
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

A DELIVERY-LAG INVENTORY CONTROL PROCESS WITH
EMERGENCY AND NON-STATIONARY STOCHASTIC DEMANDS

Kodama, Masanori
Kumamoto University

https://doi.org/10.5109/13019

出版情報：統計数理研究. 12 (1/2), pp.69-88, 1966-03. Research Association of Statistical
Sciences
バージョン：
権利関係：



A DELIVERY-LAG INVENTORY CONTROL PROCESS 

  WITH EMERGENCY AND  NON-STATIONARY 

          STOCHASTIC DEMANDS

         By 

 Masanori KODAMA 

(Received December 17, 1964)

§1. Introduction.

   In [1] and [2] authors investigated one-commodity inventory model 
which, in addition to regular ordering of arbitary amount of stock to be 
delivered one period later, there is also provided emergency ordering with 
instantaneous delivery of stock which is naturally more expensive than re-

gular ordering. The model presented here is the generalization of the one 
discussed in [1] and [2]. We consider an n-period, one-commodity dyna-
mic inventory model with non-stationary stochastic demands, and with a k 

(constant) period-lag delivery of regular orders, and with k " emergency" 
orders, characterized by delivery lags 1= 0, P2 =1, •••,Ik=k-- 1. We shall 

assume the emergency quantity m,„„_;±, of the time lag r for the period j, 
at the begining of which the demand density is given by yo,, can be any 

positive amount not exceeding an upper bound (i=1, 
2, •••, m, j=1, 2, •••, n, r-----0, 1, •••, k —1 for n>k, r=0, 1, •••, n-1 for n< 
k), and the regular order is mik,„_;+,>__O (i= 1, 2, m, j=1, 2, ••-, n). This 
upper bound will be the same for each period. The cumulative demand in 
each period is a non-negative random variable whose distribution may change 
from period to period according to a Markov transition law with matrix 

P='pif (i, j= 1, 2, ••-, m) where p,;>0 and E p =1 for each i. It is assume 
                                                                             =1 

that the demand density remains unchanged during one period. In other 
word, when the demand in a given period is co, in the following period 
the demand density change to co; with probability p,i (i, j =1, 2, •••, m). 
The technique utilized in this paper was partly suggested by [3], [4], 

[5], and [6]. 

   The inventory periods Il, I2i •••, I„ are numbered from left to right. 
At begining of the j-th period (j= 1, 2, ••-, n) two action have to be taken 

(i) placing k emergency order, (ii) issuing a regular order to be delivered 
at the end of the j±k— 1 period. The delivery lag 2 = k is constant through-
out the rest of the paper. We impose the following conditions on the mo-
del. 

(1.1) There is backlogging of excess demand. 

(1.2) The known distribution function of demand is absolutely continuous 
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     with respect to the Lebesgue measure. The density will be denote 
     by co (5) (i=1, 2, •••, 

(1.3) The holding cost function h(77) and the penalty cost function p (77) 
     are twice differentiable, positive convex function for positive argu-

      ments. 

(1.4) There is credit function v(77) defined by 

            {v77 77>0             v(77)= 
         0 77<0 

     The reduced penalty cost, the net penalty cost, is defined in the fol-
     lowing way. If at the begining of some period the order of size z 

     to be delivered at the end of the period, has been known and a de-
     mand D = 5 occures, then the net penalty cost for this period is 

                      y) —v[min(z, 5—y)] , 

     where y is the starting stock level of that period. 

(1.5) There is a concave, twice differentiable salvage gain function w(77) 
     that is increasing for 77>0, and is zero for 77<0. 

(1.6) The ordering cost function ch(77k) for regular orders to be delivered 
    k period later is given by 

       {cok ,              Ck(71k) = 
             077k<0 . 

     The ordering cost function c;(771) for emergency orders to be deli-
     vered j period later is given by 

                {Cni 0<ni<nziv ,              c(771)= 
                    077 <0 ; (j=0, 1, • • •, k-1) , 

     with co>c,>•••>ck>0 

(1.7) (a) ai limu/(77) = cej lim w' (77— e) c i (e) <ci<aj-lv , 

                                                 0 

           (b) w'(0)<v , (c) 0<a<1 , (j=1, 2, •••, k; i=1, 2, •••,m), 

(1.8) L(77, —v (77 —)coi(e)de is convex, 

                               0 

     where L(77, coi), the expected one-period loss arising from penalty 
     and holding costs, is given by 

                fh(77-5)coi()d5+ P(E—n)c9i(e)cM 77>0 , 
     07, 

(1.9) L(72, 40,)=-- 

             fP(5 — 77) c i(e)den<0 . 

                               0
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We shall assume that all integrals occuring in this paper exist, and are finite, 
and that all integration and differentation where needed can be interchange. 
This impose certain restrictions on the class of demands densities. 

   §2. The Dynamic Model with a Linear Ordering  Cost—general case. 

   Let fn(x, x1, •••, ; Co;) denote the total discounted expected loss for 
an n-period inventory model, where the demand density in first period is 

  x is the inventory on hand of ter the receipt of prior orders at the be-
gining of the first period, xi (i =1, 2, •••, k— 1) is the amount of the stock 
on order that is to he received at the end of period i, and an optimal or-
dering policy is followed in period 1, 2, n. We obtain from the princi-
ple of optimality 
(2.1)fi(x, xi, xk co.)= min                                            Muk_C.mk-1�0,mk-�-4CLi(x+ MO,C9i) 

                                                 m 

           —V(X+Ino , Xi+Ml,Coi)+aE Pin-i(x±xi+mo+nii—t, x2 

                                            .                                                          0 

              + M2, • •', Xk—i mk; Coi(t)dti- n>k, k>2 
(2.2)fn (x, x1, ••., x,,, 40i)=min n                                        muo�mo',0,...,mun—i�mn-1�0,mujmn�0 cimi+L(x+mo, q)i) 

    —V(x+ni o, xi+mi,soi) +ccEin—i(x+ + mo + — t, x2+7222, ••., 

                                               0 

                     xn+mn; COO (t)dti-n<k, k>2 . 

         fo(u—t,co11)c i(t) dt — I w(u—t)9i(t)dt , 
 0 0 

where 
                                          x+z 

                    (t—x)coi(t)dt+ vzi ca,(t)dt x+z>0, x<0 , 
     0x+z 

(2.3) V (x, z, coi),                 v (t—x)soi(t)dt+ vzf coi(t)dt x+z>0, x>0 , 
     xx+z 

    vzx+z<0. 

From the above the relation it is evident that V(x, z,So;) represents the 
expected one-period credit cost when the starting stock level is given by x 
and the size of order to delivered at the end of the period by z. It will 
be convenient to introduce the function 

      V(u, coi)= —vu+vi (u—e)q)i(e)de u>o , (2.4) 

      — vuu<0 .
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Then  V(x, z, 9i) can be written 

(2.5)V(x, z, coi)=—V(x+z, ci)+V(x, coi) . 

§3. The Dynamic Model with a Linear Ordering Cost—k-period case. 

   We assume throughout the rest of the paper that the interval in order-
ing of stock is k-period. Then we have for n>k 

                                                    k (3-1) .f.(x; goi)= minc•inzi+L(x+m0, 79i)                                muo?...-_,n00,-,,nuk_i_mk-i�-0,.k.„.0{EJ.=.0-- 
  .nt tn          +a PiiiiL(x+mo+m1—t, caii)soi(t)dt+•••+ak-lEE ••• 

                        i,=1i,=ii2=i 
                           0 

              .             E PiiiPiii2•• • Pik-2ik-1f . • • L(x+mo-i-mi+•••+ Mk-1— t —IC.. 
               ik_1=1 

                 00 

             t k2 ,C 0ik1) 9 i (t) C°if(ti) .•.9ik 2(1. k 2 )dtdt,•••dtk_2+[Vx(H-mo+m1, coi) 

                                      . 

         —V (x+mo,Coi)]--F-ceE Pii,1 [V(x+mo+mi+m2—t, 91,)—V(x+m0 
                          ii=1

0 

                                                                                                                                                      co               tn nttnr 
           +nil— t,9ii)boi(t)dt+•••+a0-0E E ••• EPhiPiiia—Pik-2ik-ij-• 

                           ii=i i2=1 ik_1=1
0 

            [V (x + mo+ mi+ ••• - 7r- mk — t —t 1.• • —tk-2, co ik_i) —V (x+mo+mi+ ••- 

  f                0 

            4- nik-1—t — t l• • . t k-2, 9 ik-1)19 i(t) Cl9i1 (1.1) • . • Caik-2 (tk-2) dtdt-r. •dtk-2 

          tn mm 

           +akE E ••• Y1 PiiiPiii2•••Pik_iik ••• in-k(x+mo+m,+•••+mk—t 
                       il =1 i2=1 ik=1 

                       00 

          — tr••—t,_„5009i (t) 7' (t1) ••• 9 tk_i(t k_i)dtdti"'dtk_i} 
     = min {[(co—ci)uo+L(uo,Coi) —V (uo, 40i) + min1[(ci--c2)ui 

     x..u„:„,_x-Fmn
ouaLs.ui.....u3+,nni 

       +Li(ui, ci)+V(ui, 501)-171(u1, soi)1+ min 1---1-- min 
                                                                                     u,_,(2,-.1.,-f-n,u

2 uk-2,-uk-1°=uk-1-i-muk-1 

{_           [(ck-1— Ck)Uk-i+ Lk-144-i, 9 i) +V k-244-1, 9i) —V1-1(uk-1, 9i)] 

       + min [cjik+Vk_i(uk, Coi) +.f.-k,k(uk, q)i)iy•l—cox 
                        uk-1-.5--nk 

    = min Go (uo, 9i)—cox ,i=1 , 2, ••., m, 
                          x'...-u01x+mu. 

where 
    Gkn(Ukt Ti)=-CkUk+Vk-1(Ukt9i) +Jn-k,k(Ukt 9i),n>k 

    Gin(iti,9i) = (cj— Cj+l)tti+ Li(ui,C9i)+17J-1(14;,C5'i)—Ki(iti,Coi)--P.Hin(%)9i), 
                                                j=0, 1, •••, k-1 , n>k , 

    Hk_i,„(uk-i, soi)= min Gkn(uk, 9i), Hin(tti, q)i) = Min Gf+1,n(itj+1,9i) , 
                nk-l-nkuji.u ./±11-_-ki+muj+1
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 j=0, 1, •••, k-2 , 

    io=i, x+mo=uo, x+mo-÷mi=ui, •••, x+mo+m,+•••+mk=uk, 

(3.2) L1(x, (i)=aEILi_i(x—t,yo;)coi(t)dt 
              j=1

0 

          V1(x, co,)= aEpiii V1-1(x—t, (;)(,(t)dt , 
                       :7=1 0 

   Wi(x,soi)=aEPiif W1-1(x—t, coi)coi(t)dt 
             j=1 

0 

           mr- 

   in-k,i(xygoi)---aEPiiI in-k,/-1(x—t,soi)coi(t)dt , 
             j=10 

    fn—k,0 (X, Ti) =fn—k (X, Ti) 
       (X, CDs) = Of V0 (x, (pi) =V (x, q)i), LO (X, C°i) = (x, 

                                  f0 (XI (pi) = —W 0(x, soi)=—w(x) . 
It is noticed that fok(x, coi)=—Wk(x, coi) for x>0. From the method as in 
the n>k 

(3.3) fi(x, = min -I[(c 0 — 1) uo+L(uo, —V(uo, TO] 
             + min-1[(c1—c,)ui+Li(ui, Ti)+V(ui,40i)] 

                                     240-g_ui-uo+ntui 

           + min 1•••+ min 
                    Ti)+Vn_2(un_i, coi)] 

                  + min .[cnun+Vn_i(un, (i)—Wn(un, Coi)1•••- —cox 
                                    un—i_.5un5=un—i+mun 

                                              n<k, k>2 

where G;„(iti. soi) and 1-1;,,(ui, soi) in (3.2) are given by 
            Gnn (UnI Cr) entin+ (U71, Wtt 

(3.4)ttjTi) 
                 +Hin(up co)j=0, 1, •••, n-1, n<k 

                   coi), min Gi+,,n(ui+i, coi) j=0, 1, •••, n-1; n<k. 

   We cite known results in [2] that will be needed in the analysis that 
follows. 

LEMMA A. (i) If g (x) is convex function on the real line, then for 0< 
m<oo 

                     h(x), min g(y) 

is convex. If g(x) is bounded from below, so is h(x).
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   (ii) (a) If  g(x) is convex and bounded from below, then 
                       k(x)---inf g(y) 

                                                      x-, y 

is convex and bounded from below. (b) If g(x) is convex, unbounded from 
below, but non-decreasing, then 

                  k (x) ----inf g (y) —min g (y) = g (x) . 
                                x_._._y xifiy 

THEOREM 3.1. Under assumption (1.1)—(1.8), the optimal expected loss 
function fn(x, yi) (i=1, 2, •••, m) is convex. 

   The proof is given by induction on the number n . 
   Case (a) n<k. Then from (3.4) 

      {G,(0, coi)---ci+V'(0, co)i —W;(0, co)=ci—v<0 , (15) limG;
i(iti, coi) = ci+ limr(ui, soi) — limWf (ill, coi)=ci— alimw'(u1)>0 

  u,--ui--)14
,-). 

     'U 

                 (Ci- *11+ V i (i ti- t)C ai(t)dt — a f w(u — t)yi(t)dt 
(3.6) G11(u1, Coi) =00 

                                                            u,>0 , 

       (C1 — v) u1u1<0 . 
The function G„(u„ yi) is convex by (1.5) and (1.7b), attains a minimum 
at some positive x11 (M, and increases for u1 large enough. Hence Hoi(uo, 
ci) is convex, bounded from below and increasing for u0 large enough by 
Lemma A. Condition (1.8) establishes convexity of L(uo, 4i) —V(uo, Cai)• 
Hence G01(7/0, coi) is convex, since it is the sum of convex functions . By 
Lemma A f1(x, M is convex. Although G01(u0, soi) is increasing , at least 
for u0 large enough, 11(x, yi) can be convex decreasing, if 

                                                    ru' (3.7) limGOi(uo, soi)—c0= limL'(uo, soi)— alimjw' 
  uocc,0—                                                                                   . 

                                                              0 

Assume that the theorem is true for n-1, and that V,2_2(u, 40i) — Wn_i(u, 
Coi), L,i_2(u, yi)—V,z_2(u, ci) and V.-2(u, soi) is convex. Then from (3.2) and 

(3.4) 

         (Gn, (0,coi)--cn+17,2_,(0,coi)—W(0,coi)=cn—an-lv<0, 
        Ern Gnn(un,yi) = en+ limV,:_i(un, yi) —1imT47,(un, yi) (3.8) lun—Un-..U yr> 00                                                           = Cn"--- anlimw'(un)>0 , 

                                                                                                                un— 

       W;(0, soi)=W;(0, coi) —0 ,j=1, 2, •••, n 

(3.9) Gfrin(un, (pi) =CnUn+Vn-1("to C°i) — W n(Uttl C °I) 
                                                                   c'               = CnUnT aEPiiii{Vn-2(itn— t,C5'ii) —W n—i(un— t,coii)boi(t)dt. 

                     ii=i
0 

The function Gnn(un, yi) is convex, since it is the sum of convex function, 

attains a minimum at some positive X„(coi), and increase for un large enough.
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By Lemma A,  H„_,,„(u—i, soi) is convex and increasing for u„_, large enough. 
By (3.2), (3.4), and the induction hypothesis, Ln_i(u, coi) and 
V„,(u, coi) are convex. Hence coi) is convex and increasing for 
u„_1 large enough. By Lemma A, (3.4), it is proved inductively that 
Ilin (up soi) and Gin(ui, co;) (j=0, 1, •••, n-2, n<k, i= 1, 2, •••, in) are convex, 
and increasing for u; large enough. Hence f„(x, coi) is convex by Lemma 
A. Although Go,, (uo, coi) is increasing, at least for uo large enough, 
f„(x, soi) can be convex decreasing, if 
(3.10) lirn Q„(uo, sot) —co= —ci+lim L'(uo, soi) +Gin (uo,co..) 

    .0_3.uo—uo-

                       - en+ lim L' (uo, coi) + iim L',.(uo,coi)-4- • •- 
                uo—uo,.. 

                        coi) + coi) 
                                                   uo,o. 

                                            n-1 

                  = E iim /I; (u, coi) — anlim w' (U0) <0 . 
           j=ouo'c° 

   Case (b) n>__k + 1. k+ 1. Then from (3.2) 

(3.11) Gk,k+1(Ukt cpi) = CkUk ± V k-i(Ukt flk(Ukt 
                      mm                                                                                                                                                                                                                                           

•                        =Ckilk+Vk -1(Ukt 91) + akE•••.51                                                              ik _ ilk'• • 
                                                              :1=1 ik=1 

                                                                                 0 

                           (Uk • Tik)Ti(t)-- Tik_i(tk-1) dt—dtk-1 

                               0 is convex, since it is the sum of convex function by case (a). By Lemma 
A and case (a), Hi,k+i(ui, gai) and Gi,k+i (iffy soi) (j=0, 1, •••, k-1) are con-
vex. Hence fk,i(x, co) is convex. 

   Assume that the theorem is true for n-1. Then from (3.2) 

(3.12) Gkn(uk, 40i) ckuk Vk_i(uk, fn-k,k(Ukt 

                                    tntn                     = Ckilk + V k-1(itlet i) T ak E Ef• • • 
                                                             ii=1 ik=1 

                                                                                0 

                           fn-k(uktk-1, (Pik) C9i (t) • • Tik-i(tk-l)dt• • .dtk-1 

                               0 is convex, since it is the sum of three convex functions, By Lemma A, 
Hk-1,n(Uk-1t is convex and so is Gk-1,n(itk-lt By Lemma A and case 
(a), Hin(uf, c9;) and Gin(ui, co;) (j = 0, 1, •••, n-1) are convex. Hence 

f„(x, CO,) is convex. 
   Remark. There exists the positive xnn (50i) determined by 

(3.13) G„„(x„.(q)i), coi) =0n=1, 2, •••, k; i=1, 2, •••, m. 
If coi(t)>0 for t>0 (i=1, 2, •••, m) then x,,,,(50,) is uniquely determined for 
i=1, 2, •••, m. In this case G.„(un, T) is strictly convex for u„>0. 

THEOREM 3,2, Let assnmption (1.1)—(1.8) hold. If
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       (a) limL'(t, coi)--I-co- c1+v<0,(b)lirnL' (t, co,)-alimw'(t)> 0, 
  t,-t-t-

(3.14)i=1, 2, •••, m, 

      (c) v<p' (0) , p(o) =h(0),(d) cot(t)>0 for t>0, 
                                                                    i=1, 2, •••, m. 

are satisfied, then (i) there exists a unique positive Xj„(coi) determined by 

          G;,,(Xin(yoi),9,) =0 j=-1, 2, •••, n; n=1, 2,•••, k- 1; i=1, 2, •••, m, (3
.15)                   

, 9) = 0 :7= 1, 2, •••, k; n>k; i=1, 2, •••, m. 

(ii) there exists a unique finite XOn (Ti) determined by 
(3.16) Q„(-x- on (9i) , cat) =0i = 1, 2, •••, m. 

(iii) fn(x, 9,) is convex, decreasing for x small enough, increasing for x 
large enough. 

   Proof (by induction). n<k. The existence of x„„(c)i)>0 has been shown 
before under less stringent conditions. 
Since 

        lirnGL(uo, S = (co- c1) L'(uo, i) Ti) 
  uo'mno->00 

                    (co lim L'(uo, co) + limG;i(uo, so) >0 

and 

        lirnGL(uo, S = (co - c1) ±v+ lirnL'(uo, soi) <0 
                                                                                  uo->--co 

it follows that X01(C9i) is finite. The uniqueness assertions are consequences 
of (3.14c, d). 

(it is noticed that GO1(u, C 0 i) <0 is not assured). If P(n) is linear, x01(9,) 
is even pesitive. Thus we have 

                   (G,;,(x+muo, Cot) -cox+muo<x01(Ti), 
(3.17)f;(x, Cai)-COX<i01(CD,) <X + Mu°, 

            GL(x, - coX01(4 <x, 
hence, limfax, c'1) <0, moreover by (3.14 b), so)>O, and also by 

Theorem 3.1 fi(x, coi) is convex. 
That X„ (T) >0 implies 

(3.13) GL(0, - co-= - + (0, c9) - V' (0, so,) + HL(0, sat) 

                       =v- ci P'(t)Ti (t)dt<v- c1-p'0><o. 

                                               0 Hence (0, soi) <0 . 

   We assume that the theorem is true for n-1 and that is true for n 
and j=n, n-1, n-r(r<n-2). That x_,(ç1)>0 implies 

                                   i) <0 0<in-,,n(Ti) (3
.19) 11:-(,.+1),,,(0, = 

   ,0 -
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hence 

(3.20)  C,,-(,,+1),,,(0, 40i)=(c.-(r44)—c,—)-1--L',,--(,,-1)(0, co,)+ VL-(r+2) (0, C°i) 
                           — r t-(r+1) (0, 79i) + Ht:-(r+1), n (0, 9i) 

                       < (Cn_(r+1)— an-(r+2)V)— c,i_r— an-(r+1) (I"(0) — v) <0 . 

On the other side 

(3.21) lirn g--(r+i),n(Un-(r+1), ci) =---- (Cn-(r+1) — Cn-r) 
                 un-(r+1)->°. 

                + Um gi-(r+1) ("(n-r+1) 3 C)i) + lim GL-r,n ("n-(r+1), 'Pi)>0 • 
               un—(r+1)-->.°un—(r+1)-3°0 

There exists Xn-(r+1),n (q)i) >0 such that G'„_(,i),n (Xn—(r+1),n, 7' i) =0. Uniqueness 
follows from (3.14 c, d). 

Since 

   limGOn(uo,9,)----- (co— c1)+ lim L'(uo,coi) —lim V'(uo,coi)+lim1-/L(uo,9i) 
  uo-)---..->--up-÷--.

0-,-- 

              <(co — - c1) +lim L'(uo, 9i) +v<0 
                                                uo,-.0 

and 

   lirn GL(uo, 50i) = (co—c1) + lim L' (u,,, soi)—limV'(uo, goi)+ limHO,z(uo, co)i 
 uo--»uo->°°uo->.uo->c* 

                            ",--- (Co — CO + lim L'(uo, 90+ limG; n(uo, Coi)>0 . 
                   uo--.0— 

it follows that there is finite XOn (4°I) such that GL(x, co) =0. Uniqueness 
is shown as before. Since 

                    G'0 (x+ mu°, sni)—co x+n1.0<xon(40i), 

(3.22) f,:(x, co)= —cox<xon(50i)<x+muo, 
                  Gon(x, soi) —coxon(40i)<x. 

it follows that 

(3.23) lim f,',(x, Ti)-=lim GO,,(x, Coi) —co=— c1+ lim L'(x,c9i)+ lim G'in(x,9i) 
 x---.,x-rco 

                                     n-1 

                =E lirn L; (x, 90— an lirn w'(x) 
              j=0 x-...x-3.9 

               >lim L'(x,coi)—a lim w' (x) >O. 
   ,, 

by (3.14 b), and lim f,:(x, coi)<—Co<0. 
                         x--c. 

By Theorem 3.1 fn (x, coi) is convex. Hence the last assertion is true. 
That xln(9i) >0 implies 

(3.24) GOn (0, COO —co= —ci+L'(0, 9) — V'(0, co) + H,',n(0, coi) 

                    = v—ci—f-P'(t)Coi(ti)dti<v—c1—p'(0)<0. 
                                          0 Hence f,:(0, 9i) <0. 

   Case (b). n>_k+ 1. 
Since
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(3.25)  lirn ük,k+i(uk, soi) = ck+lirnVi;_1(uk, coi)+1im. fk(uk,soi) 
  uk--., —uk-- 

                                                                ro.                  . m 

               = ck+ ak lim E• • •EPai.• . Pik_v, ' • ' 
                       uk-''' i1=1 ik=i . 0 

                     Iff(uk—t—ti...—tk_i, co ik)C9i(t) •••Tik_1(1. k_i)dt...dtk_i>0, 
                             0 and 

(3.26) Ck,k+1(0, coi) ---- ck + Vi,--1(0, coi) +M0, C9i) 
           m me.' 

               = Ck— ak—iv + ak E — Y', bb                                                      ..,_,,hi.. •,.--ik_iii i • • • 
                  il=1 tk=10 

                                                     oo 

                         f; ( — t — ti — • • • — 4-1, 9 ik) T i (t) • • •4 0k_i(t k_i)dt•••dtk_i 

                             0 

                  <Ck — ak-1V-+                        --h- a f(0, Tik) <0. 

By (3.14 c, d), Gk,k+i(uk, coi) is strictly convex for uk>0. By lemma A, 
case (a), it is proved inductively that lim G;,,i(up cot) >0 for j=0, 1, ••., 

                                                                                               uj--,.. 

k-1, G;,(0, coi) <0 for j=1, 2, ••., k-1 and lim Q,(u0, So i) <0. There 

exists zi,k+i (4ai) >0 such that G;,k+1(X j,k+1(M1 C'i) =0. Uniqueness follows from 
(3.14 c, d) (iii) is shown as in the case (a). Hence the theorem holds 
for k+ 1. It is easily seen, as in the case (a), that L+,(0, coi) <O. Assume 
that the theorem is true for n-1. Then 

(3.27)f,:--k (x, coi)----- —C.                         G,;,n_k(x+int401C°i) -COX +inuo<X0,n-k(C°i) P 
                       Q,n-k(X) S° 1) — COX<X0,n-k (C°i) <X + mi.                                                Xo,n-k(Ti)<x 

implies f,;_, (x, 9,) <0 for x_<0, hence 

       G;,„(0, T i) = Ck + VLi(0, Co i) ±f,-k,k (0, coi)<ck—ak-lv<0 

(3.28) lim GL(uk, so i)--= ck+ limr,_i(uk, C9 i) + limR-k,k(Ukf c',) >0 . 
    Uk-"'Uk-...U11-".' 

There exists xkn(M>0 such that Ckn(uk, co i) =0. Uniqueness follows from 
(3.14 c, d). The assertion of (i) and (ii) for j=k-1 k-2, ••., 0. is shown 
as before. The last assertion is shown as in the case (a). Moreover we 
obtain from the discussion of Theorem 3.2 the following theorem. 

   THEOREM 3.3. If conditions of Theorem 3.2. are satisfied, then the 
optimal ordering policy is of the following form. 

(i) n<k 

               x0.(Ti) — X Xon(Ti) —Muo<X<Xon(Ti), 

  mion(x),0                          Xo,,(C 01) <X,                                                      n=1,2, ••., k-1; i=1, 
                muoxon(C 01) —Inuo>X.
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(3.29) 
                  (x,n(coi)-u1_1x,„(c=,)-m„,<zi,_,<x,„(,), 

 mi,„(u;_,)= ) 0xin(C°J)<n) -1,n=1, 2, - • ., k-1 ; i=1, 
                                                           2, • • • , m, j=1, • • • , n,         mu; xf,,(50,)-mui>u;_,. 

(ii) n>k 

                  x,„(coi)-x xon(Co,)-muo<x<xon(C),), 
       m'o„(x)= 0xon(coi)<x,i -------1, 2, • • •, m, 

              muoxon(Coi) -Muo>X. 

                    X.;„(Cot) --ui_i Xin(CD..•) - Muj<iti_i<X,„ (50i) , .                                                      1=1, 2, • • ., m; j=1, (3.30)mi,„(14;_,),.10xin(50i) Gui-i, 
                  mu;xin(CO3)-mui>ui -1.2, • • • , k 1, 

                   xkn(Coi)-Uk-1 Uk-l<Xkn(C a i) , 
   MLI(Uk-1) ------i = 1, 2, • --, nz,             0

uk_i>xkn(Coi). 

where xhi(Coi), xon(Coi), are determined satisfying (3.15) and (3.16) respect-
ively, and u; is given by (3.2). 

   We next show that the analogue of a theorem, which is given in [3], 
holds true for comparing the critical numbers asociated with two sequences 
of demand densities under our model. We say that co is stochastically 

          xx smaller than * and we write yo= if I co (t) dt> f * (t)dt for all x. 
          00 

   THEOREM 3.4. Let conditions of Theorem 3.2 hold. If two sequences 
of demand densities so 1, CO2, • • •, som, and '1, *2, •••, l/fm, are such that coi=ik, 
for i=-1, 2, •••, m, then 

       (a) xj,i(coi)<,c.,„(i)j=0, 1, • • ., n; n=1, 2, • • ., k- 1 , i=1, 2,• • ., m, 

(3.31) 'chi (5,0i) <ichi(lki)j=0, 1, ..., k; n>k, i=1, 2, •••, m, 

     and 

      (b) f,,Xx, ca)>J,Xx, *.i) for all x,i=1, 2, • • • , m. 

   Proof. We establish the proof by induction on n. There are two 
posibilities requiring separate treatment, n<k and n>k+1. 

   Case (a) n<k. When n=1, we consider demand densities coi and iki, 
where coi=lki. Integrating by parts, we obtain from (3.4) 

                                                                                      u 

     G;,(11,50i)= 
              (c1-v).-1-(v-aw' (0)) 01(u) -afw" (u - t)0),(t)dt u<0, 

                                                               0 

   (c1-v)u<0,
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(3.32) (co  —  ci  +  v) + (h' (0) + p' (0) —v)0 i(u) 

                                   

1Cu                        — p' (0) + f h"(u—t)0i(t)dt 

                                                        0 

     GP1(11, Cpi) —1101(11/ C°I) -— fe'p"(t — u) (1 — 0 (t1))dtu>0 

                                                                 . 

                       (co— ct+v) — pf (u) — fp" (t—u) (1 —0,(t))dt 

                                                                   0 

                                                          u<0, 

where 

                                 ' 

           01(0=fcat (77) d77i =1, 2, •••, m. 
                             0 A similar expression is obtain for Q,(u, *i) and G6,(u, Vfi), we simply 

replace 01(0 in (3.32) by ¶i (t), where 

                                t 

          Vii (t) =flki(n)dni=_1, 2, ••-, m. 
                             0 Since coiCVri, it follows by definition that 0, (t)>Ti(t) for all t>0 ; hence, 

we get from (1.7 b), (1.3), (1.5), and (3.14) 

(3.33) GL(ui, coi)>__G;i(ui, Vfi) for all u1i=1, 2, •••, m, 

and 
      GL(uo, coi)-1161(uo, 901) _>G6i(uo, lk.i)—Mi(uo, iki) for all u0 

                                                                   1=1, 2, •••, m. 

By (3.33) and (3.4), Hoi(uo, soi)>Hoi(uo, jr)ii for all Ito. Hence 

(3.34) Wu°, 9i)>__GL(uo, *i) for all u0i=1, 2, •-•, m. 

Hence, it follows immeditely from (3.33), (3.34) and Theorem 3.2, that 

        in (9i) ‹ill (lks) 
(3.35)i=1, 2, ••., m. 

          X01(C°i)--<--i01(1ki) 

If we compare (3.33), (3.34), and (3.35) with (3.17) and the correspondnig 
equation for iki 

           -tk.G61(ni                       x+..,*i)— co 

               GL(x, Vri)—cox+m„0<i01(ki), (3.36) P(x,i),__co                                      x<Xo1(fri)<x + mu°,                                       xoi(lki)<x, 

it is clear that 

(3.37) f (x, coi)>fax, Vfi) for all x. 

Thus we have proved the theorem for the one-period model. 
   Assume that we proved 

   iin(Coi)‹iin(iki)j=0, 1, ••., n-1; i=1, 2, •-, m, 

   1,:-.1(x, Coi)�1-;.-1(x, iki) for all xi=1, 2, ..., m,
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                          coi)>q,n-i(11 t—115,7:-1(1,1j,'Vi) for all/If, 
 j=  0, 1, •••, n-2 ; i=1, 2, •••, m, 

                           fi) for all iti, j=0, 1, • • •, n-1; i=1, 2, •••, 

for any in pair of demand densities coi and *i satisfying c Recalling 
(3.9) and differentiating (3.4) with respect to u; yields 

(3.38) G'n,i(un, c.9)=c„-i-V",_1(un, Coi) —Trn(un, C9i) 

                =en— acn-i + a E Piiil[cn_1+t, coii) 
                              11=10 

                           caii)boi(t)dt 

                   c„— cec,i_i+ E (un —t, soii)Ti(t)dt. 

Using our inductive assumption, integrating by parts, we get 

(3.39) Cnn(un, Coi)> c„— acn_i+ a E Piii C,,_1,n-1(un—t, ikii)Coi(t)dt 

                                                   0 

      =c„— E 

                 —a E t , iki1) (1 — (Di (t))dt 
                                -1 0 

                   >c„— acn_i+ LL E 

            —a Ef 
                      ii=i0 

                lki)for all uni=1, 2, m. 

Hence 
    X„„(yoi)<Xnnetifi)i= 1, 2, m. 

Assuming that G;n(ui, coi)>Gin(ui, iki) for all u; and j=n, n-1, n—r+ 1 
(1<r<n). Using the inductive assumption and (3.4), we obtain from the 
simple calculation 

(3.40) 1-1;„(u;, yo,)>11.'in(ui, jr)i for all u; j=n-1, n-2, •••, n—r(1<r<n). 

Hence from inductive assumption and (3.4), we have 

                 Coi)-11n-r,n(Un-r, 9'i) 

          (C„,— c n_r+1)L'n-r(un-r,Coi)coi)-17",—(un_r, coi) 

          = (c„,—cn_r+i) —a(cn_r_i---cn_r) 

         +aE P4c°[Gn-r-1,n-1(Un-rtfCpil)lin-r,n -I (Un-rq)ii)14°i(t)dt 

                          0 

         > (en-r— en-H-1) a (cri_r_i— cfl_r) 

         +a E [Cn-r-1,n-1 I En- r -1,n-1 (Un-r, i1)1
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 EYiii Viti) 

                           0 

                 (un_r-*iD] (1 - 0i(t))dt 

            +aEPii,[GL-r_i,n_i(u,,, 
                       ii=i 

           -*i i) 

                    --11: ,_,,„_1(un_r-t, *JD] (1(t)) dt 
                  -*i) for all un,i=1, 2, •••, m. 

     G;„(ui, 501)-HLCu1, 49i) 

         =(c1-c2)-a(co-c1) 

        +a Ecoil)-50i1)]Ti(t)dt +V' (ui, Coi) 
          "=, 0 

                       Vi) for all u1i=1, 2, •••, m. 

     G,;„(uo, 49,)= (co + /4' Cu°, coi) -V' (uo, 45',)+ HO. (no, soi) 

       >_(co-c1)+ (24, k i) (uo,-Jr)Hcin(uo, 
      =GOn(uo, k i) for all u0.i-=1, 2, •••, m. 

 From (3.40) and (3.41), we get 

      G'„,,(un„, .\fri) for all un_,.i=-1, 2, •••, m. 

 The same argument used for the case n =1, now readily yields 

      xin(coi)‹xinCki)j=o, 1, •••, n; i =1, 2, •••, m, 
 and 

      f,:(x, coi)>f,:(x, *i) for all xi=1, 2, •••, m. 

    Case (b) n_>_k+1. We begin the proof by showing that 

 (3.42) r_i(u, ik) for all u 1=1, 2, ,k ; i = 1, 2, •••, m. 

  (3.43) fii(u, coi)_>_fyi(u, Ji) for all u 1=1, 2, •••, k; j=1, 2, •••, n- k ; 
                                                                 i =1, 2, •••, m. 

 We first establish (3.42) for the case 1=1. From (2.4), we have 

      V' (u,c0,),v(0i(u) -1) 

            >v(Ti(u) -1) 
           =V'(u, AM for all u>0,i=1, 2, •••, m, 

 and 

     V'(u, iki) for all u<0i=1, 2, •••, m. 

 Assuming that (3.42) holds for 1-1, (1<1-1<k), we advance the induc-
 tion to 1. Invoking the inductive assumption and (3.2), integrating by 

parts, we have
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(3.44)  40i) =a E pii,V'k_2(tt—t, 911)591(t)dt 

                 , 

            it0 

      ,>a2(u-t, 
               /1=1 0 

             E-I:V_2(u,Vii,) —aiPii,f-V;;_2(u—t, *ii) (1 — (t))dt 
      ii=1/1=1 

          >aEViii) —aEPii,f-rk_2(u—t,(1 —V i(t))dt 
       ii=111=10 

              *i) for all u.i=1, 2, •••, m, 

which proves (3.42). 
   We establish (3.43) by induction on 1 and j. Suppose first 1=1, j=1, 

then from (3.2) and case (a), 

     fi(u, E piil fi(u—t, coi,)Coi(t)dt 
                /1=1 0 

          >a Eikii) —aElkii) (1— gli(t))dt 
         i1=1 0/1=1 0 

         =ffi(u, 111) for all ui=1 , 2, m. 

   We verify (3.43) for the integer 1=1 and j-1(1<j-1<n—k) in a 
manner analogous to that for 1=1 and j=1. Now supposing that (3.43) 
is true for the integer 1-1(1<l-1<k) and j=1, 2, •••, n—k, we extend 
the induction to integer 1. It follows from the inductive assumption, (3.2) 
and case (a) that for all u, we have 

(3.45)fgu,40i)coii)Cai(t)dt 
                  ii=1 0 

           >ce E Vrii) — a E J11-1(u—t, (1— Tfi )dt) 
    /1=1 0 

              =Mu, *) for all u1=1,2 , •••, k; j=1, 2, •••, 
                                                        n—k; i=1, 2, •••, m, 

which proves (3.43). 
Since 

           coi) —H;„(u.i,coi)=G;,,,,(ui,i)—H1,,,(tti, coi) for all u; 

                              j=0, 1, •••, n-1 ; n>k+ 1 ; 2, m. 

Using relations (3.42) and (3.43), we can be prove the theorem for the 
n>_k + 1 in the way as in the case (a). 

   COROLLARY. In Theorem 3.4, if *i(x)-=c5!,(x—a1) for positive ai>0, 
then 

                         n-1 

      Xttn(C°i) Ea11==inn(ki)i1=1, 2, •••, m; 1=0, 1, •••, 
                      /=0 

                                         n-1 ; n<k,
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 j-i-1 
 ihi(soi)  +  E  aii<x,..(i)<x,„(yi)  +  E  ai, j-1, 2, ••, n-1, i1=1, 2, •-, 

    1=0 1=0 

(a)m; 1=0, 1, •••, n-1 ;                                        k> 
n>2, 

                                     n 1 

     Lip n (C a1) -i-- ai<X0).(*i)<x0„(c),) H-all i1=1, 2, ••, m; 1-0, 1, •••, 
                                                             1=0 

                                           n-1 ; n<k, 

     x01(4o1) + a i = x oi (V f3i=1, 2, •••, m; n<k. 

   k-1n 1 

      ,,„(yoi) +Eaii<xkii(*i)‹xbi(coi) +E ai, i1= 1, 2, ••, m; 1=0, 1, ••, 
   1=01=0 

                                           n-1; n>k+1, 
   , 1„ 1 

      .jy,(CD) +E a.i<x.in(i)<x,n(c),)+Eai, j=1, 2, •-, k-1 ; i1=1, 2, •••, (b)1=01=0 
                                                 m; 1=0, 1, •••, n-1; 

                                        n>k+1, 
                                                                 n -1 

     ion(coi)+ai<x0n(,)<x0.(50i)+E aii i1=1, 2, ••• ; 1=0, 1, •••, n-1; 
                                                         1=0                                        n>k+ 1. 

     f (x -ai, coi)=f (x, Jr)l, for all x, i=1, 2, •••, m, 
 (c) .f,(x-ai,coi)>fi(x,ik,)>-f,:(x-ai-ai, ••• -ain_i,40i) for all x, 

1 

                                             i i= 1, 2, •••, m; 1=0, 1, ••, n-1. 

   Proof (by induction). Case (a). n<k. When n=1, we obtain from 
(3.4) upon making a simple change variable that 

(3.46) G;i(ui, *.i) = ci + V'(ul, J) - T'T7; (Ili, J) 
                 =c1+V'(u1-ai, soi)-W;(ui-ai, co.) 

                =G11(u1-ai, 40i) for all /41,i=1, 2, •••, m.             

'G'll(u°+ mu" *i)u 

                     ii(uo,'\fri)o+mui<xii(ki), (3.47) HO1(u0,i) =0                                          uo<xii (iki) <T10+ mui, G                                        u0>iii (Vri), 

                  =.G;i(uo-ai+m.1,coi) uo-ai+mul<X11(Co.)  0                                                  uo-ai<xii(Coi)<uo-a,+mni, 

                     G'ii(uo-a., coi)uo-ai>xii(C 0i) , 
                 = IT,,(u 0 - a i, coi) for all u0,i=1, 2, •••, m. 

(3.48) GL(UO, 'V r i) = (c0- CO + L' (u0, v i i) -V' (uo, y' +1Ti(uo, Vii) 
                = (c0 - c1) +L' (uo-ai, coi)-V'(uo-ai, co.) + HOi(uo-ai, Coi) 

               =GL(uo-a„ coi) for all u0,i=1, 2, •••, m. 

Hence it follows immediately from (3.46), (3.47), (3.48), (3.17), (3.36) and 
Theorem 3.2. that 

    i1i(40) + ai =in (iki)i = 1, 2, •-, m, 

    .to,(coi) + ai=-toi(Vii)i= 1, 2, ••, m, 

     fax-ai, co)=f'(x, Vfg) for all x,i=1, 2, •••, m.
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 When n=2, we get from (3.4), (3.46), (3.47), (3.48), and strict convexity 
of L(u, vr)-V(u, vii) and V(//, *i) 

                                                Yz      G22 (y2, *i) =c2+ a E Phif r(u2-t, 
                       11=1 0 

                -a EPiiii-W;(u2-t, '01)-v'fi(t)dt 
                     11=10 

               = c2 + a EPii1i-r(u2-a1,-t, coii)coi(t-ai)dt 

                                           0 

               -a E IW;(u2 -- t, c9ii)C 0(t - ai) dt 
                    11=10 

             c2 + a EPiii soii)soi(t)dt 
                      i1=10 

                  -a EPii iW;(u2-cii-a11-t,soii)Coi(t)dt 
                                     11=1 

               =C22(1t2 -a1 -ai „ coi) for all u2,i = 1, 2, m. 
    1112(u1, co) for all u1,i =1, 2, •••, m. 

     G;2(u1, Vii)=(c1- + (Ui, + V' (ui, *i)-V;(tti, 1112 (111, 

                                     coi) +V' (ui-ai, soi) 

(3.49)-17(u1-ai-a11, 40i) + H12 (Tti ai-aii, soi) 

                >G12(u1-ai-a11, 40i) for all it1, 

      G'12(u1, Vii)<G;2(u1-ai, coi) for all u1,i =1, 2, •••, m. 

     H42(uo-a1, coi)�111(uo, *i)�I-T2(uo-ai co) for all tio, 
                                                                        =1, 2, ••., m. 

     G2(uo, 11i'i)=(co-c1)+L'(uo, Vri)-V'(uo, lki)+ M(uo/ lki) 

                 = (co -1-1/ (U0 -ai, 50i) -V'(uo-ai, coi)+ 1102 (UO, 

              <GL(uo-a1, co) for all Ito, 

      Q2(uo, 1k1)>_(co-c1)+L'(uo-ai, coi) -V' (uo-ai, 4oi)+11-02(uo-a1, coi) 

                >(c0 - C1) + L' - ai - ai1, Ti) - (uo-ai-a11, Ti) 

                 + 14;2 - ai -a11, soi) 

                     (uo -ai-aii, c9i) for all uo,i = 1, 2, •••, m. 

RecallingV'(u, T)= -v for all u<0, x12(Ti)>0 implies that 

                       soi)<O, 

    G12(u1, T) for all ui<ai, 

    G'12(u1, sai) for all ui>ai. 

Hence X12 (lki) <X12 (C°1) +aid-aii. We get the theorem for n=2 from above 
relations. The equality and inequality in part (c) depend on a relationship 
between x02 (*i), X02 (C°i) a1, and x02 (Coi) ai±a11-ms, For example, if 
X 02 (Ti) ai>x>xo 2 (T) ai + ail -m.0, then
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                                            Coi)• 

Assuming that Corollary is true for n-1, and that 

              1,n-1 (Un -1/ Vii) -1,n-1 (Un - 1 - a, -a1,-••• ain-2, 49i) for all un_„ 

                                                i1=1, 2, •••, m, 1=-0, 1, •••, n-2, 

(3.50) LL-1(u, i) L'n_1(zi-a1-a11-•••-ain_1, co,) for all u, 
                                                = 1, 2, •••, m 1=0, 1, •••, n-1, 

                                     49i) for all u, 

                                              i1=1, 2, •••, rn; 1=0, 1, •••, n-1, 

 then we have from the (3.4) 

(3.51) G',„(u„, *,)= (c,- ac„_i)a EPii,f 1/7-2(un-t, 
                                ii=10 

            = (cn- + a L Piit I Y' i1) 
                                        11=1 j 

               = (c„-ac„_,+ aEpiiGL-_i(tin                                            ii=i-J 

                   - ain_1-t, soil) (t -ai)dt 

                   = (c,-cec„ _,) + aE1,n-1(U                                                       nai --••• 
                                i1=10 

                         C°11)Cpi (t)dt 

                    =Cnn(un-a,-a,1-•••-ai n 1, co,) for all un, i=1, 2, •••, m. 

From the definition of(uco)and(uv(uv                       1,n-n-1,1,n-n-1,.-1,nn-1, 

                  • • • -ai n_1, co) for all un_1, Hence get from (3.4) 

                    +Ln*i) 

                      (Un-1,*i)H:i-1,n (Un-1, 
                        = (cn_1- cn) L,C_1(un_1 - ai-a11-•••-ain_„ 40i) 

(3.52) C9i) 

                                               co,)+1-17,_(u                                                                                                1,nn-11 

                        >GL_1,7,(Un_i-ai-ati- • • • -ain_1, Ti) for all un_1, 

            lki)<GL_Ln ••• - i) for all un_i, 

                                            i1=1, 2,•, m; 1=0, 1, -, n-2. 

Hence we have, from the discussion as before, 

                     i1=1,•2,•••,m;1=0,1,•••, 
     xnn(Vri)=x,,,,(coi)+E1 

      1=0n-1, 

             n-2n -1i=1 ,2,•••m;1=0,1,•••,              + Eai
i<xnn(*i)<xnn(coi)Eaii, n_i ."     1=01=0
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We assume that Corollary holds for n and  j=n, n-1, •••, n-r+ 1, and that 

      Cin(Ui-ai-aii- • • •i)>Gj,i(uj, *i)�Cin(uj-ai- a11- • •-aij, yoi) 

                                for all uj, j=n-2, •••, n-r+1 i1=1, 2, 
                                                          •••, n-1; 1=0, 1, •••, n-1. 

Then we obtain from (3.4) 

(3.53) 111„(ui- ai- ail- • • • -a11_,,i)> Hn(upi)>115,i(u1-ai-a1i- • • • -co) 
                                 for all uj, j=n-2, •••, n-r 

                                             i1=1, 2, •••, m; 1=0, 1, •••, n-1. 

Hence, from the inductive assumption and (3.53) we have 

                                   i)(u1k1) 
              VL                                                    r-1\--n-r,,(Un-r,H,C,*i) 

                          = (Cr,- C.-7+1) LL-r(Uri-r- ai-au-•••-ain-r, 9i) 
                        +r_ _1(u n_r- a 1 -a11-••• Coi) 

                                                coi)+ HL-r,n(Un-r, *i) 
                      Cn_r+1)LL-r(Un-r-ai- Coi) 

                                               Coi) 

                                                Ti)o 

                                                        VP 9i) 
          >g,n(un_r- a i-Soi)for all Un_r 

   Cn-r,n(Un-r,49i) for all Un-, 9 

                                                  i1= 1, 2,•••, m; 1=0, 1,•, n-1. 

From the same argument used for the case n=1, n=2, we obtain Corollary 
for n<k. 

   Case (b) n>k+ 1. We have 

        11(11-ail-• • •-ail,9t)=fr=1,2,•••,m;r=0,1, 
                             for all u, 

(3.54) 
                        -••• -au , coi)>A(u, *i) for all u, 

                      -->l'i1(u-ai-a11-•••-aii4-1-1, i) = 2, , n -k, ir=1, 
                                      2, •••, m; r=0, 1, •••, l; 1=1, 2, •••, k, 

which can be proved inductively from the results of case (a) and (3.2). 
We can prove Corollary for the case under consideration by (3.54) in the 
same method as for the case (a). The detail of the proof are omitted. We 
established the proof of Corollary. 

   Specially ik,(x) =co i(x - a) , then we get 

         I x „n(c i) + na=x,,„(* i)i -=1, 2, •••, m; n<k, 

        Xj„(500+.ia<xin(*i)‹xj,,(coi)+na j= 1, 2, •••, n-1, k>n>2; i= 1, 

    (a')
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 xon(coi)  +  a<Xon  (*=)  <x,  (c)i)  +  n(2i-1, 2, •••, m; n<k, 

      \Xo,(40i)+a=i01(*i) 1, 2, •••, n<k. 

         (i,„(goi)--Fka<xien(Vri)‹xlen(so,)+na, i----1, 2, •••, m; n>k+ 1, 

     (b') xin(Coi)ja<xin(Cf,)<xj,i(goi)H-na,2, •••, k —1; i=1, 2,                                                       •••, m; n>k+1, 

          0„(9aion(Vi)<xon(Cna,i=1,•2,•••,in;n> k+1. 
           coi)=f(x,for all x, =1, 2, m.     (

c')          fa
x—a, soi)>_fax„ ,ki)>J7:(x—na, Coi) for all x, i=1, 2, •••, m. 
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