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§1. Introduction.

In (1] and [2] authors investigated one-commodity inventory model
which, in addition to regular ordering of arbitary amount of stock to be
delivered one period later, there is also provided emergency ordering with
instantaneous delivery of stock which is naturally more expensive than re-
gular ordering. The model presented here is the generalization of the one
discussed in [1] and [2]. We consider an n-period, one-commodity dyna-
mic inventory model with non-stationary stochastic demands, and with a &
(constant) period-lag delivery of regular orders, and with 2 “emergency ”
orders, characterized by delivery lags #,=0, #,=1, ---, #,=k—1. We shall
assume the emergency quantity 2, ;,; of the time lag » for the period j,
at the begining of which the demand density is given by ¢, can be any
positive amount not exceeding an upper bound mw.,, 0<mi, . .<m. (i=1,
2, ,om, 7=1, 2, «~--, n, r=0,1, ---, k—1 for n=>k, =0, 1, .-, n—1 for n<
k), and the regular order is m}, ;.,>0 (=1, 2, --- m, j=1, 2, ---, »). This
upper bound will be the same for each period. The cumulative demand in
each period is a non-negative random variable whose distribution may change
from period to period according to a Markov transition law with matrix

pP=p; (i,j=1,2, -, m) where p;=>0 and f]p =1 for each i. It is assume
j=t1

that the demand density remains unchanged during one period. In other
word, when the demand in a given period is ¢; in the following period
the demand density change to ¢; with probability p; (4, j=1, 2, ---, m).
The technique utilized in this paper was partly suggested by (3], (4],
(5], and [(6].

The inventory periods I,, I,, ---, I, are numbered from left to right.
At begining of the j-th period (j=1, 2, ---, #) two action have to be taken
(1) placing %2 emergency order, (ii) issuing a regular order to be delivered
at the end of the j+&2—1 period. The delivery lag 1-—=£% is constant through-
out the rest of the paper. We impose the following conditions on the mo-
del.

(1.1) There is backlogging of excess demand.
(1.2) The known distribution function of demand is absolutely continuous
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with respect to the Lebesgue measure. The density will be denote
by ¢,(&) (i=1, 2, .-+, m).

The holding cost function %(7) and the penalty cost function p(7)
are twice differentiable, positive convex function for positive argu-
ments.

There is credit function v(7) defined by

] 720
v(n) =
0 7<0

The reduced penalty cost, the net penalty cost, is defined in the fol-
lowing way. If at the begining of some period the order of size z
to be delivered at the end of the period, has been known and a de-
mand D=¢ occures, then the net penalty cost for this period is

p(E—y)—v[min(z E-y],
where v is the starting stock level of that period.

There is a concave, twice differentiable salvage gain function w(7)
that is increasing for 7>0, and is zero for 7<0.

The ordering cost function ¢,(7,) for regular orders to be delivered
k period later is given by

{ChTl
c (M) = {
0 77k<0 .

The ordering cost function c¢;(7;) for emergency orders to be deli-
vered j period later is given by

( ) {Cj?]'j O<77j§_muj N
C(7;) = .
ﬂjéo 5 (]:O) 1; R k_l) ’

nk_ZO »

with ¢,>¢,>--->¢,>0.

n

(a) & limw' () =a/lim | w' (1—8)¢;(O)dé<c;<al™y,
0

n—>00 N0

<b> w'(0><v y (C) 0<“gl s (]:1: 27 R k; i:17 2) “'9m)7

n

L, %)-*vj (n—8)g;(6)dE is convex,

0
where L(7, ¢,), the expected one-period loss arising from penalty
and holding costs, is given by

Jh(n—f)%(5>d5+f pE—n)gs(E)dE >0,
L(’?, @x): !
j pE—mon(E)dE 7<0.

0
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We shall assume that all integrals occuring in this paper exist, and are finite,
and that all integration and differentation where needed can be interchange.
This impose certain restrictions on the class of demands densities.

§2. The Dynamic Model with a Linear Ordering Cost—general case,

Let f,(x, x,, ---, %,_1; ¢,) denote the total discounted expected loss for
an n-period inventory model, where the demand density in first period is
¢;, ¥ is the inventory on hand after the receipt of prior orders at the be-
gining of the first period, x; (i=1, 2, ---, k—1) is the amount of the stock
on order that is to be received at the end of period 7, and an optimal or-

dering policy is followed in period 1, 2, ---, n. We obtain from the princi-
ple of optimality

. (X, y Yy —15 i) =
@D S w e Beie)=  min mk>0{z‘cmﬁL (x-+m0, 9)

i1=1

—V(x+m0) xl_l—ml, §0)+a2pmj fn—l(x+x1+m0+m1_t’ -xz
0

T My, e, Xy T Mg, My Piy) @i(t)dt} n=>k, k>2 .

2.2 WX Xy, ey X, @)= min u
2.2)  fulx, 2, ®i) = e =0y 20 -{2 c;m;+L(x+m,, )

i1=1

—V(x+my x,+my, ¢)+a2pmj foa(E+ 20+ mo+ 1y — 8, Xty o,

Koty o) ei(hdt | n<h, k=2.

f folt—t, @:)0:(8) dt:—j w(u—1) o, (B)dt

where

‘ vf (t—x)o,(t)dt+ vzj p;(Hdt x+2>0, x<0,
(2.3) Vix, 2, 9,)=: i
f (t x)o; (1) dt+ sz p;(Hdt x+2>0, x>0,
x+z
\
L vz x+2<0.

From the above the relation it is evident that V(x, 2z, ¢;) represents the
expected one-period credit cost when the starting stock level is given by x
and the size of order to delivered at the end of the period by z. It will
be convenient to introduce the function

2.4 Vi, ¢)— —vu—}—vfo(u—f)go,-(f)df u=>0,

—vu u<0.
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Then V(x, z, ¢;) can be written
(2.5) Vix, 2z, 9) ==V (x+z 0)+V(x, @) .

§3. The Dynamic Model with a Linear Ordering Cost—k-period case.

We assume throughout the rest of the paper that the interval in order-
ing of stock is k-period. Then we have for n>k
B fulx; o= min {ZCm, +L(x+my ¢)

My Zmo20,- Sy g Emp_120,mp 20

+C¥é ptllf L(meonl_'t gl)ll)g’ (t)dt—l +ak—lé é

i1=1f2=1

m

> piilpiu'z"'pik_zik-lj J L(x-+mo+my+ - +-my_ —t—1,-
0 0

ip.1=1

_tk_2,¢ik_1> ¢t<t> @i (t1> “‘goik_z(tk_z )dtdtl"'dtk—2+ [Vx(+ my+m;, gol)

-~V (x+m,, go)]TaZ pmj [V(x+my+m +m,—t, ¢;)—V(x+m,

ml"t; ¢,1)]§0,(t)dt+ *“ak 12 2 2 pulpmz p:’k_gik_ljr °

f1=1ig=1 ip.1=1
0

J[V(x+mo+m1+ my—t—ty—tis @5 ) —V(&+mo+my+ -
0
My —t b=t @ Do) en (@) -0, (¢, _HdEdE,---dt,_,

_LCZ 2 Z >_| pxuptuz : t‘k_likf '“J f-k(x>*—m0+m1+"'+mk_'t
0 0

f1=1ip=1 ip=1

- tl'“ —tk_1,¢ik>¢i (t>¢11 (ti) o gozk_j,(tk_l) dtdtl ."dtk_1}

= min *1[(00—-01)%0%-14(%0,;0{)—V(uo, ¢:) + min {[(Cl_cz)ux

*SugSxtmy, uu§k1§ua+mul

+L,(uy, 0)+V(uy, 9)—V,(uy, )]+ min {+ min

u1§u2§u1+mu2 "k—~2§“k—15”1’—1+”‘uk‘1

{[(Clz—l —C) U+ Ly (s, ) + Vo Uiy, 0) —Viei(ttyyy ®)]

+ min [Ckuk+Vk—1(uk7 goz) +fn—k,k(uk9 @,‘)]}"'}"Cox

dp—1=up

= min Go(%, ¢.)—C%, i=1, 2, -, m,

where
Gty @) =Ctty+ Vi (s, ) + frmin (s 92), n=k
Giu(uj ) = (¢;— o) ®;+Li(st;, 9 +Vi1(uy, 9 —V;(uy, 90 + H, (u;, 9,),
7i=0,1, -, k—1; n>k,
H, 1.(tty-y, 9)= min G, (u;, ¢;), H,(u;, )= min Gji10 (Ui 9:),

up—1=up ajguj+1§uj+muj+1
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j:O: 1) HRF] k—Z)
Toy=1, X+My=1, X-+Mo+M =Wy =, XT Mo+ Mg+ +M=1Uy,

3.2) Li(x, o) =a3: p,v,f L.(x—t, ¢)e.(t)dt,
Vilx, ¢ :aépz‘jj Vioi(x—t, o)e(Dadt,

W.(x, ¢:) = a;:;?uj W._i(x—t, ¢p)e:(t)dt,
0

=3

Foeri (2,00 zajE:Pi,- Jr Socrim1(x—1, 9pe:(D)dt,
0
Socro (X, 9) =f,(%, 9.,
L_,(x, 9)=0, Vo(x, 9.) =V (%, ¢.), Li(%, 9)=L(x, ¢,
folx, ) =—W,(x, p))=—w(x) .
It is noticed that f,(x, ¢,)=—W,(x, ¢;,) for x>0. From the method as in
the n>k

(3.3) fu(x; ¢)= min {[(Co—cl)”o‘f“L(uo, @) =V (o, 9]

=
TSu Sty

+ min {[(cl—cz)u,—l-Ll(ux, 0) +V (s, 0) —Vi(us, 9]

Sty Suy+my,

+ min {4— min {[(C,,_l—c,,)u,,_1

u1§u2§fﬂ+mu2 Up 23Sty —1SUy—2FMy, 4

+ Ln—l(un—la ¢1) + V,,_2<u,,_1, @,) _Vn—l(un—li @x)]

+ min {[Cnun”;"vn—l(um §01> _W"(Mﬂ, @,)]% &' ‘“Cox

Up—1SUpStiy— 1My,

n<k, k=2,
where G;,(#;. ¢;,) and H;,(u;, ¢;) in (3.2) are given by
Gty ) =Cthy+V,i(ty, ) =W, (1, ¢)
3.4 G, (u;, )= (¢;—Cin)tt;+L;(w;, 0.)+V,1(u;, ¢) —V,;(u;, ¢
-+ H;, (uj, ¢;) j=0, 1, -, n—1, n<k,
H,(u;, )= min  Gj,(ujs, 9) j=0, 1, -, n—1; n<lk.

wisSujp1Sujtmy, .,
jSUjH1=U i1

We cite known results in [2] that will be needed in the analysis that
follows.

LeMMA A. () If g (x) is convex function on the real line, then for 0<
m< o

h(x)= min g(¥)

xSy=Sx+m

is convex. If g(x) is bounded from below, so is h(x).
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(i) (a) If g(x) is comvex and bounded from below, then
B(x) =inf g(y)
1=y

is convex and bounded from below. (b) If g(x) is convex, unbounded from
below, but non-decreasing, then

k(x) =inf g(y)=min g(¥) =g () .

1=y 1=y
THEOREM 3.1. Under assumption (1.1)~(1.8), the optimal expected lss
function f,(x, ¢ (i=1, 2, -, m) is convex.
The proof is given by induction on the number #.
Case (a) n<k. Then from (3.4)
G0, 9)=c,+V'(0, ) —WI(0, ¢,) =¢,—v<0,

B9 Mim Gy, ¢) = i+lim V' (s, 0) —HmWiGns, 0 —c,— alim 1 (2,) >0
(cl‘v)ul+v—J’ (ul—-t)(;i(t)dt—a'J'w(u— e (B)dt

3.6 G 1 Ai — 0 0

(3.6) 1 (¥, @) #,>0,
(¢, —v)u, #,<0.

The function G,,(#;, ¢;) is convex by (1.5) and (1.7b), attains a minimum
at some positive x,;(¢;), and increases for », large enough. Hence H,, (%,
¢;) is convex, bounded from below and increasing for #, large enough by
Lemma A. Condition (1.8) establishes convexity of L(u, ¢,)~V (1, ¢.).
Hence G (u,, ¢;) is convex, since it is the sum of convex functions. By
Lemma A f,(x, ¢;) is convex. Although G, (#,, ¢,) is increasing, at least
for u, large enough, f,(x, ¢,) can be convex decreasing, if

#y

@7 lmGg (o, ¢:) — ¢ =lImL'(u,, ¢;) — alim Jf w' (o — 1) 9, (1) dt=<0
up—>00 uy—>co Uy 0
Assume that the theorem is true for #—1, and that V,_,(u, ¢,)—W,_,(u,
), L,_o(u, 0)—V, .(u, 9,) and V,_,(u, ¢,) is convex. Then from (3.2) and
(8.4)
iG;,m (0; @l) :tcn—jt—V;—l(O’ got> —W,,‘(O, g)i):cn_an_lv<0y

lim Gr/m (um €01> = cn 'Zh limVr:—l(um §0l) - lim Wf/t (um 991>

38) e " ;
(3.8) =¢,—a’limw'(u,) >0,

Uy—>00

‘Wj<0’ goz):W;(ov SDi):O’ j:1; 2; e, .,
(3'9) Gmt(Ztm g0i>:“cn?’tﬂ'_1L Vn—1<l£m §01) '—Wn(um gD,)

:Cnun';—ailpﬁlf [Vn—2<un_"tr gﬁi!)_Wn—l(un—‘t! §0“>]§0,<t>dt .
0

The function G,,(%,, ¢;) is convex, since it is the sum of convex function,
attains a minimum at some positive x,,(¢,), and increase for #, large enough.
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By Lemma A, H,_,,(u#,_,, ¢;) is convex and increasing for u,_; large enough.
By (3.2), (3.4), and the induction hypothesis, L, (%, ¢.)—V,_.(#, ¢;) and
V,..(u, ¢;) are convex. Hence G,_,,(#%,,, ¢;) is convex and increasing for
u,_, large enough. By Lemma A, (3.4), it is proved inductively that
H,, (u;, ¢;) and G,,(u;, ¢;) (=0, 1, -, n—2, n<k,i=1, 2, -, m) are convex,
and increasing for #; large enough. Hence f,(x, ¢,) is convex by Lemma
A. Although G, (#,, ¢;) is increasing, at least for #, large enough,
f.(x, ¢,) can be convex decreasing, if

(3.10) lim Gg, (o, ;) —Co= — ¢y +1im L' (o, ¢) +1lim Gy, (o, @)

U0 Uy—>00

= — ¢,+1lim L' (o, ¢,)+1lim L{(%y, ©,) + -+
uo—mo

P

+limL, (1, ¢.) +1limG,,(u,, ¢:)

g u->00

=St limL(u, ) —arlim ' (1) <0 .

J=0uy—>co Uy

Case (b) n>=k+1. n=Fk+1. Then from (3.2)
3.11) G190 =Cotty+ Vo (24, 0)) +fru(tty, ¢1)

oo

=Cy+ Vi (g, ¢,) + Qké é Pm"'pik_likf .

=1 ip=1 0
J f1 (y— 1t —tyy, ?i,)?’i(t) "'¢i;,_1(tk—1> dt---dt,_,
0
is convex, since it is the sum of convex function by case (a). By Lemma
A and case (a), Hj,.:(%;, ¢ and Gj ... (%), 9;) (7=0, 1, ---, k—1) are con-
vex. Hence f,..(x, ¢;) is convex.
Assume that the theorem is true for »—1. Then from (3.2)
(3.12) G (s, 0) =Cotty+ Vi (s, @5) -+ frupn(tts, @1)

co

:Ckuk“l"vk—l(uk: %) + akzl"'zlpih"'pik_iikj *
,k:

i1=
0

f Sor(uy—te—1_y, ?’ik) e (1) @ (B dt-dity_,
0

is convex, since it is the sum of three convex functions, By Lemma A,
H,_,,(u,_,, ¢;) is convex and so is G,_.,(#;—, ¢;). By Lemma A and case
(a), H,,(uj, ) and G;,(#;, ¢;,) (=0, 1, .-, n—1) are convex. Hence
f.(x, 9;) is convex.

Remark. There exists the positive x,, (¢;) determined by
(3.13) G,.,(%,,(¢),9)=0 n=1, 2, -, k; i=1, 2, ---, m.
If ¢,($)>0 for t>0 (1=1, 2,---, m) then x,,(¢,) is uniquely determined for
i=1, 2, ---, m. In this case G,,(#,, ¢;) is strictly convex for #,>0.

THEOREM 3,2, Let assnmption (1.1)~(1.8) hold. If
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(@) Iim L'(¢, ¢,) +¢co—c,+v<0, (b) lim L' (¢, ¢;) —alim w’'(t)>0,
t>—o0 t—>c0 t->00

(8.14) i=1,2, -+, m,
(©) v<p'(0), p(0)=hr(0), (d) ¢:(t)>0 for t>0,
i=1, 2, -, m.

are satisfied, then (i) there exists a unique positive x;,(¢;) determined by
Gi(%u(9),90=0 j=1, 2, =, ;5 n=1, 2,0+, k—1; i=1,2, -, m,
G,.(x,(¢), 9)=0 j=1,2, -, k; n>k; i=1, 2, ---, m.

(ii) there exists a unique finite x,,(¢;) determined by

(3.16) Gin(Foa(2D), ) =0 i=1, 2, -, m.

(ii) f.(x, 9;) is convex, decreasing for x small enough, increasing for x
large enough.

Proof (by induction). n<{k. The existence of %,,(¢;)>>0 has been Shown
before under less stringent conditions.

(3.15)

Since
lim Gg (%o, 9:) = (co—€,) + lirP L' (u,, ¢;) + ligl H, (uo, ¢:)
=(co—c¢y) +Hm L' (u,, ¢;) +1mGy, (s, ) >0
and

lim G, (2o, ¢)) = (co—¢,) +v-+1lim L' (#,, ¢,)<<0

%o—>—oco

it follows that x,(¢;) is finite. The uniqueness assertions are consequences
of (3.14c, d).

(it is noticed that G, (#, ¢;) <0 is not assured). If p(n) is linear, %, (¢,
is even pesitive. Thus we have

Go(x+m,, ¢.)—¢, 2+ m, <% (9:),
GBI filx, ) =1—¢ 2 X (9) <%+ m,,
(X, ©)—¢, X0 (9:) <%,
hence, }imwf{ (%, ¢)<0, moreover by (3.14 b), 1}3}, fi(x, ¢)>0, and also by

Theorem 3.1 f,(x, ¢,) is convex.
That x,,(¢;) >0 implies
(3'13) Géi (Or gol) - 60: - CI+LI(0: gp,) _V,(()’ gD,) +H(;1 (Oy q’t)

m.v—cl—J P (8¢ (1) dt<v—c,— p (0) <.
0

Hence f1(0, ¢,)<<0.

We assume that the theorem is true for z—1 and that is true for »
and j=n, n—1, -, n—r(»<n-2). That x,_,,(¢,)>0 implies
tht—r,n(mu,;_,’ §01)<0 O<xn—1,n(¢i)—mun_,

(3.19) Hn-(r+1)m O, ¢)= {O Ky (P) — mun_'<0<f;n_"”(§oi)
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hence

(3.20) G0, 9) =(Cppiy —Coy) + L, (iy(0, 9)+V, (.50, )
Vo (0, 9) + H, (1, .0, 9)
= (Copan— ") —¢,,— (P (0) —1) <0 .
On the other side
3.21) Iim G, Gina(#u iy 02) = (Comgrey—Caey)

Un—(r+1)—=c0

-+ lim L;_(,+1) (u(n—H—l) 5 90,) -+ ].im G;—,,n(un—(ﬂ*l)’ ¢!> >0 .
Un—(r+1)2% Up—(r+1)>
There exists %,_(.1,(¢;) >0 such that G,_.p, Fp—+nm ¢:)=0. Uniqueness
follows from (8.14 ¢, d).

Since
lim Gy, (o, ¢.) = (¢o—¢,) + lim L' (o, ¢,) —lim V' (u,, ¢,) + hm Ho,(uo, i)
Uug—>—oco #g>—® Ho e
<(cp—c¢y) +1lim L'(u,, @:) +v<0
and

lim Gj, (#,, ) = (co—c,) Tth (s, <p)—hm V' (u,, ¢)+hmHé,,(uo, ®:)

Uy>oo 0%

—_— (CO— cl) +11n‘1 L,(uo, ‘;0 ) +11mG1n(uo, §0 )>0

#g—>00

it follows that there is finite x,,(¢,) such that G;,(x, ¢,)=0. Uniqueness
is shown as before. Since

:)n(x+ muoy §0,) —Cy X+ mu0<E0n(¢i),
(B22) fulx, p)=1—¢, X< T, (p) <X +m,,
GOn(-x) (pl) —CO EOn(gol') <xc

it follows that
(3.23) lim f;(x, %)zlim Gon(x, ) —€o = — ¢, +1im L'(x, ¢)+11m GL.(x, ¢)

100

=2 lim Li(x, ¢) —a* hm w'(x)

j=0 x—o0

>lim L'(x, ¢;) —alim w' (x)>0.

200

by (3.14 b), and lirP fi(x, ¢)<—cy<0.

By Theorem 3.1 f,(x, ¢;) is convex. Hence the last assertion is true.
That x,,(¢;) >0 implies

(3'24) G(;n(ox (;0,) —Cy= —Cl+Ll (O! gp) ‘V,(O, ¢) + Hz;n(()’ ¢x)

= v—cl—f P e:(tHdt<v—c,—p'(0)<O0.
0

Hence f,(0, ¢,)<0.
Case (b). n=k+1.
Since



78 Masanori KopaMa

(8.25) lim Gjuui(its, ) = ¢+ 1im Vi (uy, ¢2) *llm fleCuy 92)

up—>oo up->00

roo

=Cp af Iim Z'Z px’x’l'npik_lik

up—o i1=1  ip=1 Jo

j fl/Cuk— t_tl'“ - tk—ly @f}) g’%(t) "‘¢;k_1 (tk_l) dt'“dtlz—1>0,
Q

and
(8.26)  Gi4:1(0, ) =, +V;1(0, @)+ f12(0, ¢:)

= "—ak 17} } C( Z zpnl pik—liEJ‘ o

i1=1 1p=1 0
J‘ fl/(_t_tx_ T tk——l’ qoik)@i (t) "'@k_j_(tk_j,) dt"'dtlz—l
0

<ey— oo+t £1(0, ¢;,) <0.
By (3.14 ¢, d), Gurs1(uty, @) is strictly convex for #,>0. By lemma A,
case (a), it is proved inductively that 11m G,..(uj, 9)>0 for j=0, 1,
—1, G},,,(0, 9)<0 for j=1, 2, -+, k— 1”and lim Gi,,, (o, 9) <0. There

uo—>—00

exists %;;.:(9;) >0such that Gj,.1(%,441(9:), ¢:)=0. Uniqueness follows from
(8.14 ¢, d) (iii) is shown as in the case (a). Hence the theorem holds
for k+1. It is easily seen, as in the case (a), that f;,:(0, ¢,)<<0. Assume
that the theorem is true for n—1. Then
G i (X + My, ©5) —Co X+ My <X, 41 (91),
(3.27) fos(%, 9)=1—¢C <Xy, i (9) <%+ m,,
Giai(x, 9:) —Co Xo,ar(9) <%

implies fr:—k(x, 0.) <0 for x<<0, hence
Gia (0, 9 =€t Viea(0, ¢ +icaa(0, 9 <e—at~0<0
(3.28) llm Gkn(ulu §0 ) — Clelm Vk 1(”1:’ 90 ) -+ hmf i k(uk’ ¢ )>O

up—>0

There exists %;,(¢;) >0 such that G.,(#;, ¢;)=0. Uniqueness follows from
(3.14 ¢, d). The assertion of (i) and (ii) for j=%—1 k-2, -, 0. is shown
as before. The last assertion is shown as in the case (a). Moreover we
obtain from the discussion of Theorem 3.2 the following theorem.

THEOREM 3.3. If conditions of Theorem 3.2. are satisfied, then the
optimal ordering policy is of the following form.

i) n<k
&0,,(?’,‘) —X E()n(goi) —muo<x<§0n(¢i)y
mé)n(x> = 0 Eﬂn(¢i> <x;
E()n (@,) - mun>x-

n=1,2,--, k—1;i=1,
2’ -, m,
m,

0
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(3.29)
/xjn(@i) ‘_th—l;xijn(g‘ci) ‘Iint¢j<ztj~1<xju<¢i>’ 1 2 k 1 1
i, (2;_1) = 20 %5(9:) <tt_s, "= g
» .7 m, J_— 1) ’ nr
My, %, (9:) —m; >,y
(i) n=k
Zou(P) =% X0, (91) — M, <X, (0,),
m(’),,(ﬁf) =10 xo,,(go,-) <x, = 1’ 2’ e, m,
M, X0 (@) —mu, >3,
xjn (¢z> —Uj_q j’;jn (gﬂ._) _muj<uja1<§:jn(¢i> ’ . .
(3.30) m;,(u;-) = -0 % () <4, i=1,2,m; j=1,

‘ 2, - b—1,
(Mg Xin(P:) —Mu; >0y,

) Xun(95) — s Uy 1<% (90, .
m:&n(uk—D: ] Zzlr 2’ re, M,
0 U1 %4, (P1).

where x,,(¢,), %,(9.), are determined satisfying (3.15) and (3.16) respect-
wely, and u; is given by (3.2).

We next show that the analogue of a theorem, which is given in (3],
holds true for comparing the critical numbers asociated with two sequences
of demand densities under our model. We say that ¢ is stochastically

smaller than v and we write gy if [ ¢(t)dtgjw(t)dt for all x.
0 0

THEOREM 3.4. Let conditions of Theorem 3.2 hold. If two sequences
of demand densities ¢,, ¢,, -, ¢,, and Vi, Vo, oty Vo, @re such that ¢,

for i=1, 2, -, m, then
(a> }"jn(goz)éijn('w\i) j:O; 1’ e, Ry n:]-a 2, ttey k—l 5 Z:L 2:"" m,
(3-31) kjn(@l‘)éijn(qpi) j:O’ 1; "ty k; ”ZkQ 1'2117 27 e, m,

and
(b) f,;(x, gov)sz:(x7 wi\ for au X, i:jl: 2y vy, M.

Proof. We establish the proof by induction on #. There are two
posibilities requiring separate treatment, <k and n>>k+ I. \

Case (a) n<<k. When n=1, we consider demand densities ¢; and Vi
where ¢;Cy,. Integrating by parts, we obtain from (3.4)

%

(€1~ 0) + (0—aw' (0)) ®,(x) —af W (U— 1O, dE u<0,

0

((1‘1‘1)) u<0)

Gii(u,0) =
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(3.32) (eo—C+v) + (B (0) + 2" (0) —)D; ()
L %-le”(u—t)@,-(t)dt

Go(u, ¢.) —Ho(u, ¢;) = —FP”(Fu)(I-@(t;))dt >0
(o i t0) — p' (1) —fp“(t—u)(l—@;(t))dt
’ 10,
where
0.(t) =J¢,-<n>dn i1, 9, - m.

A similar expression is obtain for Gu(%, v;) and G (%, ¥;), we simply
replace 0;(¢) in (3.32) by ¥;(¢), where

Vit = [ i il 2 e m.
0
Since ¢;y, it follows by definition that @;(¢) >¥;(¢) for all £=0; hence,
we get from (1.7 b), (1.3), (1.5), and (3.14)
(3.33) G (uy, 9)=>GiL(uy, ¥;) for all u, i=1,2, -, m,

and
Go (o, 1) — Hp (o, 9:)22Goi(s0o, Vi) — Hy (o, ) for all u,
i=1,2, -, m.

By (3.33) and (3.4), Hy(u,, ) =Hy(%,, ;) for all u,. Hence

(3.34) G (o, ) =G (%o, ¥;) for all u, i=1,2, -, m

Hence, it follows immeditely from (3.33), (3.34) and Theorem 3.2, that
211 (9:) <20, (¥y) .

(3.35) B B i=1,2, .-, m,
X01(9:) ZXo1 (Y1)

If we compare (3.33), (8.34), and (3.35) with (3.17) and the correspondnig
equation for v,

G(;l(x+mou w:) —Co x+muo<5701(1/fi)!
(3-36) fl/(x’ '\b‘l) = _CO x<§:u1(‘/’i) <x+ muoy
Gu(x, ¥)—¢ X0 (i) <%,

it is clear that

@337 filx, e)=fi(x, ¥ for all x.

Thus we have proved the theorem for the one-period model.
Assume that we proved
Xiu(9) ZXju () j=0,1, -, m—1;7i=1,2, -+, m,
fii(x, 9)=fri(x, ¥;) for all x i=1,9, -, m,
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G;"n-ﬂ(uﬁ Q;) _HJ{"‘_1<uJ'r §Oi)_2G;-n—l<uj’ 119:) _‘Hj,,n—1<uj’ 11”;) for a].]. ujy
j=0,1, -, n—2;i=1,92, -, m,
G;,n—l(”j; 971'>2G,;,11—1(Hj; lf,ft> fOI‘ a].l th, ]:O, 1, e, n—l; Z:l, 2’ e, m,

for any m pair of demand densities ¢; and v, satisfying ¢;=v,;. Recalling
(8.9) and differentiating (3.4) with respect to #; yields

(3-38> G;/m (um gD,) :Cn+ V:rl(um ?9:) - W:;(un’ gpt)

:cn— ac, + « ZPMJ’ [Cn—1+Vf:—2(un"t} ¢i1)
= .

=

- Wr,;—l(un_ t’ Q,’,) ]¢1 (t)dt
- Cn - acn—l +a i pi[lj Gr’x—l,n—l(un_t) @,1)¢,<t) dt'
i1=1 0
Using our inductive assumption, integrating by parts, we get

(3'39) G:m (um @1) g C,— aly 1+ aél piz’lJ G,—I,nfl(un_ t7 11[’.:1>¢z<t) dt
0

1=

m
=C, — afcn—l +a Z piilG:z~1,n—1<um 1/&'1)

i1=1

i1=1

—aS| Gl (ty—t, i) (1—0,(1))dt
0

m
2("” — &C,_ 1 + CKZI piiLG;,;vl,nfl(um ‘/’il)

1=

—azmjcumwrawxbwﬂ»w
i1=1 0
=G, (u,, ;) for all u, i=1,2, -, m,
Hence
Rnn(¢i>é£nn<y'fi) i:]-; 27 e, m.

Assuming that G}, (u,, ¢,)>G;,(#;, ;) for all u; and j=n, n—1, -+, n—r+1
(1<Lr<n). Using the inductive assumption and (3.4), we obtain from the
simple calculation

(3.40) H;,(u;, o) =Hj,(u;, ) for all u; j=n—1,n—2,-, n—r(1<r<n).
Hence from inductive assumption and (3.4), we have
G;-—r.n(un—n goi)‘Hn—r,n<un—r: 9’7,)
:(C,‘,,—C,,,,H) +L;_,(u",,, 1;0') +Vr,z*rfl(un*r’ 991) _V;—r<un—n §0,>
= (C,‘,,—Cn,,+1> _a(cn—r—l—' cn—r)
+a{_2m1pil'1f [G;ﬁr~1,nvl<un77—t’ §D£1>_Hy/z—r,n—1<un—r—t: ¢z1)]¢t(t)dt
i1= 0
Z(Cn— f_cil*7+1> - a<cn—r—1_cn—r>

+a 2 piix[G;—rAl,n—1<un—n "f,’il) - H;-r—l,n-—l(unAn 11”1'1)]

f1=1
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1=

- :xirfl,nAl(un-r‘_L 'l/’n)](l_(DsUDdt
_z(cn~fr_cnfr+l) '— a((,‘,,,,,l—(:,,,,)

+aﬁE:lpiil[G;frfl,;hl(un*r! 1fl/il)—}Ir/t—rfl,nfl(urﬁn ’ll,fil)]

’—alzlﬁmj [G;lz/frfl,nfl(unfr’—ty 3‘9‘11)
0

oo

—“a’_épihj [G,:{,,_L,‘“1<un,,_t, EV;‘J

0
—H,’,’,,_l,,,_l(u,,_,’—t, 11”:1)](1 - wl(t))dt
:G;—r,n<un—r» ¢i>_H;—r.¢z(un—r’ %) fOl' au un—r 2:1’ 27 Yy m.
G;n(ul’ §0,~)—H1,n(u1, (Pz)
=(€,—¢C3) —a(co—cy)
+a'%1pﬁlj [Goer (e, — 2, 0i) — Hy, s (01—, o) e () At + V' (uy, )
0

i1=

>Gi,(uy, ) —Hi,(uy, ;) for all u, i=1,2, -, m.

G, (ty, 9) = (Co—C1) +L (o, @) =V' (1o, 9.) +Hg, (0, 9:)
>(co—cy) +L (o, i) =V'(tto, V) + Hs,(tho, V1)

=Gy, (4, ;) for all u,. i=1,2, -, m.

From (3.40) and (3.41), we get

GrrnWyyy, 926G, (-, V) for all u,, i=1,2, -, m.
The same argument used for the case =1, now readily yields

X (9) <25 (i) j=0,1, -, m; i=1,2, -, m,
and

Six, e =fo(x, ) for all x i=1,2, -, m.

Case (b) n>k+1. We begin the proof by showing that

(3.42) Vi _i(u, 9)=V|_(u, ;) for all u 1=1,2,---k; i=1,2, -, m.

(3'43) fjl(u! ¢i),—2.fjll(u7 "1"/‘1) for au u z:ly 2} ty k; j:l, 2’ A n_k;
i=1,2, -, m.
We first establish (8.42) for the case /=1. From (2.4), we have
V' (u,9:) =v(0; (1) — 1)
>v(¥:(w)—1)
=V'(u, ) for all u=0, i=1,2, ., m,
and
V' (u, ) =—v=V"'(u, v;) for all u<0 i=1,9, -, m.
Assuming that (3.42) holds for /—1, (1</—1<k), we advance the induc-

tion to /. Invoking the inductive assumption and (3.2), integrating by
parts, we have
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BAD) Vi(u, 0)—-a S b j VissCt—t, o) (t)dt
{1=1 0

\/

I

w$iba| Visw—t venar
= 0

"

=« ﬁ Pinj ViaQu, Vi) —a > pu | Vilo(u—t, i) (1—0,(8))dt
i1=1 0 i1=1 0

=« ﬁlpiilvls—z(”, Vi) — ﬁ pinj Viee(u—t, ) (1=7,(¢))dt
n= it=1 0
=V,.1(u, ¥,) for all u. i=1,2, -, m,
which proves (3.42).

We establish (3.43) by induction on / and j. Suppose first I=1, j=1,
then from (3.2) and case (a),

futtw, 90 =3 [ fitu—t, 00,0008

1=

e i pu | S0 ) ~a S pu [ Frw—t p) (=1t

i1=1

=fi(u, ¥ for all u i=1,2, -, m.

We verify (3.43) for the integer /=1 and j—1(1<j—1<n—k) in a
manner analogous to that for /=1 and j—=1. Now supposing that (3.43)
is true for the integer /—1(1<!/—1<k) and j=—1, 2, ---, n—k, we extend
the induction to integer /. It follows from the inductive assumption, (3.2)
and case (a) that for all #, we have

(3-45) .ﬂ;(u! gD,) =« ”é:lpmj fJ{:l—i(u_tr ?u)?z(t)dt

28] Pufhons 0, 4) = 35 | FieaC—ty i) (1= B8

=fi(u, ;) for all u 1=1,2, -, k; 7=1,2, -,
n—~k;1=1,2, -, m,
which proves (3.43).
Since
G (u;, ¢) —H,(u;, ;) =G},1(u;, 9)—H,_(u;, ;) for all U;
7=0,1, -, n—1;n>k+1; i=1,2, ---, m,

Using relations (3.42) and (3.43), we can be prove the theorem for the
n=>k-+1 in the way as in the case (a).

COROLLARY, In Theorem 3.4, if v;(x)=¢,(x—a;) for positive a;>0,
then
i)Enn(gOi) >F:§ai1:}nn(¢i) iI:ly 2: e, M l:O; 1,' "t
=0
| n—1; n<k,
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_ ji-1 _ - n—1 . .
xin(@i) +§ai1<xjn<wi><xjn(g)z‘) +;ﬂa"1 J:I‘ 27 ttty n—]- ; 21:13 2) tty
(a) - - m; 1=0,1, -, n—1;
k>n=>2,
# -1
fOn(@i) +ai§5€0n(v/i><x0n<¢i> +Zaz'1 i1j19 2; e, M l'io’ ]a AR
=0
n—1; n<k,
Zou(9:) + ai=%0 (V) i=1,2, ., m; n<k.

k-1 n-1
]xkn(§0i>+Eailgxkn(wi)§xkn<@i) +Izai[ 1‘1:1, 2) e, M, l:O; 1: "ty
! 1=0 =0

n-1

’ i1 : _ . .
xjn(goi) +§6ax‘1<xjn('\t’/i><xjn(¢i> %"gazj ]‘il) 2! T k—1 > ZI:1y 2; Tty

(b) m; 1=0,1, -, n—1;
; n>k+1,
n-1
‘R.On(gaz')+ai§x0n<\l’i)<k0n<§ai>+zai1 4,=1,2,--;1=0,1, -, n—1;
| I=0
| n—>k+1.

filx—a;, ¢)=fl(x, v,) for all x, i=1,2, -, m,
OV fr(x—ai, 0)=f1(% V)= fo(H— s, -+ — @y 9 for all %,
5=1,2, -, m; 1=0,1, -, n—1,

Proof (by induction). Case (a). n<{k. When %=1, we obtain from
(3.4) upon making a simple change variable that

(8.46) Gii(uy, vi) =ci1+ V' (uy, i) —=Wiluy, v)
=+ V' (uy—ai, ¢;)—Wilui—a;, ¢

=Gli(u,—a;, ¢;) for all u,, i=1,9, -, m.

Gil (uﬂ + muu 1r/fz) “o + 7nu1<§11 (1//’) ’
(3.47) Hi (uo, i) =40 U2y, () <o+ My,

Gii (w0, Vi) o >%11 (V)
GL(uy—a;+m,, ¢;) Ug— Qi+ My <X1,(9))

=40 o — @i <%y, (90) <Uo—@;+ My,
G;l(”o_ah ¢t> uo—'ai>xll(¢i>;

= H} (uy—a;, ¢;) for all u,, i=1,2, -, m,

(8.48) G4 (b, V) = (co—c)) + L' (o, i) = V' (ato, Vi) +Hey (o, )
=(cy—c) L' (o—a;, ¢) =V ' (o—a;, ¢:) + Hy(s0o—a;, 9:)
=Gy (uy—a;, ¢;) for all u,, i=1,92, -, m.
Hence it follows immediately from (3.46), (3.47), (3.48), (3.17), (3.36) and
Theorem 3.2. that
X11(9) + ;=% (V) i=1,2, -, m,
%01 (@) +@;=%0: (V1) i=1,2, -, m,
fi(x_ai; §9i) :f{(xy W,) for all X, 1:1, 2, v, m,
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When #=2, we get from (3.4), (3.46), (3.47), (3.48), and strict convexity
Of L(”f /llvl‘t>_V(uJ 1#1) and V(U’ ﬁllrjz)

Géz(”z’ 11',/1) = Cq T« zpiuj Vl(”Z—t’ 1//{1)1/,1'(t)dt
0

i1=1

s pii‘j Wity —t, yi)) v, (£)dt
0

ir=1

= Cq + azmpiilj V/(uZ—ai;_ty ?iz)@i(t_ai)dt
= .

=

— _Elpﬁlj W;(“Q —an— tr @:J@x(t—az)dt
0

1=

et aS f V' (ttsm = a—1, 03)9:()d1

=

— ﬁlpinj W{(”Q-ai_ail_t’ gD”)gD‘(t)dt
1= 0
=Gp(u—a,—a;, ¢;) for all u,, i=1,2, -, m,
Hi,(u,, v) =H,(u,—a;—a;, ¢;) for all u,, i=1, 92, -, m.
G(uy, i) =(ci—co) +Li(uy, ) + V' (g, i) = Vi(uy, ) + Hip (04, i)
=(c,—Cz) "ILL;.(Ul—ai_ail; ) —FV’(%I—CI,-, ®)

(3.49) -Vi(u,—a;,—a,, §0i>+H{2<ul_ai-aiu ®:)
>GL(u,—a;—a;, ¢;) for all u,,
G (uy, ) <Gl(uy—a;, ¢;) for all u,, i=1,2, -, m.

H (o —ay, 9,) =Hy,(uo, ;) =He(uo—a;—a;,, ¢;) for all u,,
i=1,2, -, m.
G (o, ;) =(Co—c¢1) + L' (ut,, i) —V’(uo, ) +H62(uo» Vi)
=(co—c) +L (ug—a;, ¢;) —V'(uo—a;, ¢ -+ H, (s, o)
<Gy(uy—a;, ¢;) for all u,,
G (o, ‘ﬁi)g@o—a)’;‘l/(”o“an %)‘V"(uo—ai, 0. + Hi (o —a;, ;)
>(co—c) +L (g—a;,—a;, ¢.) =V (uo—a,—a, ¢;)
+Hy,(uy—a;—a;,, ¢:)
=G (o —a; —a;, ¢;) for all u,, i=1,9, -, m.
RecallingV'(u, ¢,) =—v for all #<<0, x,,(¢;) >0 implies that
G{Z(/,Z,-, %) :G{2<_ai1’ ¢1)<0’
GL(uy, ¥) =Gp(uy,—a;—a,, ¢.) for all u,<a,
GiZ(”l) 3”;) >G£2<u1—ai—_ai1’ gD:) for 311 u1>a£-
Hence x,,(v,)) <x,,(¢,) +a;+a;,. We get the theorem for #=2 from above
relations. The equality and inequality in part (c) depend on a relationship

between %y, (), Xo:(¢,) +a;, and x.(¢,) +a;+a,—m,. For example, if
502 (%) =+ ai>x>k02 (goi) + ai +ai1 _muo? then
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filx—a, ) =fi(x, ) =fi(x—a;—a,, 9.
Assuming that Corollary is true for #—1, and that
Gty 1y V) =Gy 1yos(y 1 — @ — @ — -+ — @y, 5, ¢;) Tor all u,
i,=1,2, -, m; =0, 1, -, n—2,
(350) L,  (u, v)=L, (u—a;,—a,—-—a,_, ¢;) for all #,
i,=1,2, -, m; [=0,1, -, n—1,
Vr,;q(uﬂ/fx‘):V;—1<”*ai—ai1—"'*a;”_l, o) for all «,
1,=1,2, -, m; [=0,1, -, n—1,

, then we have from the (3.4)

o

(3-51> G:m(um 1/’1) — (Cn - acnf1> -+ a_épihj [Cnf—l+' V;/z—z(unht; 1,'//1'1)

0

—W, . (u,—t, i)y ()dt

- (cn - acn—l) + @ _lé_lpm.}( G:«—l,nv1<un‘t’ w:Jw:(t)dt

m 1. A
- (Cn — g, 1) +a 211)“[) G; 1,n—1 <un—ai1_aieh— o
B= 0
— @i —t, 9@ (E—a)dt
m [==]
- (cn - ac;z~l> +a glpiixf G:zfl,n71<un_ai_ai1_ i
H= 0

—a;,_,—1, i) (1)dt
=G, (u,—a,—ay—-—a, , o) forall u,, i=1,2 -, m
From the definition of H, ,,(#,_s, ¢.), and H, (2,1, V), Hy 1,(tty 1, i) =
H, ,,(#y ,—a;—a,——a, ,, 9;) for all u,;, Hence get from (3.4)
G;;-l,n<un71! 1/’;)—_—(0”_1_6”)_,‘14;;1(””_1, ‘\/fz)
+Vrl1—2(un71, "7//‘{>~V:1~1<un~1; 11"/1) +H,’,,1,n(un__1, w:)
- (cn—l- Cn) + L;fl (un-l —Q;— Ay —ai,,_p @z)
(3-52) —‘LV»:*Z(unfl‘ax_ail_"'_ain_gs @1)
- 1,1—1(un—1—ai_ail_"'—ai,,_p 501) +Hr’z—1,n<unA1» E”g)
_->:G;~1,n<un*1_ai_a11—“'_ai”‘ly ¢1> fOI' a].]. U, 1,
G:t—l,n(un~ly 11‘,/\t'><Gr;—l,n (unfl_ai_ail_"'“a’.n—dr @,) for all Uy-1y
i=1,2,--,m;1=0,1, ---, n—2,

Hence we have, from the discussion as before,

e (V) = 80n(9) + S 01, f=1, 2oy i 120, 1,
=0 n—l’

n—2 n-1 — . . —
Foran(9) S5 <En () <o) + Sy, H L G om0 L
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We assume that Corollary holds for # and j=#n, n—1, ---, n—7-1, and that
Gi(uj—a;,—a;,— - —ai;_y, 9,) >G,,(u;, ‘/fi)gc;n(u;'_ai—an—"'—aija ®:)
for all u;, j=n—2, -, n—7r+1 i,=1, 2,
weom—1;1=0,1, -+, n—1.
Then we obtain from (3.4)
(3°53) Iﬂn(uj_'ai_ah_ oo *aijflr @1’)_2_%;:(”}" 1//‘x>,>:fij,n (uj_—ai_ail- vt _"a‘.j’ ?x)
for all u;, j=n—2, -, n—7r
i,=1, 2, -, m; =0, 1, .-, n—1.
Hence, from the inductive assumption and (3.53) we have

GrrnWry V) = (Cocr—Cays) Ly (s )+ V(s )
=V V) +H,_, (e V)
= (Cor—Cporst) + Ly, (U, — Ci— @iy — -+ — @iy, 1)
+V U, —a—an— - — iy, 9))
Vi, (Upy—a;—ay,— - —ai,_,, 9)+H,_,,(U,_,, V)
=€ r—Coyi) + Ly, ,— Qi — @, — -~y 93)
+Voai(ty,— ;=@ — - — @iy, 92)
-V (uy,—ai—a,— - —a,_,, ¢
+H, (U =G~ = — iy P5)
=G, (U, — G~ 8y~ — iy P) for all #,,
GornWyey, v <G, Uy, —Ci— s~ — @iy, @;) for all u,_,,
i,=1,2,.-,m; I=0, 1,---, n—1.
From the same argument used for the case n-—1, #-=2, we obtain Corollary
for n<k.
Case (b) n=k-+1. We have
fiw—a—a,—-—ai, ¢;)=f,w, ) i,=1, 2, -, m; r=0, 1,
for all #, el l=1, 2, -, k.
(3.54)
friu—ai—ay —-—ay, 9)=>f1(u, ¥,) for all #,
>fuu—a;—a,—-—@ijp_y, 9)  j=2, -, n—Fk, i,=1,
2, veymy r=0,1, -, 1; 1=1, 2, ---, &,

which can be proved inductively from the results of case (a) and (3.2).
We can prove Corollary for the case under consideration by (3.54) in the
same method as for the case (a). The detail of the proof are omitted. We
established the proof of Corollary.

Specially v;(x) =¢;(x—a), then we get

/Enn@”i) 'r'-n(l:E,m('\//,-) i=1,2, -, m; nék:
!f &jn(gpi) +ja<ijn(’l/,i) <%jn(goi) + na j:1, 2’ R n_l > kgnQZ; i:1;

(a,)(:: 21 cery, M,
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Zow (@) + =0, (V) <x;,(9,) +na i=1, 2, . m; n<k,
\ o1 (93) Fa=%0, () i=1, 2, -, m; n<k.
Xan () + R4, (V1) <X, (9.) + 14, i=1, 2, -, m; n>2k+1,
b)) %5, (9:) +ja<%;, () <%;,(9:) +na, j=1,2, -, B-1;i—1, 2,
ce,om; n2k41,
Xon(9:) + X0, () < X0, (9:) + 18, i=1, 2, -, m; n==k+1.
~ (filx—a, ¢)=fi(x, V) for all x, i=1,2, -, m.
© {fﬁ(x—a, o) =fi(xy, v =f(x—na, ¢;) for all x, i=1, 2, ---, m.
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