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§1. Introduction and Summary.

The purpose of this paper is to present a new robust estimate of location in small
sample. The pencils considered are normal and double exponential. With respect to
this family of pencils, the proposed estimate is, in the case of sample sizes N =4~20,
shown to be the most robust in the class of estimates which include sample mean,
best linear unbiased estimate for double exponential distribution and Dy,;i=1, 2, 3
which are closely related to the Hodges-Lehmann estimate and defined in section 3.

Let X,, X,, ---, Xy be a random sample from a population with symmetric distri-
bution F(x—@), where & is a location parameter and let Xy ;< Xy, < oo < Xy, y beits
order statistics. Denote by % the set of all pairs (7, 7)) such that 1<i<j< N and by
B the subset of A such that 1<i<j<N, i+j=N+1. For each (4, )N, B, form the
mean M;; = (Xy,.+Xn,)/2.

Among many robust estimates of location, an interesting one would be the Hodges-
Lehmann estimate Ty =med {M;;; (,7) =%A}. Though the asymptotic robustness of
the estimate has been investigated by many authors such as Hodges-Lehmann [4],
H¢yland [6], Bickel [1] and others, the investigation of its small sample robustness
is still insufficient.

Generally, in large sample it would not be so difficult for us to know the popu-
fation pencil from which the random sample has obtained. Therefore in this case the
problem of robust estimation would not be considered so significant.

To investigate the small sample robustness of T,, Hodges [4] proposed a closely
related estimate Dy ;

¢8)) Dy=med (My;; (G, ) B} .
Our new estimate Ly, , is defined as follows:

1.2) Lyy= 3 _ med (X X, X/(}))

_L'1<i2<~~<1p
The proposed estimate Ly,, is also closely related with Ty (or Dy), but unlike the
Ty (or Dy), Ly,, is the mean of the medians, (Zj\f) in number, of p-tuples (X,,, X;,, -

, X;,) obtained from the original random sample. Though the estimate Ly, given by
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(1.2) is a general form, in this paper we shall discuss Ly,, only when p=3. Some
properties of Dy and Ly,, are discussed in section 2. The robustness of these estimates
is investigated in section 3 in the case of sample sizes N=3~20, and we obtain our
main result in Theorem 3.1.

Intuitively we present a conjecture that the robustness of the estimates Ty, Dy
and Ly,, is due to our combining different criteria of estimation such as mean and
median. Therefore in the problems of robust estimation it seems preferable to combine
more than two criteria of estimation.

The problems of these and others will be attacked in a forthcoming paper.

§2. Some properties of the estimates.

The estimate defined in section 1 generates a class of linear order statistics, for
example, when N=7 we have four estimates: L,, =%, L,,=L,;=05X;,+8X:,:+9X,
+8X,,5+5X,,0/35, Li,=L,;=@2X,,+3X,,+2X,,)/7 and L,,=L,,=med X;. We shall,
in this paper, discuss L, , only when p=3.

When p=3, the simple calculation leads Ly, as follows,

@y Li@=(}) " T G—DON—D Xy
LEMMA. (i) The estimate Ly(x) is invariant:

@22 Ly(x+a)= Ly(x)+a,

2.3) Lylaxy=aLly(x), for any real a.

(ii) The distribution of the estimate Ly(X) is symmetric about @, therefore Ly(X)
is an unbiased estimate of 6.

PROOF. As Nf]l(i——l)(N—i)z(g[ ) (i) is obvious. (ii) By (i) we may assume
i=2

without loss of generality that § =0. Further F is assumed to be symmetric about
zero. Since the random variable X and —X then have the same distribution, Ly(X)
and Ly(—X) have the same distribution. But by (i), Ly(—X)= —Lx(X). We therefore
obtain the required result.

The theorem below states a close relation between the estimate D, and Hodges-
Lehmann estimate Ty.

THEOREM 21. (i) We shall put ti=med {m,;; G,H=A} and df=med {m,;;
@, 7)) € B}, where my; = (EXy,+EXy.))/2 and E means the expectation. Then t}=dF=0.

(ii) In the case N=4l+2, 41+3, 1=1, 2, -+, the estimate Ty and Dy turn to the
same type:

2.4 Ty Dy = 2munesd Xwowses - ypon N=a142

— XN,2l+2—1‘-I'2-XN.2l+2+1‘ R when N:4l+3 s
r=0,1,2, .

PRrROOF. As the estimates Ty and Dy are translation invariant, we may assume
without loss of generality that #§=0. (i) Since F is assumed to be symmetric about
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zero, EXy,= —EXy x4,-i- Thus the fact m;;<0leads my., ;,v4,-;>0 shows ¥ =d¥
immediately. (ii) In the case N=4I+2, 4143, $U is 2I+1D@I+1), 214-1)(4l+-3), re-
spectively, and #%B is (2+1). Since both #% and £%B are odd, the estimate Ty and Dy
must have type (Xy, ;,-+Xx,j0)/2, especially Dy is given by the r.h.s. of (24). Moreover
necessary and sufficient condition for ETy =0 in this case is i,4+j,=N+41. Thus we
obtain the desired result.

All the estimates in this paper could be written as linear order statistics as
follows.

A

N v
ngv“ lN+1—i:lix izZ)lli:

The variance of § is given, for even and odd sample sizes respectively, by :

N:2m: V(H) 2 2 lz(cz,1+ct N+1- 1)4_4 2 E l l (C1]+Ci N4+1- ])

i=1 j=i

@.5)
A m m—1 m
1V: 2m+1 . V(ﬁ) = 2 z:{ l?(Ci,i—i—Ci,N+1_i)+4_21 ) 21 lilj (C{,j+ci,N+l-j)
= =1 j=i+
+lgn+lcm+1.m+1+4lm+l ié lici,m-!-l
where
N!
Ci,i=V(Xy,)= ‘f S TNy F(G) (1 —F(0))¥tdF(x)
2.6

N
Coy=Cov (KXo Xv.) = [ 53 iy nyrove
<y

F) ' (F)—F@) A= FO)* -1 dF(x)dF(y) .

Especially the variance of the estimate Ly(x) is given by the theorem below.
THEOREM 2.2. When N =3, the variance of the estimate Ly(x) is given by:

36A 144(N—-3)B, | 36( N— 3)( N— 4)

where

Ai=jx2Fi(x)(1_F(x))ch(x)’ i=1,2
28)
Bi= H xyF)(F()—FC)' ' A—-F(y)dF()dF(y), i=1,2.

<y
ProOF. From lemma 1, we may assume without loss of generality that 8=0.
N\2 N\2
29) V(Ly(X) =EL¥X)=0Q:/(3)+2Q./(3)
where

N-1
Q1= 2 (—1(N—)*EXE,.,

Q=2 T (DU—DN-)N-DEXyXs,s-

j=
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O Q=D Vg PO A-Fe) iR .

Since

2o 1N~ FG(L—F) , (N—2)F@(1—F()
& (=D (N= 1)‘ (N—5)! (N—3)! '

we get Q,=NI!(N-2)A,/(N=3)!+N!A,/(N-5)!, where A;,,1=1,2 are defined by
2.8).

M Q-3 % j Jrr 2 I PRSP Feor P ()~ Fay-+-

- (A—=F)X-7dF(x)dF () .

S

FX) (A= FQ)vi=

Because we get the relation:

=FWF() - N=2)/(G=3) ! =Fx*F(yy*/(G—H!,

then

S G=DG=DN=DN=D  p i p( ) — -t
3 DG BTG oD TN PO EO) @Y1 —F()

= A 2 F@FGYA—F)-=

Ry (]+3> 2 Vi N-4-]
]ZE) TIN5 -FO)PF(y)y (L—=F(»))!
N-=-2 2(’V 2)

———(N—} 51 FOMA—FODFO) 55 FOXI-FG).

Then using the relation

[ [ 2y FOOFG)A—FONAF@AF() = [ [ xy FOorFG)(A—F()dF@)dE(y)
<y <y
we obtain Q,=2N!(N-2)B,/(N—4! +3N! B,/(N—5)!, where B;,1=1,2 are defined
by (2.8). Thus from (i), (ii) and (2.9) we get our desired result.
COROLLARY.

210) V(ILy(X)=6V(X,)/N(N-1)
FON—3)[COV (X, 5 X ) —(EX, )/ NIN—1)
N =3 N—DI2V(X, )+ CoV (X, 5, Xy, )—3(EX, )7/5N(N—1).
ProoF. Since J(x) is assumed to be symmetric, EX; ;= —EXj zs,-; and Cov (X,
Xk, ) = Cov (X kr1-i» Xike1-;) for any sample size K. Thus from (2.6) and (2.7) we
obtain (2.10).

From the tables of Sarhan and Greenberg [7] and Govindarajuru [3], (2.10) is
given, respectively normal and double exponential distribution by :
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(i) normal distribution: f(x)=1/42x exp(—x2/2)
(2.11) V(L x(x)) = [2.69203+0.88637(N—3)+0.17302(N— 3)(N—4)/(N—2)]/ N(N—-1) .
(i) double exponential distribution: f(x)=1/2exp(—]|x])
(2.12) V(L y(x)) = [3.83334+1.21074(N—3)+0.21910(N—3)(N—4)/(N—2)]/N(N—1) .
(iii) logistic distribution: f(x)=exp (—x)/(14exp(—x))*
(2.13) V(L (%)) = [7.73921 +2.52168(N— 3)+0.47838(N—3)(N—4) /(N—=2)]/N(N—-1) .
The Table 1 below gives the numerical values of (2.11), (2.12) and (2.13) for sample

sizes N = 3~20.

TaBLE 1. Variances of the estimate Ly(x) for the normal,
double exponential and the logistic distribution.

N | normal d.exp. | logistic N normal - d.exp. logistic
3 . 44867 . 63889 1.28987 | 12 . 09026 ‘ 12354 | .25666
4 .29820  .42035 . 85507 13 08315 | .11367 . .23635
5 .22901 | .32004 65507 14 07707 . .10331 . 21903
6 18702 | .25981 | 53406 15 07184 . 09803 . 20408
7 .15841 .21910 .47035 | 16 06726 09172 . 19105
8 , .13751 . .18959 . 39183 1 17 | .06324 . 08618 . 17959
9 ‘ 12155 | 16718 34610 | 18 | .05967 | .08128 . 16942
10 . 10894 l . 14954 . 31003 19 . .05648 | .07689 . 16035
11 ‘ . 09872 ‘ . 13529 .28081 20 ~ .0336L | .07296 . .15220

§ 3. Robustness of the estimate.

The situation similar as given by Crow and Siddiqui [2] is assumed in this sec-
tion to show the robustness of the estimate Ly(x).

Let X,, X,, ---, Xy be a random sample drawn from the population with distri-
bution F(x—@), where F is known to belong to the calss of pencils % which consist
of normal and double exponential pencils of distribution but it is not known which
particular pencil it belongs. When a pencil is specified, one can usually obtain an
efficient (at least, asymptotically efficient) estimate of §. For example, in the case of
the normal pencil the mean is the efficient and in the case of the double exponential
pencil the median is asymptotically efficient (since we are considering in this paper
the small sample case, the BLUE (best linear unbiased estimate) for double exponential
distribution given by Govindarajuru [3] is used as the efficient estimate for the double
exponential pencil).

But the troubles arise in the above situation because non of the efficient estimates
for individual pencils for § may be satisfactory for other pencils (see FIG. 1).

In this section we shall show that the estimate L,(x) is, in some sence, a satis-
factory estimate of # for both members of .

Let @ be a class of estimates and ¢2[§; F] the variance of § = O for specific F.
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Denote by By the BLUE for double exponential distribution. Then the relative
efficiency of 4 is defined, respectively normal and double exponential pencil, by:

normal pencil :

3.0 reff [(§: Fl=0%: F]/o’[0: F
double exponential pencil :

(3.2) reff [(§: F1=0*[By: F1/o%[0: F].

DEFINITION. We shall call the estimate #* the most robust estimate of location
with respect to (@, ¥ when § = @* attains the robust criterion below.

(3.3) Max Min reff [§: F].
=6 F:-§%

Now the estimate Dy has the types M,;, (i,))®B when N=4[-+2, 4/+3 and
M, = (My+Mi)/2, G, 7), (b, Hye B when N=41[,4l+1. TABLE 4 gives the relative
efficiencies of all kinds of estimates M,;, (i, ) €B and M%,, G, 1), (k,)=B. Since the
direct investigation of the estimate D is difficult in small sample case. The estimate
Dy, 1=1, 2, 3, instead of Dy are considered, which has the same type as D, and
selected from the TABLE 4 in order to minimize the variances for the normal distri-
bution (Dy,), for the double exponential distribution (Dy,) and to satisfy the robust
criterion (3.3) (Dy,), where O consists of all types of estimates M,;, M¥,,, respectively.

The estimates Dy;,i=1, 2, 3 are given by TABLE 2.

TaABLE 2. Estimates Dy;, i=1,2 3.

N D | Dvs | Dx N Dm J Dys

3 (1,3) w3 (1,3 12 (2,5811)  (5,6,7,8) (3,6,7,10)

41,234 (1,234 (1,234 13 (25912 (5689 (4,6,8,10)

51 (1,2,45) (1,245 (1,245 14 (4,11) (7,8) (5,10)

6 | (2,5) 3,4 L (2.5) 15 (4,12) (7,9 " (6,10)

7 . (26) (3,5 2,6 16 (37,1014 (7,8,9,10) | (4,8,9,13)

8 (1,368 (3456 (2457 17 (B7ILI) (7,810,11) | (57,1113
9 (2468 (3,467 (3467 18 (514 (8,11) (7,12)

10 | (3,8 - (5,6) 4,7 19 (6,14) (9,11) (7,13)

11| @39 G (4,8) 20 (3,8,13,18) (8,10,11,13) (5,10,11,16)

(1,7) means the estimate (Xu,; +Xu,;)/2.
(3,7, k, I) means the estimate (Xy,i+ Xy, ;+Xnx+Xv,)/4

o*[%: F] for the normal distribution is 1/N and o?[By: F] for the double ex-
ponential distribution has been given by Govindarajuru [3]). The numerical value of
¢’[X: F] for the double exponential distribution and ¢?[By: F] for the normal dis-
tribution is obtained from (2.5), using the table of Sarhan and Greenberg [7] and
Govindarajuru [3].

The variances of the estimates (%, By, Ly(x)), (Dyy, Dro, Ly(x)) and (%, Dy, Ly(x))
for the normal and the double exponential distribution, in the case N=4~20, are
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TABLE 3. Relative efficiencies of the estimates
X, By, Ly(x) and Dy, i=1,2,3.

estimates | o N 13 4 5 16 7 8 9 10 1
X | d.oexp.  .8842 .8310 . .7923 .7645 .7427 | .7256 | .7115 6995 . 6892
By(x)  normal  .9035 .8875..8647 .8398 .8391 .8289 .8163  .8097 ' .8051
Le(o) normal | .7429 8381 8733 8912 9018 9090 .9L4L 9179 9209

© doexp. | .9227 | 9885 | .9902 .9807 .9685 .9568 .9457 .9355 .9262

D, normal  .9203 1.0000 \ (9757 | 8651 8486 9252 9376 .8403 8324
d.exp.  .6765 .8310 .6786 .7561 | .6458 | .5035  .7961 .6978 .6297

Dy, | normal 9203 1.0000 .9737 | .7764 .8180 .8350 .8734 | .723L .T613
| doexp. 6765 8310 678 9766 9398 9864 9306 9635|9668

Dy | mormal 9203 1.0000 .9737 | .8651 .8486 .9006 .8734 .8104 .8241
d.exp. 6765 .8310 | .6786 7561 .6458 .8646 .9306 .9102 .8461

estimates s V1213 1415 [ 16 17 |18 19 20
X . doexp. | .6770 .6725 .6662 ' .6602 6544 6491 6454 .6410  .6370
By(x) | normal | .7994  .7961|.7925 | .7884 | .8138 | .7798 | .7787 | .7735 .7716
Ly(ry | mormal | .9233 0251 09268 | .9280 | .9292 ; 193029311 9315|9321

d-exp. | 9179 9105 |.9040 | 8977 .8018 8865 8821 | 8779 | . 8731
Dy | vormal | .9381 .9333  .8302 .8255 ‘ 9259 r .9274 | 8262 | .8219 ’ 9273
d.exp. | .6719 | .6216 | .6667 | .6180 | .7363 | .6977 ] 6460 | 7393 | . 6321
Dy pormal | .7807 | .8095 | .6986 ‘ 7314 | 7467 | 7727 1 7453 | 7118 } 7683
d.exp. 9939 9737 9587 .9724 9927 | 9838 .9663 | .9726 9904
Dy normal | .8976 | .8680 8169 f 7903 8828 8685 .7909  .8018 | .8741
d.exp. | .8670 | .9241 | .8358 | 9148 | .8647 | .8682 8974 | .8577 | .862L
reff (X:F]=1, F: normal reff [X: F]=1, F: double exponential

plotted in Fi1G. 1, FIG. 2, FIG. 3, respectively. These figures show the robust features
of each estimates.

The relative efficiencies of the estimates %, By, Ly(x) and Dy;, 1=1, 2,3, in the
case N=23~20, for the normal and the double exponential distribution is shown in
TABLE 3. We can read off from the table the estimate which satisfy the robust

criterion (3.3) and have the result that the estimate Ly(x) is the most robust in the
case N =4~20.

Thus we obtain the concluding theorem.

THEOREM 3.1. Let O, § be the class of esitmates and pencils such that O = {%,
By, Ly(x), Dysy i =1, 2, 3}, §=/{pencil of normal distribution, pencil of double expo-
nential distribution}. Then Ly(x) is, in the case N=4~20, the most robust estimate
of location with respect to (O, ).

Since the robustness of the estimate Dy is explained satisfactorily by the estimates
Dy, =1, 2, 3, the theorem above shows that our estimate Ly(x) is more robust than
the estimate Dy. Moreover the theorem 2.1 and the definition of Dy;, i =1, 2, 3, show
Ly(x) is more robust than Hodges-Lehmann estimate when N=4[+2, 4[+3, [=1, 2, ---.
Remark that there is the close relations between the Hodges-Lehmann estimate and
Dy, which are investigated by Hodges [4]. Thus our estimate Ly(x) is concluded to be
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are given by TABLE 2.
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a strong competitor of the Hodges-Lehmann
50 f estimate in small sample.
l"“
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TABLE 4. Rerative efficiencies of the estimates

Mij= (Xy,i+Xn,)/2,

Takashi YANAGAWA

i+j=N+1,
M= Xyi+Xn i+ Xyt Xn) /4,
In the table, (i,7) means the estimate (Xy;+Xy,;)/2 and
(i,7, k, ) means the estimate (Xy ;+Xn,;+Xyx+Xn,1)/4

i+j=N+1,

k+l=N+1.

d. exp.

N estimate | normal ‘ N i estimate normal ; d. exp.
4 (2.3) . 8384 . 9891 10 0 (3.8 . 8403 . 6978
(1.4) . 8384 . 4965 2.9 7752 .4331
(1.2.3.4) 1. 0000 . 8310 (1.10) .5391 L1701

5 (2.4) . 8668 . 8965 (4.5.6.7) .8078 . 9936
(1.5) . 7666 . 3830 (3.5.6.8) . 8803 . 9308
(1.2.4.5) .9937 . 6786 (2.5.6.9) .9272 L7759

6 (3.4 . 7764 . 9766 | (1.5.6.10) .8826  .4585
(2.5) - .8651 . 7561 L (3.4.7.8) .8865 ' .8583

(1. 6) 7058 . 3091 (2.4.7.9) .9381 | .7249
(2.3.4.5)  .9055 | .9590 (1.4.7.10) .8969 | . 4402
(1.3.4.6) ; . 9625 . 6627 § (2.3.8.9) 8532 | 6069
(1.2.5.6) | .9055 .5591 | (1.3.8.10) . 8658 . 3939

7| (3.5 L8180 . 9398 (1.2.9.10) . 7698 .3121
(2. 6) - .8486 6458 0 11 | (5.7) .7613 . 9668

(1.7 - .6543 .2578 | (4.8) .8241 . 8461
(2.3.5.6) .9225 .9018 | (3.9) .8324 . 6297
(1.3.5.7) . 9501 5773 | (2.10) . 7500 . 3885
(1.2.6.7) . 9482 . 4707 (1.11) .5098 .1523

8 (4.5 L7432 . 9685 (4.5.7.8) . 8370 . 9609
(3.6) . 8372 . 8609 (3.5.7.9) . 9009 . 8812

@.7 . 8262 . 5580 (2.5.7.10) .9371 . T247
(1.8) . 6101 . 2205 (1.5.7.11) . 8766 . 4209
(3.4.5.6) . 8350 . 9864 (3.4.8.9) . 8903 . 7856
(2.4.5.7) . 9006 . 8646 (2.4.8.10) .9314 . 6588
(1.4.5.8) .9218 .5436 (1. 4.8.11) . 8757 . 3977
(2.3.6.7) .9218 .7673 (2.3.9.10) . 8766 . 5457
(1.3.6.8) .9252 .5035 (1.3.9.11) .8355 . 3536
(1.2.7.8) . 8463 . 4041 (1.2.10.11) . 6032 . 2799

9 . (4.6) L .7604 L9599 12 (6.7) . 7089 . 9602
(3.7 . .8429 L7758 - (5.8) . 7873 . 9356
(2.8) L8004 L4884 L (4.9) .8313 . 7815

(1.9) L5721 1922 | (3.10) .8207 ¢ .5722
(3.4.6.7) | 8734 .9306 @1 7256 | 3515
(1.2.4.6) - .9376 . 7961 (1.12) .4840 | .1379
(1.4.6.9) L9129 . 4893 i(&&l& . 7807 . 9939
(2.3.7.8) .9107 . 6903 | (4.6.7.9) . 8457 . 9602
(1.3.7.9) . 8960 . 4430 - (3.6.7.10) . 8976 . 8670
(1.2.8.9) . 6433 .3528 - (2.6.7.11) L9215 . 7009

10 (5.6) . 7231 . 9635 1 (1.6.7.12) 8474 | 7013
4.7 .8104 .9102 . (4.5.8.9) .8552 | .9288



TaBLE 4. Continued.
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N

12

13

14

estimate normal | d.exp.
(3.5.8.10) L9104 8229
(2.5.8.11) . 9381 L6718
(1.5.8.12) . .8632 | .386l
(3.4.9.10) = .8033 = .7191
(2.4.9.11) | .8289 | .6010
(1.4.9.12) 7742 13123
(2.3.10. 11) . 7478 .5024
(1.3.10.12) | .7095 . 3202
(1.2.11.12) 5976 . 2534
(6.8) 7437 9700
(5.9) . 8061 . 8884
(4.10) | .8323 . 7208
(3.11) ' .8078 .5233
(2.12) . .7029 . 3209
(1.13) | La610 | L1258
(5.6.8.9) .8095 | 9737
(4.6.8.10) .8680 | .9241
(3.6.8.11) .9133 . 8267
(2.6.8.12) .9299 | .6618
(1.6.8.13) .8414  .3679
(4.5.9.10) 3%9%.%%
(3.5.9.11) .9144 | 7644
(2.5.9.12) .9333 | .6216
(1.5.9.13) . 8469 ‘ . 3551
(3.4.10.11) .8819 | .6601
(2.4.10.12) . 9047 .5508
(1.4.10.13) | .8287 . 3306
(2.3.11.12) = .8359 | 4522
(1.3.11.13) L7791 | 2925
(1.2.12.13)  .6763 = .2313
(7.8) . 6986 . 9587
(6.9) L7702 . 9520
(5.10) | .8169 . 8358
(4.11) . 8302 . 6667
(3.12) .7933 . 4815
(2.13) . 6807 . 2952
(1.14) . 4402 L1157
(6.7.8.9) .7612 .9937
(5.7.8.10) | .8188 . 9754
(4.7.8.11) | .8686 . .9136
(3.7.8.12) | .9051 . 8082
(2.7.8.13) = .9119 . 6389
(1.7.8.14) . 8151 . 3475
(5.6.9.10) . 8302 .9352

16

estimate

d. exp.

" normal |
(4.6.9.11) . 8826 L8774
(3.6.9.12) .9213 . 7803
(2.6.9.13) L9309 | . 6214
(1.6.9.14) 8307 | L4172
(4.5.10.11) .8709 | .7900
(3.5.10.12) .9123 .7105
(2.5.10.13) .9249 .5763
(1.5.10. 14) .8293 .3281
(3.4.11.12) 8729 | .6091
(2.4.11.13) 8892 5077
(1.4.11.14) 8059 | .3046
(2.3.12.13) .8151 | .3258
(1.3.12.14) .7532 | 1756
(1.2.13.14) .5348 . 1497
(7.9) L7314 1 L9724
(6. 10) .7903 .9148
(5.11) .8245 . 7822
(4.12) .8255 | 6180
(3.13) 7792 | L4453
(2.14) 6611 ' 2729
(1.15) .4219 | 2729
(6.7.9.10) 7894 | L9821
(5.7.9.11) . 8422 1 .9483
(4.7.9.12) .8870 | 8730
(3.7.9.13) L9187 | 7747
(2.7.9.14) .9187 .6073
(1.7.9.15) .8095 | 3262
(5. 6.10.11) 8443 | 8871
(4.6.10.12) 8917 8271
(3.6.10.13) L9251 | 7327
(2.6.10.14) .9277 .5816
(1.6.10.15) . 8184 .3185
(4.5.11.12) . 8730 .7358
(3.5.11.13) . 9087 i . 6602
(2.5.11.14) 9137 | 6452
(1.5.11.15) .8105 | 3040
(3.4.12.13) 8742 | 5637
(2.4.12.14) 8730 | .4698
(1.4.12.15) 7838 | 2818
(2.3.13.14) .7960 | 4593
(1.3.13.15) L7290 2487
(1.2.14.15) . 6269 .1958
(8.9) . 6915 . 9567
(7.10) . 7562 . 9061

11
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TABLE 4. Continued.

Takashi YanAcawaA

estimate

N }’ i normal \ d. exp. N estimate normal d. exp.
16 (6.11) .8036 8711 17 | (5.8.10.13) . 8634 .9128
(5.12) .8271 .7323 (4.8.10.14) . 8977 .8368
(4.13) . 8181 .5753 (3.8.10.15) .9188 | .7269
(3.14) . 7636 . 4142 (2. 8.10. 16) 9060 | .5605
(2.15) . 6411 . 2536 (1.8.10.17) 7798 | 2924
| .16) . 4048 . 0995 (6.7.11.12) .8247 | .9128
(7.8.9.10) . 7467 . 9927 (5.7.11.13) L8685 1 .8682
(6.8.9.11) . 7982 9832 (4.7.11.14) . 9060 ; . 7992
(5.8.9.12) . 8446 .9392 | (3.7.11.15) L9274 | L6977
(4.8.9.13) . 8828 L8647 (2.7.11.16) . 9159 . 5430
(3.8.9.14) . 9084 . 7546 (1.7.11.17) . 7882 . 2539
(2.8.9.15) . 9006 . 5860 (5.6.12.13) . 8584 . 7884
©(1.8.9.16) . 7852 . 3088 (4.6.12.14) . 8963 .7311
L (6.7.10.11) . 8096 . 9523 (3.6.12.15) . 9202 . 6458
(5.7.10.12) . 8585 . 9109 (2. 6.12.16) . 9102 . 3062
(4.7.10.13) . 8993 . 8410 1.6.12.17) . 7872 . 2783
(3.7.10.14) . 9259 . 7363 (4.5.13.14) . 8647 . 6431
(2.7.10.15) . 9191 .5748 (3.5.13.15) . 8909 . 5757
(1.7.10.16) . 8003 . 3060 (2.5.13.16) . 8869 . 4661
(5.6.11.12) | .8527 . 9381 (1.5.13.17) L7717 . 2645
(4.6.11.13) | .8954 L7776 (3. 4. 14. 15) . 8376 . 4901
(3.6.11.14) . 9246 . 6874 (2.4.14.16) . 8384 . 4083
(2. 6.11.15) . 9205 . 5446 (1.4.14.17) . 7406 . 2448
(1.6.11.16) . 8023 L2972 (2.3.15.16) . 7568 .3341
(4.5.12.13) . 8705 . 6868 (1.3.15.17) . 6837 .1936
(3.5.12.14) . 9006 . 6155 (1.2.16.17) . 5833 L1707
(2.5.12.15) . 9006 . 4976 18 1 (9.10) . 6864 L9573
(1.5.12.16) L7913 . 2830 (8.11) . 7453 . 9663
(3.4.13.14) . 8502 .5244 (7.12) . 7909 . 8974
(2. 4.13.15) . 8551 . 4370 (6.13) . 8201 L7811
(1.4.13.16) . 7617 . 2620 (5.14) . 8262 . 6460
(2.3.14.15) L7759 . 3577 (4.15) . 8012 . 5049
(1.3.14.16) L7235 .2313 (3.16) . 7345 . 3630
(1.2.15.16) . 6045 .1828 2.17) L6171 . 2223
17 (8.10) . 7206 L9720 (1.18) .3752 . 0872
(7.11) L7757 .9328 (8.9.10.11) . 7355 . 9917
(6.12) . 8122 . 8260 (7.9.10.12) . 7820 . 9876
(5.13) . 8270 . 6877 (6.9.10.13) .8249 | . 9560
(4.14) . 8088 . 5380 (5.9.10.14) .8620 © .9008
(3.15) . 7481 . 3868 (4.9.10. 15) .8925 | .8213
(2.16) .6222 . 2369 (3.9.10. 16) .9070  .7085
Q.17 . 3892 . 0929 (2.9.10.17) . 8953 . 5415
(7.8.10.11) L7727 . 9858 (1.9.10.18) . 7585 . 2786
(6.8.10.12) . 8201 . 9634 (7.8.11.12) . 7932 . 9637




A Small Sample Robust Competitor of Hodges-Lehmann Estimate

TaBLE 4. Continued.

N estimate normal d, exp. N i estimate . normal , d.exp.
18 | (6.8.11.13) | .8386 | .9336 19 | (7.8.12.13) . 8080 .9323
| (5.8.11.14)  .8770 = .8798 | . (6.8.12.14) | .8498 .8976
| (4.8.11.15) 9085 | .8047 | (5.8.12.15) | .88%5 .8435
(3.8.11.16)  .9251 | .6961 | | (4.8.12.16) | .9148 | .7688
(2.8.11.17)  .9130 | 5343 « | 3.8.12.17) ¢ .9277 . 6644
(1.8.11.18) 7722 1 .2766 | \ (2.8.12.18) | .8180 .5079
(6.7.12.13)  .8374 8712 C(1.8.12.19) | .7612 .2617
(5.7.12.14) | 8770 . .8251 |  (6.7.13.14) = .8430 | .8252
(4.7.12.15 | .9236 | .7579 . (5.7.13.15) 8811 | .7822
(3.7.12.16) .9282 | .6608 L (4.7.13.16) .9100 .7181
(2.7.12.17y | 9175 | .5985 | | (3.7.13.17) .9244 . 6256
(1.7.12.18) 7765 2709 1 (2.7.13.18) .8168 | .4853
(5.6.13.14) | .8607 | .7438 | (1.7.13.19) .7623 . 2556
(4.6.13.15) .8953 | 6894 (5.6.14.15) . 8595 . 6944
(3.6.13.16) L9160 | .6081 (4.6.14.16) . 8900 6503
(2.6.13.17) .9070 | .4806 | L (3.6.14.17) . 9069 L5735
(1.6.13.18) 772 | L2615 | (2.6.14.18) .8055 .4533
(4.5.14.15) .8607 | .6040 ‘ (1.6.14.19) 7547 . 2487
(3.5.14.16) , .8825 5411 (4.5.15.16) 8525 | .7426
(2.5.14.17) .8798 | .4377 | (3.5.15.17) . 8709 5094
(1.5.14.18) 7544 2483 (2.5.15.18) L7793 .4123
(3.4.15.16) | .8249 = .4602 (1.5.15.19) L7357 .2338
(2.4.15.17) sra | 832 | (3.4.16.17) .8105 4333
(1. 4.15.18) 7211 L2297 L (2.4.16.18) .7357 .3608
(2.3.16.17) 7443 \ (3135 (1.4.16.19) 7013 | .2163
(1.3.16.18) 6643 | .2027 1 (2.3.17.18) 6650 | 2952

L (1.2.17.18) .5679 L1601 | (1.3.17.19) .6438 .1908
19 1 (9.1 L7118 9726 (1.2.18.19) .5142 .1508
L (8.12) 7634 © 9454 || 20 | (10.11) . .6808 . 9562
i (7.13) 8018 | 8577 (9.12) L7351 .9700
(619 L8219 . .7393 L (8.13) L7792 .9154
| G15) . 8206|6092 | (7.14) .8100 .8176
L (4.16) 7898 | 4754 (6.15) . 8240 6998
| 3.17) 7186 | .3418 | (5.16) . .8163 5753
(2.18) L4618 .2093 417 7802 . 4488
(119 3618 0821 | - (3.18) L7052 .3226
| (8.9.11.12) 7590 | .9883 C2.19) 5738 1975
| (7.9.11.13) ! .8031 ' .9740 (120 .3498 0775
(6.9.11.14)  .8430 = .9349 ©(9.10.11.12) L7259 .9893
(5.9.11.15) = .8767 i .8778 | (8.10.11.13) .7683 .9904
(4.9.11.16) .9038 | .7969 | (7.10.11.14) | .8078 . 9663
(3.9.11.17) . .9148 | 8172 (6.10.11.15) (8435 | .9229

| (2.9.11.18) } .8080 .5200 | | (5.10.11.16) .8741 . 8621
o @9.an19) 752 12649 ! (4.10.11.17) .8967 | .7800
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Takashi YANAGAWA

TaABLE 4. Concluded.

N ‘ estimate normal d.exp. ., N | estimate normal } d.exp
20 j (3.10.11.18) © .9038 . 6667 20 (47.1417)  .909 i 6803
| (2.10.11.19) .8758 | .5074 . (3.7.14.18) . 9205 .5925
(1.10.11.20) | .7328 © .2530 C(2.7.14.19) . 8948 ! 5340
| (8.9.12.13) L7791 L9713 . C(1.7.14.20) 7491 L2415
(7.9.12.14) . 8201 .9483 ¢ (5.6.15.16) . 8585 . 6643
(6.9.12.15) .8575 . .9066 © (4.6.15.17) . 8859 .6145
(5.9.12.16) . 8897 . 8478 i (3.6.15.18) .8988 | .5419
(4.9.12.17) .9136 | .7682 . . (2.6.15.19) .8770 | .4281
(3.9.12.18) = .9215 : .6581 | (1.6.15.20) 7391 2327
(2.9.12.19) - .8929 = .4975 . (4.5.16.17) .8443 5374
(1.9.12. 20) .7452 1 .2682 .  (3.5.16.18) .8596 | 4811
(7.8.13.14) .8212 .8952 . (2.5.16.19) .8435 | .3802
(6.8.13.15) .8597 +  .8579  (1.5.16.20) L7186 | .2207
(5.8.13.16) i .8930 .8052 (3.4.17.18) . 7980 . 4088
(4.8.13.17) ~ .9181 = .7331 (2.4.17.19) . 7893 . 3405
(3.8.13.18)  .9273 | .6321 | (1.4.17.20) . 6837 . 2041
(2.8.13.19) | .8994 | .4825 | (2.3.18.19) . 7053 . 3226
(1.8.13.20) | .7502 | .2478 |i (1. 3.18. 20 . 6268 .1801
(6.7.14.15) i .8490 | .7866 h (12.19. 20) .5307 L1421
(5.7.14.16) | .8832 | .7420 I |
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