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1. Introduction.

T. Hida [1] has proposed the problem that “ what properties has the
stationary process x(¢)=x(f,0), which satisfies the formal equation
@D Dax(f)=£(0),
where D=d/dr, 0< <1 and &(f) is a white noise”. K. Yosida [2] had
interpreted and studied the operators such as D* which proposed by A.
V. Balakrishnan [3], as the fractional powers of infinitesimal generators
of the semi-groups of bounded linear operators g, (£>0) on a Banach
space X into X.

In this note, we shall interprete and study the operators such as D¢,
(D+BDe, (D+pI)-=, as the special cases of shift-commutative linear
operators which are defined by T. Seguchi [4] and [5]. And then we
shall refer to the properties of stationary processes which satisfy the
stochastic functional equations concerning to the operators such as above
S-C.L.Op.s of Riemann-Liouville type.

2. Preliminaries.

DeriniTION 2.1, Let F be the all complex- (or real-) valued functions
defined on RV, and let (A4, D, {r,};cx) be such that:

(1) {7:}:cr is the shift operator defined on F; i.e. for any f¢ F and
for any t€R

T f() = (- +0).

1) R=(—oo, oo): “‘the set of all real numbers”,
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(2) D is a non-trivial complex (or real) linear sub-space of F, i.e.
D=~{0}, and satisfies the condition

ryn DD, for any t€eR.
(8) A is a linear operator defined on D and satisfies the condition
L2 ADCF=2(t)?.

(4) Between the linear operator A and the shift r, the condition
(L 3) for any fe D and for any t€R
7, (Af)=A(z,f)
holds.

Then we shall call the linear operator A is the shift-commutative linear
operator (S-C.L.Op.) defined on D w.rt. r,, The notation A means the
class of all S-C.L.Op.s defined above and 2 (A) means the domain D of
A€A.

Let A€A, and 4f(1)==(Af) (¢) be the value of Af at ¢, then the fol-
lowing relations hold; there exist two functions such that for any 2
€7 (A)==(1; e €F(A), A€R) and z€ F(A)={z; e* € F(A), z€C)?,

(2.1) Ae*'=e*G, (1), Ae*=e"'C,(z), for every t€R.

DEFINITION 2.2. The above two functions G,(4) and C,(z) are called

the generating function (g.f.) and the characterizing function (c.f) of S-C.L.
Op. A€A, respectively.

Let us use the following notations:

.=*the space of all rapidly decreasing functions in the sense of L.
Schwartz [6]”.

M ‘z{y;[l]q)(l) [2u(d2)<oo, for every ¢€.2”, non-negative measures} .
M, = {#;meu(d'i)/(1+12)’*<oo, Z EM}.

Le(us ) ={ 13 1A@De @ 2a(di)>oo, for every ges).

L Cuse={ 3] 11/ Qi) <o

2(B, P)=="the basic probability space”.

L (@)=(x; E[[x(w)|*]<co}.
€=="the totality of (weakly) stationary distributions”.

2) =2(*) means the domain of a operator *‘ x*’,
3) C means ‘“‘the set of all complex numbers”’,
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©°==*"the totality of (weakly) stationary processes”.

S,={x€&; u. € M,).

Xe={x(t, ), 1€R; w€ ).

Xo=(x(p, w), p€¥; WELQ}.

X=X, or X, if we need not to distinguish X, and X_.
LX)=L(X)CcL*(2)."

LX(X; a, By=L*(Xy; a, b) or L*(Xs; a, b), L*(X; 0)-=L*(X; —oo, 1),
L' (Xy; a, b)=L*{x(t, w), a<t<h; w€ ),

L’(Xg; a, by=L*{x(¢, 0), ¢€F,; 0 €2},

L w=(¢p; car.(¢)€[a, b], p €.7}.

A _=“S-C.L.Op.s which are dependent only on the past”.

N,={2; G,(2)=0}.

dZ (A)=dZ.(, w)="the corresponding orthogonal random measure to x".
pe=p.(d))="the corresponding spectral measure to x”.

F,(H)=*the continuous primitive of e-*'f(t) as the function of t”,
@.2) [8/(D—aD1f=-8] ez _,ft)du
where o, 8€ C, 0 and

f’ err_, f(Ddu=— r €9 f(5)ds= — e F . (1)

J 0 ea“r-uf(odu=fme“““”f<s>ds, If e a>0,
—~o0 t

= I——J:e“”r_,, f(t)du:Jiwe““‘s’f(s)ds, if He <0,

—e®F, (D), if Re =0,
2.3 1/ [(D—al) (D—al)])f(t)f‘(l/b)r e® sin bu v_, f(t)du,
where a=a+ib (a, beR, 0).

DerINITION 2.3. Let T,(t€ R) be the shift operator on &, such that for
any x€&, for every ¢ €5 and for every t€ R the relation

Tx(p)=x(v-.¢)

holds, where 7, is the shift defined on F,
Let K(¢) be a right continuous step-function defined on R, and has
finite jumping points, i.e.

4) L?{(x} means the L2-space generated by * «”’,
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K(O=3 k. Blk,|<eo, kR oOr C, n=1,2 -
And for any x€© and for every ¢ €.%, let us put
@9 Ax()= 3 T, x(@) ks = S x(e-, 00k, = [ x(e_0)dK ().
The all these operators A such as above will be called the shift-commuta-

tive linear operators on &, and are denoted class A;.

ProrosiTiON 2.1 (Proposition 3.1.1).% If the above operator A on © de-
fined by (2.4) is corresponding to the S-C.LOp. A €A such that, for any f € F

@.5) A= 3 SV S C+ku= [ SC 49K = [ e f()dKCS).

Then we have the following results:

(1) G, and C, of A€ A defined above are given by

G, () =3 etink, :r eMdK (1),

C.=3 el'nkn=J8Wez’dK(t).

(2°) Especially, if x€E,, then for the corresponding usual stationary process
x€<°, Ax(t) is given by

Ax(O =3 7, (k=S x(t+ t)keu= [ x(t+9dK(s) = [z, x(DdK(S).

DerINITION 2.4. If x€& has the orthogonal random measure and the
spectral measure dZ and g respectively, and if S-C.L. Op. A€A has the
gf. G,eLx(u; %), then the corresponding S-C.L.Op. 4 in & to 4 €A is
defined by, for every ¢€.&

2.6) Ax(@) = [ (ZO DG, DAZ(W).

The domain of 4 in & is denoted by Z(A)={(x; G,€L*(u,; <)}, The
class of all operators A in & defined above and whose domain in & is
not empty, is called the shift-commutative linear operators (S-CL.Op.s) in &
and denoted by A.

REMARK. Here we are treating the weakly stationary processes, i. e,
stationary process x is regarded as a point of the closed linear sub-mani-
fold of the Hilbert space L*(2). Hence, in its representation (2.6), it

5) The inside of ““( )’ shows the the number of result in T. Seguchi [4].
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will be in question that the difference of measure zero. Here we wish to
point out that the above definition of Ax give the answer to this question.
That is, as the g.f. G, of S-C.L.Op. 4 is uniquely determined by the

operator A, hence the representation (2.6) is unique, and even if G,~G,

(u) (in this case 4x()=[ " (FOWGCMD AZW =" _(=¢) (DGD)AZ.W)
=I'x(p) is considered as the same point in L?(82)), we must consider
that Ax=£T'x.

ProposiTION 2.2. (1°) If x €S has an orthogonal random measure dZ, and
a spectral measure p., then for any A€ A satisfying G,€L*(u,; &), expressions

Ax(@) = | (FOWCDAZWD),

@7 re@) = [T (FODICD ),

hold, for every ¢ € &, where r,.(¢) is the covariance distribution of Ax.

(2°) Especially, if x€©, and G, € L*(u,;0), then for the corresponding usual
stationary process x €&’ to x € S,, the following expressions hold:

(2.8) Ax(f) =J: G, (D) dZ,(A),

@.9) re® = [ "G '),
where dZ, and p, are those of x €S,

PROPOSITION 2.3 (Theorem 3.4.4). Let A, I', 4€ A (or A), then we have
@) if d=aA+bI then G ,=aG,+bG, and C,=aC +bC,,
(2) if 4=AT then G,=G,G,=G;G, and C,=C,C, =C,;C,,

(8°) if there exists the inverse operator A~ € A (or Z), then G,-1 = 1/G, and
C,=1/C,, where A-' is an operator such that A A-'=] (identity operator),

ProPosITION 2.4. (1°) If A €A is given by
Ay = e f(HdK ),

then A€ A corresponding to the above A €A can be expressed by

Ax(@) = T_x (oK) = [ x(r.)dK(),
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where K € BV|a, b]® (—~co<La<lb<+x), x€z(A4).
(2°) Especially, when x € &°, then

Ax() =" t_x(0)dK(s) =be(t—s)dK(s).

PROPOSITION 2.5 (Theorem 4.2.3). (1) Let x and y €S satisfy the equa-
tion

Ay=x,
where A€ A_. Then for every t€R
LA(Y; HDLA(X; 1)

holds.

(2°) Furthermore, if there exists the inverse operator 4 '€ A ., then

L(Y; y=L*X; ?)

holds, for every t€ R.

PrOPOSITION 2.6 (Theorem 5.2.1). Let x€S,, & be a differentiation in the
sense of random distribution of a homogeneous orthogonal random measure d§ and

A €A, Then
(1°) the relation

(2.10) Ax=§

holds if and only if the conditions (G1) N,=¢ and (G &) 1/G, € L*(m; 0)" are
satisfied,
(2) any x€S, satisfying (2.10) is given by uniquely

K@) =478 =[_(FOIDEWD/G.D).

where d§ is the homogeneous orthogonal random measure of £ee,.
(3) x€&, corresponding to x € &,, is represented by

x(0)= [ eHdE@)/G. ).

r@ = en/1G, ) I

6) BV[a, b] means ‘‘the all real- or complex-valued functions of bounded variations
in [a, b].”
7) m means ‘‘the usual Lebesgue measure on R, i.e. m(d2)=da.
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The above all notations, notions, definitions and propositions are in
T. Seguchi [4], or can be easily proved.

3. S-C.L.Op.s of Riemann-Liouville type belonging to A.

[1°] S-C.LOp. (D+BI)~~.

We shall first consider the case that the operator A defined by the
following form: For «>0, >0 («, BER)

3.1 AFO=YT @[ (=9« e 2 f(s)ds

~UT (@ [T ute e, f(0)du.

The following formula holds, for any >0 (@€ R), and z€ C such as
Re z>0

(3.2) J“’ e-sa-1dt— I (a) /2,

If we put f(¢)-=e*' (A€ R), we have from (3.1)
t

Aeaaltl/r((X)J' (t_s>afle—3(t-s)eilsds

Zei/lt/IW(C()JvQ ua—le—(ﬁﬁ—il)u du

0

=e/(B+il).

Hence, from the above formula, we can see that the operator A be-
longs to the class A of S-C.L.Op.s and the gf. of A4 is G,A)=1+p)=
If =1 then we can easily assure the operator A defined by (3.1) is

the operator (D+BI)7', which is given by (2.2). Hence, we shall denote
the operator A defined by (3.1) A=(D+BI) =

(2] S-C.LOp. (D+BI)e.

Next, we shall consider the following case; 0<la<{1, >0 (a, BER).
Using the formula (3.2) and

3.3 rl—-a)y=—al'(—a), 0<<a<1,

we have
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3.4) ru“““l(l—e*“’*‘““)du
0

*l/a [u““(1~€‘(‘3”““)]j:— [(B-}—z’/l)/a]f:u““e‘<”*f"“du
= [(ﬁ—%—l])/a] I: ui-a-lg=B+ibudy

=—[B+i)/a] [I'A—a)]/(B+iD)""*

=—[I'd-a)/a] (B+il)*

=I'(—a)(B+i)e.

On the other hand, if we put u=t—s, from (3.4) the following for-
mula holds:

(3. 5) Jmu—a~l<1_e*(9+i1)u>du
0

J! <[___s> —a-1 (1 __e—(ﬁ+ii.)(l—s))ds

—e-ilt Jt (t——S) —a—l(eilt__e——ﬁ(l—s)ei.ls)ds'

Hence, from (3.4) and (8.5), if we consider the operator 4 such that
3.6) AFO=YT(~) [ (=) [f() - ()] ds
=1/F(—a)I:u’““(I—e‘“r_,,) £(f)du,
then, putting f(f)=e'*, we get

(3. 7) Aellt:: l/r('—‘a)J! (t_ s)-—vt—l (eilt___ e—ﬂ(t—s)etls)ds

=em/11(_a)lr (t__s)—a—l(l_e-(ﬂ+il)(t—s)>ds
=e‘“(8+t’/l)“.

The formula (3.7) shows that the operator A defined by (3.6) is be-

longing to the class A and its g.f. is (i1+B)* In accordance with [1I°],
we shall denote the above operator A=(D+BI)*“.

[3] S-C.LOp. D~

If f(¥) be the function such that the right hand side of formula (3. 6)
is meaningful, and let 0< a<(1, then we have
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(3.8) lim 1,/r(»a)J'_m(z_s)—a‘1{ f(t)—e-5t=91(s)]ds

Ao

—UT )| (=9 [0 —f(9)]ds

:1/r(~a)£° ue ([ ) f(O)du.

Let the operator, which is defined by the right hand side of (3.8), be D¢,
then from (3.7) we can easily see that
Deett —e' (i})e,

Hence we see that Dé€ A, G,a(d)=(iA)% Cra(z)—=z%. We shall call the
operator D* the differential operator of order «.

[4] For general « € R, there exists an integer n such that a=n+ao’
(0<a’<(1). Then above three operators are given by the followings:

ey (D+BID)~f()=(D+BI)~"(D+BI)~*f(1),
2 (D+B1)*f(H)=(D+BI)"(D+B1)*f(1),
3 Def(y=D"D* (1),

where if n>0, (D+p8I)-*, (D+BI)* and D* are given by the definition of
differential operator D and the integral operators (2.2) and (2.3) and
Proposition 2.3, and if n>>0, the operator D~ is defined as the following;
let F(f) be a continuous primitive of f(¢) at ¢, satisfying F(0)=0 and let
D-Yf(#)=F(t), then from Proposition 23 we can see that D-"=D"'D"...D"",

n

[5°] From Proposition 2.3 and [1°]—[4°] in this section, we can easily
see that for any ¢ € R

@ [(D+BD] ' =(D+BD)™*,
2) [((D+BD~*]"'=(D+BD)*,
3 (D*)~' =D,

4. S-CL.Ops of Riemann-Liouville type belonging to A.

From the preceding Section 3, Definition 2.4 and Propositions 2.2 and
2.4, we can immediately obtain the followings:

[1°] For any x€© such as (iA+B) *€L*(u,; &), a>0, B>0 (a, BER)
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@ (D+BD=*x()=|"_(=¢) (D) (id+H) “dZ.()
1/]7(a)r ule="T_ x(¢)du
xl/l“(a)J: ut~'e="x(r,@) du.

[2°] For any x€& such as ((A+p)*€ L (u,; &), 0<a<l, >0 (a, BE
R)

(1.2) (D+BD“x (@)= (#0) () G+ B dZ, (D)
- 1/1‘(-0:)L:° u-ei([—e T ) x(g)du
ST (=) [x(0) — e x(rg)] d
[3] For any x€ & such as (i) €L(u,; &), 0<a<1 (¢ €R)
.3 Dex(@)=]"_(Zo) DD AZW)
—1/T(—0) f Cu U= T ) x(p)du
~UT (=) [ e x(e) ~x(rup) .

[4°] The results of preceding Section 3, [4°] and [5°] are all obtain-
ed for the S-C.L.Op.s in & except the case D™® (a«>0). And for x€€,
from Proposition 2.2 the results are trivial, furthermore, for the covari-
ance functions or covariance distributions the results are trivial from
Proposition 2.2 and Definition 24, hence we shall omit to show the results,
As for the operator D* (a>>0), from Proposition 2.3, the following relation
is not satisfied;

(D) =D,

(This relation does not hold in the case of D*€ A, but in the Section 3,
we defined formally that D 'f(f)=F(¢#). In this case, from Proposition 2.3
the definition of (D%)! can not possible, as Gp«(1) has a zero on pure
imaginary axis, i.e. Gpe(0)=0 hence the relation (D*)-'=D-* does not
hold from Proposition 2.3.)
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5. Applications to the functional equations.

Let us consider the following stochastic functional equations:

(5.1) (D+BD)~ey=x, a>0, >0 (a, BER),
(5.2) (D+BD)*y=x,  0<a<l, B>0 (a, BER),
(5.3) Déy=x, 0<a<1, (a€R),

where x and ye@©.
The above equations are meanigful if and only if the following rela-

tions

5.1y (iA+B)*dZ,(}) =dZ, (1),
(5.2)’ (iA+PB)*dZ,(X)=dZ.(4),
(5.3)’ (iNedZ,=dZ.(2)

hold for any A€ R. Then from the preceding Section 4, [4’], we can see
for the equations (5.1) and (5.2) the following relations hold:

6. 1" y={D+BD™%) 'x=(D+BI)"x,

6. 2)” y=(D+B1)*) 'x=(D+pI) *x.

Furthermore, from the definitions of above operators (D+gI)* and (D+

BI)~« (Section 4, [1°] and [2°]) and Proposition 2.5, we can obtain the
following result:

5.4 (D+RI)2=({(D+BI)) e A_,
(5.5) (D+BL)s=((D+RI) €A,
(5.6) L(Y; H=L*(X; 1), for every t€R.

The other results are obtained from Section 4 in T. Seguchi [4].

6. Applications to the representations of certain stationary processes.

Now let us consider the following stochastic functional equations

6.1 (D+BI)-2x=¢, a>0, >0 («, BER),
(6.2) (D+BI)*x=£,  0<a<l, >0 (a, BER),
(6.3) Dex=g, 0<a<1 (a€R),

where x€©,, £ €&, which is the differentiation in the sense of random
distribution of the homogeneous orthogonal random measure d¢.
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From Proposition 2.6 the equations (6.1), (6.2) and (6.3) are mean-
ingful if and only if the conditions

(6. 4) 1/(A+R)« €L:(m; 0), N,—¢,
(B0, @' €R, A€ER)

are satisfied, where 4 is (D+pI)"* in (6.1), (D+pI)* in (6.2), D* in (6. 3)
and o’ =aor —a, a>0.

But the last condition of (6.4) is not satisfied in the case of D% hence
the equation (6.3) is not meaningful.

For (6.2), if 1/2<Ca<1 the conditions of (6.4) are all satisfied and
otherwise the first condition of (6.4) is not satisfied. Hence the equation
(6.2) is meaningful if and only if the case that 1/2<a<1.

For (6.1), the first condition of (6.4) is not satisfied, hence the
equation (6.1) is not meaningful.

From the above discussions, finally, among the above equations, only
the equation (6.2) is meaningful in the case 1/2<a<1, >0 (a, BER). In
this case, we can obtain, from Section 3, [5°] and Propositions 2.2, 2.5, 2.6,
the following results: (1) There exists unique solution of equation (6.2) and
is represented by

(6.5) xX(¢)=(D+BI) ¢ (y)
~UT(~a) [ w et (U= e T )é(p)du

-[" owarp-dm,

where dg(/l) is the homogeneous orthogonal random measure corresponding to the
white noise &, and the covariance distribution of x is given by

(6.6) @ = (Zo)Wlia+8|wda.

(2) Let x€ & be the stationary process corresponding to the solution x€&, of
the equation (6.2), then we have, from Proposition 2.2 and Definition 2.4

(6.7) x(0) :1/1’(%)]: u-a-1([—e~or_)dg ()

[ emin+py-eaéw,
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(6.8) r =[_emig)edi,

where dg is that of relation (6.5). (3) Furthermore, in this case, the Paley-Wiener's
condition is satisfied in addition to the conditions (6.4), by the same way as Pro-
position 2.6, we can see that the canonical representation of x€S° satisfying the
equation (6.2) is the first term of the expression (6.7).
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