, 1, · · · k0, l = 0, 1, · · · and σ ∈ L2(R).
(iii) T is decomposed as

T = T (0) + ∂x3T (1) + ∂2
x3
T (2).

Here T (j)σ = F−1[T (j)σ] (j = 0, 1, 2) with

T (0)σ = 1{|ξ|≤r0}σu
(0),

T (1)σ = 1{|ξ|≤r0}σu
(1)(·),

T (2)σ = −1{|ξ|≤r0}σu(2)(·, ξ),

where u(j) (j = 0, 1, 2) are the functions given in Theorem 4.57. The assertions (i)
and (ii) hold with T replaced by T (j) (j = 0, 1, 2).

Proof . It is clear that (i) is true. As for (ii), we can prove the estimates by using
the properties of uξ in Theorem 4.57 and the Sobolev inequality. From the expan-
sion of uξ given in Theorem 4.57, we can expand T as in (iii). �

As for P , we have the following properties.

Proposition 4.41. The operator P has the following properties:
(i) ∂lx3P = P∂lx3 for l = 0, 1, · · · .
(ii) ‖∂lx3Pu‖L2(R) ≤ C‖u‖2 for k = 0, 1, · · · k0, l = 0, 1, · · · and u ∈ L2(Ω).
Furthermore, ‖Pu‖L2(R) ≤ C‖u‖1 for u ∈ L1(Ω).
(iii) P is decomposed as

P = P(0) + ∂x3P(1) + ∂2
x3
P(2).
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Here P(j)u = F−1[P(j)u] (j = 0, 1, 2) with

P(0)u = 1{|ξ|≤r0}〈u, u∗(0)〉 = 1{|ξ|≤r0}〈Q0u〉,
P(1)u = 1{|ξ|≤r0}〈u, u∗(1)〉,
P(2)u = −1{|ξ|≤r0}〈u, u∗(2)(ξ)〉,

where u(j)∗ (j = 0, 1, 2) are the functions given in Theorem 4.57. The assertions (i)
and (ii) hold with P replaced by P(j) (j = 0, 1, 2).

Proof . It is clear that (i) holds true. As for (ii), we can prove the estimates by
using the properties of u∗ξ in Theorem 4.57 and the Sobolev inequality. From the
expansion of u∗ξ given in Theorem 4.57, we can expand P as in (iii). �

As for Λ, we have the following decay estimates for etΛ.

Proposition 4.42. The operator etΛ satisfies the following decay estimates.
(i) ‖∂lx3e

tΛPu‖L2(R) ≤ C(1 + t)−
1
4
− l

2‖u‖1,

(ii) ‖∂lx3e
tΛP(j)u‖L2(R) ≤ C(1 + t)−

1
4
− l

2‖u‖1, j = 0, 1, 2,

(iii) ‖∂lx3(T − T
(0))etΛPu‖2 ≤ C(1 + t)−

3
4
− l

2‖u‖1,
for u ∈ L1(Ω) and l = 0, 1, 2 · · · .

Proof . Since λ0(ξ) = −iκ0ξ − κ1ξ
2 +O(|ξ|3), we see from Theorem 4.57 that

‖∂lx3e
tΛP(j)u‖L2(R) ≤ C

∫
R

1{|ξ|≤r0}|ξ|2le−t(iκ0ξ+κ1ξ
2)|〈u(ξ), u∗(j)〉|2dξ

≤ C

∫
R

1{|ξ|≤r0}|ξ|2le−t(iκ0ξ+κ1ξ
2)|u(ξ)|21dξ

≤ C

{
‖u‖2

1,

t−
1
2
−l‖u‖2

1.

(4.122)

This implies (i) and (ii). As for (iii), since T − T (0) = ∂x3T (1) + ∂2
x3
T (2), we obtain

the desired estimate from (i) and Proposition 4.40. �
The estimate (4.4) in Theorem 4.2 follows from Propositions 4.40 and 4.42.
We next investigate the asymptotic behavior of e−tL. Recall that H(t) is defined

by
H(t)σ = F−1[e−(iκ0ξ+κ1ξ2)tσ]

for σ ∈ L2(R), where κ0 ∈ R and κ1 > 0 are given in Theorem 4.55. We first
introduce the well-known decay estimate for H(t).

Proposition 4.43. There holds the estimate

‖∂lx3
(
H(t)σ

)
‖L2(R) ≤ Ct−

1
4
− l

2‖σ‖L1(R) (l = 0, 1, · · · )

for σ ∈ L1(R).

We next consider the asymptotic behavior of etΛ. The asymptotic leading part
of etΛP is given by H(t). In fact, we have the following
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Proposition 4.44. For u ∈ L2(Ω), we set σ = 〈Q0u〉. If u ∈ L1(Ω), then there
holds the estimate

‖∂lx3
(
etΛPu−H(t)σ

)
‖L2(R) ≤ Ct−

3
4
− l

2‖u‖1 (l = 0, 1, · · · ).

Proof . By Proposition 4.41 we have

etΛP = etΛP(0) + ∂x3e
tΛP(1) + ∂2

x3
etΛP(2).

Set σ = 〈Q0u〉. Since etΛP(0)u = F−1[1{|ξ|≤r0}e
λ0(ξ)tσ], we see that

F [etΛP(0)u−H(t)σ] = (1{|ξ|≤r0} − 1)e−(iκ0ξ+κ1ξ2)tσ + 1{|ξ|≤r0}
(
eλ0(ξ)t − e−(iκ0ξ+κ1ξ2)t

)
σ.

By using the relation
λ0(ξ) + (iκ0ξ + κ1ξ

2) = O(|ξ|3)

we obtain

eλ0(ξ)t − e−(iκ0ξ+κ1ξ2)t = e−(iκ0ξ+κ1ξ2)t
(
e(λ0(ξ)+iκ0ξ+κ1ξ2)t − 1

)
= e−(iκ0ξ+κ1ξ2)tO(|ξ|3)t.

It then follows that∫
|ξ|≤r0

|ξ|2l
∣∣(eλ0(ξ)t − e−(iκ0ξ+κ1ξ2)t

)
σ
∣∣2dξ ≤ C

∫
|ξ|≤r0

|ξ|2(l+3)t2e−2κ1ξ2tdξ‖σ‖2
L1(R)

≤ C

∫
|ξ|≤r0

(|ξ|2t)2e−κ1ξ
2t|ξ|2(l+1)e−κ1ξ

2tdξ ‖σ‖2
L1(R)

≤ C

∫
|ξ|≤r0

|ξ|2(l+1)e−κ1ξ
2tdξ ‖σ‖2

L1(R)

≤ Ct−
3
2
−l‖σ‖2

L1(R).

On the other hand, we also have∫
|ξ|≤r0

|ξ|2l
∣∣(eλ0(ξ)t − e−(iκ0ξ+κ1ξ2)t

)
σ
∣∣2dξ ≤ C‖σ‖2

L1(R).

We thus obtain∫
|ξ|≤r0

|ξ|2l
∣∣(eλ0(ξ)t − e−(iκ0ξ+κ1ξ2)t

)
σ
∣∣2dξ ≤ C(1 + t)−

3
2
−l‖σ‖2

L1(R).

Similarly, we have

‖(1{|ξ|≤r0} − 1)e−(iκ0ξ+κ1ξ2)tσ‖2
2 ≤ Ct−

1
2
−le−κ1r

2
0t‖σ‖2

L1(R).

We thus see that

‖etΛP(0)u−H(t)σ‖L2(R) ≤ Ct−
3
4
− l

2‖u0‖1.
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This estimate and Proposition 4.42 (ii) give the desired estimate. This completes
the proof. �

We are now in a position to prove estimate (4.5) in Theorem 4.2 (i). In fact, we
have

e−tLP0u− [H(t)σ]u(0) = (T − T (0))etΛPu+
[
etΛPu−H(t)σ

]
u(0).

This, together with Proposition 4.42 (iii) and Proposition 4.44, yields the desired
estimate (4.5).

We finally state the estimates for the projection P0 .

Theorem 4.45. The projection P0 has the following properties:
(i) ∂lx3P0 = P0∂

l
x3

for l = 0, 1, · · · .
(ii) ‖∂kx′∂lx3P0u‖2 ≤ Ck‖u‖1 for k = 0, 1, · · · k0, l = 0, 1, · · · and u ∈ L1(Ω).
(iii) P0 is decomposed as

P0 = P
(0)
0 + ∂x3P

(1)
0 + ∂2

x3
P

(2)
0 ,

where P
(j)
0 u = F−1[P

(j)
0 u] (j = 0, 1, 2) with

P
(0)
0 = T (0)P(0) = 1{|ξ|≤r0}Π

(0), (4.123)

P
(1)
0 = T (0)P(1) + T (1)P(0) = −i1{|ξ|≤r0}Π(1), (4.124)

P
(2)
0 = T (0)P(2) + T (1)

{
P(1) + ∂x3P(2)

}
+ T (2)

{
P(0) + ∂x3P(1) + ∂2

x3
P(2)

}
. (4.125)

Furthermore, P
(j)
0 (j = 0, 1, 2) satisfy assertions (i) and (ii) by replacing P0 with

P
(j)
0 .

Proof . It is clear that (i) is true. Estimates in (ii) are given by Propositions 4.40,

4.41. As for (iii), it is easy to see that ∂lx3P
(j)
0 = P

(j)
0 ∂lx3 . The estimates

‖∂kx′∂lx3P
(j)
0 u‖2 ≤ Ck‖u‖1

can also be obtained by Propositions 4.40, 4.41. The relations (4.124) and (4.125)
can be verified by equating the coefficients of each power of ξ in the expansions of
Π(ξ) in (4.141) and 〈u, u∗ξ〉uξ. This completes the proof. �

4.5 Decay estimate for e−tL(I − P0)

In this section we prove Theorem 4.2 (ii). We set

P∞ = I − P0.

To prove Theorem 4.2 (ii), we first introduce the decay estimate of e−tLP∞u0 for
u0 ∈ H1(Ω)×H1

0 (Ω).
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Proposition 4.46. There exist constants ν1, γ1 and ω1 such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1

and ω ≤ ω1, then e−tLP∞u0 have the following properties. If u0 ∈ H1(Ω)×H1
0 (Ω),

then there exists a constant d > 0 such that e−tLP∞u0 satisfies

‖e−tLP∞u0‖H1 ≤ Ce−dt‖u0‖H1 (4.126)

for t ≥ 0.

Proof . P∞ is written as
P∞ = P∞,0 + P̃∞,

where
P∞,0u = F−1[P∞,0u], P∞,0u = 1{|ξ|≤r0}(I − P0)u,

P̃∞u = F−1[P̃∞u], P̃∞u = (1− 1{|ξ|≤r0})u.

The estimate ‖e−tLP̃∞u0‖H1 ≤ Ce−dt‖u0‖H1 was proved in [1, Theorem 3.3]. As for
P∞,0 part, since ρ(−Lξ |(I−Π0(ξ))L2) ⊂ {λ ∈ C : Reλ ≥ − c0

2
} by Theorem 4.54, we

have
|e−tLξP∞,0u0|2 ≤ Ce−

c0
4
t|u0|2. (4.127)

We now apply the argument of the proof of [1, Proposition 4.20] to u(t) = e−tLP∞,0u0.

Due to (4.127), one can replace e−
d2
2
|ξ|2t|u0|22 in the inequality (4.72) of [1] by

e−
c0
2
t|u0|22 to obtain E

(0)
4,1 [u](t) ≤ Ce−2d̃1t|u0|2H1 for a positive constant d̃1. Integrating

this over |ξ| ≤ r0 and using the Plancherel Theorem, we have

‖e−tLP∞,0u0‖H1 ≤ Ce−d̃t‖u0‖H1

for a positive constant d̃. Combining the estimates for e−tLP̃∞u0 and e−tLP∞,0u0 we
obtain the desired estimate. This completes the proof. �

We next consider the estimate for e−tLu for 0 < t ≤ 1.

Proposition 4.47. Let T > 0. If u0 ∈ H1(Ω) × H̃1(Ω), then e−tLu0 satisfies
e−tLu0 ∈ H1(Ω)×H1

0 (Ω) for t > 0 and

‖e−tLu0‖H1 ≤ CT
{
‖u0‖H1×H̃1 + t−

1
2‖w0‖2

}
(4.128)

for 0 < t ≤ T .

Let u0 ∈ H1(Ω) × H̃1(Ω). Applying Proposition 4.47 with t = 1, we have
u1 = e−tLu0|t=1 ∈ H1(Ω)×H1

0 (Ω) and

‖u1‖H1 ≤ C‖u0‖H1×H̃1 .

This, together with Proposition 4.46 and Proposition 4.47, implies Theorem 4.2 (ii).
It remains to prove Proposition 4.47.
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Lemma 4.48. Let T > 0. There hold the following estimates for 0 ≤ t ≤ T :
(i) for ` = 0, 1,

‖∂lx3u(t)‖2
2 + c

∫ t

0

‖∇∂lx3w‖
2
2 + ‖div ∂lx3w‖

2
2dτ ≤ CT‖∂lx3u0‖2

2,

(ii)

‖χ0∂x′u(t)‖2
2 + c

∫ t

0

‖χ0∇∂x′w(τ)‖2
2 +

∥∥χ0div ∂x′w
∥∥2

2
dτ

≤ CT

{
‖u0‖2

2 + ‖∂x3u0‖2
2 + ‖χ0∂x′u0‖2

2 +

∫ t

0

‖∂x′φ(τ)‖2
2dτ
}
,

(iii) for 1 ≤ m ≤ N ,

‖χm∂u(t)‖2
2 + c

∫ t

0

‖χm∇∂w‖2
2 +

∥∥χmdiv ∂w
∥∥2

2
dτ

≤ CT

{
‖u0‖2

2 + ‖∂x3u0‖2
2 + ‖χm∂u0‖2

2 +

∫ t

0

‖∂x′φ‖2
2dτ
}
.

Lemma 4.48 can be proved by the energy method as those in the proof of [1,
Propositions 4.7, 4.15, 4.17]. Note that here are no restrictions on ν, ν̃ and γ but
CT depends on T .

We next consider the L2 estimate of the normal derivative for φ.

Lemma 4.49. Let T > 0. For 1 ≤ m ≤ N , there holds the estimate for 0 ≤ t ≤ T :

‖χm∂nφ(t)‖2
2

≤ CT

{
‖u0‖2

2 + ‖∂x3u0‖2
2 + ‖χm∂u0‖2

2 + ‖χm∂nφ0‖2
2 +

∫ t

0

‖∂x′φ‖2
2dτ
}
.

Proof . Let us transform a scalar field p(x′) on D ∩ Om as

p̃(y′) = p(x′)
(
y′ = Ψm(x′), x′ ∈ D ∩ Om

)
,

where Ψm(x′) is a function given in Section 2. Similarly we transform a vector field

h(x′) = T
(
h1(x′), h2(x′), h3(x′)

)
into h̃(y′) = T

(
h̃1(y′), h̃2(y′), h̃3(y′)

)
as

h(x′) = E(y′)h̃(y′)

where E(y′) =
(
e1(y′), e2(y′), e3

)
with e1(y′), e2(y′) and e3 given in Section 2. From

the proof of [1, Proposition 4.16], we have

∂τ∂y1φ̃+
(
a+ b∂y3

)
∂y1φ̃ = ρ̃sI −

γ2ρ̃2
s

ν + ν̃
∂τ w̃

1, (4.129)

where

a(y′) =
ρ̃sP̃

′(ρ̃s)

ν + ν̃
, b(y′) = ṽ3

s(y
′),
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I =− γ2

ν+ν̃

{
ν
(
rotyrotyw̃

)1
+ ρ̃s∂y1

(
P̃ ′(ρ̃s)
γ2ρ̃s

)
φ̃+ ν

γ2
ρ̃s
(
∆y′ ṽs

)1
φ̃+ ρ̃sṽs

3∂y3w̃
1
}

−
{

1
ρ̃s
∂y1 ṽs

3∂y3φ̃+ γ2 1
ρ̃s
∂y1
(
divy(ρ̃sw̃)

)
− γ2∂y1divyw̃

}
.

Here
(
rotyw̃

)1
denotes the e1(y′) component of rotyw̃, and so on. We note that(

rotyrotyw̃
)1

does not contain ∂2
y1

. See the proof of [1, Proposition 4.16]. We also
note that there is a positive constant a0 such that

a(y′) ≥ a0 > 0

for any y′ ∈ Ψm(D).
We denote by e−t(a+b∂y3 ) the semigroup generated by −(a+ b∂y3), i.e,

e−t(a+b∂y3 )φ̃0 = F−1[e−(a(y′)+iξb(y′))t ̂̃φ0].

Then it is easy to see that

‖χ̃me−t(a+b∂y3 )φ̃0‖2 ≤ e−a0t‖χ̃mφ̃0‖2.

In terms of e−t(a+b∂y3 ), ∂y1φ̃ is written as

∂y1φ̃(t) = e−t(a+b∂y3 )∂y1φ̃0 +

∫ t

0

e−(t−τ)(a+b∂y3 )ρ̃sĨ(τ)dτ

− γ2ρ̃2
s

ν + ν̃

∫ t

0

e−(t−τ)(a+b∂y3 )∂τ w̃
1dτ

≡ J1 + J2 + J3.

As for J1 and J2, we have

‖χ̃mJ1‖2 ≤ e−a0t‖χ̃m∂y1φ̃0‖2,

‖χ̃mJ2‖2 ≤ C

∫ t

0

e−a0(t−τ)‖χ̃mĨ(τ)‖2dτ.

As for J3, integrating by parts, we have

J3 =
γ2ρ̃2

s

ν + ν̃

[
e−t(a+b∂y3 )w̃1

0 − w̃1(t) + (a+ b∂y3)

∫ t

0

e−(t−τ)(a+b∂y3 )w̃1(τ)dτ
]
.

We thus obtain

‖χ̃mJ3‖2 ≤ C
{
e−a0t‖χ̃mw̃1

0‖2 + ‖χ̃mw̃1(t)‖2 +

∫ t

0

e−a0(t−τ)‖χ̃m∂y3w̃1(τ)‖2dτ
}
.

Furthermore, we have

‖χ̃mI(τ)‖2 ≤ C
{
‖χ̃mφ̃(τ)‖2 + ‖χ̃m∂y3φ̃(τ)‖2 + ‖χ̃mw̃(τ)‖2

+ ‖χ̃m∇yw̃(τ)‖2 + ‖χ̃m∇y∂y2w̃(τ)‖2 + ‖χ̃m∇y∂y3w̃(τ)‖2

}
.
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It then follows that

‖χ̃m∂y1φ̃(t)‖2 ≤ C
[
e−a0t

(
‖χ̃m∂y1φ̃0‖2 + ‖χ̃mw̃1

0‖2

)
+ ‖χ̃mw̃1(t)‖2

+

∫ t

0

e−a0(t−τ)
{
‖χ̃mφ̃(τ)‖2 + ‖χ̃m∂y3φ̃(τ)‖2 + ‖χ̃mw̃(τ)‖2

+ ‖χ̃m∇yw̃(τ)‖2 + ‖χ̃m∇y∂y2w̃(τ)‖2 + ‖χ̃m∇y∂y3w̃(τ)‖2

}
dτ
]
.

Inverting to the original coordinates x′ and noting that ∂y1 = ∂n, ∂y2 = ∂, we see
that

‖χm∂nφ(t)‖2 ≤ C
{
e−a0t

(
‖χm∂nφ0‖2 + ‖χmw1

0‖2

)
+ ‖χmw1(t)‖2

+

∫ t

0

‖χmφ(τ)‖2 + ‖χm∂x3φ(τ)‖2 + ‖χmw(τ)‖2

+ ‖χm∇w(τ)‖2 + ‖χm∇∂w(τ)‖2 + ‖χm∇∂x3w(τ)‖2dτ
}
.

This, together with Lemma 4.48, yields the desired estimate. This completes the
proof. �

By Lemma 4.48 and Lemma 4.49, we have the following estimate.

Lemma 4.50. Let T > 0. There exists a positive constant c such that the estimate

‖u(t)‖2
H1×H̃1 + c

∫ t

0

‖∇w(τ)‖2
2 + ‖divw(τ)‖2

2 + ‖∇∂x3w(τ)‖2
2 + ‖div∂x3w(τ)‖2

2

+ ‖χ0∇∂x′w(τ)‖2
2 + ‖χ0div∂x′w(τ)‖2

2 +
N∑
m=1

{
‖χm∇∂w(τ)‖2

2 + ‖χmdiv∂w(τ)‖2
2

}
dτ

≤ CT‖u0‖2
H1×H̃1

holds for 0 ≤ t ≤ T .

We finally consider the L2 estimate for ∂x′w.

Lemma 4.51. Let T > 0. There holds the estimate

‖∂x′w(t)‖2 ≤ CT{‖u0‖H1×H̃1 + t−
1
2‖w0‖2}

for 0 < t ≤ T .

Proof . We see that w satisfies the equation

∂tw + Aw +Bu = 0,

where A is the 3× 3 operator defined by

A = − ν
ρs

∆− ν+ν̃
ρs
∇div,
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B is the 3× 4 operator defined by

B =

 ∇′
(P (ρs)
γ2ρs
·
)

v3
s∂x3I2 0

∂x3
(P ′(ρs)
γ2ρs
·
)

+ ν∆′v3s
γ2ρ2s

T(∇′v3
s) v3

s∂x3 .


We write w(t) as

w(t) = e−tAw0 +

∫ t

0

e−(t−τ)ABu(τ)dτ.

Then

∇′w(t) = ∇′e−tAw0 +

∫ t

0

∇′e−(t−τ)ABu(τ)dτ. (4.130)

Since A is strongly elliptic, we have∥∥∇′e−tAw0

∥∥
2
≤ Ct−

1
2‖w0‖2

for 0 < t ≤ T . Furthermore, we see from Lemma 4.48 and Lemma 4.50 that∥∥∥∫ t

0

∇′e−(t−τ)ABu(τ)dτ
∥∥∥

2
≤ C

∫ t

0

(t− τ)−
1
2‖Bu(τ)‖2dτ

≤ C

∫ t

0

(t− τ)−
1
2‖u(τ)‖H1×H̃1dτ

≤ C‖u0‖H1×H̃1

∫ t

0

(t− τ)−
1
2dτ

≤ CT
1
2‖u0‖H1×H̃1

(4.131)

for 0 < t ≤ T . It then follows from (4.130) and (4.131) that

‖∂x′w(t)‖2 ≤ CT
{
‖u0‖H1×H̃1 + t−

1
2‖w0‖2

}
(4.132)

for 0 < t ≤ T . This completes the proof. �

Proof of Proposition 4.47. Let u(t) = e−tLu0. It is not difficult to see that if
u0 ∈ H1(Ω)×H1

0 (Ω), then u(t) satisfies

u ∈ C
(
[0, T ];H1(Ω)×H1

0 (Ω)
)
, Q̃u ∈ L2

(
0, T ;H2(Ω)

)
. (4.133)

Using Lemma 4.50 and Lemma 4.51, we obtain the estimate

‖u(t)‖2
H1 + c

∫ t

0

D1[w](τ)dτ ≤ CT{‖u0‖2
H1×H̃1 + t−1‖w0‖2

2}

for 0 < t ≤ T . Here

D1[w] =
(
‖∇w‖2

2 + ‖divw‖2
2

)
+
(
‖∇∂x3w‖2

2 + ‖div∂x3w‖2
2

)
+
(
‖χ0∇∂x′w‖2

2 + ‖χ0div∂x′w‖2
2

)
+

N∑
m=1

(
‖χm∇∂w‖2

2 + ‖χmdiv∂w‖2
2

)
.
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We thus obtain estimate (4.128) if u0 ∈ H1(Ω) × H1
0 (Ω). Since H1

0 (Ω) is dense in

H̃1(Ω), one can see from Lemma 4.50, (4.128) and (4.133) that if u0 ∈ H1(Ω) ×
H̃1(Ω), then u(t) satisfies

u ∈ C
(
[0, T ];H1(Ω)× H̃1(Ω)

)
∩ C

(
(0, T ];H1(Ω)×H1

0 (Ω)
)

and estimate (4.128). This completes the proof. �

(λ+ L̂0)u = f, (4.134)

where u = T(φ,w) ∈ D(L̂0) and f = T(f 0, g) ∈ L2(D). Decomposing u in (4.134) as

u = 〈φ〉u(0) + u1

with
u1 =

(
I − Π̂(0)

)
u,

we obtain
λ
(
〈φ〉u(0) + u1

)
+ L̂0u1 = f.

Applying Π̂(0) and I − Π̂(0) to this equation, we have{
λ〈φ〉 = 〈f 0〉,
λu1 + L̂0u1 = f1,

(4.135)

where f1 = (I− Π̂(0))f . We see from the first equation of (4.135) that if λ 6= 0, then

〈φ〉 = 1
λ
〈f 0〉.

This implies that
|〈φ〉| ≤ 1

|λ| |f
0|2. (4.136)

On the other hand, the u1-part has the following properties. The second equation
of (4.135) is written as

λφ1 + γ2∇′ · (ρsw′1) = f 0
1 ,

λw′1 − ν
ρs

∆′w′1 − ν̃
ρs
∇′∇′ · w′1 +∇′

(
P ′(ρs)
γ2ρs

φ1

)
= g′1,

λw3
1 − ν

ρs
∆′w3

1 + ν
γ2ρ2s

∆′v3
sφ1 + w′1 · ∇′v3

s = g3
1,

(4.137)

where u1 = T(φ1, w1) = T(φ1, w
′
1, w

3
1) and f1 = T(f 0

1 , g1) = T(f 0
1 , g

′
1, g

3
1). We can

obtain the L2 estimate for u1 in a similar manner to the proof of Proposition 4.12
by replacing d

dt
with Reλ and taking ξ = 0, which is stated as follows. We introduce

a quantity D̃0[w1] defined by

D̃0[w1] = |∇′w1|22 + |∇′ · w′1|22

for w1 = T(w′1, w
3
1).
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Proposition 4.52. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 and an energy
functional E0[u1] such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there hold the
estimate

(Reλ)E0[u1] + c
(
|φ1|22 + D̃0[w1]

)
≤ C|f1|2|u1|2,

where c and C are positive constants independent of u1 and λ; and E0[u1] is equiv-
alent to |u1|22.

The Poincaré inequality yields D̃0[w1] ≥ C|w1|22 with a positive constant C.

Therefore, the resolvent estimates for −L̂0 now follow from (4.136) and Proposi-
tion 4.52.

Proposition 4.53. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 such that if
ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there is a positive constant c0 > 0 such that

Σ0 ≡ {λ 6= 0 : Reλ > −c0} ⊂ ρ(−L̂0).

Furthermore, the following estimates

|(λ+ L̂0)−1f |2 ≤ C
{ 1

|λ|
|f 0|2 +

1

(Reλ+ c0)
|f1|2

}
,

∣∣∂x′{Q̃(λ+ L̂0)−1f}
∣∣
2
≤ C

{ 1

|λ|
|f 0|2 +

1

(Reλ+ c0)1/2
|f1|2

}
hold uniformly for λ ∈ Σ0. The same assertions also hold for −L̂∗0.

Based on Proposition 4.53, we have the resolvent estimates for −L̂ξ with |ξ| � 1.

Theorem 4.54. There exist constants ν1 > 0, γ1 > 0 and ω1 > 0 such that if
ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then the following assertions hold. For any η
satisfying 0 < η ≤ c0

2
there is a number r0 = r0(η) such that

Σ1 ≡ {λ 6= 0 : |λ| ≥ η, Reλ ≥ − c0
2
} ⊂ ρ(−L̂ξ)

for |ξ| ≤ r0. Furthermore, the following estimates

|(λ+ L̂ξ)
−1f |2 ≤ C|f |2,∣∣∂x′{Q̃(λ+ L̂ξ)
−1f}

∣∣
2
≤ C|f |2

hold uniformly for λ ∈ Σ1 and ξ with |ξ| ≤ r0. The same assertions also hold for

−L̂∗ξ.

Proof . Let us decompose L̂ξ as

L̂ξ = L̂0 + ξL̂(1) + ξ2L̂(2),
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where

L̂(1) = i

 v3
s 0 γ2ρs
0 v3

sI2 − ν̃
ρs
∇′

P ′(ρs)
γ2ρs

− ν̃
ρs
∇′· v3

s

 , L̂(2) =

0 0 0
0 ν

ρs
I2 0

0 0 ν+ν̃
ρs

 .

For u = T(φ,w) ∈ L2(D)×H1
0 (D) we have

|L̂(1)u|2 ≤ C|u|L2×H1 , |L̂(2)u|2 ≤ C|u|2. (4.138)

Therefore, we see from Proposition 4.53 that for any 0 < η ≤ c0
2

there exists r0 > 0
such that if |ξ| ≤ r0, then∣∣(ξL̂(1) + ξ2L̂(2)

)(
λ+ L̂0

)−1
f
∣∣
2
≤ 1

2
|f |2. (4.139)

It then follows that

Σ1 ≡ {λ : |λ| > η, Reλ ≥ − c0
2
} ⊂ ρ(−L̂ξ),

and that, if λ ∈ Σ1, then
(
λ+ L̂ξ

)−1
is given by the Neumann series expansion(

λ+ L̂ξ
)−1

= (λ+ L̂0)−1 +
∞∑
N=0

(−1)N
[(
ξL̂(1) + ξ2L̂(2)

)(
λ+ L̂0

)−1]
for |ξ| ≤ r0, and it holds that

|
(
λ+ L̂ξ

)−1
f |2 ≤ C|f |2 (4.140)

for λ ∈ Σ1 and |ξ| ≤ r0. We thus obtain the desired estimates. This completes the
proof. �

As for the spectrum of −L̂ξ near λ = 0, we have the following result.

Theorem 4.55. There exist positive constants ν1, γ1, ω1 and r0 such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then it holds that

σ(−L̂ξ) ∩ {λ : |λ| ≤ c0
2
} = {λ0(ξ)}

for ξ with |ξ| ≤ r0, where λ0(ξ) is a simple eigenvalue of −L̂ξ that has the form

λ0(ξ) = −iκ1ξ − κ0ξ
2 +O

(
|ξ|3
)

as ξ → 0. Here κ1 ∈ R and κ0 > 0 are the numbers given by

κ1 = 〈v3
sφ

(0) + γ2ρsw
(0),3〉 = O(1),

κ0 = γ2

ν

{
α0

∣∣(−∆′)−
1
2ρs
∣∣2
2

+O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}
,

where −∆′ denotes the Laplace operator on L2(D) under the zero Dirichlet boundary
condition with domain

D(−∆′) = H2(D) ∩H1
0 (D).
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Proof . For u ∈ L2(D)×H1
0 (D) we see from Theorem 4.54 and (4.138) that

|L̂(1)u|2 ≤ C
(
|L̂0u|2 + |u|2

)
, |L̂(2)u|2 ≤ C|u|2.

Therefore, since 0 is a simple eigenvalue of −L̂0, we see from the analytic perturba-
tion theory that there exists a positive constant r0 such that

σ(−L̂ξ) ∩ {λ : |λ| ≤ c0
2
} = {λ0(ξ)}

for all ξ with |ξ| ≤ r0. Here λ0(ξ) is a simple eigenvalue of −L̂ξ. Furthermore, λ0(ξ)

and the eigenprojection Π̂(ξ) for λ0(ξ) are expanded as

λ0(ξ) = λ(0) + ξλ(1) + ξ2λ(2) +O(|ξ|3),

Π̂(ξ) = Π̂(0) + ξΠ̂(1) +O(|ξ|2) (4.141)

with

λ(0) = 0,

λ(1) =
〈
L̂(1)u(0), u(0)∗〉,

λ(2) =
〈
L̂(2)u(0), u(0)∗〉− 〈L̂(1)ŜL̂(1)u(0), u(0)∗〉,

Π̂(1) = −Π̂(0)L̂(1)Ŝ − ŜL̂(1)Π̂(0),

where

Ŝ =
{(
I − Π̂(0)

)
L̂0

(
I − Π̂(0)

)}−1

.

We first consider λ(1). Since

L̂(1)u(0) = i

v3
sφ

(0) + γ2ρsw
(0),3

− ν̃
ρs
∇′w(0),3

α0 + v3
sw

(0),3

 ,

we obtain

λ(1) =
〈
L̂(1)u(0), u(0)∗〉 =

〈
Q0L̂

(1)u(0)
〉

= i
〈
v3
sφ

(0) + γ2ρsw
(0),3
〉

= iO(1)

as γ2 →∞.
We next consider λ(2). Since Q0L̂

(2)u(0) = 0, we have〈
L̂(2)u(0), u(0)∗〉 =

〈
Q0L̂

(2)u(0)
〉

= 0.

It then follows that

λ(2) = −
〈
L̂(1)ŜL̂(1)u(0), u(0)∗〉 = −

〈
Q0L̂

(1)ŜL̂(1)u(0)
〉
.

We define ũ by
ũ = ŜL̂(1)u(0),
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which satisfies 
L̂0ũ =

(
I − Π̂(0)

)
L̂(1)u(0),

w̃ |∂D= 0,

〈φ̃〉 = 0.

(4.142)

Note that ũ = T(φ̃, w̃) ∈ iR4 and λ(1) ∈ iR. We rewrite λ(2) as

λ(2) = −
{〈
Q0L̂

(1)ũ
〉

+
〈
Q0L̂

(1)〈φ̃〉u(0)
〉}

= −
{〈
iv3
s φ̃+ iγ2ρsw̃

3
〉

+ λ(1)〈φ̃〉
}
,

where ũ = T(φ̃, w̃) = T(φ̃, w̃′, w̃3). To show the strict negativity of λ(2), we estimate
ũ. The problem (4.142) is written as

γ2∇′ · (ρsw̃′) = λ(1)φ(0) − iξv3
sφ

(0) − iγ2ρsw
(0),3,

− ν
ρs

∆′w̃′ − ν̃
ρs
∇′∇′ · w̃′ +∇′

(
P ′(ρs)
γ2ρs

φ̃
)

= −i ν̃
ρs
∇′w(0),3,

− ν
ρs

∆′w̃3 + ν∆′v3s
γ2ρ2s

φ̃+ w̃′ · ∇′v3
s = λ(1)w(0),3 − iP

′(ρs)
γ2ρs

φ(0) − iv3
sw

(0),3,

w̃ |∂D= 0,

〈φ̃〉 = 0,

i.e., ũ = T(φ̃, w̃) = T(φ̃, w̃′, w̃3) is a solution of
∇′ · w̃′ = F 0[w̃′],

−ν∆′w̃′ +∇′φ̃ = G′[φ̃, w̃′],

w̃′ |∂D= 0,

〈φ̃〉 = 0

(4.143)

and {
−ν∆′w̃3 = G3[φ̃, w̃′],

w̃3 |∂D= 0,
(4.144)

where F 0[w̃′], G′[φ̃, w̃′] and G3[φ̃, w̃′] are defined as

F 0[w̃′] = 1
γ2

{
λ(1)φ(0) − iv3

sφ
(0) − iγ2ρsw

(0),3
}
−∇′ ·

(
(1− ρs)w̃′

)
,

G′[φ̃, w̃′] = −iν̃∇′w(0),3 + ν̃∇′F 0[w̃′] +∇′
(
(1− ρs)φ̃

)
+ (∇′ρs)φ̃+ ρs∇′

{(
1− P ′(ρs)

γ2ρs

)}
φ̃,

G3[φ̃, w̃′] = ρs

{
λ(1)w(0),3 − iP

′(ρs)
γ2ρs

φ(0) − iv3
sw

(0),3
}
− ρs

{
ν

γ2ρ2s
∆′v3

s φ̃+ w̃′ · ∇′v3
s

}
.

As for the problem (4.143), since λ(1) = −i
〈
v3
sφ

(0) + γ2ρsw
(0),3
〉
, it holds that

〈F 0[w̃′]〉 = 0. Furthermore, we have

|F 0[w̃′]|2 ≤ C
{

1
γ2

(
|λ(1)||φ(0)|2 + |φ(0)|2 + γ2|w(0),3|2

)
+ ω|∇′w̃′|2

}
≤ Cω|∇′w̃′|2 +O

(
1
γ2

)
,
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|G′[φ̃, w̃′]|H−1 ≤ C
{
ν̃|∇′w(0),3|H−1 + ν̃|∇′F 0[w̃′]|H−1 +

∣∣∇′((1− ρs)φ̃)∣∣H−1

+ |∇′ρsφ̃|H−1 +
∣∣ρs((1− P ′(ρs)

γ2ρs

)
φ̃
)∣∣
H−1

}
≤ Cω{|φ̃|2 + ν̃|∇′w̃′|2}+O

(
ν̃
γ2

)
.

Since (φ̃, w̃′) ∈ Ẋ ≡ {(p, v′) ∈ L2(D)×H1
0 (D) : 〈p〉 = 0} and it is a solution of the

Stokes system (4.143), we see from estimate for the Stokes system (see, e.g., [26])
that there holds the estimate

|φ̃|22 + ν2|∇′w̃′|22 ≤ ν2
{
Cω2|w̃′|22 +O

(
1
γ4

)}
+
{
Cω2

(
|φ̃|22 + ν̃2|∇′w̃′|22

)
+O

(
ν̃2

γ4

)}
≤ C1ω

2
{
|φ̃|22 + (ν + ν̃)2|∇′w̃′|22

}
+O

(
(ν+ν̃)2

γ4

)
.

Therefore, if ω is so small that ω2 < 1
2C1

min
{

1,
(

ν
ν+ν̃

)2}
, then

|φ̃|22 + ν2|∇′w̃′|22 = O
(

(ν+ν̃)2

γ4

)
. (4.145)

As for the problem (4.144), since

|G3[φ̃, w̃′]|2 ≤ C
{
|λ(1)||w(0),3|2 + 1

γ2
|φ(0)|2 + |w(0),3|2 + ν

γ2
|φ̃|2 + |w̃′|2

}
≤ C

{
ν
γ2
|φ̃|2 + |w̃′|2

}
+O

(
1
γ2

)
,

we have G3[φ̃, w̃′] ∈ L2(D). It then follows that

w̃3 = 1
ν
(−∆′)−1G3[φ̃, w̃′].

Since φ(0) = α0
γ2ρs
P ′(ρs)

, we see that

〈ρsw̃3〉 = 1
ν

〈
ρs(−∆′)−1G3[φ̃, w̃′]

〉
= 1

ν

〈
ρs(−∆′)−1(−iα0ρs)

〉
+ 1

ν

〈
ρs(−∆′)−1

{
ρsλ

(1)w(0),3 − ν∆′v3s
γ2ρs

φ̃− ρsw̃′ · ∇′v3
s − iρsv3

sw
(0),3
}〉

= −iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ 1
ν

〈
ρs(−∆′)−1

{
ρsλ

(1)w(0),3 − ν∆′v3s
γ2ρs

φ̃− ρsw̃′ · ∇′v3
s − iρsv3

sw
(0),3
}〉
.

Furthermore, since ũ = T(φ̃, w̃′) ∈ iR4 and λ(1) ∈ iR, we see from (4.145) that〈
ρs(−∆′)−1

{
ρsλ

(1)w(0),3 − ν∆′v3s
γ2ρs

φ̃− ρsw̃′ · ∇′v3
s − iρsv3

sw
(0),3
}〉

= iO
(

1
γ2

)
+ i
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)
.

It then follows that

〈ρsw̃3〉 = −iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ i 1
ν

{
O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}
.

By (4.145) we also have

〈v3
s φ̃〉+ λ(1)〈φ̃〉 = iO

(
ν+ν̃
γ2

)
.
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We conclude that

−λ(2) = 〈iv3
s φ̃+ iγ2ρsw̃

3〉+ λ(1)〈φ̃〉

= iγ2
[
−iα0

ν

∣∣(−∆′)−
1
2ρs
∣∣2
2

+ i 1
ν

{
O
(

1
γ2

)
+
(
ν
γ2

+ 1
ν2

)
×O

(
ν+ν̃
γ2

)}]
+ i · iO

(
ν+ν̃
γ2

)
= γ2

ν

[
α0

∣∣(−∆′)−
1
2ρs
∣∣2
2

+
{
O
(

1
γ2

)
+
(

1
ν2

+ ν
γ2

)
×O

(
ν+ν̃
γ2

)}]
> 0

for sufficiently small 1
ν

and ν+ν̃
γ2

. We thus obtain the desired estimates. This com-
pletes the proof. �

We next establish some estimates related to Π̂(ξ) in Hk(D). We first consider

estimates for higher order derivatives of
(
λ+ L̂0

)−1
f .

Proposition 4.56. For any f = T(f 0, g) ∈ Hk(D)×Hk−1(D). There exist positive

constants ν1, γ1, ω1 and c1 such that if ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 , ω ≤ ω1 and λ ∈ Σ2 ≡ {λ 6=
0 : |λ| ≤ c1}, then (λ+ L̂0)−1f ∈ Hk(D)×

(
Hk+1(D)∩H1

0 (D)
)

for k = 0, 1, · · · , k0.
Furthermore, the following estimate holds:

|(λ+ L̂0)−1f |Hk×Hk+1 ≤ C
(
1 + 1

|λ|

)
|f |Hk×Hk−1 ,

where C is a positive constant independent of λ ∈ Σ2. The same assertions also
hold for −L̂∗0.

Proof . For a given f = T(f 0, g) ∈ Hk(D)×Hk−1(D), we consider the problem{
(λ+ L̂0)U = f,

W |∂D= 0
(4.146)

for U = T(Φ,W ). Here L̂0 is differential operator given by

L̂0U =

 γ2∇′ · (ρsW ′)

− ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(P ′(ρs)
γ2ρs

Φ
)

− ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

Φ +W ′ · ∇′v3
s


for U = T(Φ,W ). To solve the problem (4.146), we decompose Φ and f 0 as

Φ = Φ1 + σ, f 0 = f 0
1 + 〈f 0〉,

where σ = 〈Φ〉, Φ1 = Φ− σ and f 0
1 = f 0 − 〈f 0〉. Note that

〈Φ1〉 = 0, 〈f 0
1 〉 = 0.

Then (4.146) is equivalent to the problem

λσ = 〈f 0〉, (4.147)
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λΦ1 + γ2∇′ · (ρsW ′) = f 0
1 , (4.148)

λW ′ − ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(P ′(ρs)
γ2ρs

(σ + Φ1)
)

= g′, (4.149)

λW 3 − ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

(σ + Φ1)−W ′ · ∇′v3
s = g3 (4.150)

with W |∂D= 0. If λ 6= 0, then we find from (4.147) that

σ = 1
λ
〈f 0〉. (4.151)

Substituting σ = 1
λ
〈f 0〉 into (4.149) and (4.150), we obtain

λΦ1 + γ2∇′ · (ρsW ′) = f 0
1 ,

λW ′ − ν
ρs

∆′W ′ − ν̃
ρs
∇′∇′ ·W ′ +∇′

(P ′(ρs)
γ2ρs

Φ1

)
= g′ − 1

λ
〈f 0〉∇′

(P ′(ρs)
γ2ρs

)
,

λW 3 − ν
ρs

∆′W 3 + ν∆′v3s
γ2ρ2s

Φ1 −W ′ · ∇′v3
s = g3 − 1

λ
〈f 0〉ν∆′v3s

γ2ρ2s

(4.152)

with W |∂D= 0. Let us write the problem (4.152) as
∇′ ·W ′ = F 0[Φ1,W

′ : f 0
1 ],

−ν∆′W ′ +∇′Φ1 = G′[Φ1,W
′ : f 0, g′],

W ′ |∂D= 0

(4.153)

and {
−ν∆′W 3 = G3[Φ1,W

′,W 3 : f 0, g3],

W 3 |∂D= 0.
(4.154)

Here
F 0[Φ1,W

′ : f 0
1 ] = − 1

γ2
λΦ1 +∇′ ·

(
(1− ρs)W ′)+ 1

γ2
f 0

1 ,

G′[Φ1,W
′ : f 0, g′] = −λρsW ′ + ν̃∇′F 0[Φ1,W

′ : f 0
1 ] +∇′

(
(1− ρs)Φ1

)
+∇′ρsΦ1

− 1
λ
〈f 0〉ρs∇′

(P ′(ρs)
γ2ρs

)
+ ρs∇′

((
1− P ′(ρs)

γ2ρs

)
Φ1

)
+ ρsg

′,

G3[Φ1,W
′,W 3 : f 0, g3] = −λρsW 3 − ν∆′v3s

γ2ρ2s

1
λ
〈f 0〉 − ν∆′v3s

γ2ρ2s
Φ1 − ρsW ′ · ∇′v3

s + ρsg
3.

We now define a set Ẋk by

Ẋk =
{

(p, v′) ∈ Hk(D)×
(
Hk+1(D) ∩H1

0 (D)
)

: 〈p〉 = 0
}

with norm
|(p, v′)|Ẋk = |p|Hk + ν|v′|Hk+1 .

For a given
(
Φ̃1, W̃

′) ∈ Ẋk, we consider the problem
∇′ ·W ′ = F 0[Φ̃1, W̃

′ : f 0
1 ],

−ν∆′W ′ +∇′Φ1 = G′[Φ̃1, W̃
′ : f 0, g′],

W ′ |∂D= 0.

(4.155)
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It holds that 〈
F 0[Φ̃1, W̃

′ : f 0
1 ]
〉

= 0, F 0[Φ̃1, W̃
′ : f 0

1 ] ∈ Hk(D),

G′[Φ̃1, W̃
′ : f 0, g′] ∈ Hk−1(D).

In fact, we see that〈
F 0[Φ̃1, W̃

′ : f 0
1 ]
〉

= − 1
γ2
λ
〈
Φ̃1

〉
+
〈
∇′ ·

(
(1− ρs)W̃ ′)〉+ 1

γ2
〈f 0

1 〉 = 0,∣∣F 0[Φ̃1, W̃
′ : f 0

1 ]
∣∣
Hk ≤ C

{
1
γ2
|λ|
∣∣Φ̃1

∣∣
Hk + ω

∣∣W̃ ′∣∣
Hk+1 + 1

γ2
|f 0

1 |Hk

}
and∣∣G′[Φ̃1, W̃

′ : f 0, g′]
∣∣
Hk−1

≤ C
{
|λ|
∣∣W̃ ′∣∣

Hk−1 + ν̃
∣∣F 0[Φ̃1, W̃

′ : f 0
1 ]
∣∣
Hk + ω

∣∣Φ̃1

∣∣
Hk + 1

|λ| |〈f
0〉|+ |g′|Hk−1

}
≤ C

{(
ν̃
γ2
|λ|+ ω

)∣∣Φ̃1

∣∣
Hk + ν( 1

ν
|λ|+ ν̃

ν
ω)
∣∣W̃ ′∣∣

Hk+1 +
(
ν̃
γ2

+ 1
|λ|

)
|f 0|Hk + |g′|Hk−1

}
for a positive constant C independent of λ. From [26], we see that there is a unique
solution (Φ1,W

′) ∈ Ẋk of (4.155) and there holds the estimate

|Φ|Hk + ν|W ′|Hk+1

≤ C
{
ν
∣∣F 0[Φ̃1, W̃

′ : f 0
1 ]
∣∣
Hk +

∣∣G′[Φ̃1, W̃
′ : f 0, g′]

∣∣
Hk−1

}
≤ C

{(
ν+ν̃
γ2
|λ|+ ω

)∣∣Φ̃1

∣∣
Hk + ν( 1

ν
|λ|+ ν+ν̃

ν
ω)
∣∣W̃ ′∣∣

Hk+1

+
(
ν+ν̃
γ2

+ 1
|λ|

)
|f 0|Hk + |g′|Hk−1

} (4.156)

for a positive constant C independent of λ. Let us define a map Γ1 : Ẋk → Ẋk such
that

Γ1

(
Φ̃1, W̃

′) = (Φ1,W
′),

where (Φ1,W
′) ∈ Ẋk is a solution of (4.155). From (4.156), for (Φ̃1,1, W̃

′
1), (Φ̃1,2, W̃

′
2) ∈

Ẋk, the estimate∣∣Γ1(Φ̃1,1, W̃
′
1)− Γ1(Φ̃1,2, W̃

′
2)
∣∣
Hk×Hk+1

≤ C1

{(
ν+ν̃
γ2

+ 1
ν

)
|λ|+

(
ν+ν̃
ν

+ 1
)
ω
}∣∣(Φ̃1,1 − Φ̃1,2, W̃

′
1 − W̃ ′

2

)∣∣
Ẋk

holds for a positive constant C1 independent of λ. If ω and |λ| are so small that
ω < 1

2C1

ν
ν+ν̃

and |λ| < 1
2C1

, then Γ1 : Ẋk → Ẋk is a contraction map. This implies

that there is a unique (Φ1,W
′) ∈ Ẋk such that Γ1(Φ1,W

′) = (Φ1,W
′), i.e., there

is a unique solution (Φ1,W
′) ∈ Ẋk of (4.153). Furthermore, from (4.156), (Φ1,W

′)
satisfies the estimate

|Φ1|Hk + |W ′|Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g′|Hk−1

}
, (4.157)

where C is a positive constant independent of λ.
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As for (4.154), for a given W̃ 3 ∈ Hk+1(D) ∩H1
0 (D), we consider the problem{

−ν∆′W 3 = G3[Φ1,W
′, W̃ 3 : f 0, g3],

W 3 |∂D= 0,
(4.158)

where (Φ1,W
′) ∈ Ẋk is a solution of (4.153). It holds that

G3[Φ1,W
′, W̃ 3 : f 0, g3] ∈ Hk−1(D).

In fact, we have∣∣G3[Φ1,W
′, W̃ 3 : f 0, g3]

∣∣
Hk−1

≤ C
{
|λ|
∣∣W̃ 3

∣∣
Hk−1 +

∣∣Φ1

∣∣
Hk−1 +

∣∣W ′∣∣
Hk−1 + |g3|Hk−1 + 1

|λ| |〈f
0〉|
}

≤ C2

{
|λ|
∣∣W̃ 3

∣∣
Hk−1 +

(
1 + 1

|λ|

)
|f 0|Hk + |g|Hk−1

} (4.159)

for a positive constant C2 independent of λ. If |λ| is sufficiently small satisfying
|λ| < min

{
1

2C1
, 1
C2

}
, then there is a unique solution W 3 ∈ Hk+1(D) ∩ H1

0 (D) of

(4.154). Furthermore, from (4.159), W 3 satisfies the estimate

|W 3|Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
, (4.160)

where C is a positive constant independent of λ.
Now we set

Σ2 ≡
{
λ 6= 0 : |λ| < min

{
1

2C1
, 1
C2

}}
.

Since Φ = σ + Φ1, we see that if ω < 1
2C1

ν
ν+ν̃

and λ ∈ Σ2, then there is a unique

solution (Φ,W ) ∈ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)

of (4.146). Moreover, from (4.151),
(4.157) and (4.160), Φ and W satisfies the estimate

|Φ|Hk + |W |Hk+1 ≤ |σ|+ |Φ1|Hk + |W ′|Hk+1 + |W 3|Hk+1

≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
for a positive constant C independent of λ ∈ Σ2.

Since D(L̂0) ⊃ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)
, we can replace L̂0 with L̂0; and we

find that if ω < 1
2C1

ν
ν+ν̃

and λ ∈ Σ2, then (λ+L̂0)−1f ∈ Hk(D)×
(
Hk+1(D)∩H1

0 (D)
)
.

Furthermore, (λ+ L̂0)−1f satisfies the estimate

|(λ+ L̂0)−1f |Hk×Hk+1 ≤ C
{(

1 + 1
|λ|

)
|f 0|Hk + |g|Hk−1

}
,

where C is a positive constant independent of λ ∈ Σ2. We thus obtain the desired
estimates. The assertions for L̂∗0 can be proved in a similar manner. This completes
the proof. �

We finally obtain the following estimates for the eigenfunctions uξ and u∗ξ asso-

ciated with λ0(ξ) and λ0(ξ), respectively, which yields the boundedness of Π̂(ξ) on
Hk(D).
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Theorem 4.57. There exist positive constants ν1, γ1 and ω1 such that if ν ≥ ν1,
γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1, then there exists a positive constant r0 such that for any ξ ∈ R
with |ξ| ≤ r0 the following assertions hold. There exist uξ and u∗ξ eigenfunctions

associated with λ0(ξ) and λ0(ξ), respectively, that satisfy

〈uξ, u∗ξ〉 = 1,

and the eigenprojection Π̂(ξ) for λ0(ξ) is given by

Π̂(ξ)u = 〈u, u∗ξ〉uξ.

Furthermore, uξ and u∗ξ are written in the form

uξ(x
′) = u(0)(x′) + iξu(1)(x′) + |ξ|2u(2)(x′, ξ),

u∗ξ(x
′) = u∗(0)(x′) + iξu∗(1)(x′) + |ξ|2u∗(2)(x′, ξ),

and the following estimates hold

|u|Hk+2 ≤ Ck,r0

for u ∈ {uξ, u∗ξ , u(1), u∗(1), u(2), u∗(2)} and k = 0, 1, · · · , k0: and a positive constant
Ck,r0 depending on k and r0.

We can prove Theorem 4.57 by using Proposition 4.56, similarly to the proof of
[12, Lemma 4.3]. We thus omit the proof.

5 Nonlinear problem

In this section we treat the nonlinear problem (1.5)-(1.8). This problem is written
as

du

dt
+ Lu = F , w|∂Ω = 0, u|t=0 = u0. (5.1)

Here u = T(φ,w); F = F (u) denotes the nonlinearity:

F = T(f 0(φ,w), f(φ,w)).

Our aim in this section is to establish the a priori estimates of u(t) for the proof
of Theorem 3.1.

In what follows we set

ω = ‖ρs − 1‖C3 .
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5.1 Decomposition of Problem

In this section we formulate the problem.
The local solvability in Z(T ) for (5.28) follows from [13].

Proposition 5.1. If u0 = T(φ0, w0) satisfies the following conditions;

(i) u0 ∈ H2 × (H2 ∩H1
0 ),

(ii) −γ2

4
ρ1 ≤ φ0,

then there exists a number T0 > 0 depending on ‖u0‖H2 and ρ1 such that the following
assertions hold. Problem (5.28) has a unique solution u(t) ∈ Z(T ) satisfying

φ(x, t) ≥ −γ2

2
ρ1 for ∀(x, t) ∈ Ω× [0, T0];

and the following estimate holds

‖u‖2
Z(T ) ≤ C0{1 + ‖u0‖2

H2}α‖u0‖2
H2

for some positive constants C0 and α.

Theorem 3.1 would follow if we would establish the a priori estimates of u(t) in
Z(T ) uniformly for T .

To obtain the appropriate a priori estimates, we decompose the solution u into
its P0 and P∞ parts. Let us decompose the solution u(t) of (5.28) as

u(t) = (σ1u
(0))(t) + u1(t) + u∞(t),

where
σ1(t) = Pu(t), u1(t) = (T − T (0))Pu(t), u∞(t) = P∞u(t).

Note that P0u(t) = (σ1u
(0))(t) + u1(t).

Since u1(t) is written as

u1(t) = (T − T (0))Pu(t) = (∂x3T (1) + ∂2
x3
T (2))σ1(t),

we see from Proposition 4.40 and Proposition 4.41 the following estimates for σ1(t)
and u1(t).

Proposition 5.2. Let u(t) be a solution of (5.28) in Z(T ). Then there hold the
estimates

‖∂lx3σ1(t)‖2 ≤ C‖∂x3σ1(t)‖2

for 1 ≤ l ≤ 3; and

‖∂kx′∂lx3∂
m
t u1(t)‖2 ≤ C{‖∂x3σ1(t)‖2 + ‖∂tσ1(t)‖2}

for 1 ≤ k + l + 2m ≤ 3.

We derive the equations for σ1(t) and u∞(t).
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Proposition 5.3. Let T > 0 and assume that u(t) is a solution of (5.28) in Z(T ).
Then the following assertions hold.

σ1 ∈
1⋂
j=0

Cj([0, T ] : H2(R)), u∞ ∈ Z(T ), φ∞ ∈ C1([0, T ];H1).

Furthermore, σ1 and u∞ satisfy

σ1(t) = etΛPu0 +

∫ T

0

e(t−τ)ΛPF (τ)dτ ; (5.2)

and
∂tu∞ + Lu∞ = F∞, w∞ |∂Ω= 0, u∞ |t=0= u∞,0, (5.3)

where F∞ = P∞F and u∞,0 = P∞u0.

Let u(t) be a solution of (5.28) in Z(T ). From Proposition 5.24, we obtain

sup
0≤τ≤t

(1 + τ)
3
4{[[u1(τ)]]2 + [[∂xu1(τ)]]2}

≤ C sup
0≤τ≤t

(1 + τ)
3
4{‖∂x3σ1(τ)‖2 + ‖∂τσ1(τ)‖2},

and thus, the estimates for u1(t) follows from the ones for σ1(t). Therefore, as in
[3], we introduce the quantity M1(t) defined by

M1(t) = sup
0≤τ≤t

(1 + τ)
1
4‖σ1(τ)‖2 + sup

0≤τ≤t
(1 + τ)

3
4{‖∂x3σ1(τ)‖2 + ‖∂τσ1(τ)‖2};

and we define the quantity M(t) ≥ 0 by

M(t)2 = M1(t)2 + sup
0≤τ≤t

(1 + τ)
3
2E∞(τ) (t ∈ [0, T ])

with
E∞(t) = [[u∞(t)]]22.

We define a quantity D∞(t) for u∞ = T(φ∞, w∞) by

D∞(t) = ‖|Dφ∞(t)‖|21 + ‖|Dw∞(t)‖|22.

If we could show M(t) ≤ C uniformly for t ≥ 0, then Theorem 3.1 would follow.
The uniform estimate for M(t) is given by using the following estimates for M1(t)
and E∞(t).

Proposition 5.4. There exist positive constants ν0, γ0 and ω0 such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0, then the following assertions hold. There is a positive number
ε1 such that if a solution u(t) of (5.28) in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ε1 and

M(t) ≤ 1 for t ∈ [0, T ], then the estimates

M1(t) ≤ C{‖u0‖L1 +M(t)2} (5.4)

84



and

E∞(t) +

∫ ∞
0

e−a(t−τ)D∞(τ)dτ

≤ C{e−atE∞(0) + (1 + t)−
3
2M(t)4 +

∫ t

0

e−a(t−τ)R(τ)dτ}
(5.5)

hold uniformly for t ∈ [0, T ] with C > 0 independent of T . Here a = a(ν, ν̃, γ) is a
positive constant; and R(t) is a function satisfying the estimate

R(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)} (5.6)

provided that sup
0≤τ≤t

[[u(τ)]]2 ≤ ε2 and M(t) ≤ 1.

Proposition 5.26 follows from Propositions 5.5, 5.8 and 5.14 below.
As in [3, 12], one can see from Propositions 5.23 and 5.26 that if ‖u0‖H2∩L1 is

sufficiently small, then
M(t) ≤ C‖u0‖H2∩L1

uniformly for t ≥ 0, which proves Theorem 3.1.

5.2 Estimates for P0-part of u(t)

In this section, we estimate the P0-part of u(t)

P0u(t) = (σ1u
(0))(t) + u1(t),

where σ1(t) = Pu(t) and u1(t) = (T − T (0))Pu(t). We will prove the following
estimate for M1(t).

Proposition 5.5. Let T > 0 and assume that ν ≥ ν1, γ2

ν+ν̃
≥ γ2

1 and ω ≤ ω1. Then
there exists a positive constant ε independent of T such that if a solution u(t) of
(5.28) in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ε and M(t) ≤ 1 for all t ∈ [0, T ], then the

estimate
M1(t) ≤ C{‖u0‖1 +M(t)2}

holds uniformly for t ∈ [0, T ], where C is a positive constant independent of T .

Let us prove Proposition 5.5. We decompose the nonlinearity F into

F = σ2
1F1 + F2,

where

F1 = F1(x′) = −T
(

0, 1
2γ4ρs(x′)

∇′
{
P ′′(ρs(x

′))
(
φ(0)(x′)

)2}
, 0

)
,

F2 = F − σ2
1F1.

Here σ2
1F1(x′) is the part of F containing only σ2

1(t) but not ∂x3σ1(t), u1(t), u∞(t),
σ3

1(t) and so on.
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Before going further, we introduce a notation. For a function g we define 〈g〉0
by

〈g〉0 = F−1[1{|η|≤r0}(ξ)〈ĝ〉].

The nonlinearity F has the following properties.

Lemma 5.6. There hold the following assertions.

(i) 〈Q0F 〉 = −∂x3〈φw3〉.

(ii) PF = −∂x3〈φw3〉0 + ∂x3P(1)F + ∂2
x3
P(2)F .

Proof . As for (i), we see from integration by parts that 〈∇′ · (φw′)〉 = 0. It then
follows that

〈Q0F 〉 = −〈div(φw)〉 = −〈∂x3(φw3)〉 = −∂x3〈φw3〉.

We next prove (ii). From the definition of P(0) and (i), there holds that

P(0)F = F−1[1{|η|≤r0}(ξ)〈Q0F̂ 〉] = 〈Q0F 〉0 = −∂x3〈φw3〉0.

We thus obtain (ii). This completes the proof. �

Noting that ‖σ1‖∞ ≤ C‖σ1‖
1
2
2 ‖∂x3σ1‖

1
2
2 , one can obtain the following estimates

by straightforward computations.

Lemma 5.7. There exists a positive constant ε such that if a solution u(t) of (5.28)
in Z(T ) satisfies sup

0≤τ≤t
[[u(τ)]]2 ≤ ε and M(t) ≤ 1 for all t ∈ [0, T ], then the following

estimates hold for t ∈ [0, T ] with a positive constant C independent of T .

(i) ‖∂x3(σ2
1(t))‖1 ≤ C(1 + t)−1M(t)2.

(ii) ‖∂x3〈φw3〉(t)‖1 ≤ C(1 + t)−1M(t)2.

(iii) ‖〈φw3〉(t)‖1 ≤ C(1 + t)−
1
2M(t)2.

(iv) ‖F (t)‖1 ≤ C(1 + t)−
1
2M(t)2.

(v) ‖F2(t)‖1 ≤ C(1 + t)−1M(t)2.

(vi) ‖F (t)‖2 ≤ C(1 + t)−
3
4M(t)2.

Proof of Proposition 5.5 We see from Proposition 4.42 that

‖∂lx3e
tΛPu0‖2 ≤ C(1 + t)−

1
4
− l

2‖u0‖1 (l = 0, 1).

We next consider
∫ t

0
e(t−τ)ΛPF (τ)dτ . We write it as∫ t

0

e(t−τ)ΛPF (τ)dτ =

(∫ t
2

0

+

∫ t

t
2

)
e(t−τ)ΛPF (τ)dτ =: I1(t) + I2(t).
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We see from Lemma 5.6 (ii) that

e(t−τ)ΛPF (τ) = e(t−τ)Λ{−∂x3〈φw3〉0 + ∂x3P(1)F + ∂2
x3
P(2)F }

= ∂x3e
(t−τ)Λ{−〈φw3〉0 + P(1)F + ∂x3P(2)F }.

By Proposition 4.42 and Lemma 5.7 we then have

‖∂lx3I1(t)‖2 ≤ C

∫ t
2

0

(1 + t− τ)−
3
4
− l

2

(
‖〈φw3〉0(τ)‖1 + ‖F (τ)‖1

)
dτ

≤ C

∫ t
2

0

(1 + t− τ)−
3
4
− l

2 (1 + τ)−
1
2dτM(t)2

≤ C(1 + t)−
1
4
− l

2M(t)2

for l = 0, 1. Applying Lemma 5.7 (ii) and (v) we have

‖∂lx3I2(t)‖2 ≤ C

∫ t

t
2

(1 + t− τ)−
1
4
− l

2 (1 + τ)−1dτM(t)2

≤ C(1 + t)−
1
4
− l

2M(t)2

for l = 0, 1. We thus obtain

‖∂lx3σ1(t)‖2 ≤ C(1 + t)−
1
4
− l

2{‖u0‖1 +M(t)2} (5.7)

for l = 0, 1.
Let us estimate the time derivative. Since λ0(ξ) = −(iκ1ξ+κ0ξ

2+O(ξ3)) = O(ξ),
we obtain

‖Λσ1(t)‖2 = ‖F−1[1{|η|≤r0}(ξ)λ0(ξ)σ̂1(t)]‖2 ≤ C‖∂x3σ1(t)‖2.

This, together with (5.29), (5.7) and Lemma 5.7, implies that

‖∂tσ1(t)‖2 ≤ C{‖∂x3σ1(t)‖2 + ‖F (t)‖2} ≤ C(1 + t)−
3
4{‖u0‖1 +M(t)2}. (5.8)

By (5.7) and (5.8) we deduce the desired estimate. This completes the proof. �

5.3 Estimates for P∞-part of u(t)

In this section we derive the estimates for the P∞-part of u(t).
Throughout this section, we assume that u(t) is a solution of (5.28) in Z(T ) for

a given T > 0. We show the following estimate.

Proposition 5.8. There exist positive constants ν0 (≥ ν1), γ0 (≥ γ1) and ω0 (≤ ω1)

such that if ν ≥ ν0, γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0, then

E∞(t) +

∫ t

0

e−a(t−τ)D∞(τ)dτ

≤ C{e−atE∞(0) + (1 + t)−
3
2M(t)4 +

∫ t

0

e−a(t−τ)R(τ)dτ}.

uniformly for t ∈ [0, T ] with C > 0 independent of T .
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Proposition 5.8 is proved by the estimate (4.6) for e−tLP∞ and the Matsumura-
Nishida energy method.

We introduce notations. In what follows C and Cj (j = 1, 2, · · · ) denote various
constants independent of T , ν, ν̃ and γ, whereas, Cνν̃γ··· denotes various constants
which depends on ν, ν̃, γ, · · · but not on T .

We first establish the H1-estimate for u∞ which follows from the estimate (4.6)
for e−tLP∞.

Proposition 5.9. There exist positive constants ν0 (≥ ν1), γ0 (≥ γ1) and ω0 (≤ ω1)
such that if

ν ≥ ν0,
γ2

ν + ν̃
≥ γ2

0 , ω ≤ ω0; (5.9)

then, for any 0 < a < 2a0,

‖u∞(t)‖2
H1 +

∫ t

0

e−a(t−τ)‖u∞(τ)‖2
H1 dτ

≤ Cνν̃γ
{
e−at‖u∞,0‖2

H1 + sup
0≤τ≤t

‖F∞(τ)‖2
2 +

∫ t

0

e−a(t−τ)‖F∞(τ)‖2
H1 dτ

}
.

Proof. We write u∞(t) as

u∞(t) = e−tLu∞,0 +

∫ t

0

e−(t−τ)LF∞(τ) dτ.

Since u∞,0 ∈ H1 ×H1
0 , we see from (4.6) that

‖u∞(t)‖H1 ≤ C
{
e−a0t‖u∞,0‖2

H1 +

∫ t

0

e−a0(t−τ)‖F∞(τ)‖H1×Ĥ1 dτ

+

∫ t

0

e−a0(t−τ)(t− τ)−
1
2‖F∞(τ)‖2 dτ

}
≤ C

{
e−a0t‖u∞,0‖2

H1 + sup
0≤τ≤t

‖F∞(τ)‖2

+

∫ t

0

e−a0(t−τ)‖F∞(τ)‖H1×Ĥ1 dτ
}
,

from which we have

‖u∞(t)‖2
H1 ≤ C

{
e−2a0t‖u∞,0‖2

H1 + sup
0≤τ≤t

‖F∞(τ)‖2
2 +

∫ t

0

e−a(t−τ)‖F∞(τ)‖2
H1 dτ

}
(5.10)

for any 0 < a < 2a0. Set V (t) =
∫ t

0
e−ã(t−τ)‖F∞(τ)‖2

H1 dτ . Then V (t) satis-

fies dV/dt + ãV = ‖F∞‖2
H1 and V (0) = 0. It follows that

∫ t
0
e−a(t−τ)V (t) dτ ≤∫ t

0
e−a(t−τ)‖F∞(τ)‖2

H1 dτ for any 0 < a < ã. This, together with (5.10), yields the
desired inequality. This completes the proof. �

88



We next derive the H2 estimate for u∞(t).
In what follows we set

f 0
∞ = Q0F∞, f∞ = Q̃F∞

and
φ̇∞ = ∂tφ∞ + v3

s∂x3φ∞ + w · ∇φ∞,

where
f̃ 0
∞ = f 0

∞ − w · ∇φ∞.

Note that
‖φ̇∞‖H1 ≤ Cνν̃γ

(
‖u∞‖2

H1×H2 + ‖f̃ 0
∞‖2

H1

)
.

The following Propositions 5.10 – 5.13 can be proved in a similar manner in [1,
Section 4]. So we give the statements only and omit the proof.

We first state the L2 energy estimates for ∂tu∞ and ∂2
x3
u∞.

Proposition 5.10. Under the assumption (5.9) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There exists positive constant c such that the following inequality holds:

1
2
d
dt

{
1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂tφ∞

∥∥∥2

2
+
∥∥√ρs∂tw∞∥∥2

2

}
+ 1

2
ν‖∇∂tw∞‖2

2 + 1
2
ν̃‖div∂tw∞‖2

2 + cν+ν̃
γ4
‖∂tφ̇∞‖2

2

≤ Cνν̃γ‖u∞‖H1×H2 + |A1|.

(5.11)

Here

A1 =1
2

(
|∂tφ∞|2, div

(P ′(ρs)
γ4ρs

w
))

+
(

[∂t, w · ∇]φ∞,
P ′(ρs)
γ4ρs

∂tφ∞

)
+
(
∂tf̃

0
∞,

P ′(ρs)
γ4ρs

∂tφ∞

)
+
(
∂tf∞, ρs∂tw∞

)
.

(ii) There exists positive constant b such that the following inequality holds:

1
2
d
dt

{
1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂2
x3
φ∞

∥∥∥2

2
+
∥∥√ρs∂2

x3
w∞
∥∥2

2

}
+ 1

2
ν‖∇∂2

x3
w∞‖2

2 + 1
2
ν̃‖div∂2

x3
w∞‖2

2 + bν+ν̃
γ4
‖∂2

x3
φ̇∞‖2

2

≤ C ν+ν̃
γ4
‖∂2

x3
φ∞‖2

2 + Cνν̃γ‖u∞‖H1×H2 + |A0,0,2|.

(5.12)

Here

A0,0,2 =1
2

(
|∂2
x3
φ∞|2, div

(
P ′(ρs)
γ4ρs

w
))

+
(

[∂2
x3
, w · ∇]φ∞,

P ′(ρs)
γ4ρs

∂2
x3
φ∞

)
+
(
∂2
x3
f̃ 0
∞,

P ′(ρs)
γ4ρs

∂2
x3
φ∞

)
+
(
∂x3f∞, ∂x3(ρs∂

2
x3
w∞)

)
+ Cbν+ν̃

γ4
‖∂2

x3
f̃ 0
∞‖2

2.
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We next state the interior estimate and the boundary estimates of the tangential
derivatives.

Proposition 5.11. Under the assumption (5.9) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There exists positive constant b such that the estimate

1
2
d
dt

{
1
γ2

∥∥∥χ0

√
P ′(ρs)
γ2ρs

∂2
x′φ∞

∥∥∥2

2
+
∥∥χ0
√
ρs∂

2
x′w∞

∥∥2

2

}
+ 1

2
ν‖χ0∇∂2

x′w∞‖2
2 + 1

2
ν̃‖χ0div∂2

x′w∞‖2
2 + bν+ν̃

γ4
‖χ0∂

2
x′φ̇∞‖2

2

≤
(
ε+ C ν+ν̃

γ4

)
‖∂2

x′φ∞‖2
2 + Cενν̃γ‖u∞‖2

H1×H2 + |A(0)|

(5.13)

holds for any ε > 0. Here

A(0) =1
2

(
|∂2
x′φ∞|2, div

(
χ2

0
P ′(ρs)
γ4ρs

w
))

+
(

[∂2
x′ , w · ∇]φ∞, χ

2
0
P ′(ρs)
γ4ρs

∂2
x′φ∞

)
+
(
∂2
x′ f̃

0
∞, χ

2
0
P ′(ρs)
γ4ρs

∂2
x′φ∞

)
+
(
∂x′f∞, ∂x′(χ

2
0ρs∂

2
x′w∞)

)
+ Cbν+ν̃

γ4
‖χ0∂

2
x′ f̃

0
∞‖2

2.

(ii) Let 1 ≤ m ≤ N . There exists positive constant b such that the estimate

1
2
d
dt

{
1
γ2

∥∥∥χm√P ′(ρs)
γ2ρs

∂k∂jx3φ∞

∥∥∥2

2
+
∥∥χm√ρs∂k∂jx3w∞∥∥2

2

}
+ 1

2
ν‖χm∇∂k∂jx3w∞‖

2
2 + 1

2
ν̃‖χmdiv∂k∂jx3w∞‖

2
2 + bν+ν̃

γ4
‖χm∂k∂jx3φ̇∞‖

2
2

≤
(
ε+ C 1

γ2

)
‖∂2

xφ∞‖2
2 + Cενγ‖u∞‖H1×H2 + |A(m)

0,k,j|

(5.14)

holds for (k, j) = (2, 0), (1, 1) and any ε > 0. Here

A
(m)
0,k,j =1

2

(
|∂k∂jx3φ∞|

2, div
(
χ2
m
P ′(ρs)
γ4ρs

w
))

+
(

[∂k∂jx3 , w · ∇]φ∞, χ
2
m
P ′(ρs)
γ4ρs

∂k∂jx3φ∞

)
+
(
∂k∂jx3 f̃

0
∞, χ

2
m
P ′(ρs)
γ4ρs

∂k∂jx3φ∞

)
+
(
∂k−1∂jx3f∞, ∂(χ2

mρs∂
k∂jx3w∞)

)
+ Cbν+ν̃

γ4
‖χm∂k∂jx3 f̃

0
∞‖2

2.

The normal derivatives of φ∞ is estimated as follows.

Proposition 5.12. Let 1 ≤ m ≤ N . Under the assumption (5.9) (with ν0, γ0 and
ω−1

0 replaced by suitably larger ones), there exists positive constant b such that the
estimate

1
2
d
dt

(
1
γ2

∥∥∥χm√P ′(ρs)
γ2ρs

∂l+1
n ∂k∂jx3φ∞

∥∥∥2

2

)
+ 1

2
1

ν+ν̃

∥∥∥χmP ′(ρs)
γ2

∂l+1
n ∂k∂jx3φ∞

∥∥∥2

2

+ bν+ν̃
γ4
‖χm∂l+1

n ∂k∂jx3φ̇∞‖
2
2

≤ C
{
ν+ν̃
γ4
‖∂2

xφ∞‖2
2 + 1

ν+ν̃
‖∂t∂xw∞‖2

2 + ν2

ν+ν̃

(
‖χm∂ln∂k∂j+2

x3
w∞‖2

2

+ ‖χm∇∂ln∂k∂j+1
x3

w∞‖2
2 + ‖χm∇∂ln∂k+1∂jx3w∞‖

2
2

)}
+ Cνν̃γ‖u∞‖H1×H2 + |A(m)

l+1,k,j|

(5.15)
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holds for j, k, l ≥ 0 satisfying j + k + l = 1. Here

A
(m)
l+1,k,j =1

2

∑
j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂jx3φ∞

∣∣2, div
(
χ2
m
P ′(ρs)
γ4ρs

w
)∣∣∣

+ C
∑

j+k+l=1

∥∥∥χm[∂l+1
n ∂k∂jx3 , w · ∇]φ∞

∥∥∥2

2

+ C(b+ 1)
(
ν+ν̃
γ4
‖χm∂l+1

n ∂k∂jx3 f̃
0
∞‖2

2 + ‖f∞‖2
H1

)
.

Using the estimate for the Stokes system we have the following estimates.

Proposition 5.13. Under the assumption (5.9) (with ν0, γ0 and ω−1
0 replaced by

suitably larger ones), the following assertions hold.

(i) There holds the estimate

ν2

ν+ν̃
‖∂3

xw∞‖2
2 + 1

ν+ν̃
‖∂2

xφ∞‖2
2

≤ C
{
ν+ν̃
γ4
‖∂2

xφ̇∞‖2
2 + 1

ν+ν̃
‖∂t∂xw∞‖2

2 + ν+ν̃
γ4
‖f̃ 0
∞‖2

H2 + 1
ν+ν̃
‖f∞‖2

H1

}
+ Cνν̃γ‖u∞‖2

H1×H2 .

(5.16)

(ii) Let 1 ≤ m ≤ N . There holds the estimate

ν2

ν+ν̃
‖χm∂2

x∂w∞‖2
2 + 1

ν+ν̃
‖χm∂x∂φ∞‖2

2

≤ C
{
ν+ν̃
γ4
‖χm∂∂x3φ∞‖2

2 + ν+ν̃
γ4
‖χm∂x∂φ̇∞‖2

2 + 1
ν+ν̃
‖∂t∂xw∞‖2

2

+ ν+ν̃
γ4
‖f̃ 0
∞‖2

H2 + 1
ν+ν̃
‖f∞‖2

H1

}
+ Cνν̃γ‖u∞‖2

H1×H2 .

(5.17)

(iii) There holds the estimate

ν2

ν+ν̃
‖∂2

x∂x3w∞‖2
2 + 1

ν+ν̃
‖∂x∂x3φ∞‖2

2

≤ C
{
ν+ν̃
γ4
‖∂x∂x3φ̇∞‖2

2 + 1
ν+ν̃
‖∂t∂xw∞‖2

2 + ν+ν̃
γ4
‖f̃ 0
∞‖2

H2 + 1
ν+ν̃
‖f∞‖2

H1

}
+ Cνν̃γ‖u∞‖2

H1×H2 .

(5.18)

We are now in a position to prove Proposition 5.8.

Proof of Proposition 5.8 Let b1 and b2 be constants satisfying b1, b2 > 1. Define
Ẽ2[u∞] by

Ẽ2[u∞] = 1
γ2

N∑
m=1

{
b1

(∥∥∥χm√P ′(ρs)
γ2ρs

∂2φ∞

∥∥∥2

2
+
∥∥∥χm√P ′(ρs)

γ2ρs
∂∂x3φ∞

∥∥∥2

2

)
+
∥∥∥χm√P ′(ρs)

γ2ρs
∂n∂φ∞

∥∥∥2

2
+
∥∥∥χm√P ′(ρs)

γ2ρs
∂n∂x3φ∞

∥∥∥2

2

}
+ 1

γ2

(∥∥∥χ0

√
P ′(ρs)
γ2ρs

∂2
x′φ∞

∥∥∥2

2
+ b1

∥∥∥√P ′(ρs)
γ2ρs

∂2
x3
φ∞

∥∥∥2

2

)
+ b1

N∑
m=1

(∥∥χm√ρs∂2w∞
∥∥2

2
+
∥∥χm√ρs∂∂x3w∞∥∥2

2

)
+
∥∥χ0
√
ρs∂

2
x′w∞

∥∥2

2
+ b1

∥∥√ρs∂2
x3
w∞
∥∥2

2
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for u∞ = T(φ∞, w∞). We compute

b2

[ N∑
m=1

{
b1

{
(5.14) |(k,j)=(2,0) +(5.14) |(k,j)=(1,1)

}
+ (5.15) |(l,k,j)=(0,1,0) +(5.15) |(l,k,j)=(0,0,1)

}
+ (5.13) + b1(5.12)

]
+

N∑
m=1

(5.17) + (5.18).

Then

1
2
d
dt
b2Ẽ2[u∞] + bb2

ν+ν̃
γ4

( N∑
m=1

‖χm∂x∂φ̇∞‖2
2 + ‖∂x∂x3φ̇∞‖2

2

)
+ ν2

ν+ν̃

( N∑
m=1

‖χm∂2
x∂w∞‖2

2 + ‖∂2
x∂x3w∞‖2

2

)
+ 1

ν+ν̃

( N∑
m=1

‖χm∂x∂φ∞‖2
2 + ‖χm∂x∂x3φ∞‖2

2

)
+ b2

2
ν
{
b1

N∑
m=1

(
‖χm∇∂2w∞‖2

2 + ‖χm∇∂∂x3w∞‖2
2

)
+ ‖χ0∇∂2

x′w∞‖2
2 + b1‖∇∂2

x3
w∞‖2

2

}
+ b2

2
ν̃
{
b1

N∑
m=1

(
‖χmdiv∂2w∞‖2

2 + ‖χmdiv∂∂x3w∞‖2
2

)
+ ‖χ0div∂2

x′w∞‖2
2

+ b1‖div∂2
x3
w∞‖2

2

}
+ b2

2
1

ν+ν̃

N∑
m=1

(∥∥χmP ′(ρs)
γ2

∂n∂φ∞
∥∥2

2
+
∥∥χmP ′(ρs)

γ2
∂n∂x3φ∞

∥∥2

2

)
≤ Cb1b2

{(
ε+ 1

γ2
+ ν+ν̃

γ4

)
‖∂2

xφ∞‖2
2 + Cενγω‖u∞‖2

H1×H2 + 1
ν+ν̃
‖∂t∂xw∞‖2

2 +R0

}
+ C1

{
b2

ν2

ν+ν̃

N∑
m=1

(
‖χm∇∂2w∞‖2

2 + ‖χm∇∂∂x3w∞‖2
2 + ‖χm∇∂2

x3
w∞‖2

2

)
+ ν+ν̃

γ4

( N∑
m=1

‖χm∂x∂φ̇∞‖2
2 + ‖∂x∂x3φ̇∞‖2

2

)}
for any ε > 0. Here

R0 =
N∑
m=1

(|A(m)
0,2,0|+ |A

(m)
0,1,1|) + |A(0)|+ |A0,0,2|+

N∑
m=1

(|A(m)
1,1,0|+ |A

(m)
1,0,1|).
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Fix b1 > 8C1 and b2 > 8C1

b
. It then follows that

1
2
d
dt
b2Ẽ2[u∞] + bν+ν̃

γ4

( N∑
m=1

‖χm∂x∂φ̇∞‖2
2 + ‖∂x∂x3φ̇∞‖2

2

)
+ ν2

ν+ν̃

( N∑
m=1

‖χm∂2
x∂w∞‖2

2 + ‖∂2
x∂x3w∞‖2

2

)
+ 1

ν+ν̃

( N∑
m=1

‖χm∂x∂φ∞‖2
2 + ‖χm∂x∂x3φ∞‖2

2

)
+ b2

2
I1[w∞] + b2

2
1

ν+ν̃

N∑
m=1

(∥∥χmP ′(ρs)
γ2

∂n∂φ∞
∥∥2

2
+
∥∥χmP ′(ρs)

γ2
∂n∂x3φ∞

∥∥2

2

)
≤ Cb1b2

{(
ε+ 1

γ2
+ ν+ν̃

γ4

)
‖∂2

xφ∞‖2
2 + Cενγω‖u∞‖2

H1×H2

+ 1
ν+ν̃
‖∂t∂xw∞‖2

2 +R0

}

(5.19)

for any ε > 0. Here I1[w∞] is given by

I1[w∞] =ν
{ N∑
m=1

(
‖χm∇∂2w∞‖2

2 + ‖χm∇∂∂x3w∞‖2
2

)
+ ‖χ0∇∂2

x′w∞‖2
2 + ‖∇∂2

x3
w∞‖2

2

}
+ ν̃
{ N∑
m=1

(
‖χmdiv∂2w∞‖2

2 + ‖χmdiv∂∂x3w∞‖2
2

)
+ ‖χ0div∂2

x′w∞‖2
2 + ‖div∂2

x3
w∞‖2

2

}
.

Let b3 and b4 be constants satisfying b3, b4 > 1. Define E2[u∞] by

E2[u∞] =b2b3b4Ẽ2[u∞] + b4
1
γ2

N∑
m=1

∥∥∥χm√P ′(ρs)
γ2ρs

∂2
nφ∞

∥∥∥2

2

+
(

1
γ2

∥∥∥√P ′(ρs)
γ2ρs

∂tφ∞

∥∥∥2

2
+
∥∥√ρs∂tw∞∥∥2

2

)
for u∞ = T(φ∞, w∞). We compute

b4

{
b3(5.19) +

N∑
m=1

(5.15) |(l,k,j)=(1,0,0)

}
+ (5.16) + b5(5.11).
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It follows that

1
2
d
dt
E2[u∞] + bb4

ν+ν̃
γ4
‖∂2

xφ̇∞‖2
2 + ν2

ν+ν̃
‖∂3

xw∞‖2
2 + 1

ν+ν̃
‖∂2

xφ∞‖2
2

+ b3b4

{
ν2

ν+ν̃

( N∑
m=1

‖χm∂2
x∂w∞‖2

2 + ‖∂2
x∂x3w∞‖2

2

)
+ 1

ν+ν̃

( N∑
m=1

‖χm∂x∂φ∞‖2
2 + ‖∂x∂x3φ∞‖2

2

)}
+ 1

2
b2b3b4I1[w∞]

+ b4
2

1
ν+ν̃

N∑
m=1

‖χmP ′(ρs)
γ2

∂n∇φ∞‖2
2 + 1

2

{
ν‖∇∂tw∞‖2

2 + ν̃‖div∂tw∞‖2
2 + cν+ν̃

γ4
‖∂tφ∞‖2

2

}
≤ Cb1···b4

{(
ε+ 1

γ2
+ ν+ν̃

γ4

)
‖∂2

xφ∞‖2
2 + 1

ν+ν̃
‖∂t∂xw∞‖2

2 + Cενγω‖u∞‖2
H1×H2

+R
}

+ C2

{
b4

ν2

ν+ν̃

N∑
m=1

(
‖χm∂n∂2

x3
w∞‖2

2 + ‖χm∇∂n∂x3w∞‖2
2

+ ‖χm∇∂n∂w∞‖2
2 + ν+ν̃

γ4
‖∂2

xφ̇∞‖2
2

)}
for any ε > 0. Here

R = R0 +
N∑
m=1

|A(m)
2,0,0|+ |A1|.

Fix b3 and b4 so large that b3 > 8C2 and b4 > 2C2

b
. We assume that ν, ν̃ and γ also

satisfy γ2 > 8Cb1···b4 and γ2 > 8Cb1···b4(ν + ν̃). We take ε > 0 sufficiently small such
that ε < 1

8Cb1···b4

1
ν+ν̃

. It then follows that

1
2
d
dt
E2[u∞] + bν+ν̃

γ4
‖∂2

xφ̇∞‖2
2 + 1

2
ν2

ν+ν̃
‖∂3

xw∞‖2
2 + 1

2
1

ν+ν̃
‖∂2

xφ∞‖2
2

+ ν2

ν+ν̃

( N∑
m=1

‖χm∂2
x∂w∞‖2

2 + ‖∂2
x∂x3w∞‖2

2

)
+ 1

ν+ν̃

( N∑
m=1

‖χm∂x∂φ∞‖2
2 + ‖∂x∂x3φ∞‖2

2

)
+ I1[w∞] + 1

ν+ν̃

N∑
m=1

‖χmP ′(ρs)
γ2

∂n∇φ∞‖2
2

+ 1
2

{
ν‖∇∂tw∞‖2

2 + ν̃‖div∂tw∞‖2
2 + cν+ν̃

γ4
‖∂tφ∞‖2

2

}
≤ {Cενγω‖u∞‖2

H1×H2 +R}.

(5.20)

We thus see that there are positive constants c1, c2 and C3 such that

d
dt
E2[u∞] + c1E2[u∞]

+ c2

(
‖∂3

xw∞‖2
2 + ‖∂2

xφ∞‖2
2 + ‖φ̇∞‖H2 + ‖∂tw∞‖2

H1 + ‖∂tφ∞‖2
2

)
≤ Cνν̃γ(‖u∞‖H1×H2 +R).

Since
‖∂2

xw∞‖2
2 ≤ η‖∂3

xw∞‖2
2 + Cη‖w∞‖2

2
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holds for any η > 0, taking η so small that η < 1
2

min
{

c2
c2+Cνν̃γ

, 1
}

, we obtain

d
dt
E2[u∞] + c1E2[u∞]

+
c2

2

(
‖∂3

xw∞‖2
2 + ‖∂2

xφ∞‖2
2 + ‖φ̇∞‖2

H1 + ‖∂tw∞‖2
H1 + ‖∂tφ∞‖2

2

)
≤ 2Cνν̃γ(‖u∞‖2

H1×L2 +R).

(5.21)

We see from (5.21) and Proposition 5.9 that there exist positive constants c̃1, c̃2 and
Cνν̃γ such that

E2[u∞(t)] + ‖u∞(t)‖2
H1 + c̃2

∫ t

0

e−c̃1(t−τ)
(
‖∂3

xw∞‖2
2 + ‖∂2

xφ∞‖2
2 + ‖u∞‖2

H1

+ ‖φ̇∞‖2
H1 + ‖∂tu∞‖2

H1×L2

)
dτ

≤ Cνν̃γ

{
e−c̃1t

(
E2[u∞,0] + ‖u∞,0‖2

H1

)
+ sup

0≤τ≤t
‖F∞(τ)‖2

2 +

∫ t

0

e−c̃1(t−τ)Rdτ
}
.

(5.22)

It remains to estimate the term ‖∂2
xw∞(t)‖2. We write the second equation of (5.28)

as
−ν∆w∞ − ν̃∇divw∞ = J, w∞ |∂Ω= 0,

where

J = −ρs
{
∂tw∞ +∇

(
P ′(ρs)
γ2ρs

φ∞

)
+ ν∆′v3s

γ2ρs
φ∞e3 + v3

s∂x3w∞ + (w′∞ · ∇′v3
s)e3 − f∞

}
.

Since J ∈ L2(Ω), we obtain, by elliptic estimate,

‖∂2
xw∞‖2

2 ≤ C(‖w∞‖2
2 + ‖J‖2

2) ≤ Cνν̃γ(E2[u∞] + ‖u∞‖2
H1 + ‖f∞‖2

2).

From this, with (5.22), we see that

E2[u∞(t)] + ‖u∞(t)‖2
H1 + ‖∂2

xw∞(t)‖2
2 + c̃2

∫ t

0

e−c̃1(t−τ)
(
‖∂3

xw∞‖2
2 + ‖∂2

xφ∞‖2
2

+ ‖u∞‖2
H1 + ‖φ̇∞‖2

H1 + ‖∂tu∞‖2
H1×L2

)
dτ

≤ Cνν̃γ

{
e−c̃1t

(
E2[u∞,0] + ‖u∞,0‖2

H1

)
+ sup

0≤τ≤t
‖F∞(τ)‖2

2 +

∫ t

0

e−c̃1(t−τ)Rdτ
}
.

(5.23)

As we will see in section 8 below, it holds that

sup
0≤τ≤t

‖F∞(τ)‖2
2 ≤ C(1 + t)−

3
2M(t)4. (5.24)

Proposition 5.8 follows from (5.23) and (5.24). This completes the proof. �

5.4 Estimates of nonlinear terms

In this section we prove the estimate (5.24) and (5.33).
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We first make an observation. By the Sobolev inequality we have

‖φ(t)‖∞ ≤ C[[φ(t)]]H2 ≤ C1[[u(t)]]2

for a positive constant C1. It then follows that

ρ(x, t) = ρs(x
′) + γ−2φ(x, t) ≥ ρ1 − γ−2‖φ(t)‖∞ ≥ ρ1 − C1γ

−2[[u(t)]]2.

Fix a positive constant εs satisfying εs ≤ 1
4
γ2ρ1
C1

. If [[u(t)]]2 ≤ εs, then it holds that

‖φ(t)‖∞ ≤ 1
4
γ2ρ1, ρ(x, t) ≥ 3

4
ρ1 > 0.

This implies that Q̃F (t) is smooth whenever [[u(t)]]2 ≤ εs.
We will show the following

Proposition 5.14. If [[u(t)]]2 ≤ εs and M(t) ≤ 1, then

sup
0≤τ≤t

‖F∞(τ)‖2
2 ≤ C(1 + t)−

3
2M(t)4, (5.25)

R(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)} (5.26)

To prove Proposition 5.14, we prepare several lemmas.

Lemma 5.15. (i) For 2 ≤ p ≤ p ≤ ∞. If j and k are nonnegative integers
satisfying

0 ≤ j < k, k > j + n(1
2
− 1

p
),

then there exists a positive constant C such that

‖∂jxf‖Lp(Rn) ≤ ‖f‖1−a
L2(R2)‖f‖

a
Hk(Rn).

Here a = 1
k
(j + n

2
− n

p
).

(ii) For 2 ≤ p ≤ ∞. If j and k are nonnegative integers satisfying

0 ≤ j < k, k > j + 3(1
2
− 1

p
),

then there exists a positive constant C such that

‖∂jxf‖Lp(Ω) ≤ C‖f‖Hk(Ω).

(iii) If f ∈ H1(Ω) and f = f(x3) is independent of x′ ∈ D, then it holds that

‖f‖L∞(Ω) ≤ C‖f‖
1
2

L2(Ω)‖∂x3f‖
1
2

L2(Ω)

for a positive constant C.

The proof of Lemma 5.15 can be found, e.g., in [12, 17].
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Lemma 5.16. (i) For nonnegative integers m and mk ( k = 1, · · · , l) and multi
index αk ( k = 1, · · · , l), we assume that

m ≥ [n
2
], 0 ≤ |αk| ≤ mk ≤ 2 + |αk| (k = 1, · · · , l)

and
l∑

k=1

mk ≥ 2(l − 1) +
l∑

k=1

|αk|,

then the estimate holds ∥∥ l∏
k=1

∂αkx fk
∥∥

2
≤ C

l∏
k=1

‖fk‖Hmk

for a positive constant C.

(ii) For 1 ≤ k ≤ m. We assume that F (x, t, y) is a smooth function on Ω ×
[0,∞)× I with a compact interval I ⊂ R. For |α|+ 2j = k the estimates hold∥∥[∂αx∂jt , F (x, t, f1)

]
f2

∥∥
2

≤

{
C0(t, f1(t))[[f2]]k−1 + C1(t, f1(t))

{
1 + ‖|Df1‖||α|+j−1

m−1

}
‖|Df1‖|m−1[[f2]]k,

C0(t, f1(t))[[f2]]k−1 + C1(t, f1(t))
{

1 + ‖|Df1‖||α|+j−1
m−1

}
‖|Df1‖|m[[f2]]k−1,

where

C0(t, f1(t)) =
∑

(β,l)≤(α,j), (β,l) 6=(0,0)

sup
x

∣∣(∂βx∂ltF)(x, t, f1(x, t)
)∣∣,

C1(t, f1(t)) =
∑

(β,l)≤(α,j), 1≤p≤j+|α|

sup
x

∣∣(∂βx∂lt∂pyF)(x, t, f1(x, t)
)∣∣.

(iii) For m ≥ 2 the estimates hold

‖f1 · f2‖Hm ≤ C1‖f1‖Hm‖f2‖Hm , [[f1 · f2]]m ≤ C2[[f1]]m[[f2]]m

for a positive constants C1 and C2.

See, e.g., [14, 17] for the proof of Lemma 5.16.
We begin with the following preliminary estimates for σ1 and uj ( j = 1,∞).

Lemma 5.17. We assume that u(t) = T(φ(t), w(t)) = (σ1u
(0))(t) + u1(t) + u∞(t) be

a solution of (5.28) in Z(T ). The following estimates hold for all t ∈ [0, T ] with a
positive constant C independent of T .

(i) ‖σ1(t)‖2 ≤ C(1 + t)−
1
4M(t),

(ii) [[u(t)]]2 ≤ C(1 + t)−
1
4M(t),

(iii) ‖|Dσ1(t)‖| ≤ C(1 + t)−
3
4M(t),
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(iv) [[uj(t)]]2 ≤ C(1 + t)−
3
4M(t), (j = 1,∞).

(v) ‖σ1(t)‖∞ ≤ C(1 + t)−
1
2M(t),

(vi) ‖uj(t)‖∞ ≤ C(1 + t)−
3
4M(t), (j = 1,∞).

(vii) ‖u(t)‖∞ ≤ C(1 + t)−
1
2M(t).

Lemma 5.17 easily follows from Lemma 5.15 and the definition of M(t).
Let us estimate the nonlinearities. For Q0F = −div(φw), we have the following

estimates.

Proposition 5.18. We assume that u(t) = T(φ(t), w(t)) = (σ1u
(0))(t)+u1(t)+u∞(t)

be a solution of (5.28) in Z(T ). If M(t) ≤ 1 for all t ∈ [0, T ], then the estimates
hold with a positive constant C independent of T .

(i) [[φdivw]]l ≤

{
C(1 + t)−

5
4M(t)2 (l = 1),

C(1 + t)−
5
4M(t)2 + (1 + t)−

1
2M(t)‖|Dw∞(t)‖|2 (l = 2).

(ii) ‖w · ∇φ∞‖H1 ≤ C(1 + t)−
5
4M(t)2.

(iii) [[w · ∇(σ1φ
(0) + φ1)]]2 ≤ C(1 + t)−

5
4M(t)2.

(iv)
∣∣∣(|∂2

x3
φ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+

∣∣∣(|∂2
x′φ∞|2, div

(
χ2

0
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∣∣∣(|∂tφ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+

N∑
m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂jx3φ∞|
2, div

(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂jx3φ∞

∣∣2, div
(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣}

≤ C(1 + t)−
1
2M(t)D∞(t).

(v) ‖[∂x3 , w · ∇]φ∞‖2 + ‖χ0[∂2
x′ , w · ∇]φ∞‖2 + ‖[∂t, w · ∇]φ∞‖2

+
N∑
m=1

{ ∑
j+k=1

∥∥∥χm[∂k+1∂jx3 , w · ∇]φ∞

∥∥∥
2
+

∑
j+k+l=1

∥∥∥χm[∂l+1
n ∂k∂jx3 , w · ∇]φ∞

∥∥∥
2

}
≤ C{(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)

√
D∞(t)}.

(vi) ‖∂t(φw)‖2 ≤ C(1 + t)−1M(t)2.

Proof . The estimates (i)-(iii) and (vi) can be proved by applying Lemmas 5.15 and
5.16 similarly to the proof of [12, Proposition 8.5]. As for (iv), we have∣∣∣(|∂2

x3
φ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+

∣∣∣(|∂2
x′φ∞|2, div

(
χ2

0
P ′(ρs)
γ4ρs

w
))∣∣∣+

∣∣∣(|∂tφ∞|2, div
(P ′(ρs)
γ4ρs

w
))∣∣∣

+
N∑
m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂jx3φ∞|
2, div

(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂jx3φ∞

∣∣2, div
(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣}

≤ C‖|Dφ∞‖|21(‖w‖∞ + ‖∇w‖∞)

≤ C(1 + t)−
1
2M(t)D∞(t).
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We next consider (v). We observe that [∂k+1∂jx3 , w · ∇]φ∞ and [∂l+1
n ∂k∂jx3 , w ·

∇]φ∞ are written as a linear combination of terms of the forms a[∂qx, w]∇φ∞ and
(w · ∇a)∂qxφ∞ with smooth function a = a(x′) and integer q satisfying 1 ≤ q ≤ 2.
Therefore, applying Lemma 5.16, we obtain the desired estimate. This completes
the proof. �

Let us consider the nonlinearity Q̃F = T(0, f). We write Q̃F = T(0, f) in the
form

Q̃F = F̃0 + F̃1 + F̃2 + F̃3,

where F̃l = T(0, hl) (l = 0, 1, 2, 3). Here

h0 =− w · ∇w + f1(ρs, φ)
(
−∂2

x3
σ1w

(0) +
∂2
x′vs
γ2ρs

(φ1 + φ∞)
)

+ f2(ρs, φ)
(
−∂2

x3
σ1w

(0) − ∂x3σ1∂x′w
(0)
)

+ f0,1(x′, φ)φσ1 + f0,2(x′, φ)∂x3σ1 + f0,3(x′, φ)φ(φ1 + φ∞),

h1 = −div
(
f1(ρs, φ)∇(w1 + w∞)

)
,

h2 = −∇
(
f2(ρs, φ)div(w1 + w∞)

)
+
(
div(w1 + w∞)

)
∇′
(
f2(ρs, φ)

)
,

h3 = ∇
(
f3(x′, φ)φ(φ1 + φ∞)

)
− (φ1 + φ∞)∇

(
f3(x′, φ)φ

)
.

Here f0,l = f0,l(x
′, φ) (l = 1, 2, 3) and f3(x′, φ) are smooth functions of x′ and φ.

Proposition 5.19. We assume that u(t) is a solution of (5.28) in Z(T ). If sup
0≤τ≤t

[[u(τ)]]2 ≤

εs and M(t) ≤ 1 for all t ∈ [0, T ], then the following estimates hold with a positive
constant C independent of T .

(i) ‖Q̃F (t)‖2 ≤ C(1 + t)−
3
4M(t)2.

(ii) [[h0(t)]]2 ≤ C
{

(1 + t)−
3
4M(t)2 + (1 + t)−

1
4M(t)‖|Dw∞(t)‖|2

}
.

(iii) ‖hl(t)‖H1 ≤ C
{

(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)‖|Dw∞(t)‖|2

}
, (l = 1, 2, 3).

(iv) ‖∂thl(t)‖2 ≤ C
{

(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)‖|Dw∞(t)‖|2

}
, (l = 1, 2, 3).

Proposition 5.19 can be proved in a similar manner to to the proof of [12, Propo-
sition 8.6] and [3, Proposition 8.6].

Proof of Proposition 5.14 We first prove (5.25). We see from Proposition 5.18
and Proposition 5.19 that

‖Q0F ‖2 ≤ C(1 + t)−
5
4M(t)2,

‖Q̃F ‖2 ≤ C(1 + t)−
3
4M(t)2,

and hence,
‖Q̃F∞‖2

2 ≤ C‖F ‖2
2 ≤ C(1 + t)−

3
2M(t)4.
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This shows (5.25).
We next prove (5.26). We write

R =
4∑
i=1

Ii,

where

I1 =
∣∣∣(|∂2

x3
φ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+

∣∣∣(|∂2
x′φ∞|2, div

(
χ2

0
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∣∣∣(|∂tφ∞|2, div

(P ′(ρs)
γ4ρs

w
))∣∣∣+

N∑
m=1

{ ∑
j+k=1

∣∣∣(|∂k+1∂jx3φ∞|
2, div

(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣

+
∑

j+k+l=1

∣∣∣(∣∣∂l+1
n ∂k∂jx3φ∞

∣∣2, div
(
χ2
m
P ′(ρs)
γ4ρs

w
))∣∣∣},

I2 =
∣∣∣([∂x3 , w · ∇]φ∞,

P ′(ρs)
γ4ρs

∂x3φ∞

)∣∣∣+
∣∣∣(χ2

0[∂2
x′ , w · ∇]φ∞,

P ′(ρs)
γ4ρs

∂x′φ∞

)∣∣∣
+
∣∣∣([∂t, w · ∇]φ∞,

P ′(ρs)
γ4ρs

∂tφ∞

)∣∣∣
+

N∑
m=1

{ ∑
j+k=1

∣∣∣(χ2
m[∂k+1∂jx3 , w · ∇]φ∞,

P ′(ρs)
γ4ρs

∂k+1∂jx3φ∞

)∣∣∣
+

∑
j+k+l=1

∥∥χ2
m[∂l+1

n ∂k∂jx3 , w · ∇y]φ∞
P ′(ρs)
γ4ρs

∥∥2

2

}
,

I3 =
∣∣∣(∂2

x3
f̃ 0
∞,

P ′(ρs)
γ4ρs

∂2
x3
φ∞

)∣∣∣+
∣∣∣(∂2

x′ f̃
0
∞, χ

2
0
P ′(ρs)
γ4ρs

∂2
x′φ∞

)∣∣∣+
∣∣∣(∂tf̃ 0

∞,
P ′(ρs)
γ4ρs

∂tφ∞

)∣∣∣
+

N∑
m=1

∑
j+k=1

∣∣∣(∂k∂jx3 f̃ 0
∞, χ

2
m
P ′(ρs)
γ4ρs

∂k+1∂jx3φ∞

)∣∣∣+
∥∥f̃ 0
∞
∥∥2

H1 ,

I4 =
∣∣(∂x3f∞, ∂x3(ρs∂2

x3
w∞)

)∣∣+
∣∣(∂x′f∞, ∂x′(χ2

0ρs∂
2
x′w∞)

)∣∣+
∣∣(∂tf∞, ρs∂tw∞)∣∣

+
N∑
m=1

∑
j+k=1

∣∣(∂k∂jx3f∞, ∂(χ2
mρs∂

k+1∂jx3w∞)
)∣∣+ ‖f∞‖2

2.

From Proposition 5.18 (iv), (v) and Lemma 5.17 we see that

I1 ≤ C(1 + t)−
1
2M(t)D∞(t),

I2 ≤ C(1 + t)−
1
4M(t)

√
D∞(t)[[φ∞]]2

≤ C(1 + t)−1M(t)2
√
D∞(t)

≤ C
{

(1 + t)−
7
4M(t)3 + (1 + t)−

1
4M(t)D∞(t)

}
.

As for I3 and I4, we have

I3 + I4 ≤ C{‖f̃ 0
∞‖H2‖φ∞‖H2 + ‖f∞‖H1‖w∞‖H2

+ ‖∂tf̃ 0
∞‖2‖∂tφ∞‖2 + ‖∂tf∞‖2‖∂tw∞‖2}.

Since [[Q0P∞F ]]1 + ‖Q̃P∞F ‖2 ≤ C[[F ]]1, we find from Proposition 5.18 and Propo-
sition 5.19 that

‖f̃ 0
∞‖H2 + ‖f∞‖H1 + ‖∂tf∞‖2 ≤ C

{
(1 + t)−

3
4M(t)2 + (1 + t)−

1
4M(t)‖|Dw∞(t)‖|2

}
.
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It then follows from Lemma 5.17 that

‖f̃ 0
∞‖H2‖φ∞‖H2 + ‖f∞‖H1‖w∞‖H2 + ‖∂tf∞‖2‖∂tw∞‖2

≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−1M(t)2

√
D∞(t)}.

It remains to estimate ‖∂tf̃ 0
∞‖2‖∂tφ∞‖2. Since

∂tφ∞ = −Q0LP∞u+Q0P∞F .

we see from Lemma 5.16 and Proposition 5.18 (i) – (iii) that

‖∂tφ∞‖H1 ≤ C{‖v3
s∂x3φ∞‖H1 + ‖∂xw∞‖H1 + ‖Q0F∞‖H1} ≤ C(1 + t)−

3
4M(t).

This, together with Lemma 5.16 and Proposition 5.18 (i) – (iii), then yields

‖∂tf̃ 0
∞‖2‖∂tφ∞‖2 ≤ C

{
(1 + t)−2M(t)3 + (1 + t)−

5
4M(t)2

√
D∞(t)

}
,

and therefore, we have

I3 + I4 ≤ C
{

(1 + t)−
3
2M(t)2 + (1 + t)−

1
2M(t)D∞(t)

}
.

We thus conclude that

R(t) ≤ C
{

(1 + t)−
3
2M(t)2 + (1 + t)−

1
4M(t)D∞(t)

}
.

This completes the proof. �

5.5 Asymptotic behavior

In this section we prove the asymptotic behavior (3.2).
Since M(t) ≤ C‖u0‖H2∩L1 for all t ≥ 0, we see that

‖u(t)− (σ1u
(0))(t)‖2 ≤ C(1 + t)−

3
4‖u0‖H2∩L1 .

Therefore, to prove (3.2), it suffices to show the following

Proposition 5.20. Let σ = σ(x3, t) be the solution of (3.3) with initial value σ|t=0 =

〈φ0〉. Assume that ν ≥ ν0, γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0. Then there exists ε > 0 such that
if ‖u0‖H2∩L1 ≤ ε, then

‖σ1(t)− σ(t)‖2 ≤ C(1 + t)−
3
4

+δ‖u0‖H2∩L1 (δ > 0).

To prove Proposition (5.20). We prepare two lemmas.
In what follows we denote by σ = σ(x3, t) the solution of (3.3) with initial value

σ|t=0 = σ0.
It is well-known that σ(t) has the following decay properties.
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Lemma 5.21. Assume that σ(t) is a solution of (3.3) with σ|t=0 = σ0 ∈ H1 ∩ L1.
Then

‖∂lx3σ(t)‖2 ≤ C(1 + t)−
1
4
− l

2‖σ0‖H1∩L1 (l = 0, 1),

‖σ(t)‖∞ ≤ C(1 + t)−
1
2‖σ0‖H1∩L1 .

We decompose H(t) into two parts. We define H0(t) and H∞(t) by

H0(t) = F−11{|η|≤r0}(ξ)e
−(iκ1ξ+κ0ξ2)tF , H∞(t) = H(t)−H0(t).

Then H(t) = H0(t) +H∞(t) and H0(t) and H∞(t) have the following properties.

Lemma 5.22. There hold the following estimates.

‖∂lx3H0(t)σ0‖2 ≤ C(1 + t)−
1
4
− l

2‖σ0‖1,

‖∂lx3H∞(t)σ0‖2 ≤ Ct−
l
2 e−

κ0
2
r20t‖σ0‖2,

‖∂lx3(e
tΛσ0 −H0(t)σ0)‖2 ≤ C(1 + t)−

3
4
− l

2‖σ0‖1.

Lemma 5.22 can be proved in a similar manner to the proof of [2, Proposition
5.8]; and we omit the proof.

We now prove Proposition 5.20.
Proof of Proposition 5.20. Let σ0 = 〈φ0〉. We define N(t) by

N(t) = sup
0≤τ≤t

(1 + τ)
3
4

+δ‖σ1(t)− σ(t)‖H1 .

We write σ as

σ(t) = H(t)σ0 − κ2

∫ t

0

H(t− τ)∂x3(σ
2)(τ)dτ. (5.27)

As for σ1(t), by Lemma 5.6 (ii), we have

F [PF ] = −iξ1{|η|≤r0}(ξ)〈φ̂w3〉+ ∂x3F [P(1)F ] + ∂2
x3
F [P(2)F ]

= −iξκ211{|η|≤r0}(ξ)(̂σ
2
1)− iξ1{|η|≤r0}(ξ)

(
〈φ̂w3〉 − 〈φ(0)w(0),3〉(̂σ2

1)
)

+ ∂x3F [P(1)(σ2
1F1 + F2)] + ∂2

x3
F [P(2)F ],

where κ21 = 〈φ(0)w(0),3〉. Furthermore,

F [P(1)(σ2
1F1)] = 1{|η|≤r0}(ξ)

〈
σ̂2

1F1, u
∗(1)
〉

= 1{|η|≤r0}(ξ)〈F1, u
∗(1)〉(̂σ2

1)

= −κ221{|η|≤r0}(ξ)(̂σ
2
1),

where κ22 = −〈F1, u
∗(1)〉. We thus obtain

e(t−τ)ΛPF =− κ2e
(t−τ)Λ∂x3(σ

2
1)− e(t−τ)Λ∂x3

{
〈φw3〉 − 〈φ(0)w(0),3〉σ2

1

}
+ e(t−τ)ΛJ4 + e(t−τ)ΛJ5.
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Here we set κ2 = κ21 + κ22,

J4 = ∂x3P(1)F2 + ∂2
x3
P(2)F2,

J5 = ∂2
x3
P(2)(σ2

1F1).

It then follows from (5.29) and (5.27) that σ1(t)− σ(t) is written as

σ1(t)− σ(t) =
5∑
j=0

Ij(t),

where

I0(t) = etΛPu0 −H(t)σ0 + κ2

∫ t

0

H∞(t− τ)∂x3(σ
2)(τ) dτ,

I1(t) = −κ2

∫ t

0

H0(t− τ)∂x3(σ
2
1 − σ2)dτ,

I2(t) = −κ2

∫ t

0

(
e(t−τ)Λ −H0(t− τ)

)
∂x3(σ

2
1)(τ) dτ,

I3(t) = −
∫ t

0

∂x3e
(t−τ)Λ

(
〈φw3〉 − 〈φ(0)w(0),3〉σ2

1

)
dτ,

Ij(t) =

∫ t

0

e(t−τ)ΛJj(τ)dτ, (j = 4, 5).

We see from Proposition 4.44 and Lemmas 5.21, 5.22 that

‖I0(t)‖H1

≤ C
{

(1 + t)−
3
4‖u0‖H1∩L1 +

∫ t

0

(t− τ)−
l
2 e−

κ0
2
r20(t−τ)‖σ‖∞‖∂x3σ‖2(τ) dτ

}
≤ C

{
(1 + t)−

3
4‖u0‖H1∩L1 +

∫ t

0

(t− τ)−
l
2 e−

κ0
2
r20(t−τ)(1 + τ)−

5
4 dτ‖u0‖2

H1∩L1

}
≤ C(1 + t)−

3
4‖u0‖H1∩L1{1 + ‖u0‖H1∩L1}.

As for I1(t), we first observe

‖(σ2
1 − σ2)(t)‖1 ≤ ‖(σ1 + σ)(t)‖2‖(σ1 − σ)(t)‖2 ≤ C(1 + t)−1+δN(t)‖u0‖H2∩L1 .

Since ∂kx3H0(t) = H0(t)∂kx3 (k = 0, 1), we see from Lemma 5.22 that

‖∂kx3I1(t)‖2 ≤ C

∫ t

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1+δdτ‖u0‖H2∩L1N(t)

≤ C(1 + t)−
3
4

+δ‖u0‖H2∩L1N(t)

for k = 0, 1.
As for I2(t), we see from Lemma 5.22 that

‖∂kx3I2(t)‖2 ≤ C

∫ t

0

(1 + t− τ)−
5
4
− k

2 (1 + τ)−1dτM(t)2 ≤ C(1 + t)−1‖u0‖2
H2∩L1
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for k = 0, 1.
As for I3(t), since

‖〈φw3〉(τ)− 〈φ(0)w(0),3(τ)〉σ2
1(τ)‖1

≤ C
{
‖σ1(τ)‖2‖u(τ)− σ1(τ)u(0)(τ)‖2 + ‖u(τ)− σ1(τ)u(0)(τ)‖2

2

}
≤ C(1 + τ)−1M(t)2,

we have

‖∂kx3I3(t)‖2 ≤ CM(t)2

∫ t

0

(1 + τ)−
3
4
− k

2 (1 + τ)−1dτ

≤ C(1 + t)−
3
4 log(1 + t)‖u0‖2

H2∩L1

for k = 0, 1.
By Proposition 4.42 and Lemma 5.7, I4(t) is estimated as

‖∂kx3I4(t)‖2 = ‖
∫ t

0

e(t−τ)Λ∂x3
(
P(1)F2(τ) + ∂x3P(2)F2(τ)

)
dτ‖2M(t)2

≤ C

∫ t

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1dτ‖u0‖2
H2∩L1

≤ C(1 + t)−
3
4 log(1 + t)‖u0‖2

H2∩L1

for k = 0, 1.
As for I5(t), since ∂x3P(2)(τ) = P(2)∂x3 , we see from Lemma 5.7 that

‖∂kx3I5(t)‖2 ≤
∥∥∥∫ t

0

e(t−τ)Λ∂k+1
x3
P(2)

(
∂x3(σ

2
1)F1

)
(τ)dτ

∥∥∥
2

≤ C
{∫ t

2

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−1dτM(t)2

≤ C(1 + t)−
3
4 log(1 + t)‖u0‖2

H2∩L1

for k = 0, 1.
Therefore, we obtain

‖(σ1 − σ)(t)‖H1 ≤ C(1 + t)−
3
4

+δ‖u0‖H2∩L1{1 + ‖u0‖H2∩L1 + ‖u0‖2
H2∩L1 +N(t)}.

It then follows that if ‖u0‖H2∩L1 is sufficiently small, then

N(t) ≤ C‖u0‖H2∩L1 .

We thus see that if ‖u0‖H2∩L1 � 1, then

‖σ1(t)− σ(t)‖2 ≤ C(1 + t)−
3
4

+δ‖u0‖H2∩L1

This completes the proof. �
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In this section we formulate the problem. The problem (1.5)-(1.8) is written as

du

dt
+ Lu = F , w|∂Ω = 0, u|t=0 = u0. (5.28)

Here u = T(φ,w); F = F (u) denotes the nonlinearity:

F = T(f 0(φ,w),f(φ,w)).

The local solvability in Z(T ) for (5.28) follows from [13].

Proposition 5.23. If u0 = T(φ0, w0) satisfies the following conditions;
(i) u0 ∈ H2 × (H2 ∩H1

0 ),

(ii) −γ2

4
ρ1 ≤ φ0,

then there exists a number T0 > 0 depending on ‖u0‖H2 and ρ1 such that the following
assertions hold. Problem (5.28) has a unique solution u(t) ∈ Z(T ) satisfying

φ(x, t) ≥ −γ2

2
ρ1 for ∀(x, t) ∈ Ω× [0, T0];

and the following estimate holds

‖u‖2
Z(T ) ≤ C0{1 + ‖u0‖2

H2}α‖u0‖2
H2

for some positive constants C0 and α.

Theorem 3.1 would follow if we would establish the a priori estimates of u(t) in
Z(T ) uniformly for T .

To obtain the appropriate a priori estimates, we decompose the solution u into
its P0 and P∞ parts. Let us decompose the solution u(t) of (5.28) as

u(t) = (σ1u
(0))(t) + u1(t) + u∞(t),

where
σ1(t) = Pu(t), u1(t) = (T − T (0))Pu(t), u∞(t) = P∞u(t).

Note that P0u(t) = (σ1u
(0))(t) + u1(t).

Since u1(t) is written as

u1(t) = (T − T (0))Pu(t) = (∂x3T (1) + ∂2
x3
T (2))σ1(t),

we see from Proposition 4.40 and Proposition 4.41 the following estimates for σ1(t)
and u1(t).

Proposition 5.24. Let u(t) be a solution of (5.28) in Z(T ). Then there hold the
estimates

‖∂lx3σ1(t)‖2 ≤ C‖∂x3σ1(t)‖2

for 1 ≤ l ≤ 3; and

‖∂kx′∂lx3∂
m
t u1(t)‖2 ≤ C‖∂x3σ1(t)‖2 + ‖∂tσ1(t)‖2

for 0 ≤ k + l + 2m ≤ 3.
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We derive the equations for σ1(t) and u∞(t).

Proposition 5.25. Let T > 0 and assume that u(t) is a solution of (5.28) in Z(T ).
Then the following assertions hold.

σ1 ∈
1⋂
j=0

Cj([0, T ] : H2(R)), u∞ ∈ Z(T ), φ∞ ∈ C1([0, T ];H1).

Furthermore, σ1 and u∞ satisfy

σ1(t) = etΛPu0 +

∫ T

0

e(t−τ)ΛPF (τ)dτ ; (5.29)

and
∂tu∞ + Lu∞ = F∞, w∞ |∂Ω= 0, u∞ |t=0= u∞,0, (5.30)

where F∞ = P∞F and u∞,0 = P∞u0.

Let u(t) be a solution of (5.28) in Z(T ). From Proposition 5.24, we obtain

sup
0≤τ≤t

(1 + τ)
3
4{[[u1(τ)]]2 + [[∂xu1(τ)]]2}

≤ C sup
0≤τ≤t

(1 + τ)
3
4{‖∂x3σ1(τ)‖2 + ‖∂τσ1(τ)‖2},

and thus, the estimates for u1(t) follows from the ones for σ1(t). Therefore, as in
[3], we introduce the quantity M1(t) defined by

M1(t) = sup
0≤τ≤t

(1 + τ)
1
4‖σ1(τ)‖2 + sup

0≤τ≤t
(1 + τ)

3
4{‖∂x3σ1(τ)‖2 + ‖∂τσ1(τ)‖2};

and we define the quantity M(t) ≥ 0 by

M(t)2 = M1(t)2 + sup
0≤τ≤t

(1 + τ)
3
2E∞(τ) (t ∈ [0, T ])

with
E∞(t) = [[u∞(t)]]22.

We define a quantity D∞(t) for u∞ = T(φ∞, w∞) by

D∞(t) = ‖|Dφ∞(t)‖|21 + ‖|Dw∞(t)‖|22.

If we could show M(t) ≤ C uniformly for t ≥ 0, then Theorem 3.1 would follow.
The uniform estimate for M(t) is given by using the following estimates for M1(t)
and E∞(t).

Proposition 5.26. There exist positive constants ν0, γ0 and ω0 such that if ν ≥ ν0,
γ2

ν+ν̃
≥ γ2

0 and ω ≤ ω0, then the following assertions hold. There is a positive number
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ε1 such that if a solution u(t) of (5.28) in Z(T ) satisfies sup
0≤τ≤t

[[u(τ)]]2 ≤ ε1 and

M(t) ≤ 1 for t ∈ [0, T ], then the estimates

M1(t) ≤ C{‖u0‖L1 +M(t)2} (5.31)

and

E∞(t) +

∫ ∞
0

e−a(t−τ)D∞(τ)dτ

≤ C{e−atE∞(0) + (1 + t)−
3
2M(t)4 +

∫ t

0

e−a(t−τ)R(τ)dτ}
(5.32)

hold uniformly for t ∈ [0, T ] with C > 0 independent of T . Here a = a(ν, ν̃, γ) is a
positive constant; and R(t) is a function satisfying the estimate

R(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)} (5.33)

provided that sup
0≤τ≤t

[[u(τ)]]2 ≤ ε2 and M(t) ≤ 1.

Proposition 5.26 follows from Propositions 5.5, 5.8 and 5.14 below.
As in [3, 12], one can see from Propositions 5.23 and 5.26 that if ‖u0‖H2∩L1 is

sufficiently small, then
M(t) ≤ C‖u0‖H2∩L1

uniformly for t ≥ 0, which proves Theorem 3.1.
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