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RATE OF CONVERGENCE IN DISTRIBUTION
OF A LINEAR COMBINATION OF U-STATISTICS
FOR A DEGENERATE KERNEL

By

Hajime YAMATO* and Masao KONDO'

Abstract

Associated with an estimable parameter, we consider a linear combination of
U-statistics (Toda and Yamato, 2001) which includes V-statistic and LB-statistic.
For a degenerate kernel, its asymptotic distribution (Yamato et al., 2001) is easily
derived by the same method as Yamato and Toda (2001). We give the rate of this
convergence in distribution.

Key Words and Phrases: Linear combination of U-statistics, order of degeneracy, rate of con-
vergence.

1. Introduction

Let O(F) be an estimable parameter of an unknown distribution function F' which
has a symmetric kernel g(z1, ..., zx) of degree k(> 2) and X;, ..., X, be a random sample
of size n from F.

As an estimator of §(F'), Toda and Yamato (2001) introduced a linear combination
Y,, of U-statistics as follows. Let w(ry,...,r;;k) be a nonnegative and symmetric func-
tion of positive integers rq,...,7; such that j =1,...,k and ry +--- +7; = k, where k
is the degree of the kernel g and fixed. We assume that at least one of w(ry,...,r;;k)’s
is positive. For j = 1,...,k, let g¢;)(z1,...,Z;) be the kernel given by

1 + . N
96y (@15, T5) = k.3 Zrﬁ“_“]_:kw(rl,...,rj,k)g(:z:l‘,...,:cj’), (1.1)
where
gz, ... zir) = g9(x1, .- T1, - Ty, T)
N’ N———
T1 Tn

and the summation 2: FR— is taken over all positive integers rq,...,7; satisfying
ri+ - +r; = k with j and k fixed and d(k,j) = ¥, 4, opw(rs,...,755k) for
i=L2,..,k

Let UY be the U-statistic associated with this kernel 9i)(x1,. .., z45k) for j =
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1,...,k. Thekernel g(;)(z1,...,z;; k) is symmetric because of the symmetry of w(ry, ...,
r;; k). If d(k,j) is equal to zero for some j, then the associated w(ry, ... ,Tj;k)’s are
(4)

equal to zero. In this case, we let the corresponding statistic U’/ be zero. The statistics
Y, is given by

Vo= =t id(k i) (") uw (1.2)
D ) 2“6 ) U

where D(n, k) = E;?:l d(k,7) (;‘) Since w’s are nonnegative and at least one of them is
positive, D(n, k) is positive.

Y, generalizes well-known statistics. Four examples are given to show this. First,
let w be the function given by w(1,1,...,1;k) = 1 and w(ry,...,r;;k) = 0 for positive
integers ry,...,rj such that j =1,...,k—1and r; +---+r; = k. Then Y, is equal to
U-statistic Uy, which is given by

U,,:(:)_l S oK X)), (1.3)

1<51<+<e<n

where 3, . j1<--<js<n denotes the summation over all integers ji,...,jx satisfying 1 <
n<--<g<n
Second, let w be the function given by w(ry,...,r;;k) = 1 for positive integers

T1,...,7; such that j = 1,...,kand r; +--- +7; = k. Then Y, is equal to the LB-
statistic B,, given by

n+k—1\"" - -
B, = ( ' ) S aX[. X, (1.4)
Tt ra=k

where Zr, b=k denotes the summation over all non-negative integers 1, ..., 7, sat-
isfyingry +---+r, = k.

Third, let w be the function given by w(ry,...,r;;k) = k!/(r1!---r;!) for positive
integers r1,...,r; such that j =1,...,kandry +---+r; = k. Incaseof k = 3, Y,, is
equal to the V-statistic V,, given by

. 1 n n
Vn:n—kz---Zg(le,...,Xq-k). (1.5)
Ji=1 Jk=1

(See Toda and Yamato, 2001).

The last, let w be the function given by w(ry,...,r;; k) = k!/(ry - - - ;) for positive
integers r1,...,7; such that j=1,...,kandr; +---+7r; = k. Inthecaseof k = 3, Y,,
for the third central moment of the distribution F is given by

n
n —
n = —— E X —X)3
S n? + 1 i=1( 1 X) )
where X is the sample mean of X1, ..., X, (see Nomachi et al., 2002).

Now, for the kernel g(z,...,zx), we put

1/)]-(:::1,...,.1:]-) = E[g(Xl,...,Xk) l X1 = .’El,...,X]‘ =$j], ] = 1,...,’6
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and
of =Var[y;(X1,...,X;)], i=1,..,k

In this paper, we suppose that
ol=.--=03_;=0 and o3>0,

that is, the U-statistic and/or the kernel g is degenerate of order d — 1. Hence, Evq(X;,
..., X4) = 0 and with probability one (w.p.1) ¥1(X1) =6,...,%4_1(X1,...,X4—1) = 0.

The asymptotic distribution of U,, was studied by Lee (1990), Koroljuk and Borovs-
kich (1994) and Borovskich (1996). We may summarize their results as follows. Let W
be the Gaussian random measure associated with the distribution F on the real line
(—00,00) such that EW(A) = 0 and EW(A)W(B) = F(AnN B) for any Borel sets A,
B. Denote the stochastic integral of the function f(z1,...,z.) by J.(f), that is,

L.(f) =/_°° /_oo F(@1y oy 5 )W (dzy) - - W (ds).

Alternatively, J.(f) can be represented by using an orthonormal basia e;, €3, ... of Ly (F).
For any function f; and f; such that [p. fi(z1,...,2.)? H;=1 dF(z;) < o0 (i = 1,2),
their inner product is given by (f1, f2) = [g. fi(21,...,2c) falz1, ..., 2c) H;=1 dF(z;).
J.(f) is also written as

Jc(f) = Z Z(f)eil "'eic)HHr;(i)(Zl),

=1 ic=1 =1

where H, is the r-th Hermite polynomial, {Z;}{2, is a sequence of independent standard
normal random variables and r;(i) is the number of indices among i = (41, ..., i) equal to
l. For the degenerate kernel g of order d — 1, under the conditions E | g(Xi,..., Xz) |?<
00, the asymptotic distribution of U, is given by

n%*U, - 6) 3 (2) Ji(€a,q), (1.6)

where 3 means the convergence in distribution as n — oo and &g4(zy,...,z4) =
¢d($1, () .’Ed) —-90.

The convergence (1.6) also holds under the following conditions (i) or (ii): (i)
E | ¢9(Xy,...,X4) [?/@ < oo for ¢ = d,d + 1,...,k (see Koroljuk and Borovs-
kich,1994). (i) E | g9 (X1,. .., X4) |*< oo and #2¢/C<=) P[| g{) |> t] = 0 (¢t — o0) for
c=d+1,...,k (see Borovskich,1996).

Yamato et al. (2001) studied an invariance principle (functional limit theorem) of
Y,, and derived its asymptotic distribution as a special case of the principle. Also the
asymptotic distribution of Y,, may be obtained by the method of Yamato and Toda
(2001).

The purpose of this paper is to give the asymptotic distribution of Y,, directly by the
later method and to evaluate the rate of its convergence, for the degenerate kernel. In
Section 2, we give the asymptotic distribution of a linear combination Y;, of U-statistics
given by (1.2). In Section 3, we give its rate of convergence in distribution.
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2. Asymptotic distribution of Y-statistic
For kernel g;)(z;,...,2;) given by (1.1), weput forc=1,...,jand j =1,...,k

'l,[)(j),c(zl, ...,.’l?c) = E[g(J)(Xla ,XJ) l Xl =T, ...,Xc = zc]

— 1 + . r re Tetl i
B mzr1+...+1‘j=k w(ry, 515 K)Eg(ers o 20, X35 X5),

where on the right-hand side we use the notation used in (1.1).

The U-statistic U,(lj), J = 1,...,k corresponding to to the kernel g(;) have the
following properties.

LEMMA 2.1. (Yamato et al., 2001)

E[UP] =9, k—i‘%lgjgk

or

d-1

E[Uf)] =6, 0<j< 5

LEMMA 2.2. (Yamato et al., 2001) The order of degeneracy of U= is at least
d—2j—-1for1<j<(d-1)/2 and

kE—d+j\ w12 2k
1/)(k_j)’d_2j(:1:1, ...,:L'd_zj) =0+ ( j ]) W [‘Pd,d—2j(1'1, ---,Z'd-zj) - 9]7
(2.1)
where for 1 < j < (d—1)/2

©d,d-25(T1, - Td—2;) = E[Ya(@1, s Ta-2j, Xa—2j41, Xd=2j41, -0 Xa—j> Xa—j)] (2:2)

and
w(1™,2%k) =w(1,1,---,1,2,2,- -+, 2: k).
N—— ————

By the similar method to the above Lemma, we can show that for 1 < j < (d—1)/2,
Epia—2i(X1, ..., Xa—2;) = 8. (2.3)
From Lemmas 2.1 and 2.2, it follows that If d = 2l + 1 and [ is a positive integer,
then EUY = EUS™ = ... = EU¥ Y = EU{*™ = 0. The orders of degeneracy
of UV ., U= Ul are at least 2(1 — 1), ..., 2,0, respectively. If d = 21 and
l is a positive integer, then EU,(lk) = EU,(,k_l) = ... = EU,(lk_'H’) = EU,(Ik_H'l) =

#. The orders of degeneracy of U,(,k_l),...,U,(,k—l“),U,(lk_Hl) are at least 2/ — 3,...,3,1,
respectively.

LEMMA 2.3. (Yamato et al., 2001) In case of d = 21,

1 k-1
(k=) _ =~ w(1* ¢ 2 V[ Eyl (X, X X:, X;) - 4]. .
EU,, 0 Ak —1) (k d) ( ,2 ,k)[ Ya (X1, Xi, o, X1, Xi) 0] (24)
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Now we assume d(k,k) = w(l,...,1;k) > 0, then, it follows that U® = Un,
because of g(x) = g. Under this assumption, there exists a constant b(> 0) such that

d(k,k)n® b 1
D 1T n T 0(;3)- (2:5)
Thus
nk k!

as n — o0. (2.6)

Dk AR

For the U-statistic U,, d(k,k)n¥)/[D(n,k)k!] = 1. For the V-statistic V,, and the S-
statistic S,, b = k(k — 1). For the LB-statistic B,, b = k(k — 1)/2. (see Nomachi et
al., 2001)). It is assumed that n*¥/D(n,k) is nondecreasing in Yamato et al. (2001)
for invariance principle, but the convergence in distribution needs only the convergence
(2.6).

Yamato et al. (2001) obtained the asymptotic distribution of Y, from invariance
principle. Alternatively, it can be obtained directly by the same method as Yamato
and Toda (2001). We state here the idea of how to compute directly the asymptotic
distribution of Y,,. Noting the degeneracy of (k=i ),0< J < (d—1)/2, stated above,
we expand Y, as follows: Ford =2l +1

1

nY*(Y, —6) =Y Tjn+ Rin, (2.7)
=0
where ( . )
- — iy k=i) a2 (k=) _ P =
Tjn=d(k,k J)D(n,k)n (Un 9), j=0,1,...,1
5 Q) e yo
_ . J d/2 i) _
Rin = J; dk ) g™ (U = ).

By Minkowski’s inequality we have

k—i-1 n ) 1/2
[BRL]" < 21 d(’“”')p—((,%:)""” (B -0 "
By the relation (2.6), (;.‘)n"’/2 /D(n,k) ~ cni=*+4/2 (n - 00), where c is a positive
constant. For 1 < j<k—1—1,it hols that j —k+d/2 < -1 -1+d/2 < ~1/2. Under
the condition (2.11) given in the following theorem 2.4, we have E (UT(.j ) 0)2 < oo and
therefore it follows that ER?, = O(n™!). In case of d = 2l, it holds that j — k +d/2 <
—l-1+d/2< -1for1<j<k~1—1. Thus, ford=2I,

-1
nd2(Y, —0) = ZTJ.,,, +Tin + Ran, (2.8)

=0

where ERZ, = O(n™2%) under the condition (2.11) given in the following theorem 2.4.
Rin, Ran do not affect the convergence in distribution of n%/2(Y, — 6).
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We note that g(x) = g and the kernel g is assumed to be degenerate of order d ~ 1.

We put gf,‘g(xl, oy Zd) = Ya(z1, ..., 24) — 0( = paa(z1,-..,24) — 6). Then, by (1.6) it
follows

d

Similarly, noting the degeneracy of the kernel 9(k—j) given by Lemma 2.2, we put

nd(U® —g) B (k) J(g). (2.9)

I (@1, Ba25) = Yihei),a—2i (@1, . Tac2) — 0, 1<j < (d—1)/2.

For 1 < j < (d—-1)/2, at first we assume that the order of degeneracy of U= i
d — 2j — 1. Then, by Lemma 2.1 and (1.6), it follows that

nd=2 (k=9 _g) B ( ;_‘;j) Jin(@W), 1<5<@-1/2  (210)
By (2.1), for 1< j < (d—1)/2
9 1 k—d+j —2j o
gé:_?‘;) (:L‘l, . md_zj) = m_—])‘( j ])w(lk 2’, 2'7; k)Ed,d—Zi(xl’ KR 1xd—2j)y

where

§d,da—2j(Z1,. .- Td-2;) = Pa,a—2;(T1,...,Td_25) — 0.
If for some jo (1 < jo < (d — 1)/2) the order of degeneracy of U™ is less than
d — 2jo — 1, then the limit in distribution of US*~7°) vanish because of g(d_2’°) 0. In

(k—jo) —
the case of d = 2I, T; ,, converges to a constant as n — co. Applying these convergence

of USF~) (0<j <(d-1)/2) to (2.7) and (2.8), we get the following proposition.
THEOREM 2.4. (Yamato et al., 2001) We suppose that
E[9(Xj,, Xj5s - X5,)%] < 00 (2.11)

for all j1,ja, ..., jx such that1 < jiy < ja <. < jx < k. We assume d(k,k) > 0. Then
incase ofd=20+1 (1 =1,2,...), we have

!
n2(v, -6) 3 ¥ 7, (2.12)
Jj=0
where
K 1 w(1*=23 29; k) .
L R @= 2 w15 F) Ja—2j(§a,a-2;), §=0,1,...,1
and

£d,d—2j = (Pd,d—2j($1, eey xd_2j) - 0, ] = 0, 1, ceey l.
In case of d =21 (1 =1,2,...) we have
-1

n2(Y, -0 3Y 17 +a, (2.13)
j=0
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where
klw(1k—4,2! k)

(k — d)llw(1F; k)

a = [Eva(X1, X1, ..., X1, X1) — 6].

The value w(1*¥~%/,27; k) /w(1¥; k) is equal to 1/27 for the V-statistic V,, and the S-
statistic S,,, and 1 for the LB-statistic By, respectively. The asymptotic distributions
of the V-statistic V,, and the LB-statistic B, are given by Yamato and Toda (2001) and
Yamato et al. (2001). The asymptotic distribution of the S-statistic .S, is given by the
followings: In caseof d =21+ 1 (I =1,2,...), we have

K o 1
n¥%(s, -6) 3 ——Ja_2j(&a,a-25)-
(k- a)! ;; (d — 25)!5127

Incaseof d =21 (I =1,2,...) we have

-1
" n K 1
nd/ (S, —6) > m{ X% WJd—zj(fd,d-zj)
J:

1
+W[E¢4(X1:X1,---,X1,X,) _ 9]}

3. Rate of convergence

To get the rate of convergence in distribution of Y,,, we use the following rate of
convergence in distribution of the U-statistic U,.

LEMMA 3.1. (Theorem 6.5.2 of Borovskikh, 1996) Assume that
| Eexp(itJk(£a,a)) |= O(| t|77)
as | t | > oo, where vy is some sufficiently large number. Then if d is odd and
E|g(X1,...,Xx) < 0o,
it follows that
sup | P(n?2(U, —6) <t) — P(rp < t) |= O(n~%). (3.1)

—oo<t<oo

Furthermore, if d is even and
E l g(Xl""an) '4< o

then,
sup | P(nY?(U, —8) <t) — P(1o < t) |= o(n" ). (3.2)
—oo<t<oo
This lemma is also given by Theorem 6.6.3 of Koroljuk and Borovskich (1994). Under
the condition about the characteristic functions of Lemma 3.1, the corresponding distri-
bution function has a bounded continuous derivative (see, for example, Corollary 11.6.1
of Kawata, 1972).
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THEOREM 3.2. We assume that d(k,k) > 0 and
| Eexp(itJi—2j(€a,d—2;)) |= O(I t|7%), 0<j<(d—1)/2

as | t | = oo, where vy; is some sufficiently large number. Then ifd=21+1(1=1,2,...)
and
Elg(Xt'n"'ink) |3<OO for 1<4 <+ < <K,

it follows that

—oo<Lt<oo

{
sup | P(n%/2(Y, —6) <t —P(er < t) |= O(n~%). (3.3)
=0

Ifd=21(1=1,2,...) and
E|9(Xiy---s Xi) [*< oo for 1<i; <+ <ip <k

then, we have

-1

sup | P(n¥?3(Y, —0) <t) - P(ZT]' +o < t) |= O(n~%). (3.4)

—oco<t<oo j=o0

In case of d = 21 (I = 1,2,...), the rate of convergence given by (3.4) is weaker than
(3.2). This is due to the evaluation of I3, given later by (3.13). In order to prove this
theorem, we need the following lemma.

LEMMA 3.3. For any random variables Wy, Wia, Wa; and Wss, we have

111 = sup IP(W11+W21 St)—P(W12+W22 St) l

—oo<Lti<oo

< sup |P(Wi <t)-P(Wi2 <t)|+ sup |P(Wy <t)-P(Wpp <t)]|. (3.5)

—oo<t<oo —oo<Lt<oo

We suppose that W, 3 W, EW? is uniformly finite in n = 1,2,..., and that
a, = 1—(a/n) + O(n~2), where a is a constant. Then

Iiy= sup | P(anWn<z)-P(W <7)|

—oco<z <00

< sup |PW,<z)-PW<z)]| +O(%). (3.6)

—oco<zr< oo

Proof of Lemma 3.3. For I ,, we have the following inequality.

I; < SI:P | Ewyy {P(W11 + Wa1 <t | Wa1) — P(Wig + War <t | Way)} |

+Slip | Ewyo {P(Wiz + Way <t | Wia) — P(Wig + Wap <t | Wi2)} |,

where Ey denotes the expectation with respect to the random variable W. The right-
hand side of the above inequality is less than or equal to

Ew,, Sl:p | P(Wi1+ Way <t | Wa) — P(Wia + War <t | Way) |
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-{-E‘W12 Sl.:p I P(le + Wa <t l W]z) - P(Wm +Wo <t I le) I .
Thus we can obtain (3.5).

Next we shall prove the inequality (3.6). For I 5, we have

Ii; <sup | P(anW,<z)-PW,<z)|+sup | PW,<z)-PW<z)|.

For any random variables W and A, it holds that

sup | P(W+A<z)—P(W<z)|<4E|WA|+E|A}) 3.7)

(see p.261 of Shorack, 2000). Because a,, = 1 — (a/n) + O(n~2) and EW? is uniformly
finite, we have from (3.7)

lal

lal 1
n

sup | P(anWn < 7) ~ PWa < 2) [< 4[2L(BW2 + B | W, ) +0(%)] =0(2).

a

Proof of Theorem 3.2. At first we consider the case of d =2/ +1 (I = 1,2,...).
Put

l
L=sup | P(n?(Y,-0) <t) - PO 1 <t)|
t .
Jj=0

I Il
=sup | PO Tin+Rin <t) = PO 1<) ]|.
t

=0 =0

Then we have

I < I3 + D5, (3.8)
where
! 1
Iy =sup | P(ZTJ"" <t)- P(ZT]' <t)|
t =0 =0
and

4 l
Dy =sup | P} Tjn+ Rin <) = PQ_Tin <)
£

7=0
Since ET?, = O(1), j =0,1,...,l and ER}, = O(n™"), applying (3.7) to I2 we have
Iz = O(n™%). (3.9)

By (1.7) we can write T}, j =0, ...,1 of the right-hand side of (2.5) as

Tin=ci(1- 2+ o(:—z))n"—?" Ut —g), j=0,...,1, (3.10)
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where c; (> 0) andc, are generic constants. By Lemma 3.3 we have

l
Iy < Zsl:p | P(Tjn <t)—P(r; < 1) |

=0

Using the relation E | U -¢ |2= O(n=(4-29)),j = 0,...,1 (see p.185 of Serfling,1980)
and applying (3.1), (3.6) and (3.10) to the right-hand side of the above inequality , we
have

Iy = O(n™%). (3.11)

Because of (3.9) and (3.11), we get from (3.8)

1

Iz = 0(7]_5),
which is (3.3).

Next we consider the case of d = 2/ (I = 1,2,...). On the right-hand side of (2.6),
Ti-1,n converges in distribution to 77—, and 7} converges in probability to ;. We shall
compute

Is=sup | P(Ti-1,n +Tin <z) - P(no1 + o < 7) |
x

=SUP|P(TI—1,n+Tl,n-'0tlSfﬂ)—P(Tl—1 Sx) I .

It follows that
I3 <I3 + I5

where
Iy =sup | P(T1yn +Tin —0y <z) — P(T1—1 0 < 7) |

and
Iy =sup | P(Ti_1n<z)—P(n_1 < 17)|.

For I33, by (3.2) , (3.6) and (3.10) with j = [ — 1 we have
Isz = o(n"%). (3.12)

Next we consider I3;. By (3.7), we have

I31 S 4E I Tl—l,n(Tl,n - al) | +4E l Tl,n —Q la (313)
where d(k, k- D)K!
Tim = = i, ) A+ B
_ _Akk) ke (k) (k—1) _ d(k, k) (k1) s

By (1.7), we have

A=U¥Y — EU-D 4 [2 + 0(7%)] U$) and B= 0(%),
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for some constant c. Because of E[US ™ — EUS ™12 = O(n~1) (see, for example, Lee,
1990, p.21), we have E | A |= O(n~/2). Thus we get E | Tin, — aq |= O(n"1/?) and
E | Ti—1n(Tin — ai) |= O(n~1/2). Thus by (3.13) we have I3; = O(n~%). From this
and (3.12), we get

I3 = 0(77,‘%)
Since ET?, = 0(1),j =0,1,...,l and ER}, = O(n™?), by the similar discussion to the
first part of the proof in case of d = 2 + 1 we have

-1

Iy =sup | P(n**(Y, - 0) <t) = P(D_7j +ou < t) |
t .
j=0
-1 -1
<sup | P} Tjn+Tin <t) - P(D_ 75+ < 1) | +0(n7Y).
t =0 =0
By (3.5), we have
-2
I; <Y sup | P(Tjn <t) = P(r; <) | +I5+ O(n™?)
N t
j=0

1-2
= Zsup | P(Tj, <t)— P(r; < 1) | +0(n_%).
—~

By the similar discussion to the case of d = 2/ + 1, by (3.2), (3.6) and (3.10) we have
I4 = O(Tl_%),
which is (3.4). 0

In particular, for the case of k = 2 and d = 2 the rate of convergence of the U-
statistic is given by Theorem 6.5.1 of Borovskikh (1996) and Theorem 6.6.2 of Koroljuk
and Borovskich (1994) as follows: Suppose the condition (A) that for S-operator

S:f—E[g(X1,X2)f(X2) | X1 =2,

there exists infinitely many indices j for which the eigenvalues A; of this operator S are
nonzero. Furthermore we assume that E | g(X;, X2) |3< 0o. Then

sup | P(n(U, —8) <t) — P(rp < t) |= o(n" %), (3.14)

—oo<lt<oco

where -
To=3 X(Z;-1)
i=1
and Z;,Z,,... are independent standard normal random variables. In the proof of The-
orem 3.2, we consider the case of d = 2] and [ = 1. By (3.6),(3.10) and (3.14), we have
Is; = o(n~%). Under the condition E | g (X, X;) |2< oo, we have I5; = O(n~%).
Hence we get I3 = O(n™%). Thus we have the following proposition.
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PROPOSITION 3.4. Suppose that the condition (A), E | g(X1,X2) |?°< 0o and E |
gM (X1, X1) |< 0o. Then we have,

sup |P(n(Yn—0)<t)—Plro+a1 <t)|= O(n’%), (3.15)

—oo<Lt<oo
where T0 = Jg(fgyz) and Q; = 2['11)(2,2)/11)(1, 1,2)] . [Eg(Xl,Xl) - 9]
Specially, for the LB-statistic B, , by (2.13) we have

sup | P(n(Bn —0) < t) — P(ro + 2[Eg(X1,X1) — 6] < t) |= O(n™3).

—ocoLt<oo

For the V-statistic V,,, by (2.103 we have

sup | P(n(V.,—8) <t) — P(ro+ Eg(X1,X1) —0 <t) |=0(n"%).  (3.16)

—oo<t<oo

For the statistic S,, (3.16) holds with S,, instead of V,, in the first P on the left-hand
side. For the V-statistic, Theorem 6.6.1 of Koroljuk and Borovskich, 1994 shows that
the rate of convergence is o(n~!/2) under the condition (A), E[ | g(X1,X2) |* ] < o0
and E[ | g™ (X1,X1) [¥/? ] < oo. This is stronger than our result given (3.16). The
reason why our result is weaker is due to the evaluation Iz; = O(n~1/2).
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