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BAHADUR REPRESENTATION OF SAMPLE
CONDITIONAL QUANTILES BASED ON
SMOOTHED CONDITIONAL EMPIRICAL

DISTRIBUTION FUNCTION*

By
K.L. MEHRA, Y.S. Rama KrisuNalaH** and M. Sudhakara Rao**

Abstract

Let {(X, Yy):i = 1,2, ...} be a scquence of stationary indcpendent
random vectors in R with a continuous distribution, and let G,(-) denote
the conditional distribution function of Y, given X, = x. In this paper.
Bahadur’s almost sure representation for the sample conditional quantile
(3,]'(/1). 0 < A < 1, is cstablished. where 6,,_‘ is a smoothed (rank ncarest
ncighbor or the Nadaraya-Watson type) estimator of G,. Such representations
arc useful in the study of asymptotics of functionals of conditional quantiles.

1. Introduction

Let {(X;, Y;),i = 1,2, ...} be a sequence of independent identically distributed
random vectors with common continuous distribution function (d.f.) // and marginal
d.f.’s F and G, respectively. Further, let G, denote the conditional d.f. of Y given X =
x € R = R = (real line) and, for each 4, 0 < A < 1, let g(A) = G;'(}) = inf{y €
R:G(y) = A}, the A" quantile of G,. Consider the smoothed conditional empirical d.f.
defined by

an,\'(y) = (na,,)"’(l,,(x))” i Wn(anr I(Fn(x) - FH(XI))’,V - Yl) (11)

=1

= ()" f j W, ((Fu(x) — Fy(u)ay.y — v)dH,(u, v),

—x < y < =, where H,,(X, .V) = n»l 2]11:1 I[,Y,S.Y‘Y,i{\']~ Fn(x) = n_l 21;21 1[X,Sx]~ {W,,} is
a “Heaviside™ sequence as defined in Section 3 of Mehra, Rama and Rao [5] (hereafter
abbreviated to MRR[5]) and {a,} is a bandwidth sequence (@, | O but na, — =, as
n — =). In this paper we shall establish a pointwise Bahadur [1] type almost sure
representation for the sample A" conditional quantile
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Gil(2) =inf{y:Gu(y) = A},0 < 1< 1, (1.2)

correspondmg to the “smoothed” conditional empirical distribution function (s.c.e.d.f.)
G,,\ defined by (1.1) and its Nadarya-Watson counterpart G W, 0 < A < 1 (see
MRR [5] Section 1). »

For unconditional unsmoothed sample quantile G, '(1), 0 < A < 1, corresponding
to the e.d.f. G,(v), Bahadur [1] showed that if g(G~'(1)) > 0 and ¢’ exists and is
bounded in a neighbourhood of G~'(1), then as n — =, for each fixed 2, 0 < A < 1,
with probability one

Gr'(A) = G7'() = ~[g(GT' N IGAGT' (W) = V]

+ O(n"i(log n)i(loglog n)?) (1.3)
(see also Kiefer [3]). Mack [4] extended the > above a.s. representation result to sample
quantiles G,7'(2) based on smoothed e.d.f. G,,(see [4] Theorem pp. 187—188), but with
the order term O(n~ 4(log n)) converging to zero at a slightly slower rate as n — =,
In order to establish a similar a.s. representation for the conditional quantile (1.2)
(Theorem 3.1. below), we need, in addition to Theorem 3.1 of MRRJ[5]. some results
regarding the oscillations of the 6,,_Y. These results are given in Section 2. The main
result along with some remarks are given in Section 3. In order to avoid repetition, we
employ the same notation and assumptions as used in MRR[5] and refer to the
arguments therein whenever they help to shorten the proofs. Unlike as in MRR[5]. the
results of this paper are established explicitly only for the case m = 1; the general case
m > 1 can be dealt with using similar arguments and the results of MRR[5] for the case
m > 1.

2. Preliminary Results

In this section, we shall prove two lemmas which are essential for the proof of the
main result Theorem 3.1: Lemma 2.1 gives the a.s. rate of convergence of the smoothed
conditional quantile G7(1) to G7'(A) and Lemma 2.2 pertains to the oscillation
behaviour of the conditional empirical process. (/7\,,,.(1), 0 < A < 1. Let A (F) denote
the support of F.

LEMMA 2.1. Suppose that, in addition to the assumptions of Theorem 3.1(a) of
MRR(5], b}, = o(z,), where {b,} is defined as in assumption A.1I(iv) of MRR[5]. Then
for each A, 0 < A <1 and each fixed x € A (F),

(Gl () = GI' (W] = O(x,) (2.1>

with probabzlzty one, as n — =, where G ,,V(A) is defined by (1.2) and 1, = n~ a,,
(loga, ).

Proor. First note that foreach A, 0 < A < 1,and ¢ > 0

[U {(G'(H) — G = ‘CTAJ:]

k=n
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Il

P[ U (Gr(gu(d) + em) = l}] + P[ U {Crulgd) — en) = 7»}]

k=n k=n
- #| U {Gutat) = B+ Pl UG = 1, 2.2)

where we have set g (1) = G ' (W), uf = q/2) + er, and u, = q. (1) — e1,. Now for
the second term in (2.2). we obtain from (3.2) that WOLG (see (3.12a) of MRR][5]),

Pl U (G = | = P| U (60)(Gudun) = Gatud)) = 60 - G |

k=n k=n

= ¢ U (i) = @) = (a0 = DI = = G )2) |

k=n

+r| U]

k=n

S 00 + 1) = (G = G = )] | @3)

where 1, = n‘%a,',%(log a,,_l)é and t,(x) = t,1(x) + 1,5(x) + t,3(x) stands for the Taylor’s
expansion similar to that for v,,(y) in (3.2) of MRR[5]. Now note that, for the RHS
expressions in the preceding probabilities in (2.3), we have by the mean value theorem,
for some A,, lying between G7'(A) and (G (M) = et),

w ' = Gdu))] = 1 '[GUGF'(2) = GAGL'(R) = emy)]

gg,\‘(A”,\’)
— &9(G;'(B) > 0, (2.4)

as n — =, and further from (3.13) and (3.15) of MRR[5] and the additional assumption
b2 = o(1,), that

E[jnl(u;)] = O(rrl)v (25)

as n — <. From (2.4) and (2.5), it follows by the arguments used in the proof of
Theorem 3.1, from (3.16) to (3.19), of MRR[3] that the first probability in (2.3) is
dominated by

> Pa(ui) = Ela(ui) — (ta(x) = D] = (e/2)19.(G ' (1))]

k=n

= 2[k7]—0, (2.6)
k=n
as n — = (¢, above is a positive constant). Also the second probability in (2.3) goes to
zero by (3.24) of MRR([5](cf. Lemma 3.1). Thus, in view of (2.3) and (2.6), the second
probability P[U=,{G(ux) = A}] on the right of (2.2) — 0, as n — . By following
parallel arguments, one can similarly show that the first term in (2.2)

P[ U {Grui) = k}} — 0, (2.7)

k=n

as n — . The proof of the Lemma accordingly follows from (2.2) and the standard a.s.
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convergence criterion. ]

CoroLLARY 2.1. Under the conditions of Lemma 2.1, for each A, 0 < A < 1,
G,;‘(A) is a strongly consistent estimator of q(A) = G'(A), as n — =,

The following lemma gives the order of magnitude of oscillations of the conditional
empirical process based on G, (y), ¥y € AR.

Lemma 2.2, Suppose the conditions of lemma 2.1 hold. Then, for each 1,0 < A <
1, and any fixed x € A(F) and constant ¢ > 0, we have with probability one

sup  |G(y) — GolgD) = G () + Al = O()?), (2.8)

[v-qu)f<er,

as n — =, where 1, is as defined in Lemma 2.1.

Proor. For each fixed A, 0 < A < 1, and x € A(F), consider the real numbers 7,,
defined by
N = q(A) + r1,, r =0, =1, ... %d,, (2.9)
where ¢ > 0 s a constant, 7., = ¢t>2, d, = [1;?] + 1, and [-] stands for the integral part.
Then by the monotonicity of G,, and G,, we have for any y € I, = [, N+ 1yuls
er,r(nrrl) - G.\:(U(HLI)H) = all.t(y) - G\(y)
an(n(r+l)n) - Gx(nm)’

IA

which yields
sup  |Gu(y) = Gu») — Godgu(D) + A

[v=q()|<er,

< max |Gou(fm) = G(Mn) — GudgA)) + A

|rl=d,

+ max . ,G‘r(n(r+l)n) - G.\'(nrn)l- (210)

~d,=r=d,—

By assumption A.I(ii), the density g, is bounded (in some neighborhood of g.(4)) so
that for sufficiently large n the second term on the R.H.S. in (2.10) is bounded by 7,,. It
thus suffices to show that the first term on the R.H.S. of (2.10) is dominated by an order
term given in the assertion of the lemma. For this, note that from (3.2) of MRR[5] we
have

tn(x)[anx(nrn) - 6111’(‘].\'(’”) - Gx(nrn) + }‘]

= []ul(nrn) - Jnl(q.v:('l))] + [an(nrn) - ]nZ(q.\'()L))] + [Lz.’r(”rn) - le3(qx(/1))]
= [Enl t+ & + 8113] (SaY)- (211)

We first deal with the terms ¢,, and ¢,3. Now as in Lemma 3.1 of MRR][5], we have
from (3.4), (3.5) and (3.6) of MRR]5], with probability one and uniformly in r, for
some constants Cs and Cg
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les| = a1 + &
= Csn’ga,,_zloga”"(loglogn)% + Con”'a, 'loga,
= (n"a,,_lloga”_')3[(L‘5n'%a,]§(loga,,*])'l'(loglogn)% + C(,n’%a,_,%(loga,,*l)l‘]
= o(1}) 2.12)

as n — =, under the assumption A.IV(ii). Now splitting ¢,>, on exactly the same lines
as for J,,» in (3.8) of MRR[5], we obtain

Epp = &) + & (Sa,V)» (213)
where., in view of boundedness of W, and W,, (cf (3.9) of MRR[5]), we have uniformly
inr

|e] = Co(n™ 'y logay ') nia, M (loglogn)(loga; )
= G1,%(n"'a;) " [(loglogn)*/loga, )"
= o(1;?), (2.14)

as n — =, in view of assumptions A.IV(ii); further on the lines of (3.10) of MRR[5], we
have

lwdénUWWWmWﬁwmwwm—w—v#%mmm—wMQMdt
as. A”

+

([iwiowlar )62 = |
[ WO = ) = WO a0 = ) = W OG) = )
A,

d|Gyn(v) — G.Y(V)Idt} (2.15)

where x,(f) = F~(F(x) — a,t) and V§O(t, s) = WO, s)/W,(r). Now by using
integration by parts for the inside integral in the first term of (2.15), the assumption
A.III(v) and the boundedness of W,, W, and g,, it follows easily that the first two
terms in (2.15) are, uniformly in r, O(7;); also by using Taylor’s expansion and the
preceding boundedness assumptions, it follows that the integral in the last term in
(2.15) is O(a,) uniformly in r, as n — . In view of the preceding considerations and
the assumption A.III(iv), we obtain from (2.15) that, as n — =, £, = O(7;”) with
probability one. This coupled with (2.14) yields

gn = O(T)), (2.16)

uniformly in r, as n — . Now to deal with the first term, we follow steps similar to
those in the proof of Theorem 3.1 (a) of MRR[5]:
Now ¢, = n ' =, Z,;, with

4

Zm' = al;rl[Wlt((F(x) - F(Xi))/aln N — YA) - W,,((F(X) - F(X,-))/a,,, qr(l) - Yl)
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= Wi(F(x) = F(X)/a)(Gu(n) = W], (2.17)

so that using transformation F(x) — F(u) = a,t and integration by parts in below, we
obtain (for notational convenience, we have set g, = ¢(1))

EZo) = [ [IWalt g = v+ r5) = Wt g0 = ) = Wi0(Golgs + rr,)
~ GU@)MG, ()i
aﬂﬁmmm—v+nb—W@quwwwwﬂm

= 1Gdgx + 7)) = Glg)]

L1600k = v+ 12 = Guanta ~ ka0 |

= [Gdg. + r7)) = GugJ]

= r1, f [ f {g,00(gx — v) = g.q.)}dW, (1, »’)}dt + 0(r’t,%), (2.18)

where in (2.18) we have used the boundedness of g, and the proximity of x,(1) =
F '(F(x)—ay)toxfor-1<:=<1landn sufficiently large. Further, employing Taylor’s
expansion for x,(z) for n sufficiently large and using assumptions A.l, we obtain from
(2.18) that for some constant Cg > 0

IE(Z:zl)l = CSTII

Jlga: = ) = gua0ldm )| + 0(ra,) + 0()

= o(1)?) (2.19)

as n — =, in view of again the boundedness of g/, arguments similar to those
of (3.14) to (3 16) of MRR[SJ and the assumptlon A III(iv), which implies that a, =
tnad(loga; ')~ T = o(w), provided nal stays bounded as n — . Also similar
calculations yield

anEZ;ﬁ = jf[wn(tv gy — Vv + rr,":,:) - Wn(tv g — V)
- W;([)(Gx(q.v + rl—;) - G.\'(q,\')]zdcx”(l)(v)dt
j{f[(er(tw Gy — Vv + rr:) - W,,(I, 9 — V))2

+ WA0q:(a. + drr)re?
_‘ZW;([)(IV(C[r + 5,,rr,":,')rr:(W,,(t, 4 — VvV + rT/t) - Wn(tv qx — V))]

de"(,)(V)}df

= f[J(Wn(tv g — v + rr,,) - W,,(l, dx — V))zdcx,,(t)(v)jld[
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+ ([wirwar) Prigia. + o)

I[Wn(l* e —V + rr,*,')

+ 2rlggdac + o) (W)

dt

- Wu(tv qx — V)]dG.\',,(!)(V)

= [[[ Wt 0= v+ 7ei) = Watts 40 = PG Ja
+ O(1,,), (2.20)

where the order term holds uniformly in r, as n — <. Now assume moment'arily that r
= 0; then the integral within the square bracket in the last R.H.S. expression in (2.20)
does not exceed a constant times

J[Wn(t» gy — V + rr:) - Wn(ta gy — v)]de"(I)(V)

f[Gx,,(r)(q.r — v+ rT:) - Gx,,(!)(q.t — V)]dW,(t, v)

= 15[ g (@ = v + SrTIAW,( V), 2.21)

where in (2.21), we have used integration by parts and the standard mean value
theorem. From (2.20) and (2.21), one immediately obtains for some constant Cy > 0

a,EZ2 = Cor, f [ f AW, (1, v)}dt + O(z)
- 0(z) (2.22)

uniformly in 7, as n — =. The case r < 0 can be dealt with in a similar manner. Now
using the Bernstein inequality as in Theorem 3.1 of MRR[5], we obtain from (2.22)

> gr‘yz} =2 exp{ —en, }
- - — — 2
" Cia;'t, + (2/3)a; 'er}?

—&loga, ! }
=2 exp]—— 5 0BAn
p {cl + 23)erl?

P[n_l 2z — EZ,)
i=1
(2.23)

for ¢ > 0 and some positive constant C;. Using (2.19) and arguing again as in the
paragraph immediately after (3.18) of MRR][5], we obtain from (2.23) that, for some
positive constants C,,

P[Ii,{)ljldx IJIIl(nI‘H) - ]nl(qr()u))] > ET’:’;/Z]
" = 2d”n‘2 < Cvn—7/4’

which in view of Borel-Cantelli lemma implies that
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m.a,xlful('l,-n) = Ta(g()| = O(1%) (2.24)

with probability one, as n — =. Since clearly, using mean value theorem, max {|G,
Me+) = G| 1 =d, = r = d,} = O(1;?) as n — =, (2.24) coupled with (2.10) to
(2.12), (2.16) and the fact that 7,(x) — 1, with probability one, as n — =, establishes
(2.8). The proof is complete. o

3. The Main Result

We shall now state the main result of this paper concerning the almost sure
representation of the A" conditional quantile G.'()) (for fixed 0 < A < 1 and x €
A(F)) defined by (1.2).

THEOREM 3.1.  Under the assumptions of Lemmas 2.1 and 2.2, for each fixed A,
0 <4 < 1andx € A(F), we have with probability one

Gl = G'W) + [2 = Go(GT' 0NN (M) + 05D, (3.1
as n — =, where 1, = n’%a,ﬁ(log a,,*')%.
Proor. From Lemmas 2.1 and 2.2, we have at once

GGl (1) = Gu(GE'(2) = (G'(A) = GL'(g(GL' (W) + O(1h) + O(13)

where 1, = n_%a,ﬁ(loga”—')-{ as n — =, which yields (3.1) by rearrangement of the
equality. The proof is complete o

The following corollary is an immediate consequence of Theorem 3.1 above and
Theorem 3.1 of MRR[5].

COROLLARY 3.1.  Under the conditions of Theorem 3.1 above, G, (1) is asymproti-
cally normal i.e., for each i, 0 < A < 1, (na,)"*[G:'(}) — G7'(M)] — N(0, 03())
(or, N(b(G7 (1)), 0uA)) if naZ"*> — 6) as n — =, where o2(A) = A(1 — ([ k3(1)dr)/
gH(G¢ (X)) with the kernel function ki, b(-) and 6 as given in Corollary 3.1 of MRR]S5].

ReMARK 3.1. It is worth noting that in our proof we have made no assumption
regarding continuity or differentiability of the function W,(z, s) in the second argument.
Consequently the assertions of Theorems 3.1 and Corollary 3.1 also cover the
“unsmoothed” conditional empirical distribution and quantile functions considered by
Stute [6] and Hardle et al. [2]. Further, the considerations of Remark 3.3 of MRR][5]
will also apply here.

REMARK 3.2, The results of Lemmas 2.1 and 2.2, Theorem 3.1 and Corollary 3.1
concerning the RNN estimator G,,'(1) also remain valid, under the same conditions,
for the Nadaraya-Watson type estimator G,;'(1) of Gy '(4), 0 < A < 1 defined in
Section 1 of MRR[S]. The proofs of these results for the Nadaraya-Watson type

estimators — both smoothed and unsmoothed — are in fact contained within the
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corresponding ones for the RNN estimators. This remark covers the assertions of
Remark 3.1 as well.

(6]
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