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1 Introduction

Multiple zeta values have been studied by many authors since L. Euler. Recently, they
appear not only in mathematics but also in physics. One of the most interesting problem
in the theory of multiple zeta values is on the structure of the vector space spanned by
multiple zeta values. On this problem, remarkable results are obtained by T. Terasoma,
P. Deligne, A. Goncharov and F. Brown recently.

The “finite sum” version of multiple zeta values has also been investigated. The finite
multiple zeta value is a collection of certain “finite sums” in the setting given by D. Zagier.
As in the case of the classical multiple zeta values, we have the problem on the vector
space spanned by finite multiple zeta values. However, we have obtained only a few results
on this problem since we have less informations on finite multiple zeta values.

In this paper, we study linear relations of both real multiple zeta values and finite mul-
tiple zeta values. To study the latter, we introduce and investigate multi-poly-Bernoulli
numbers.

In §2 and §3, we review the theory of multiple zeta values briefly. We give harmonic
(stuffle) product and shuffle product among multiple zeta values which define algebra
structure on the space of multiple zeta values. We introduce a non-commutative algebra,
according to M. Hoffman, to study multiple zeta values algebraically. By using this setup,
we recall several results on the special values of multiple zeta values, and give and prove
our first main result (Theorem.3.1 in §3.2).

In §4, we present the definition and a few examples of finite multiple zeta values, and
also describe the problem on the vector space spanned by finite multiple zeta values. At
the end of this section, we introduce some conjectures concerning this problem.

In §5, we define multi-poly-Bernoulli numbers which generalize the Bernoulli num-
bers. Since finite multiple zeta values can be expressed in terms of multi-poly-Bernoulli
numbers, the multi-poly-Bernoulli numbers is one of useful tools for studying finite mul-
tiple zeta values. We study fundamental properties of multi-poly-Bernoulli numbers, and
give alternative proofs of some relations among finite multiple zeta values as corollaries.
We also define in §6 multi-poly-Bernoulli polynomials and generalized Arakawa-Kaneko
zeta function. We show that special values of this function at non-positive integers are
multi-poly-Bernoulli polynomials.

Throughout the paper, the set of all natural numbers, integers and rational numbers
are denoted by N, Z and Q respectively. The real part of a complex number s is denoted
by ℜ(s).
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2 Multiple Zeta Values

In this section, we review the theory of multiple zeta values.

2.1 Multiple zeta values

Definition 2.1. For any multi-index (k1, . . . , kr) with ki ≥ 1 and k1 ≥ 2, multiple zeta
values (MZVs for short) and multiple zeta-star values (MZSVs for short) are defined by
the convergent series

ζ(k1, . . . , kr) =
∑

m1>···>mr>0

1

mk1
1 · · ·mkr

r

,

ζ⋆(k1, . . . , kr) =
∑

m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

respectively.

The number k1 + · · · + kr is called weight and r is called depth. Multiple zeta value
can be written as a linear combination of multiple zeta-star values and vice versa. For
example,

ζ(k1, k2) = ζ⋆(k1, k2)− ζ⋆(k1 + k2),

ζ⋆(k1, k2) = ζ(k1, k2) + ζ(k1 + k2),

ζ(k1, k2, k3) = ζ⋆(k1, k2, k3)− ζ⋆(k1 + k2, k3)− ζ⋆(k1, k2 + k3) + ζ⋆(k1 + k2 + k3),

ζ⋆(k1, k2, k3) = ζ(k1, k2, k3) + ζ(k1 + k2, k3) + ζ(k1, k2 + k3) + ζ(k1 + k2 + k3),

· · ·

Obviously, when r = 1, these numbers coincide with the special value of the Riemann
zeta function at positive integers. In particular, Euler found the formula for the values of
Riemann zeta function at even integers:

Theorem 2.2. For k ∈ N, we have

ζ(2k) =
(−1)k−1

2

B2k

(2k)!
(2π)2k,

where B2k is the Bernoulli number defined by the following generating function:

∞∑
n=0

Bn
tn

n!
=

tet

et − 1
.

We give an example of multiple zeta values whose depths are greater than 1.

Example 2.3. For n ∈ N, we have

ζ(

n︷ ︸︸ ︷
2, . . . , 2) =

π2n

(2n+ 1)!
.
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Proof. We consider the infinite product of
sin πx

πx
.

sinπx

πx
=

∞∏
m=1

(
1− x2

m2

)
=

(
1− x2

12

)(
1− x2

22

)(
1− x2

32

)
· · ·

= 1−

(
∞∑

m=1

1

m2

)
x2 +

( ∑
m1>m2>0

1

m2
1m

2
2

)
x4 −

( ∑
m1>m2>m3>0

1

m2
1m

2
2m

2
3

)
x6 + · · ·

= 1 +
∞∑
n=1

(−1)nζ(2, . . . , 2︸ ︷︷ ︸
n

)x2n.

We also have the Taylor expansion of
sin πx

πx
at 0:

sinπx

πx
=

∞∑
n=0

(−1)n
π2n

(2n+ 1)!
x2n.

We complete the proof by comparing the coefficients.

2.2 Vector space spanned by MZVs

In this section, we describe the vector space over Q spanned by MZVs:

Definition 2.4.

Z0 = Q, Z1 = {0},
Zk =

∑
weight=k

Q · ζ(k1, . . . , kr) (k ≥ 2),

Z =
∞∑
k=0

Zk.

Since MZVs with weight 2 is only ζ(2), we find that Z2 = Q · ζ(2). Furthermore, it is
known that Z3 = Q · ζ(3) and Z4 = Q · ζ(4), so that any MZVs with weight 3 and 4 can
be written as a rational multiple of ζ(3) and ζ(4) respectively. For k ≥ 5, the basis of Zk

are not determined at all.
We introduce the following conjecture of D. Zagier on the dimension of Zk.

Conjecture 2.5. We have
dimQ Zk = dk,

where dk is the non-negative integer satisfying the following recursion:

dk = dk−2 + dk−3 (k ≥ 3), d0 = 1, d1 = 0, d2 = 1.
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One can compute the asymptotic behavior of dk:

dk ≈ 0.41149 · · · × (1.3247 · · · )k (k → ∞).

Therefore, dk is considerably smaller than the number of MZVs with weight k, that is,
the above conjecture means that there are many linear relations among MZVs. In fact, a
large number of relation formulas are found by many authors.

The following theorems are remarkable results on the above conjecture.

Theorem 2.6 (P. Deligne-A. Goncharov [7], T. Terasoma [27]). The inequality

dimQ Zk ≤ dk

holds.

Theorem 2.7 (F. Brown [4]). The space Z is generated by MZVs whose component is 2
or 3.

Conjecture 2.5 is completely solved if all MZVs whose component is 2 or 3 are lin-
early independent over Q. However, it is hard to solve the problem since even whether
ζ(3)/ζ(2) ̸∈ Q holds or not is not solved.

The vector space Z becomes a Q-algebra. Moreover, Z has two products, which are
called the harmonic (stuffle) product and the shuffle product. These products create many
linear relations, which are called (generalized) double shuffle relations, among MZVs. The
former product is obtained by considering the product of two defining series of MZVs.
The product of two MZVs is a linear combination of MZVs by decomposing the sum. For
example,

ζ(a)ζ(b) =

(∑
m>0

1

ma

)(∑
n>0

1

nb

)
=

∑
m>n>0

1

manb
+
∑

n>m>0

1

manb
+
∑

m=n>0

1

manb

= ζ(a, b) + ζ(b, a) + ζ(a+ b).

In general, the product of MZV with weight k and MZV with weight k′ is a linear com-
bination of MZVs with weight k + k′, which implies that Zk · Zk′ ⊂ Zk+k′ . The second
product is described in the next section.

If we replace ζ(k1, . . . , kr) by ζ⋆(k1, . . . , kr) in Definition 2.4, the resulting vector space
is the same one since any MZSVs can be expressed as a linear combination of MZVs and
vice versa.
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2.3 Iterated integral expression of MZVs

We consider the following iterated integral: For |z| < 1,

I(ϵ1, · · · , ϵk; z) =

∫
· · ·
∫

z>t1>···>tk>0

Aϵ1(t1) · · ·Aϵk(tk)dt1 · · · dtk

=

∫ z

0

Aϵ1(t1)dt1 · · ·
∫ tk−2

0

Aϵk−1
(tk−1)dtk−1

∫ tk−1

0

Aϵk(tk)dtk

=:

∫ z

0

Aϵ1(t1)dt1 ◦ · · · ◦ Aϵk(tk)dtk

where ϵj ∈ {0, 1} for 1 ≤ j ≤ k − 1, ϵk = 1 and

A0(t) =
1

t
, A1(t) =

1

1− t
.

I(ϵ1, · · · , ϵk; z) has another expression in terms of series, which is obtained by expanding
1/(1− ti) and termwise integration.

Definition 2.8. For positive integers ki ≥ 1 (1 ≤ i ≤ r), we set

Lik1,...,kr(z) :=
∑

m1>···>mr>0

zm1

mk1
1 · · ·mkr

r

= I(0, . . . , 0︸ ︷︷ ︸
k1−1

, 1, 0, . . . , 1, 0, . . . , 0︸ ︷︷ ︸
kr−1

, 1; z).

We note that Lik1,...,kr(z) is holomorphic on |z| < 1 and that when k1 > 1 this function
is convergent as z → 1 to the MZV:

Lik1,...,kr(1) = ζ(k1, . . . , kr).

The product of two iterated integrals can be expressed as a linear combination of
iterated integrals ([23]). This product is called shuffle product.

Proposition 2.9. For ωi, ω
′
j ∈ {dt/t, dt/(1 − t)} (1 ≤ i ≤ k, 1 ≤ j ≤ k′) with ωk =

ωk′ = dt/(1− t),(∫ z

0

ω1 ◦ · · · ◦ ωk

)(∫ z

0

ω′
1 ◦ · · · ◦ ω′

k′

)
=
∑(∫ z

0

η1 ◦ · · · ◦ ηk+k′

)
,

where the sum on the right hand side runs through all shuffles of (ω1, . . . , ωk) and (ω′
1, . . . , ω

′
k′).

Example 2.10.
Li2(z)

2 = 2Li2,2(z) + 4Li4(z).

Therefore, together with the harmonic product we obtain

4ζ(3, 1) = ζ(4).
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Proof.

Li2(z)
2 =

(∫ z

0

dt1
t1

◦ dt2
1− t2

)(∫ z

0

du1

u1

◦ du2

1− u2

)
=

∫ z

0

dt1
t1

◦ dt2
1− t2

◦ du1

u1

◦ du2

1− u2

+

∫ z

0

dt1
t1

◦ du1

u1

◦ dt2
1− t2

◦ du2

1− u2

+

∫ z

0

dt1
t1

◦ du1

u1

◦ du2

1− u2

◦ dt2
1− t2

+

∫ z

0

du1

u1

◦ dt1
t1

◦ dt2
1− t2

◦ du2

1− u2

+

∫ z

0

du1

u1

◦ dt1
t1

◦ du2

1− u2

◦ dt2
1− t2

+

∫ z

0

du1

u1

◦ du2

1− u2

◦ dt1
t1

◦ dt1
1− t1

= 2Li2,2(z) + 4Li4(z).

2.4 Algebraic setup

Let H be the noncommutative polynomial algebra in two indeterminates x and y, and
H1,H0 its subalgebras:

H := Q⟨x, y⟩ ⊃ H1 := Q+ Hy ⊃ H0 := Q+ xHy.

The degree of a word is called its weight. We put zl = xl−1y for l ≥ 1. The algebra H1 is
the noncommutative polynomial algebra over Q freely generated by {z1, z2, z3, . . .}. We
define two Q-linear maps Z,Z : H0 → R respectively by

Z(zk1zk2 · · · zkn) = ζ(k1, k2, . . . , kn), Z(1) = 1,

and
Z(zk1zk2 · · · zkn) = ζ⋆(k1, k2, . . . , kn), Z(1) = 1,

which are usually called the evaluation maps. The weight of a word is that of the corre-
sponding MZV or MZSV.

Let γ be the automorphism on H characterized by

γ(x) = x, γ(y) = x+ y.

We define the Q-linear map d : H1 → H1 by

d(wy) = γ(w)y

for any word w ∈ H. Then the linear transformation between MZV’s and MZSV’s is
expressed as

Z = Z ◦ d.
Let ∗ : H1 × H1 → H1 be the Q-bilinear map defined, for any words w,w′ ∈ H1 and

any positive integers k1, k2, by
1 ∗ w = w ∗ 1 = w

8



and the recursive rule

zk1w ∗ zk2w′ = zk1(w ∗ zk2w′) + zk2(zk1w ∗ w′) + zk1+k2(w ∗ w′). (2.1)

It is known that the product ∗ is commutative and associative ([12]). The product ∗ is
called the harmonic product on H1. We find that H0 ∗ H0 ⊂ H0 and the map Z is a
homomorphism with respect to the harmonic product.

Let x : H× H → H be the Q-bilinear map defined, for any words w,w′ ∈ H, by

1xw = wx1 = w

and the recursive rule

uwxu′w′ = u(wxu′w′) + u′(uwxw′),

where u, u′ ∈ {x, y}. It is also known that the product x is commutative and associative
([24]). The product x is called the shuffle product on H. We find that H0xH0 ⊂ H0 and
the map Z is a homomorphism with respect to the shuffle product.
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3 Special Values of MZ(S)Vs

Special values of the Riemann zeta function have been investigated since Euler. Several
results are found for example in [3, 8, 25, 30]. Special values of MZ(S)Vs also have been
studied by many authors. In this section, we introduce known facts of them and prove
our result.

3.1 Known facts

For MZV’s, the following evaluations are known: For n > 0, we have

ζ(2, . . . , 2︸ ︷︷ ︸
n

) =
π2n

(2n+ 1)!
,

ζ(3, 1, . . . , 3, 1︸ ︷︷ ︸
2n

) =
2π4n

(4n+ 2)!
.

The latter one was proved in [5] by using certain property of the iterated integral shuffle
product rule. Kontsevich and Zagier gave another proof of the formula in connection with
the Gauss hypergeometric function ([19]).

In [6, 22], the following more general identity is proved: For any non-negative integers
n and m with n+m > 0, we have∑

j0+j1+···+j2n=m
j0,j1,...,j2n≥0

ζ({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n)

=

(
m+ 2n

m

)
π2m+4n

(2n+ 1)(2m+ 4n+ 1)!
, (3.1)

where {2}j stands for the j-tuple of 2.
The situation for MZSVs is same as the one for MZVs. For m > 0, the property

ζ⋆(2, . . . , 2︸ ︷︷ ︸
m

) ∈ Q · π2m

is proved for example in [10, 29, 1, 28]. In [21], formulas

ζ⋆(3, 1, . . . , 3, 1︸ ︷︷ ︸
2m

) ∈ Q · π4m

for m > 0 and∑
j0+j1+···+j2n=1
j0,j1,...,j2n≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n) ∈ Q · π4n+2

for n ≥ 0 are proved. Our result is the following:
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Theorem 3.1 (K. Imatomi, T. Tanaka, K. Tasaka and N. Wakabayashi [15]). For any
non-negative integer n, we have∑

j0+j1+···+j2n=2
j0,j1,...,j2n≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n) ∈ Q · π4n+4.

Further, the generalization of above results is proved in [17], that is: For any non-
negative integer n and m, we have∑

j0+j1+···+j2n=m
j0,j1,...,j2n≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n) ∈ Q · π4n+2m.

3.2 Proof of Theorem 3.1

As is defined in [22], we introduce another Q-bilinear map x̃ : H1 × H1 → H1 by

1 x̃ w = w x̃ 1 = w

and

zk1w x̃ zk2w
′ = zk1(w x̃ zk2w

′) + zk2(zk1w x̃ w′) (3.2)

for any words w,w′ ∈ H1 and any positive integers k1, k2. We see that the product x̃
is commutative and associative. However, we notice that each of the evaluation maps Z
and Z can not be a homomorphism with respect to the product x̃.

To show Theorem.3.1, it suffices to prove the following:

Theorem 3.2. Let a, b, c be positive integers. For any integer n ≥ 0, we have

(αn) d(z2c x̃ (zazb)
n)

= 2
∑

j+k=n

d(zc x̃ (zazb)
j) ∗ z(a+b)k+c +

∑
j+k=n

(z2c x̃ (zazb)
j) ∗ d(zka+b)

− 4
∑

i+j+k=n

d((zazb)
i) ∗ z(a+b)j+cz(a+b)k+c −

∑
j+k=n

d((zazb)
j) ∗ z(a+b)k+2c,

(βn) d(z2c x̃ zb(zazb)
n)

= 2
∑

j+k=n

d(zc x̃ zb(zazb)
j) ∗ z(a+b)k+c +

∑
j+k=n

(z2c x̃ zb(zazb)
j) ∗ d(zka+b)

− 4
∑

i+j+k=n

d(zb(zazb)
i) ∗ z(a+b)j+cz(a+b)k+c −

∑
j+k=n

d(zb(zazb)
j) ∗ z(a+b)k+2c.

Theorem 3.2 is the core property to prove our result (Theorem 3.1). We first prove
Theorem 3.1 by assuming Theorem 3.2, the proof of which is given afterwards.
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Proof of Theorem 3.1. By putting a = 3, b = 1 and c = 2 into (αn) of Theorem 3.2, we
have

d(z22 x̃ (z3z1)
n) = 2

∑
j+k=n

d(z2 x̃ (z3z1)
j) ∗ z4k+2 +

∑
j+k=n

(z22 x̃ (z3z1)
j) ∗ d(zk4 )

− 4
∑

i+j+k=n

d((z3z1)
i) ∗ z4j+2z4k+2 −

∑
j+k=n

d((z3z1)
j) ∗ z4k+2.

(3.3)

By the harmonic product rule (2.1), the third term of the right-hand side of (3.3) can be
written as

−2
∑

i+j+k=n

d((z3z1)
i) ∗ (z4j+2 ∗ z4k+2 − z4j+4k+4)

Evaluating (3.3) via the map Z, we obtain∑
j0+j1+···+j2n=2
j0,j1,...,j2n≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n)

= 2
n∑

i=0

∑
j0+j1+···+j2i=1
j0,j1,...,j2i≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2i−1 , 1, {2}j2i)ζ(4n− 4i+ 2)

+
n∑

i=0

∑
j0+j1+···+j2i=2
j0,j1,...,j2i≥0

ζ({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2i−1 , 1, {2}j2i)ζ⋆({4}n−i)

− 2
∑

i+j+k=n

ζ⋆({3, 1}i)
{
ζ(4j + 2)ζ(4k + 2)− ζ(4j + 4k + 4)

}
−
∑

j+k=n

ζ⋆({3, 1}j)ζ(4k + 2),

(3.4)

where {3, 1}l stands for the string 3, 1, . . . , 3, 1︸ ︷︷ ︸
2l

and MZ(S)V of the empty index is regarded

as 1. We know ζ(2n) ∈ Q · π2n, ζ⋆({4}n) ∈ Q · π4n, the formula (3.1) for m = 2 and∑
j0+j1+···+j2n=m

j0,j1,...,j2n≥0

ζ⋆({2}j0 , 3, {2}j1 , 1, . . . , 3, {2}j2n−1 , 1, {2}j2n) ∈ Q · π4n+2m

for m = 0, 1 (see [10, 6, 29, 1, 21] for example). Therefore the right-hand side of (3.4) is
expressed as a rational multiple of π4n+4 and we conclude the theorem.

12



Next we prove Theorem 3.2. For integers a, b, c > 0 and i, j, k ≥ 0, we put

Ai,j = (zazb)
izc(zazb)

j,

Bi,j = (zbza)
izc(zbza)

jzb,

Ci,j,k = (zazb)
izc(zazb)

jzc(zazb)
k,

Di,j,k = (zazb)
izc(zazb)

jzazc(zbza)
kzb,

Ei,j,k = (zbza)
izc(zbza)

jzbzc(zazb)
k,

Fi,j,k = (zbza)
izc(zbza)

jzc(zbza)
kzb,

where zl = xl−1y (l > 0). By the definition of the product x̃, we obtain the following
identities:

zc x̃ (zazb)
n =

∑
i+j=n

Ai,j +
∑

i+j=n−1

zaBi,j,

zc x̃ zb(zazb)
n =

∑
i+j=n

zbAi,j +
∑
i+j=n

Bi,j,

z2c x̃ (zazb)
n =

∑
i+j+k=n

Ci,j,k +
∑

i+j+k=n−1

Di,j,k

+
∑

i+j+k=n−1

zaEi,j,k +
∑

i+j+k=n−1

zaFi,j,k,

z2c x̃ zb(zazb)
n =

∑
i+j+k=n

zbCi,j,k +
∑

i+j+k=n−1

zbDi,j,k

+
∑

i+j+k=n

Ei,j,k +
∑

i+j+k=n

Fi,j,k.



(3.5)

for n ≥ 0.

Proof of Theorem 3.2. The proof goes by induction on n such as (α0), (β0) ⇒ (α1) ⇒
(β1) ⇒ (α2) ⇒ · · · . We find that the identities (α0) and (β0) hold by simple calculation.
Assuming that it has been proved up to (βn−1), we prove (αn). The key identity is

d(zk1 · · · zkn) =
n∑

i=1

zk1+···+kid(zki+1
· · · zkn), (3.6)

where zki+1
· · · zkn = 1 if i = n. Using this key identity, we obtain∑
i+j+k=n

d(Ci,j,k)

=
∑

i+j+k=n

i∑
h=1

z(a+b)hd(Ci−h,j,k) +
∑

i+j+k=n

i−1∑
h=0

z(a+b)h+ad(zbCi−h−1,j,k)
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+
∑

i+j+k=n

j∑
h=0

z(a+b)(h+i)+cd(Aj−h,k) +
∑

i+j+k=n

j−1∑
h=0

z(a+b)(h+i)+c+ad(zbAj−h−1,k)

+
∑

i+j+k=n

k∑
h=0

z(a+b)(h+i+j)+2cd((zazb)
k−h) +

∑
i+j+k=n

k−1∑
h=0

z(a+b)(h+i+j)+2c+ad(zb(zazb)
k−h−1)

=
∑

h+i+j+k=n−1

z(a+b)(h+1)d(Ci,j,k) +
∑

h+i+j+k=n−1

z(a+b)h+ad(zbCi,j,k)

+
∑

h+i+j+k=n

z(a+b)(h+i)+cd(Aj,k) +
∑

h+i+j+k=n−1

z(a+b)(h+i)+a+cd(zbAj,k)

+
∑

h+i+j+k=n

z(a+b)(h+i+j)+2cd((zazb)
k) +

∑
h+i+j+k=n−1

z(a+b)(h+i+j)+a+2cd(zb(zazb)
k)

=
∑

h+i+j+k=n−1

z(a+b)(h+1)d(Ci,j,k) +
∑

h+i+j+k=n−1

z(a+b)h+ad(zbCi,j,k)

+
∑

i+j+k=n

(i+ 1)z(a+b)i+cd(Aj,k) +
∑

i+j+k=n−1

(i+ 1)z(a+b)i+a+cd(zbAj,k)

+
∑

j+k=n

(
j + 2

2

)
z(a+b)j+2cd((zazb)

k) +
∑

j+k=n−1

(
j + 2

2

)
z(a+b)j+a+2cd(zb(zazb)

k).

In the same way, we find∑
i+j+k=n−1

d(Di,j,k)

=
∑

h+i+j+k=n−2

z(a+b)(h+1)d(Di,j,k) +
∑

h+i+j+k=n−2

z(a+b)h+ad(zbDi,j,k)

+
∑

i+j+k=n−1

(i+ 1)z(a+b)i+cd(zaBj,k) +
∑

i+j+k=n−1

(i+ 1)z(a+b)i+a+cd(Bj,k)

+
∑

j+k=n

(
j + 1

2

)
z(a+b)j+2cd((zazb)

k) +
∑

j+k=n−1

(
j + 2

2

)
z(a+b)j+a+2cd(zb(zazb)

k),

∑
i+j+k=n−1

d(zaEi,j,k)

=
∑

h+i+j+k=n−2

z(a+b)(h+1)d(zaEi,j,k) +
∑

h+i+j+k=n−1

z(a+b)h+ad(Ei,j,k)

+
∑

i+j+k=n

iz(a+b)i+cd(Aj,k) +
∑

i+j+k=n−1

(i+ 1)z(a+b)i+a+cd(zbAj,k)

+
∑

j+k=n

(
j + 1

2

)
z(a+b)j+2cd((zazb)

k) +
∑

j+k=n−1

(
j + 1

2

)
z(a+b)j+a+2cd(zb(zazb)

k)
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and ∑
i+j+k=n−1

d(zaFi,j,k)

=
∑

h+i+j+k=n−2

z(a+b)(h+1)d(zaFi,j,k) +
∑

h+i+j+k=n−1

z(a+b)h+ad(Fi,j,k)

+
∑

i+j+k=n−1

iz(a+b)i+cd(zaBj,k) +
∑

i+j+k=n−1

(i+ 1)z(a+b)i+a+cd(Bj,k)

+
∑

j+k=n

(
j + 1

2

)
z(a+b)j+2cd((zazb)

k) +
∑

j+k=n−1

(
j + 2

2

)
z(a+b)j+a+2cd(zb(zazb)

k).

These four identities add up to the left-hand side of (αn) because of (3.5). Therefore,
again using (3.5), we obtain

(LHS of (αn)) =
∑

j+k=n−1

z(a+b)(j+1)d(z
2
c x̃ (zazb)

k) (3.7)

+
∑

j+k=n−1

z(a+b)j+ad(z
2
c x̃ zb(zazb)

k) (3.8)

+
∑

j+k=n

(2j + 1)z(a+b)j+cd(zc x̃ (zazb)
k) (3.9)

+
∑

j+k=n−1

(2j + 2)z(a+b)j+a+cd(zc x̃ zb(zazb)
k) (3.10)

+
∑

j+k=n

(
2j + 2

2

)
z(a+b)j+2cd((zazb)

k) (3.11)

+
∑

j+k=n−1

(
2j + 3

2

)
z(a+b)j+a+2cd(zb(zazb)

k). (3.12)

So, it is sufficient to show that the right-hand side of the above identity equals the right-
hand side of (αn).

First we have∑
j+k=n

d(Aj,k)

=
∑

j+k=n

j∑
i=1

z(a+b)id(Aj−i,k) +
∑

j+k=n

j−1∑
i=0

z(a+b)i+ad(zbAj−i−1,k)

+
∑

j+k=n

k∑
i=0

z(a+b)(i+j)+cd((zazb)
k−j) +

∑
j+k=n

k−1∑
i=0

z(a+b)(i+j)+a+cd(zb(zazb)
k−i−1)
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=
∑

i+j+k=n−1

z(a+b)(i+1)d(Aj,k) +
∑

i+j+k=n−1

z(a+b)i+ad(zbAj,k)

+
∑

i+j+k=n

z(a+b)(i+j)+cd((zazb)
k) +

∑
i+j+k=n−1

z(a+b)(i+j)+a+cd(zb(zazb)
k),

=
∑

i+j+k=n−1

z(a+b)(i+1)d(Aj,k) +
∑

i+j+k=n−1

z(a+b)i+ad(zbAj,k)

+
∑
i+j=n

(i+ 1)z(a+b)i+cd((zazb)
j) +

∑
i+j=n−1

(i+ 1)z(a+b)i+a+cd(zb(zazb)
j).

In the same way, we have∑
j+k=n−1

d(zaBj,k)

=
∑

i+j+k=n−2

z(a+b)(i+1)d(zaBj,k) +
∑

i+j+k=n−1

z(a+b)i+ad(Bj,k)

+
∑
i+j=n

iz(a+b)i+cd((zazb)
j) +

∑
i+j=n−1

(i+ 1)z(a+b)i+a+cd(zb(zazb)
j).

Using the above two identities and (3.5), we obtain

d(zc x̃ (zazb)
n)

=
∑

j+k=n

d(Aj,k) +
∑

j+k=n−1

d(zaBj,k)

=
∑

i+j=n−1

z(a+b)(i+1)d(zc x̃ (zazb)
j) +

∑
i+j=n−1

z(a+b)i+ad(zc x̃ zb(zazb)
j)

+
∑
i+j=n

(2i+ 1)z(a+b)i+cd((zazb)
j) +

∑
i+j=n−1

(2i+ 2)z(a+b)i+a+cd(zb(zazb)
j)

for n ≥ 0. By this identity and the harmonic product rule (2.1), we write the first term
of the right-hand side of (αn) (divided by the coefficient 2) as∑

j+k=n

d(zc x̃ (zazb)
j) ∗ z(a+b)k+c

=
∑

i+j+k=n−1

z(a+b)(i+1)

{
d(zc x̃ (zazb)

j) ∗ z(a+b)k+c

}
(3.13)

+
∑

j+k=n

(j + 1)z(a+b)j+cd(zc x̃ (zazb)
k) (3.14)

+
∑

i+j+k=n−1

z(a+b)i+a

{
d(zc x̃ zb(zazb)

j) ∗ z(a+b)k+c

}
(3.15)
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+
∑

j+k=n−1

(j + 1)z(a+b)j+a+cd(zc x̃ zb(zazb)
k) (3.16)

+
∑

i+j+k=n

(2i+ 1)z(a+b)i+c

{
d((zazb)

j) ∗ z(a+b)k+c

}
(3.17)

+
∑

j+k=n

(j + 1)2z(a+b)j+2cd((zazb)
k) (3.18)

+
∑

i+j+k=n−1

(2i+ 2)z(a+b)i+a+c

{
d(zb(zazb)

j) ∗ z(a+b)k+c

}
(3.19)

+
∑

j+k=n−1

(j + 1)(j + 2)z(a+b)j+a+2cd(zb(zazb)
k). (3.20)

Note that the key identity (3.6) shows

d(zla+b) =
∑

i+k=l−1

z(a+b)(i+1)d(z
k
a+b) (3.21)

and

d((zazb)
l) =

∑
i+j=l−1

z(a+b)i+ad(zb(zazb)
j) +

∑
i+j=l−1

z(a+b)(i+1)d((zazb)
j) (3.22)

for l ≥ 1. By using the x̃-product rule (3.2) and the identity (3.21), the second term of
the right-hand side of (αn) is calculated as∑

j+k=n

(z2c x̃ (zazb)
j) ∗ d(zka+b) (3.23)

= z2c ∗ d(zna+b) +
∑

j+k=n
j,k≥1

(z2c x̃ (zazb)
j) ∗ d(zka+b) + z2c x̃ (zazb)

n

=
∑

j+k=n−1

z2c ∗ z(a+b)(j+1)d(z
k
a+b)

+
∑

i+j+k=n−1
k≥1

{
zc(zc x̃ (zazb)

k) + za(z
2
c x̃ zb(zazb)

k−1)
}
∗ z(a+b)(i+1)d(z

j
a+b)

+ zc(zc x̃ (zazb)
n) (3.24)

+ za(z
2
c x̃ zb(zazb)

n−1). (3.25)

Expanding the first and the second terms of the right-hand side by the harmonic product
rule (2.1), we have
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∑
j+k=n−1

z2c ∗ z(a+b)(j+1)d(z
k
a+b)

= zc
(
zc ∗ d(zna+b)

)
(3.26)

+
∑

j+k=n−1

z(a+b)(j+1)

{
z2c ∗ d(zka+b)

}
(3.27)

+
∑

j+k=n−1

z(a+b)(j+1)+c

{
zc ∗ d(zka+b)

}
(3.28)

and ∑
i+j+k=n−1

k≥1

{
zc(zc x̃ (zazb)

k) + za(z
2
c x̃ zb(zazb)

k−1)
}
∗ z(a+b)(i+1)d(z

j
a+b)

=
∑

i+j+k=n−1
k≥1

z(a+b)(i+1)

{
(z2c x̃ (zazb)

k) ∗ d(zja+b)
}

(3.29)

+
∑

j+k=n
j,k≥1

zc
{
(zc x̃ (zazb)

j) ∗ d(zka+b)
}

(3.30)

+
∑

i+j+k=n−1
k≥1

z(a+b)(i+1)+c

{
(zc x̃ (zazb)

k) ∗ d(zja+b)
}

(3.31)

+
∑

j+k=n
j,k≥1

za
{
(z2c x̃ zb(zazb)

j−1) ∗ d(zka+b)
}

(3.32)

+
∑

i+j+k=n−1
k≥1

z(a+b)(i+1)+a

{
(z2c x̃ zb(zazb)

k−1) ∗ d(zja+b)
}
. (3.33)

We see that identities

(3.27) + (3.29) =
∑

i+j+k=n−1

z(a+b)(i+1)

{
(z2c x̃ (zazb)

j) ∗ d(zka+b)
}
,

(3.24) + (3.26) + (3.30) =
∑

j+k=n

zc
{
(zc x̃ (zazb)

j) ∗ d(zka+b)
}
,

(3.25) + (3.32) =
∑

j+k=n−1

za
{
(z2c x̃ zb(zazb)

j) ∗ d(zka+b)
}
,

(3.28) + (3.31) =
∑

i+j+k=n−1

z(a+b)(i+1)+c

{
(zc x̃ (zazb)

j) ∗ d(zka+b)
}
,

(3.33) =
∑

i+j+k=n−1
i≥1

z(a+b)i+a

{
(z2c x̃ zb(zazb)

j) ∗ d(zka+b)
}
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hold. Therefore we have

(3.23) =
∑

i+j+k=n−1

z(a+b)(i+1)

{
(z2c x̃ (zazb)

j) ∗ d(zka+b)
}

(3.34)

+
∑

i+j+k=n

z(a+b)i+c

{
(zc x̃ (zazb)

j) ∗ d(zka+b)
}

(3.35)

+
∑

i+j+k=n−1

z(a+b)i+a

{
(z2c x̃ zb(zazb)

j) ∗ d(zka+b)
}
. (3.36)

By (3.22) and the harmonic product rule (2.1), the third term of the right-hand side
of (αn) (divided by the coefficient −4) is calculated as∑

i+j+k=n

d((zazb)
i) ∗ z(a+b)j+cz(a+b)k+c (3.37)

=
∑

j+k=n

z(a+b)j+cz(a+b)k+c +
∑

i+j+k=n
i≥1

d((zazb)
i) ∗ z(a+b)j+cz(a+b)k+c

=
∑

j+k=n

z(a+b)j+cz(a+b)k+c

+
∑

h+i+j+k=n−1

z(a+b)h+ad(zb(zazb)
i) ∗ z(a+b)j+cz(a+b)k+c

+
∑

h+i+j+k=n−1

z(a+b)(h+1)d((zazb)
i) ∗ z(a+b)j+cz(a+b)k+c

=
∑

j+k=n

z(a+b)j+cz(a+b)k+c (3.38)

+
∑

h+i+j+k=n−1

{
z(a+b)h+a

(
d(zb(zazb)

i) ∗ z(a+b)j+cz(a+b)k+c

)
+ z(a+b)j+c

(
z(a+b)h+cd(zb(zazb)

i) ∗ z(a+b)k+c

)
(3.39)

+ z(a+b)(h+j)+a+c

(
d(zb(zazb)

i) ∗ z(a+b)k+c

)
(3.40)

+ z(a+b)(h+1)

(
d((zazb)

i) ∗ z(a+b)j+cz(a+b)k+c

)
+ z(a+b)j+c

(
z(a+b)(h+1)d((zazb)

i) ∗ z(a+b)k+c

)
(3.41)

+ z(a+b)(h+j+1)+c

(
d((zazb)

i) ∗ z(a+b)k+c

)}
. (3.42)

By (3.22),

(3.39) + (3.41) =
∑

i+j+k=n
j≥1

z(a+b)i+c

(
d((zazb)

j) ∗ z(a+b)k+c

)
.

Also we have
(3.42) =

∑
i+j+k=n

iz(a+b)i+c

(
d((zazb)

j) ∗ z(a+b)k+c

)
.
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Hence we find

(3.38) + (3.39) + (3.41) + (3.42) =
∑

i+j+k=n

(i+ 1)z(a+b)i+c

{
d((zazb)

j) ∗ z(a+b)k+c

}
.

Since
(3.40) =

∑
i+j+k=n−1

(i+ 1)z(a+b)i+a+c

{
d(zb(zazb)

j) ∗ z(a+b)k+c

}
,

we have

(3.37) =
∑

h+i+j+k=n−1

z(a+b)(h+1)

{
d((zazb)

i) ∗ z(a+b)j+cz(a+b)k+c

}
(3.43)

+
∑

h+i+j+k=n−1

z(a+b)h+a

{
d(zb(zazb)

i) ∗ z(a+b)j+cz(a+b)k+c

}
(3.44)

+
∑

i+j+k=n

(i+ 1)z(a+b)i+c

{
d((zazb)

j) ∗ z(a+b)k+c

}
(3.45)

+
∑

i+j+k=n−1

(i+ 1)z(a+b)i+a+c

{
d(zb(zazb)

j) ∗ z(a+b)k+c

}
. (3.46)

By (3.22) and the harmonic product rule (2.1), the fourth term of the right-hand side
of (αn) (divided by the coefficient −1) is calculated as∑

j+k=n

d((zazb)
j) ∗ z(a+b)k+2c (3.47)

= z(a+b)n+2c +
∑

j+k=n
j≥1

d((zazb)
j) ∗ z(a+b)k+2c

= z(a+b)n+2c +
∑

i+j+k=n−1

z(a+b)i+ad(zb(zazb)
j) ∗ z(a+b)k+2c

+
∑

i+j+k=n−1

z(a+b)(i+1)d((zazb)
j) ∗ z(a+b)k+2c

= z(a+b)n+2c (3.48)

+
∑

i+j+k=n−1

{
z(a+b)i+a

(
d(zb(zazb)

j) ∗ z(a+b)k+2c

)
+ z(a+b)k+2cz(a+b)i+ad(zb(zazb)

j) (3.49)

+ z(a+b)(i+k)+a+2cd(zb(zazb)
j) (3.50)

+ z(a+b)(i+1)

(
d((zazb)

j) ∗ z(a+b)k+2c

)
+ z(a+b)k+2cz(a+b)(i+1)d((zazb)

j) (3.51)

+ z(a+b)(i+k+1)+2cd((zazb)
j)
}
. (3.52)

By (3.22),

(3.49) + (3.51) =
∑

j+k=n
j≥1

z(a+b)k+2cd((zazb)
j).
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Also we have
(3.52) =

∑
j+k=n

kz(a+b)k+2cd((zazb)
j).

Hence we find

(3.48) + (3.49) + (3.51) + (3.52) =
∑

j+k=n

(j + 1)z(a+b)j+2cd((zazb)
k).

Since
(3.50) =

∑
j+k=n−1

(j + 1)z(a+b)j+a+2cd(zb(zazb)
k),

we have

(3.47) =
∑

i+j+k=n−1

z(a+b)(i+1)

{
d((zazb)

j) ∗ z(a+b)k+2c

}
(3.53)

+
∑

i+j+k=n−1

z(a+b)i+a

{
d(zb(zazb)

j) ∗ z(a+b)k+2c

}
(3.54)

+
∑

j+k=n

(j + 1)z(a+b)j+2cd((zazb)
k) (3.55)

+
∑

j+k=n−1

(j + 1)z(a+b)j+a+2cd(zb(zazb)
k). (3.56)

The following identity is shown by [21, Theorem 7 (5)] (where the map d is denoted
by S) and (3.5):

d(zcx̃(zazb)
n) = 2

∑
j+k=n

d((zazb)
j) ∗ z(a+b)k+c −

∑
j+k=n

(
zc x̃ (zazb)

j
)
∗ d(zka+b) (3.57)

for n ≥ 0. By induction hypothesis and (3.57), we have

(3.7) = 2× (3.13) + (3.34)− 4× (3.43)− (3.53) (by (α0), . . . , (αn−1)),

(3.8) = 2× (3.15) + (3.36)− 4× (3.44)− (3.54) (by (β0), . . . , (βn−1)),

(3.9) = 2× (3.14) + 2× (3.17) + (3.35)− 4× (3.45) (by (3.57)).

Also we immediately find that

(3.10) = 2× (3.16),

(3.11) = 2× (3.18)− (3.55),

(3.12) = 2× (3.20)− (3.56),

0 = 2× (3.19)− 4× (3.46).

We have already observed that the left (resp. right)-hand sides of these seven equations
add up to the left (resp. right)-hand side of the identity (αn). Therefore we prove (αn).
In the same way, (βn) can be proved by using the induction hypothesis and (αn) for n.
This completes the proof of Theorem 3.2.
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4 Finite Multiple Zeta Values

“Mod p multiple zeta values” have been investigated as with study of MZVs. D. Zagier
suggests a natural setting to consider them. Finite multiple zeta values are “mod p
multiple zeta values” in this setting.

4.1 Finite multiple zeta values

Let

A :=

∏
p Z/pZ⊕
p Z/pZ

= {(ap)p; ap ∈ Z/pZ}/ ∼,

where (ap)p ∼ (bp)p is equivalent to the equalities ap = bp for all but finitely many primes
p. The set A naturally becomes a ring with component-wise addition and multiplication,
and further, a Q-algebra by identifying Q as a subring of A by the diagonal embedding.

Definition 4.1. For any multi-index (k1, . . . , kr) with ki ∈ N, finite multiple zeta values
(FMZVs for short) and finite multiple zeta-star values (FMZSVs for short) are defined by
the following:

ζA(k1, . . . , kr) := (Hp(k1, . . . , kr) mod p)p ∈ A,

ζ⋆A(k1, . . . , kr) :=
(
H⋆

p (k1, . . . , kr) mod p
)
p
∈ A,

where Hn(k1, . . . , kr) and H⋆
n(k1, . . . , kr) are the multiple harmonic sum defined by

Hn(k1, . . . , kr) =
∑

n>m1>···>mr>0

1

mk1
1 · · ·mkr

r

,

H⋆
n(k1, . . . , kr) =

∑
n−1≥m1≥···≥mr≥1

1

mk1
1 · · ·mkr

r

.

We use the terms weight and depth for FMZ(S)Vs in the same manner. By definition,
we easily find that each value can be expressed as the same linear combination in §.2.1.
We give a few relation formulas for FMZ(S)Vs.

Example 4.2. For any positive integer k, we have

ζA(k) = ζ⋆A(k) = (0)p.

Proof. Let p prime such that p > k. By Fermat’s theorem and Seki-Bernoulli’s formula,
we obtain

Hp(k) =

p−1∑
m=1

1

mk
≡

p−1∑
m=1

mp−1−k

=
1

p− k

p−1−k∑
j=0

(p− 1)p−k−j

(
p− k

j

)
Bj

≡ (−1)p−k

p− k

p−1−k∑
j=0

(−1)j
(
p− k

j

)
Bj = 0 mod p.
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The last equality holds by the recurrence relation for the Bernoulli number.

Example 4.3 (M. Hoffman [10]). For any positive integers k1, k2, we have

ζA(k1, k2) = ζ⋆A(k1, k2) =

(
(−1)k1

k1 + k2

(
k1 + k2

k1

)
Bp−k1−k2

)
p

.

Proof. By Example 4.2, we find

ζ⋆A(k1, k2) = ζA(k1, k2) + ζA(k1 + k2) = ζA(k1, k2).

Therefore we prove the identity only for FMZVs. Let p prime such that p > k1 + k2.
Using Fermat’s theorem and Seki-Bernoulli’s formula, we have

Hp(k1, k2) =

p−1∑
i=1

1

ik1

k1−1∑
j=1

1

jk2
≡

p−1∑
i=1

1

ik1

k1−1∑
j=1

jp−1−k2

=

p−1∑
i=1

1

ik1
1

p− k2

p−1−k2∑
l=0

(
p− k2

l

)
Bli

p−k2−l

=
1

p− k2

p−1−k2∑
l=0

(
p− k2

l

)
Bl

p−1∑
i=1

ip−k1−k2−l

≡ 1

p− k2

(
p− k2

p− k1 − k2

)
Bp−k1−k2(p− 1)

≡ 1

k2

(
p− k2
k1

)
Bp−k1−k2

≡ (−1)k1

k1 + k2

(
k1 + k2

k1

)
Bp−k1−k2 mod p.

Example 4.4. For any multi-index (k1, . . . , kr) with ki ≥ 1, we have

ζA(k1, . . . , kr) = (−1)k1+···+krζA(kr, . . . , k1),

ζ⋆A(k1, . . . , kr) = (−1)k1+···+krζ⋆A(kr, . . . , k1).

Proof. Replacing mi by p−mi in Definition 4.1, the following holds.

Hp(k1, . . . , kr) =
∑

p>m1>···>mr>0

1

mk1
1 · · ·mkr

r

=
∑

p>mr>···>m1>0

1

(p−mr)kr · · · (p−m1)k1

≡
∑

p>mr>···>m1>0

(−1)k1+···+kr

mkr
r · · ·mk1

1

mod p.

For FMZSVs, the required formula is proved in the same manner.
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4.2 Vector space spanned by FMZVs

We introduce the following vector space spanned by finite multiple zeta values:

Definition 4.5.

Z0,A = Q,

Zk,A =
∑

weight=k

Q · ζA(k1, . . . , kr) (k ≥ 1),

ZA =
∞∑
k=0

Zk,A.

For example, we easily find that Z1,A = {0} by Example 4.2. Next, FMZVs with
weight 2 are ζA(2) and ζA(1, 1). ζA(2) = (0)p and ζA(1, 1) = (−Bp−2)p hold by Example
4.2 and Example 4.3 respectively. Moreover we find Bp−2 = 0 unless p = 2. Hence we
conclude Z2,A = {0}. For k = 3, ζA(3) = ζA(1, 1, 1) = (0)p and ζA(2, 1) = −ζA(1, 2)
are obtained by Example 4.2 and Example 4.4, which implies Z3,A is generated by one
element.

It is known that if we add the condition k1 > 1 to the definition of Zk,A, the space
remains same, and that if we replace FMZVs by FMZSVs in the definition, the resulting
space is same.

D. Zagier conjectures the dimension of the vector space Zk,A.

Conjecture 4.6. We have
dimQ Zk,A = d′k,

where d′k is the non-negative integer satisfying the following recursion:

d′k = d′k−2 + d′k−3 (k ≥ 3), d′0 = 1, d′1 = 0, d′2 = 0.

The vector space ZA becomes Q-subalgebra of A since ZA has also the harmonic
product as in the classical case. In contrast, “shuffle product” in ZA has not been found.

4.3 Conjectures on FMZ(S)Vs

We introduce conjectures on FMZ(S)Vs in this section. To state conjectures, we define
the height for (k1, . . . , kr) and the dual index in Hoffman’s sense.

For any multi-index (k1, . . . , kr) with ki ∈ N, the height of (k1, . . . , kr) is given by the
number of components greater than 1.

For any multi-index (k1, . . . , kr) with ki ≥ 1 and with the weight k, we define S((k1, . . . , kr))
to be partial sum sequence of (k1, . . . , kr):

S((k1, . . . , kr)) = {k1, k1 + k2, . . . , k1 + · · ·+ kr−1}

as a subset of {1, 2, . . . , k − 1}. Obviously, the map S is a one-to-one correspondence.
Then (k′

1, . . . , k
′
l) is said to be the dual index of (k1, . . . , kr) in Hoffman’s sense when

(k′
1, . . . , k

′
l) = S−1({1, 2, . . . , k − 1} \ S((k1, . . . , kr))),
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and we denote the dual index of (k1, . . . , kr) by (k1, . . . , kr)
∗. It is easy to see that

Hoffman’s dual operation is an involution. We note that k1 > 1 if and only if k′
1 = 1 in

Hoffman’s dual operation.

Conjecture 4.7 (M. Kaneko [18]). The space spanned by FMZVs of even weight k and
depth 3 is of dimension k/2 − 2 − dimSk, where Sk is the space of cusp forms of weight
k on the modular group SL2(Z)

Conjecture 4.8 (M. Kaneko [18]). Let (k1, . . . , kr)
∗ = (k′

1, . . . , k
′
l) and j be a non-negative

integer. Then we have∑
e1+···+er=j

ei≥0

ζA(k1 + e1, . . . , kr + er) =
∑

e′1+···+e′l=j

e′i≥0

ζA((k
′
1 + e′1, . . . , k

′
l + e′l)

∗).

Conjecture 4.9 (M. Kaneko [18]). Let I(k, s) be the set of multi-indices of weight k and
height s with k1 > 1. Then we have∑

k∈I(k,s)

ζ⋆A(k1, . . . , kr) = 2

(
k − 1

2s− 1

)
(1− 21−k)

(
Bp−k

k

)
p

.

Conjecture 4.8 and Conjecture 4.9 are analogues of known relations in MZ(S)Vs. We
end this section by stating the following results proved by S. Saito and N. Wakabayashi
which was conjectured by M. Kaneko. These are analogues of sum formulas on MZ(S)Vs.

Theorem 4.10 (S. Saito, N. Wakabayashi [26]). For integers k ≥ 2 and r ≥ 1, we have∑
k1+···+kr=k

k1≥2

ζA(k1, . . . , kr) =

(
1 + (−1)r

(
k − 1

r − 1

))(
Bp−k

k

)
p

,

∑
k1+···+kr=k

k1≥2

ζ⋆A(k1, . . . , kr) =

(
(−1)r +

(
k − 1

r − 1

))(
Bp−k

k

)
p

.
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5 Multi-Poly-Bernoulli Numbers

In this section, we define two kinds of multi-poly-Bernoulli numbers B
(k1,...,kr)
n , C

(k1,...,kr)
n

and multi-poly-Bernoulli-star numbers B
(k1,...,kr)
n,⋆ , C

(k1,...,kr)
n,⋆ which generalize the Bernoulli

numbers and poly-Bernoulli numbers. We study fundamental properties for them and
discuss a connection to the finite multiple zeta values. As a result, we obtain alternative
proof of some relation formulas for the finite multiple zeta values.

5.1 Definition of multi-poly-Bernoulli numbers

Definition 5.1. For any multi-index (k1, . . . , kr) with ki ∈ Z, we define two kinds of

multi-poly-Bernoulli numbers B
(k1,...,kr)
n , C

(k1,...,kr)
n by the following generating series:

Lik1,...,kr(1− e−t)

1− e−t
=

∞∑
n=0

B(k1,...,kr)
n

tn

n!
, (5.1)

Lik1,...,kr(1− e−t)

et − 1
=

∞∑
n=0

C(k1,...,kr)
n

tn

n!
.

When r = 1, these numbers are poly-Bernoulli numbers studied in [2], [16]. Fur-
thermore, when r = 1 and k1 = 1, both numbers are classical Bernoulli numbers since
Li1(1 − e−t) = t. We note that B

(1)
n = C

(1)
n (n ̸= 1) with B

(1)
1 = 1/2 and C

(1)
1 = −1/2.

We also use weight and depth in the same manner.
We show an easy evaluation of multi-poly-Bernoulli numbers.

Example 5.2.

B(

r︷︸︸︷
1,...,1)

n =
1

n+ 1

(
n+ 1

r

)
B

(1)
n−r+1, C(

r︷︸︸︷
1,...,1)

n =
1

n+ 1

(
n+ 1

r

)
C

(1)
n−r+1.

Proof. Use the identity Li1,...,1︸︷︷︸
r

(z) = (− log(1− z))r/r! to obtain

∞∑
n=0

B(

r︷︸︸︷
1,...,1)

n

tn

n!
=

tr−1

r!

t

1− e−t
=

tr−1

r!

∞∑
n=0

B(1)
n

tn

n!

and
∞∑
n=0

C(

r︷︸︸︷
1,...,1)

n

tn

n!
=

tr−1

r!

t

et − 1
=

tr−1

r!

∞∑
n=0

C(1)
n

tn

n!
.

The proposition follows.
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5.2 Fundamental properties

In this section, we present fundamental properties for multi-poly-Bernoulli numbers. We
first give the recursion formulas for multi-poly-Bernoulli numbers.

Proposition 5.3. For any multi-index (k1, . . . , kr) with ki ∈ Z and n ≥ 0, we have

B(k1,...,kr)
n =

1

n+ 1

(
B(k1−1,k2,...kr)

n −
n−1∑
m=1

(
n

m− 1

)
B(k1,...,kr)

m

)
and

C(k1,...,kr)
n =

(−1)n

n+ 1

(
n∑

m=0

(−1)m
(
n

m

)
C(k1−1,k2,...,kr)

m −
n−1∑
m=1

(−1)m
(

n

m− 1

)
C(k1,...,kr)

m

)
,

where an empty sum is understood to be 0.

Proof. For B
(k1,...,kr)
n , we multiply the defining equation (5.1) by 1− e−t and differentiate

with respect to t to obtain

e−t

1− e−t
Lik1−1,k2,...,kr(1− e−t)

= e−t

∞∑
n=0

B(k1,...,kr)
n

tn

n!
+ (1− e−t)

∞∑
n=1

B(k1,...,kr)
n

tn−1

(n− 1)!
,

and from this we have

∞∑
n=0

B(k1,...,kr)
n

tn

n!
=

∞∑
n=0

B(k1−1,k2,...,kr)
n

tn

n!
− (et − 1)

∞∑
n=1

B(k1,...,kr)
n

tn−1

(n− 1)!
.

Comparing the coefficients of tn/n! on both sides, we obtain the desired relation for

B
(k1,...,kr)
n . The relation for C

(k1,...,kr)
n is obtained similarly.

Next, we give the explicit formulas for multi-poly-Bernoulli numbers as finite sums
involving Stirling numbers of the second kind. Before stating them, we recall the Stirling

numbers of the first kind
[ n
m

]
and the second kind

{
n

m

}
, which are the integers uniquely

determined by the following recursions for all integers m,n respectively (see [9, 20]):[
0

0

]
=

{
0

0

}
= 1,

[n
0

]
=

[
0

m

]
=

{
n

0

}
=

{
0

m

}
= 0 (n,m ̸= 0),[

n+ 1

m

]
=

[
n

m− 1

]
+ n
[ n
m

]
,

{
n+ 1

m

}
=

{
n

m− 1

}
+m

{
n

m

}
(∀n,m ∈ Z).

Proposition 5.4. For any r ≥ 1, k1, k2, · · · , kr ∈ Z, and n ≥ 0, we have

B(k1,...,kr)
n = (−1)n

∑
n+1≥m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

m1
k1 · · ·mr

kr

{
n

m1 − 1

}

27



and

C(k1,...,kr)
n = (−1)n

∑
n+1≥m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

mk1
1 · · ·mkr

r

{
n+ 1

m1

}
.

Proof. Using the well-known generating series (cf. [9, §7.4])

(et − 1)m

m!
=

∞∑
n=m

{
n

m

}
tn

n!
(m ≥ 0), (5.2)

we have

∞∑
n=0

B(k1,...,kr)
n

tn

n!

=
Lik1,··· ,kr(1− e−t)

1− e−t

=
∑

m1>m2>···>mr>0

(1− e−t)m1−1

m1
k1 · · ·mr

kr

=
∑

m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

m1
k1 · · ·mr

kr

∞∑
n=m1−1

{
n

m1 − 1

}
(−t)n

n!

=
∞∑

n=r−1

(−1)n
∑

n+1≥m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

m1
k1 · · ·mr

kr

{
n

m1 − 1

}
tn

n!
.

Comparing the coefficients of tn, we obtain the formula for B
(k1,...,kr)
n .

To obtain the formula for C
(k1,...,kr)
n , we proceed similarly by using the equation

et(et − 1)m−1

(m− 1)!
=

∞∑
n=m−1

{
n+ 1

m

}
tn

n!
(m ≥ 1),

which is derived from (5.2) by differentiation:

∞∑
n=0

C(k1,...,kr)
n

tn

n!

=
Lik1,...,kr(1− e−t)

et − 1

=
∑

m1>m2>···>mr>0

e−t(1− e−t)m1−1

m1
k1 · · ·mr

kr

=
∑

m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

m1
k1 · · ·mr

kr

∞∑
n=m1−1

{
n+ 1

m1

}
(−t)n

n!

=
∞∑

n=r−1

(−1)n
∑

n+1≥m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

m1
k1 · · ·mr

kr

{
n+ 1

m1

}
tn

n!
.
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We give some simple relations among the multi-poly-Bernoulli numbers.

Proposition 5.5. For any multi-index (k1, . . . , kr), we have

C(k1,...,kr)
n = B(k1,...,kr)

n − C
(k1−1,k2,...,kr)
n−1 .

Proof. By the explicit formula for C
(k1,...,kr)
n , we obtain

C(k1,...,kr)
n =

∑
n+1>m1>···>mr>0

(−1)m1+n−1(m1 − 1)!

mk1
1 · · ·mkr

r

{
n+ 1

m1

}
=

∑
n+1>m1>···>mr>0

(−1)m1+n−1(m1 − 1)!

mk1
1 · · ·mkr

r

{
n

m1 − 1

}
+

∑
n+1>m1>···>mr>0

(−1)m1+n−1(m1 − 1)!

mk1−1
1 mk2

2 · · ·mkr
r

{
n

m1

}
= B(k1,...,kr)

n − C
(k1−1,k2,...,kr)
n−1 .

The second equality above is by the recursion for the Stirling numbers of the second
kind.

Proposition 5.6. For any multi-index (k1, . . . , kr) with ki ∈ Z, we have

B(k1,...,kr)
n =

n∑
j=0

(
n

j

)
C

(k1,...,kr)
j

and

C(k1,...,kr)
n =

n∑
j=0

(−1)n−j

(
n

j

)
B

(k1,...,kr)
j .

Proof. The generating functions of B
(k1,...,kr)
n , C

(k1,...,kr)
n differ by the factor et, and the

above identities follow immediately.

5.3 Multi-poly-Bernoulli numbers with negative indices

By the explicit formulas, we immediately find B
(−k1,...,−kr)
n , C

(−k1,...,−kr)
n (ki ≥ 0) to be

integers. We provide the properties for multi-poly-Bernoulli numbers with negative indices
and explicit expressions in special cases.

Proposition 5.7 (K. Imatomi, M. Kaneko and E. Takeda [14]). We have the follow-
ing generating series identities for multi-poly-Bernoulli numbers with non-positive upper
indices:
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1)

∞∑
k1,...,kr=0

∞∑
n=0

B(−k1,...,−kr)
n

tn

n!

xk1
1

k1!
· · · x

kr
r

kr!

=
(1− e−t)r−1

(e−x1 + e−t − 1)(e−x1−x2 + e−t − 1) · · · (e−x1−···−xr + e−t − 1)
,

2)

∞∑
k1,...,kr=0

∞∑
n=0

C(−k1,...,−kr)
n

tn

n!

xk1
1

k1!
· · · x

kr
r

kr!

=
e−t(1− e−t)r−1

(e−x1 + e−t − 1)(e−x1−x2 + e−t − 1) · · · (e−x1−···−xr + e−t − 1)
.

Proof. Use the defining identity

∞∑
n=0

B(−k1,...,−kr)
n

tn

n!
= (1− e−t)−1

∑
m1>···>mr>0

mk1
1 · · ·mkr

r (1− e−t)m1

to obtain

∞∑
k1,...,kr=0

∞∑
n=0

B(−k1,...,−kr)
n

tn

n!

xk1
1

k1!
· · · x

kr
r

kr!

= (1− e−t)−1
∑

m1>···>mr>0

(1− e−t)m1em1x1+···+mrxr

= (1− e−t)−1

∞∑
n1,...,nr=1

(1− e−t)n1+···+nre(n1+···+nr)x1+(n2+···+nr)x2+···+nrxr

= (1− e−t)−1

∞∑
n1,...,nr=1

(
(1− e−t)ex1

)n1
(
(1− e−t)ex1+x2

)n2 · · ·
(
(1− e−t)ex1+···+xr

)nr

= (1− e−t)r−1 ex1

1−
(
(1− e−t)ex1

) ex1+x2

1−
(
(1− e−t)ex1+x2

) · · · ex1+···+xr

1−
(
(1− e−t)ex1+···+xr

)
=

(1− e−t)r−1

(e−x1 + e−t − 1)(e−x1−x2 + e−t − 1) · · · (e−x1−···−xr + e−t − 1)
.

The identity for C
(−k1,...,−kr)
n readily follows from this because the defining generating

series differ only by the factor e−t.

Corollary 5.8. For any integers k1, . . . , kr ≥ 0 and n ≥ 0, the multi-poly-Bernoulli
numbers B

(−k1,...,−kr)
n and C

(−k1,...,−kr)
n are positive integers.
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Proof. The right-hand sides of 1) and 2) of the proposition can be rewritten as

et(et−1)r−1 · ex1

1− (et − 1)(ex1 − 1)
· ex1+x2

1− (et − 1)(ex1+x2 − 1)
· · · ex1+···+xr

1− (et − 1)(ex1+···+xr − 1)

and

(et − 1)r−1 · ex1

1− (et − 1)(ex1 − 1)
· ex1+x2

1− (et − 1)(ex1+x2 − 1)
· · · ex1+···+xr

1− (et − 1)(ex1+···+xr − 1)

respectively, from which the positivity of B
(−k1,...,−kr)
n and C

(−k1,...,−kr)
n is obvious. That

both are integers follows from the explicit formulas in Theorem 5.4.
We can give some explicit formulas different from Theorem 5.4 for special indices.

Proposition 5.9. For r ≥ 1, k ≥ 0 and n ≥ 0, we have
1)

B(−k,

r−1︷︸︸︷
0,...,0)

n = (−1)n
n∑

j=0

(−1)j(j + 1)kj!

(
j

r − 1

){
n

j

}
,

C(−k,

r−1︷︸︸︷
0,...,0)

n = (−1)n
n∑

j=0

(−1)j(j + 1)kj!

(
j

r − 1

){
n+ 1

j + 1

}
.

2)

B(

r−1︷︸︸︷
0,...,0,−k)

n =

min{n+1−r,k}∑
j=0

(r + j − 1)!j!

{
n+ 1

r + j

}{
k + 1

j + 1

}
,

C(

r−1︷︸︸︷
0,...,0,−k)

n =

min{n+1−r,k}∑
j=0

(r + j − 1)!j!

{
n

r + j − 1

}{
k + 1

j + 1

}
.

Proof. Set x2 = · · · = xr = 0 in 1) of Proposition 5.7 to obtain

∞∑
k=0

∞∑
n=0

B(−k,

r−1︷︸︸︷
0,...,0)

n

tn

n!

xk

k!
=

(1− e−t)r−1

(e−x + e−t − 1)r
.
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From this we have

∞∑
r=1

∞∑
k,n=0

B(−k,

r−1︷︸︸︷
0,...,0)

n

tn

n!

xk

k!
yr−1 =

1

(e−x + e−t − 1)

∞∑
r=1

(
1− e−t

e−x + e−t − 1

)r−1

yr−1

=
1

(e−x + e−t − 1)

1

1− 1−e−t

e−x+e−t−1
y

=
1

e−x + e−t − 1− (1− e−t)y

=
ex

1− ex(1 + y)(1− e−t)

=
∞∑
j=0

e(j+1)x(1 + y)j(1− e−t)j

=
∞∑
j=0

e(j+1)x(1 + y)j(−1)jj!
∞∑
n=j

(−1)n
{
n

j

}
tn

n!

=
∞∑
n=0

n∑
j=0

e(j+1)x(1 + y)j(−1)n+jj!

{
n

j

}
tn

n!
.

Comparing the coefficients of tn

n!
xk

k!
yr−1 on both sides, we obtain 1) for B

(−k,0,...,0)
n .

Similarly, we compute

∞∑
r=1

∞∑
k,n=0

C(−k,

r−1︷︸︸︷
0,...,0)

n

tn

n!

xk

k!
yr−1 = e−t · ex

1− ex(1 + y)(1− e−t)

=
∞∑
j=0

e(j+1)x(1 + y)je−t(1− e−t)j

=
∞∑
j=0

e(j+1)x(1 + y)j(−1)jj!
∞∑
n=j

(−1)n
{
n+ 1

j + 1

}
tn

n!

=
∞∑
n=0

n∑
j=0

e(j+1)x(1 + y)j(−1)n+jj!

{
n+ 1

j + 1

}
tn

n!

and obtain the formula for C
(−k,0,...,0)
n .
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For 2), we set x1 = · · · = xr−1 = 0 in the formulas in Proposition 5.7 and have

∞∑
k=0

∞∑
n=0

B(

r−1︷︸︸︷
0,...,0,−k)

n

tn

n!

xk

k!
=

(et − 1)r−1

e−x + e−t − 1

= (et − 1)r−1 · et+x

1− (et − 1)(ex − 1)

=
∞∑
j=0

et(et − 1)r+j−1ex(ex − 1)j

=
∞∑
j=0

(r + j − 1)!
∞∑

n=r+j−1

{
n+ 1

r + j

}
tn

n!
· j!

∞∑
k=j

{
k + 1

j + 1

}
xk

k!

and

∞∑
k=0

∞∑
n=0

C(

r−1︷︸︸︷
0,...,0,−k)

n

tn

n!

xk

k!
=

∞∑
j=0

(r + j − 1)!
∞∑

n=r+j−1

{
n

r + j − 1

}
tn

n!
· · · j!

∞∑
k=j

{
k + 1

j + 1

}
xk

k!
.

Comparing the coefficients of
tn

n!

xk

k!
on both sides and noting that

{
n

m

}
= 0 if n < m,

we obtain 2).

5.4 Multi-poly-Bernoulli-star numbers

We describe multi-poly-Bernoulli-star numbers in this section. Multi-poly-Bernoulli-star
numbers are defined in a similar way as multi-poly-Bernoulli numbers:

Definition 5.10.

Li⋆k1,...,kr(1− e−t)

1− e−t
=

∞∑
n=0

B(k1,...,kr)
n,⋆

tn

n!
,

Li⋆k1,...,kr(1− e−t)

et − 1
=

∞∑
n=0

C(k1,...,kr)
n,⋆

tn

n!
,

where Li⋆k1,...,kr(z) is called non-strict multiple polylogarithm defined by the following series:

Li⋆k1,...,kr(z) =
∑

m1≥···≥mr≥1

zm1

mk1
1 · · ·mkr

r

.

We omit our proofs of fundamental properties for multi-poly-Bernoulli-star numbers
since their proofs are almost identical to the case of multi-poly-Bernoulli numbers.
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Proposition 5.11. For any multi-index (k1, . . . , kr), we have the following recursions:

B(k1,...,kr)
n,⋆ =

1

n+ 1

(
B(k1−1,k2,...,kr)

n,⋆ −
n−1∑
j=1

(
n

j − 1

)
B

(k1,...,kr)
j,⋆

)
,

C(k1,...,kr)
n,⋆ =

1

n+ 1

(
C(k1−1,k2,...,kr)

n,⋆ −
n−1∑
j=0

(
n+ 1

j

)
C

(k1,...,kr)
j,⋆

)
.

Proposition 5.12. For any multi-index (k1, . . . , kr), ki ∈ Z, we have

B(k1,...,kr)
n,⋆ =

∑
n+1≥m1≥···≥mr≥1

(−1)m1+n−1(m1 − 1)!

mk1
1 · · ·mkr

r

{
n

m1 − 1

}
and

C(k1,...,kr)
n,⋆ =

∑
n+1≥m1≥···≥mr≥1

(−1)m1+n−1(m1 − 1)!

mk1
1 · · ·mkr

r

{
n+ 1

m1

}
.

Proposition 5.13. For any multi-index (k1, . . . , kr), we have

C(k1,...,kr)
n,⋆ = B(k1,...,kr)

n,⋆ − C
(k1−1,k2,...,kr)
n−1,⋆ .

Proposition 5.14. For any multi-index (k1, . . . , kr) with ki ∈ Z, we have

B(k1,...,kr)
n,⋆ =

n∑
j=0

(
n

j

)
C

(k1,...,kr)
j,⋆

and

C(k1,...,kr)
n,⋆ =

n∑
j=0

(−1)n−j

(
n

j

)
B

(k1,...,kr)
j,⋆ .

We present the sum formulas and duality relation for multi-poly-Bernoulli-star num-
bers. These results hold not for multi-poly-Bernoulli numbers but for multi-poly-Bernoulli-
star numbers.

The former one is the following:

Theorem 5.15. We have∑
k1+···+kr=k
1≤r≤k,ki≥1

(−1)rB(k1,...,kr)
n,⋆ =

(−1)k

k

(
n

k − 1

)
B

(1)
n−k+1,⋆

and ∑
k1+···+kr=k
1≤r≤k,ki≥1

(−1)rC(k1,...,kr)
n,⋆ =

(−1)k

k

(
n

k − 1

)
C

(1)
n−k+1,⋆. (5.3)
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Proof. We consider the generating functions of both sides by multiplying tn/n! and taking
the summation on n:

(LHS) =
∞∑
n=0

∑
k1+···+kr=k
1≤r≤k,ki≥1

(−1)rB(k1,...,kr)
n,⋆

tn

n!

=
∑

k1+···+kr=k
1≤r≤k,ki≥1

(−1)r
Li⋆k1,...,kr(1− e−t)

1− e−t
,

(RHS) =
(−1)k

k

∞∑
n=0

(
n

k − 1

)
B

(1)
n−k+1,⋆

tn

n!

=
(−1)k

k!

∞∑
n=0

B
(1)
n−k+1,⋆

tn

(n− k + 1)!

=
(−1)k

k!

∞∑
n=0

B(1)
n,⋆

tn+k−1

n!

=
(−1)k

k!

tk

1− e−t
.

Since both sides have the same denominator, it suffices to prove the following identity:∑
k1+···+kr=k
1≤r≤k,ki≥1

(−1)rLi⋆k1,...,kr(1− e−t) =
(−1)k

k!
tk. (5.4)

This equality is proved by the induction on the weight. When k = 1, the left-hand side
is −Li⋆1(1 − e−t) = −t and is equal to the right-hand side. Next we assume the identity
holds when the weight is k. Then by differentiating the left-hand side of the identity of
weight k + 1, we obtain

d

dt

 ∑
k1+···+kr=k+1
1≤r≤k+1,ki≥1

(−1)rLi⋆k1,...,kr(1− e−t)


=

∑
k1+···+kr=k
1≤r≤k,ki≥1

(−1)r
(

e−t

1− e−t
− 1

1− e−t

)
Li⋆k1,...,kr(1− e−t)

=
∑

k1+···+kr=k
1≤r≤k,ki≥1

(−1)r+1Li⋆k1,...,kr(1− e−t)

=
(−1)k+1

k!
tk.
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We used the induction hypothesis in the last equality. Therefore we have∑
k1+···+kr=k+1
1≤r≤k+1,ki≥1

(−1)rLi⋆k1,...,kr(1− e−t) =
(−1)k+1

(k + 1)!
tk+1 + C

with some constant C, which we find is 0 by putting t = 0. The sum formula for Cn,⋆ can
also be obtained from (5.4) since the generating function of Cn,⋆ differs only by the factor
et to the one of Bn,⋆.

Next we present the duality relation for the multi-poly-Bernoulli-star numbers.

Theorem 5.16 (K. Imatomi [13]). For any multi-index (k1, . . . , kr) with ki ≥ 1(1 ≤ i ≤
r), we have

C(k1,...,kr)
n,⋆ = (−1)nB

(k′1,...,k
′
l)

n,⋆ ,

where (k′
1, . . . , k

′
l) is the dual index of (k1, . . . , kr) in Hoffman’s sense.

Proof. We also consider the generating functions of both sides:

(LHS) =
∞∑
n=0

C(k1,...,kr)
n,⋆

tn

n!
=

Li⋆k1,...,kr(1− e−t)

et − 1
,

(RHS) =
∞∑
n=0

(−1)nB
(k′1,...,k

′
l)

n,⋆
tn

n!
=

Li⋆k′1,...,k′l
(1− et)

1− et
.

Hence we have to show the following identity:

Li⋆k1,...,kr(1− e−t) + Li⋆k′1,...,k′l(1− et) = 0. (5.5)

This identity also follows from the induction on the weight. First, it is trivial in the
case k = 1. We assume the above identity holds when the weight is k. Since k1 = 1 is
equivalent to k

′
1 ̸= 1, we may assume k1 = 1 by the symmetry of the identity. Then when

the weight is k + 1, the derivative of the left-hand side yields

d

dt

(
Li⋆1,k2,...,kr(1− e−t) + Li⋆

k
′
1,...,k

′
l

(1− et)
)

=
1

1− e−t
Li⋆k2,...,kr(1− e−t) +

−et

1− et
Li⋆

k
′
1−1,k

′
2,...,k

′
l

(1− et)

=
1

1− e−t

(
Li⋆k2,...,kr(1− e−t) + Li⋆

k
′
1−1,k

′
2,...,k

′
l

(1− et)
)

= 0.

Therefore we obtain

Li⋆1,k2,...,kr(1− e−t) + Li⋆
k
′
1,...,k

′
l

(1− et) = C

with some constant C, and by putting t = 0, we conclude C = 0.
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5.5 Connection to finite multiple zeta(-star) values

First, we introduce the following congruence formula between multi-poly-Bernoulli(-star)
numbers and finite multiple zeta(-star) values.

Proposition 5.17. We have

Hp(k1, . . . , kr) ≡ −C
(k1−1,k2,...,kr)
p−2 mod p.,

H⋆
p (k1, . . . , kr) ≡ −C

(k1−1,k2,...,kr)
p−2,⋆ mod p.

More generally, for (strict) multiple harmonic sums, we have for any r ≥ 1, j ≥ 0, and
ki ∈ Z

Hp(1, . . . , 1︸ ︷︷ ︸
j

, k1, . . . , kr) ≡ −C
(k1−1,k2,...,kr)
p−j−2 mod p.

Proof. By the explicit formula in Theorem 5.4, we have (we may assume p is odd)

C
(k1−1,k2,...,kr)
p−2 = −

∑
p−1≥m1>m2>···>mr>0

(−1)m1−1(m1 − 1)!

mk1−1
1 mk2

2 · · ·mkr
r

{
p− 1

m1

}
=

∑
p−1≥m1>m2>···>mr>0

(−1)m1m1!

mk1
1 mk2

2 · · ·mkr
r

{
p− 1

m1

}
.

By the well-known formula (cf. [9, §6.1])

(−1)m1m1!

{
p− 1

m1

}
=

m1∑
l=0

(−1)l
(
m1

l

)
lp−1,

we see

(−1)m1m1!

{
p− 1

m1

}
≡

m1∑
l=1

(−1)l
(
m1

l

)
mod p,

the sum on the right being equal to (1− 1)m1 − 1 = −1. This proves that

C
(k1−1,k2,...,kr)
p−2 ≡ −Hp(k1, . . . , kr) mod p.

Congruence formula for star version is proved in the same manner.
For the second identity, we proceed as follows. First note∑

p−1≥i1>···>ij>m1>···>mr≥1

1

i1 · · · ijmk1
1 · · ·mkr

r

=
∑

p−j>m1>···>mr≥1

1

mk1
1 · · ·mkr

r

∑
p−1≥i1>···>ij>m1

1

i1 · · · ij
.

By changing il → p− il, we see that∑
p−1≥i1>···>ij>m1

1

i1 · · · ij
≡ (−1)j

∑
p−m1>ij>···>i1≥1

1

i1 · · · ij
mod p.
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Using the formula ∑
p−m1>ij>···i1≥1

1

i1 · · · ij
=

1

(p−m1 − 1)!

[
p−m1

j + 1

]

and the congruences
[
n
m

]
≡
{
p−m
p−n

}
mod p (1 ≤ m ≤ n ≤ p − 1) (see [11, §5]) and

1
(p−m1−1)!

≡ (−1)m1+1m1! mod p, we obtain (for odd p)

ζA(1, . . . , 1︸ ︷︷ ︸
j

, k1, . . . , kr)(p) =
∑

p−j>m1>···>mr≥1

(−1)j+m1+1m1!
{
p−j−1
m1

}
mk1

1 · · ·mkr
r

mod p

= −C
(k1−1,k2,...,kr)
p−j−2 mod p.

This concludes the proof of the theorem.
Combining the proposition with Example 5.2, we see that

ζA(2,

k−2︷ ︸︸ ︷
1, . . . , 1) =

(
−C

(

k−1︷︸︸︷
1,...,1)

p−2 mod p
)
p

=

(
− 1

p− 1

(
p− 1

k − 1

)
Bp−k mod p

)
p

= (Bp−k mod p)p.

(We used
(
p−1
k−1

)
≡ (−1)k−1 mod p and (−1)p−kBp−k = Bp−k for large enough p.) As is

discussed in [18], the element (Bp−k mod p)p on the right is regarded as an analogue of
kζ(k).

Corollary 5.18 (M. Hoffman [11]). For any multi-index (k1, . . . , kr) with ki ≥ 1(1 ≤ i ≤
r), let (k

′
1, . . . , k

′

l) be the dual index for (k1, . . . , kr) in Hoffman’s sense. Then we have

ζ⋆A(k1, . . . , kr) = −ζ⋆A(k
′

1, . . . , k
′

l).

Proof. It is sufficient to prove the case k1 = 1. By (5.6) and the duality relation for the
multi-poly-Bernoulli-star numbers, we obtain

(LHS) =
(
−C

(0,k2,··· ,kr)
p−2,⋆ mod p

)
p
,

(RHS) =

(
C

(k
′
1−1,k

′
2,··· ,k

′
l )

p−2,⋆ mod p

)
p

=
(
(−1)pB

(k2,··· ,kr)
p−2,⋆ mod p

)
p
.

Hence we complete the proof if we prove C
(0,k2,··· ,kr)
n,⋆ = B

(k2,··· ,kr)
n,⋆ for all n. We consider
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the generating functions of these numbers:

∞∑
n=0

C(0,k2,··· ,kr)
n,⋆

tn

n!
=

Li⋆0,k2,...,kr(1− e−t)

et − 1

=
1

et − 1

∑
m2≥···≥mr≥1

1

mk2
2 · · ·mkr

r

∞∑
m1=m2

(1− e−t)m1

=
1

e−t(et − 1)
Li⋆k2,...,kr(1− e−t)

=
∞∑
n=0

B(k2,··· ,kr)
n,⋆

tn

n!
.

From this we have
−C

(0,k2,··· ,kr)
p−2,⋆ = (−1)pB

(k2,··· ,kr)
p−2,⋆

for any odd prime p.
The following corollary is a weaker version of Theorem 4.10.

Corollary 5.19. We have∑
k1+···+kr=k

r≥1,k1≥2,ki≥1

(−1)rζ⋆A(k1, . . . , kr) = (Bp−k mod p)p ,

where Bn is the classical Bernoulli number.

Proof. Equations (5.3) and (5.6) yield

∑
k1+···+kr=k+1
r≥1,k1≥2,ki≥1

(−1)r+1ζ⋆A(k1, . . . , kr) =

(
(−1)k

k

(
p− 2

k − 1

)
C

(1)
p−k−1,⋆ mod p

)
p

=
(
−C

(1)
p−k−1,⋆ mod p

)
p
.

So replacing k by k − 1, we obtain the desired identity.
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6 Multi-Poly-Bernoulli Polynomials

In this section, we give multi-poly-Bernoulli polynomials which generalize the classical
Bernoulli polynomials, and generalized Arakawa-Kaneko zeta function whose values at
non-positive integers are multi-poly-Bernoulli polynomials .

6.1 Definition of multi-poly-Bernoulli polynomials

Definition 6.1. For any multi-index (k1, . . . , kr), multi-poly-Bernoulli(-star) polynomials

C
(k1,...,kr)
n (x), C

(k1,...,kr)
n,⋆ (x) are defined by the following series:

∞∑
n=0

C(k1,...,kr)
n (x)

tn

n!
=

Lik1,...,kr(1− e−t)

et − 1
ext, (6.1)

∞∑
n=0

C(k1,...,kr)
n,⋆ (x)

tn

n!
=

Li⋆k1,...,kr(1− e−t)

et − 1
ext.

When r = 1 and k1 = 1, C
(1)
n (x) and C

(1)
n,⋆(x) are the classical Bernoulli polynomials

whose generating function is text/(et − 1), and when x = 0, C
(k1,...,kr)
n (0) and C

(k1,...,kr)
n,⋆ (0)

are the multi-poly-Bernoulli(-star) numbers. We need not consider “B-version” of multi-
poly-Bernoulli(-star) polynomials since we obtain “B-version” by replacing x by x+ 1 in
Definition 6.1.

We present basic results for multi-poly-Bernoulli(-star) polynomials. We first give the
explicit expression in terms of multi-poly-Bernoulli(-star) numbers.

Proposition 6.2. For any multi-index (k1, . . . , kr) and n ≥ 0, we have

C(k1,...,kr)
n (x) =

n∑
j=0

(
n

j

)
C

(k1,...,kr)
n−j xj,

C(k1,...,kr)
n,⋆ (x) =

n∑
j=0

(
n

j

)
C

(k1,...,kr)
n−j,⋆ xj.

Proof. By using Definition 6.1, we obtain

∞∑
n=0

C(k1,...,kr)
n (x)

tn

n!
=

Lik1,...,kr(1− e−t)

et − 1
ext

=

(
∞∑
i=0

C
(k1,...,kr)
i

ti

i!

)(
∞∑
j=0

(xt)j

j!

)

=
∞∑
n=0

n∑
j=0

(
n

j

)
C

(k1,...,kr)
n−j xj t

n

n!
.

The proof for multi-poly-Bernoulli-star polynomials is identical.
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Proposition 6.3. For any multi-index (k1, . . . , kr) and n ≥ 1, we have

d

dx
C(k1,...,kr)

n (x) = nC
(k1,...,kr)
n−1 (x),

d

dx
C(k1,...,kr)

n,⋆ (x) = nC
(k1,...,kr)
n−1,⋆ (x).

Proof. We differentiate both hands of (6.1) with respect to x:

d

dx

∞∑
n=0

C(k1,...,kr)
n (x)

tn

n!
=

Lik1,...,kr(1− e−t)

et − 1
text

=
d

dx

∞∑
n=0

C(k1,...,kr)
n (x)

tn+1

n!
.

We can prove the identity for multi-poly-Bernoulli-star polynomials in the same manner.

Next, we give the symmetric relation for multi-poly-Bernoulli-star polynomials. We
note that the similar relation does not hold for multi-poly-Bernoulli polynomials.

Proposition 6.4. Let (k1, . . . , kr)
∗ = (k′

1, . . . , k
′
l). Then the relation

C(k1,...,kr)
n,⋆ (x) = (−1)nC

(k′1,...,k
′
l)

n,⋆ (1− x)

holds.

Proof. Using the identity (5.5), we obtain

0 =
Li⋆k1,...,kr(1− e−t)

et − 1
ext +

Li⋆k′1,...,k′l
(1− et)

et − 1
ext

=
Li⋆k1,...,kr(1− e−t)

1− e−t
ext −

Li⋆k′1,...,k′l
(1− et)

e−t − 1
e(1−x)(−t).

Hence we have the required identity by comparing the coefficients of tn/n!.

6.2 Generalized Arakawa-Kaneko zeta function

In this section, we introduce generalized Arakawa-Kaneko zeta function whose values at
non-positive integers are multi-poly-Bernoulli(-star) polynomials.

Definition 6.5. For complex numbers s and x with ℜ(s) > 1−r and ℜ(x) > 0, we define
Zk1,...,kr(s, x) by the following integral:

Zk1,...,kr(s, x) =
1

Γ(s)

∫ ∞

0

Lik1,...,kr(1− e−t)

et − 1
e−xtts−1dt.
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Proposition 6.6. The function Zk1,...,kr(s, x) can be analytically continued to whole s-
plane as an entire function. Further, we have

Zk1,...,kr(−n, x) = (−1)nC(k1,...,kr)
n (−x).

Proof. We decompose the interval of integration of defining integral:

Zk1,...,kr(s, x) =
1

Γ(s)

∫ 1

0

Lik1,...,kr(1− e−t)

et − 1
e−xtts−1dt

+
1

Γ(s)

∫ ∞

1

Lik1,...,kr(1− e−t)

et − 1
e−xtts−1dt.

The latter integral converges for s ∈ C since∣∣∣∣∫ ∞

1

Lik1,...,kr(1− e−t)

et − 1
e−xtts−1dt

∣∣∣∣
≤

∫ ∞

1

Li1,...,1(1− e−t)

et − 1

∣∣e−xtts−1
∣∣ dt

≤ ∃M

∫ ∞

1

e−ℜ(x)ttℜ(s)+r−1dt.

Also we find that the latter one vanishes at non-positive integers. The former one can be
rewritten as the following form:

1

Γ(s)

∫ 1

0

Lik1,...,kr(1− e−t)

et − 1
e−xtts−1dt =

1

Γ(s)

∫ 1

0

∞∑
n=0

C(k1,...,kr)
n (−x)

tn+s−1

n!
dt

=
1

Γ(s)

∞∑
n=0

C(k1,...,kr)
n (−x)

1

n!

1

n+ s
.

Second equality holds from Lebesgue’s convergence theorem and the estimate

∞∑
n=r

∫ 1

0

∣∣∣∣C(k1,...,kr)
n (−x)

tn+s−1

n!

∣∣∣∣ dt =
∞∑
n=r

∣∣C(k1,...,kr)
n (−x)

∣∣ 1
n!

1

n+ ℜ(s)

≤
∞∑
n=r

∣∣C(k1,...,kr)
n (−x)

∣∣ 1
n!

< ∞

for ℜ(s) > 1− r. Therefore, we can continue Zk1,...,kr(s, x) to s-plane and moreover, when
s = −n for n ≥ 0, we have

Zk1,...,kr(−n, x) = lim
s→−n

1

Γ(s)(s+ n)
C(k1,...,kr)

n (−x)
1

n!

= (−1)nC(k1,...,kr)
n (−x).
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Proposition 6.7. For any multi-index (k1, . . . , kr), we have

Zk1,...,kr(s, x) =
∑

m1>···>mr>0

(−∆)m1

mk1
1 · · ·mkr

r

ζ(s, x+ 1),

=: Lik1,...,kr(−∆)ζ(s, x+ 1).

where ζ(s, x) is Hurwitz zeta function and ∆ is the forward difference operator defined by

∆f(x) = f(x+ 1)− f(x).

Proof. We rewrite multiple polylogarithm as series in Definition 6.5:

Zk1,...,kr(s, x) =
1

Γ(s)

∫ ∞

0

∑
m1>···>mr>0

(1− e−t)m1

mk1
1 · · ·mkr

r

e−xtts−1

et − 1
dt

=
1

Γ(s)

∑
m1>···>mr>0

1

mk1
1 · · ·mkr

r

m1∑
j=0

(−1)j
(
m1

j

)∫ ∞

0

e−(j+x)tts−1

et − 1
dt

=
∑

m1>···>mr>0

1

mk1
1 · · ·mkr

r

m1∑
j=0

(−1)j
(
m1

j

)
ζ(s, x+ j + 1)

=
∑

m1>···>mr>0

(−∆)m1

mk1
1 · · ·mkr

r

ζ(s, x+ 1).

We derive a formula for Z1,...,1(s, x) using Proposition 6.7.

Example 6.8. For m ≥ 0, we have

Z{1}m(s, x) =
(−1)m

m!
s(s+ 1) · · · (s+m− 1)ζ(s+m,x+ 1).

Proof. By using Proposition 6.7, we obtain

Z{1}m(s, x) = Li{1}m(−∆)ζ(s, x+ 1)

=
1

m!
(Li1(−∆))m ζ(s, x+ 1)

=
1

m!
(−Dx)

m ζ(s, x+ 1)

=
1

m!
s(s+ 1) · · · (s+m− 1)ζ(s+m,x+ 1),

where Dx is the differential operator on x. Notice that 1 + ∆ = exp(Dx) holds since

eDxf(x) =
∞∑
n=0

Dn
x

n!
f(x) =

∞∑
n=0

f (n)(x)

n!
1n = f(x+ 1).
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