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  Sampling theory from the Finite Population

         By 

Norihiro YAMAKAWA* 
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0. Introduction

   Let us consider the following randomization procedures in our designs 

(refer to Literature [12]). 

   (1) We have a design matrix 
                      DP 

(0.1)D= Do 

                      DR 

which is composed of three sub-matrices 
                         X11 X12  XiN 

(0.2)pp_ X21 X22  X2N 

                           X p1 XP2  X PN 

                          Z11 Z12  Z1N 

(0.3)Do_ Z21 Z22  Z2N 

                        Z01 Z02  Z 

and 
                                e'1z(1) "1 t(2)   5 1z(N) 

                       DR=527e0)27t(2) (0.4)  S27 (N) 

                                                                                             

• • • 

                            eRV(1) R7c(2)R7E.(N) • 

   (2) In these sub-matrices, we have 
                         X11 X12  XiN 

                         X21 X22  X2N 

(0.5) _ X pi Xp2                                             XpN 

           D                  ,.L./0 IIZ11Z12  ZiN 

       „   

                         4,01(-02Z011

* Kasado Works , Hitachi Ltd 
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as an orthogonal array of size 

(0.6) N=P+0 

with two levels 

                      x pn= + 1 or --1 
(0.7) 

                   z= +1 or — 1 , 
                                     5bn 

   (3) With equal probability 1/N!, we choose a permutation 

  N 
(0.8)=1 2                   (7(1) TC(2) 7c(N)) 

from the set of all possible permutations of N numbers 1, 2, •-•, N-1 and 

N. 

   In virtue of these randomization procedure, the variable 

                       N (0.9)V;=Ex„p v;,(,)/N(p=1, 2, ••-, P) 
                                        n=1 

becomes a random variable, where 

                           R (0.10)           V (n)—t'7C(11)(n=1, 2, •••, N) 
                                      r=1 

and g;, Q2, •••, YR are parameters. The purpose of this paper is to discuss 

the distribution of the random variable

1. A sampling distribution function from a finite population 

1.1. Direct evaluation of probability distribution 

   First of all, let us consider the distribution function of statistics in-
troduced from a classification of a finite population, v1, v2, VN, which 
can be classified into K (<N) classes such that NP, elements of VI, NP2 
elements of 1)2, ••., NP, elements of 77k, •••, NPK elements of i)„ where Vk 

(k=1, 2, K) is the value of v„ in the k-th class. 

   These N points of vn (n=1, 2, •••, N) which randomly correspond to 
the N columns in the design matrix (0.1) by our randomization procedure 
are divided into 2 groups by an arbitrary p-th row in O.A. such that +1 of 

xp„ group contains N1= 2Npoints and —1 of xp, group contains N2 = points, 

where suffix " 1" stands for " " sign group and suffix " 2 " stands for 
" — " sign group . 

   In these circumstances, N elements in the sequence vn are divided 

into two groups, such that the 1st group of these is the sequence 7:0 (k 
=1, 2, •••, K) and the 2nd group of these is the sequence 4.(k2 (k=1, 2, 
•••, K) in which Aid and itk, are the number of k-th class in the 1st and
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2nd groups respectively. Then we have Eilkj=N (i =1, 2) and 
                                                                                    k=-1 

 2 

Eitki =NPk (k=1, 2, •••, K). Consequently, we get 

                             N (1.1.1)=-x                   N"(n)Pn 

                2 Z„                      = N
k2-1Vk1'41, 

          1NRN where we used the relation
NE=-N7grr'(")                                            e.=0 . Then we get 

                                              the probability, that for any assigned set b,„•••,b,,,, we have it                                                                                        --11,••., 1'41= 
bii, • b1C1/ iS 

(1.1.2)—(NPk)7N                               K1)—k=1b(                     (bpN1) 
   For any assigned set of bk h=1, 2, •••, K, so as to simplify the fol-

lowing discussions, we shall denote the joint probability function of the ran- 

dom variablesiti,=bi„,•-.,itk,=bk,as P(1.4kg= b 512)1' (for any 
                                                                               k=1 

         K M /2) and P{llll(110=b0)} where ,u means the suffix representing the 
                  k=1 ;2=1 

classification number such as ij•••k (i,j,--,k=1, 2). Furthermore, we shall 
use the notation bk, for the assigned value corresponding random variable ak, • 

   Secondly, let us consider the case that N points of 7),(7,) are divided in-
to 22=4 groups by two arbitrary p and q-th rows in 0. A. such that +1, 
+1} group contains N11=N/4 points +1, — 1} gronp contains N12=N/4 
points —1, +1} group contains N21=N/4 points —1, —1 group contains 
N„— N/4 points where suffices " 1" and " 2 " stand for " + " and " — " 
sign group, respectively, then " 11" stands for " + " sign group, and so 
on. 

   In these circumstances, N elements in the sequence 7)„} (n=1, 2, •••, 
N) are classified in the two-way classification as following page. 

   In Table 1.1.1 and in later discussions, we shall denote the sign " 0 " 

so as to show the suffix with which we have operate the summation as fol-
 2222 

lows, Eukij akOj E bkij=b10j and .S-1~j it                                                kij= Aki0 $ E bkij— bki0 • 
  i=1i=1i=1j=1 

   The conditional probability, that for any assigned set of {bkid, / 1:41d 

(k=1, 2, •••, K) elements are contained in N11 random samples from the 

                       2 population N10 = E N11 under the condition that for any assigned set of 

3 bk10 1410 3 (k =1, 2, ••., K) elements are contained in N10 random sam-
ples from the grand population N, is obtained from the expression



4Norihiro  YAN1AKAWA

                     Table 1.1.1 Two-way classification table of [vnif 

q   +S
um 
       P 

        ilin 1/7/112 1u110

.±.1/211_U2121AT,2U210Ario        1iNi 1 
     .. 

                         UK111lK12ieK10 

     1112111122 11120 

         11221 .N21h222 N2211220N20 

                                              , 

             ••) 
      UK21i1K22 

                                .f 
                                                                 UK02 

     illOi11102 NP1 

     Sum 1120111202 AT                          1 ,021 NP2 N 
 :. 1 

    UKO1iiK02NPK 

                    /           P(Ca.,----b kii)iii(iikio=bkio))——11(b.0)(N10        k=II1k=1kitNii) 
Similarly, the conditional probability, that bk2i (k =1, 2, •-•, K) elements 
are containing in N21 random samples from the population N20 under the 
condition that { b k20 (k= 1, 2, •••, K) elements are containing in N20 ran-
dom samples from the grand population N, is obtained from the expression 

                                     K 

                          _k2,2 
                        KbIV           P-IiiA21=1)021)11(:G20 = b020) }              k=1k=1— kri (=1bk201)i(N 210                   ) 

Since these two random sequences z;€kit,and7:412 1 (k= 1, 2, --,K) are mu- 
                                                                                                                                                 - tually independently distributed, then we have the probability that the se-

quences bkid and {bk2d (k----- 1, 2, •••, K) are jointly sampled, such that 
   KK 

(1.1.3) P {11 (1:11ell = bk11) if (1421 — bk21) li (1410 — bk10) } 
        k =1k =1k =1 

            _ -1-i (1).0(bk20)I (N„)(20)                    —
k=1\1310111b k211, N11N21 . 

Consequently, we get the joint probability distribution 

                 (K (1.1.4) P1:11*11= bkll 91421=bk219 1410= ble10) } 
                            k=1 

                                                                          / 
                      K                   (NPk) k) ! / N!                —Li (b kii)!(b k12) 1 (bk21)! (1)122)!/ N11LATI2!N211N22! 

                                                                                                                                                                                                  • Furthermore, in the case that N points of complete orthogonal array is 
equal to N =2- ' , we can classify the N elements of the sequence i),j (n= 
1, 2, •••, N) into N11.. i, N11...2, •••, N22...2 elements, respectively, in a similar 

        I .1I 

manner as following Table. In other words, we can represent these J-way 

classification in the following Figure.
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         Table 1.1.2  J-way (2.1=N) classification table 

 Pi P2 PJ12 K 

1 1 1   1 Ni1...1 iiiii...1 11211•1 11l(11•1 

    JIII 
2 1 1   2 Nll• 2 h111.••211211. 2illf11•••2 

                                                                      ---.-- 

    III I 

•1 

N 2 2   2 N22•••2/.4122•2171222•2   illf22•2 

     IJ _II

                                  2                     /" NNN:12112     NI

11                         N11                      1"------N12 —N122 
                                                  ---

- 

N\ 
                                                  __----N212                                 "N -

21                                                      ---------- -N221 
                                            ,- 

                         NI "-_,,,                ---___ ----N221                                 -- ----,N22-11 
                               ------N222   

        Fig. 1.1.1 J-way classification

Then we can evaluate the joint probability distribution that the sequences 

 7:1k100.• 0 (k =1,2, •••, K),c --k110•••0(k =1,2,•••,K),--k210-0(k=1, 2, •••, K), 
JJI                   c 

• • • 1422-1 (k=1, 2, •••, K) are obtained for any assigned set of { bk10-0 
IJ 

 bk11.. 0 • • • f bk22•(k = 1, 2, •••, K) , such that 
 IJ 

(1.1.5) (i4100•0 = bk100•/ • • •9 itk22•1 022.11) 1 

              (NP9(.5010 (b022-0                      k=1bk10bk110 ble21... b022-1  

                 iN \(N„\/N2 0\ (N22 -.0                    07
1 0)N2 1)\N22 • 1/ 

            (NP1)!(NP2)! (NPK)! 
                   N! 

1.2 Asymptotic distributions 

1.2.1 Some transformations of variables 

   So as to study the asymptotic distribution of the probability, such as 
(1.1.2), (1.1.3) and (1.1.4), let us consider the several transformations of
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the variables. 

   (1) Let us introduce a random variable, which is obtained by the pre-
scribed random  J-way classifition of N(-----20 elements of v„ 5 (n=1, 2, 
N), such that 

                      d (1.2.1) ttlen —1412 • 9 

and which has the properties that we have hkn=1 for 7),(„)----vk and we have 
itkn=0 for i),(,,,N7),. Then we get 

(1.2.2) E VIAkn • 
                                      k=1 

   (2) We shall define a random variable 
                    cl 1 N 

(1.2.3)Vk-E xukn                    P
nP" 

where we put xpni (p=1, 2, •••, N; n= 1, 2, N) as a complete O.A. 
with size N(=P+0) which is composed of two sub-matrices 

(1.2.4) DP= x„   xiN 

                    Xp1  X PN 

and 

(1.2.5)D0= Xp+1,1 • • • XP+1,N 
                                                   • • • • • 

                              XN,1 • ' X NN 

where 0=N— P then we get 

                             N (1.2.6)1.7 — 1- *Y! xLj Pn 7r(") 

                K N 

                     = N
k=1EVk n=1 

            = E Vk Vkp(p=1, 2, •••, N). 
                                       k=1 

   (3) Let us introduce a complete orthogonal array 

(1.2.7)+ +••• ++                                                          ii 
   'PP — 2, M)                                                ••• — 

                          ••• —                    

• • ••• 

                           — — ••• —                

I — — ••• —
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 where M= 2'1(<N) is the size of the O.A. such as 

                                          H- 
(1.2.8)1/1(iL2( /2=1, 2\ 

                                             2) 

                                4- + --1- 
(1.2.9) 72(4)____ —" 

                            — +— ,(12=1, 2, 3,LI\ 
                                                   2, 3, 4) 

(1.2.10)+ + + + + + +                 7i
/Tv;--: 
                 + + + + — — — — 

                 + + — — + + — — 

                     + + — — — — + + 
, (g=1, 2, •••, 8\ 

              + — + — + ——2, ••-, 8) 

              + — — — + — + 

                 + — — + + — — + 

                 + — — + — -+-- + — 

and so on. 

   (4) In virtue of the matrix n(tl) , we can define a J1-way classifica-
tion matrix 

                         d (1.2.11) 4,(M) 701) w          ,un M ,Pn 

where w,p„ (=1, 2, •••, M n=1, 2, ••-, N) is the smallest complete sub-
orthogonal array which contains 

                                         d (1.2.12) xii•• 'X1N W11. • •W1N 

                                       d (1.2.13) X pi* • • X pN W21. • • W 2N 

and 

(1.2.14) Do= z11 • • ZiN r dW31 • • W 3N 

                         z21 •' • 4,2N 1 W41 • • • W4N 

                                                       ••• ••• ••• 

                      z01 ' • ' z0Nw0+2,1 W 0+2,N 

and where xp„ (n=1, 2, •••, N) for a particular p(1<p<P), is a row vec- 

                                   •1

N                                            P' for of Dp corresponding to the statistic ap= (ce;+V' 7--Ex) (refer to 
                                     n=i 

[12]). Then we get
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(1.2.15)                7174.,„xil  X12 • X1N 

                                Xp1 Xp2 '•' XpN 

                       Z11 Z12 Z1N 

                                   ZO1 ZO2• • • ZON 

                                     Xi11 Xi12 • • • XiiN 

                                  Xiel X 2Q3 • • • X iQ 

                          = W11W12• • •W11, ," 

                                W21 W22 • • • W2N 

                                  W All W112 • • • W 

where i4(q=1, 2, •••, Q) are additional row numbers in 1<i,<P and 

(1.2.16)M=0+2-1--Q 

   Then we get 

       N1N 
(1.2.17)-W7)=*2                      PN n=iPn(^en)—Nn=i2/2t(n) 

and in general 

                          N (1.2.18)w                                                      (V-1-=1, 2,M).                   vvv-
n=ipn VV(n) 

   For example, 

(4-1) for J1=1, we have M=2 then 

                  + 
                                                     =1, 2\ 

       —•+=1, 2/ 

                1 1   1 0 0   0 

            y(n) = 0 0   0 1 1   1 

      22 

(4-2) for J1=2, we have M=4 then 

                        (4)r I               77 --7 1 

                     — — 

                                                  tt= 1, 2, 3, 4\              + —— •Vi.-=1,2,3,4/
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                     )1() ----- 1 • • • 1                  — 1 ••• 1 

     4 1 1 
                        4 

                              4 
                                      4 

   Consequently we get the relation between the random variables ilk, 
introduced in the random classification and the random variables T kb in-
troduced by the random pairing of itlen (k= 1, 2, • •-, K ; n=1, 2, N) and 

 wv,„ (Ak= 1, 2, •••, M; n=1, 2, •••, N) , such that 

                          N (1.2.19)ziky==EY(i,z)likn 
                                        n=1 

                      N M(m)w. 
                          M,p-2711771L''"sl)' 

where 

                1 (1
.2.20)Wlop=E                        IV 

Inversely, we have 

(1.2.21)*4=M 72-1                            ')1((             N"km), 

where 774),-1 is the inverse matrix of 7742 . 

   (5) Let us define a standardized variate 

(1.2.22)Zknp k, 1/ 02 (Wk,p) 

where a2 (Wkv,) = aver T/i72,4, — aver' *kip . For the variate introduced by 

   N
N1 the prescribed random pairing -147=NwinlenEawe have a2=kipn=i 

         N (N — 1)<14)-- N2 <1,,p)2 . Using Tukey's theorem [10-1 

of random pairing which will be discussed in the next chapter of this 
paper, then we get 

            0, for ik=1 

(1.2.23) (T" k‘b) = Pk (1 — Pk) 
                  N — 1, for>2 . 

Hence, we have 

(1.2.24)-1-1-7./ /3(1—Pk)               ktp —IkN —, for>2 .
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Using the result  

.  1  N 
(1.2.25) W  kl=Eitie=Pk                  N „,"" 

we get 

             NP (1
.2.26)itkA= Mk(1 , 

where 

(1.2.27)tkI/131 — Pk                   ip=213,(Nk1)                           1) 

1.2.2. Asymptotic joint distribution function of statistics 

   In virtue of the results in section 1.1.2, for any assigned set of 

                               = b11 b12 ••• blm 

                                 b K2 b.KAI 

we can evaluate the joint probability distribution function of the set of the 
statistics 

                              Akic =47111 '1112 ••• AlM 

                                 171K1 itK2 • UKM 

is given by 

(1.2.28) P(itkii=bk0—_(ilyPk) !N 
                          k=1,1                             =III (

1%401/ II (N)! • 
                            11=1y=1 

   We can evaluate the limiting value of 

(1.2.29) log P {KM {II(iikg=bk,)} E log (NPk)!— log N! 
            k=1 A=1k=1 

                            K M 

             + E log (NO !— E E log bk,! 
                11=1k=1 /4=1 

by virtue of the Stiring's formula. After some calculations, we get 
                 KM 

(1.2.30) log P(ff (kg= bky)} = 1(K—1) (M — 1)log (27LN) 
        k=1 A=12 

            — 1 (M-1)log(ff Pk) +M(K-1)logM 
   2c, 

                  K M              --EE (bk„± 1)log(l+Bk,) + e;                     k=11.1=12 

where
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                   1        1.>--1KM KM3 (1.2.31) El=j—1 ±M2 —Eo (N                  12Nk=1 Pky=i k=1 Pk(1+Bky) 

                      d andBkii= Np
kb,,-1 . Consequently, we get 

                                                              M(K-1) 
    K M2—hkµ+El' 

(1.2.32) P ll II(ukii=bk,)= k=1                                   (K--1)/vi-1)(icipkyTe                          (2ThN) 
where 

(1.2.33)hk„----(bk„+ 21  )log(1+-Bkii) - 
Substituting the definition 

          Bk„— Np, 

we get 

(1.2.34)hk,= (NmPk B„+NmPk +21) {BkgB2kl2'}B3313' •-•}. . 
Since 

               OkA=1/1—Pk -J11ikn(m) 
                   Pk(N—1) 

and 

             U—V 1—Pk1±11±172(111)=o 
              ,L=1Pk (N-1)./,=241,=1 

then we get 

        K MK M  

 (1.2.35)hkA=EEN0Pk MIX/L-1-O(N-2/3 
                k=1A=1k=114=1L 

where 

           NP f NP k 4 .B41 (1.2.36) EE 6/1/pki‘+ 2-12-1 112/1/B1µ 4 ) 

Conseqnently, we get 

THEOREM A 
   For any assigned set of bk, (k=1, 2, ••-, K; P=1, 2, ••., M) the joint 

distribution function of the statistics itk„ (k=1, 2, K; At=1, 2, M) 
is given by 

    

( K M 
.1 (1.2.37)Ag(iikA=b3y)}=ce2mNPkIjDkiL2i-1-cG2 , 

where
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                                   Al(K-1) 

               M2 (1
.2.38-1) c=  

                         (K —1)(M-1) K AI-1 

          (27rN) 2 ( II pk) 2 
                      1K (1

.2.38-2)—EEm(E'1—1+ M2+o(N-3/2) 
             k12NPk (1 + Bk,)12N IP                                                     k=1k 

    1( NPk1 (1.2.38-3)e•=6m EkE,NPkB:L+EkE/4112mBk4,4 B42,1'+ 0(N-3/2) 
In the expression (1.2.38), we can put 

        dNPNP 
(1.2.39)B;,,=mkB kit= bmk 

then 
       MM 

(1.2.40)E E b,k— NPk= 0 
                   ,a=1A=1 

and 

         KKNK 
(1.2.41)Ek:L—Ebk,  EPk— 0 . 

                   k=1k=11VL k=1 

Consequently, we have 

        K M PKMm              N  
(1.2.42) EeEE p14                               (13'k)2 

             k=1/2=11v-Lk=1/4=1k 

then 

        K M1 K M M (Bk/02+6" 
(1.2.43) P=ceNP k 

where 

                            M 

                                yr 2 (K-1) (1
.2.44)   -                           2 —1)(M-1) (pk)12(m-1) 

          (27N)k=1 

and 

(1.2.45) e"=e;+ . 

   Since we get already in (1.2.16) 

                  (M177(114) ) (NW k) 
then we obtain 

       K M MKM 1 
(1.2.46) E EBL.2i= E ENP(N A k)2 ,                  k=1A=1-LVkk=121)=21k 

where Ak,p stands for the assigned set corresponding to the set of statis-

tics Wk,, . Consequently, we get
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                                    1 K 1                                                           (NAk,P)' (1
.2.47)(NT 7kip                    =NAkoii= c'e2NPkE 

                         k=1 Ip=2 

where 
                                    M, 

                                          2(K-1) 

(1.2.48)a (b11, ..•, b(K-1)M)                           (K-1)2(M-1)(1-11,1)111,72:a (NA,,,NA(K-1)m) • 
              (27rN)\k=1 

In the coefficient c', we put 

(1.2.49)a(b11,                  a (NA
ii, • ' • , NA(K-1)M) 

                      = 4314142 

                                            a2opiop2 

                                                                                                                               • 

                                                               a K-14,142 

where 

                                   d 

                  a kabkipi                        1P2a(NA
kip2) 

and 

                    aka (bki, •••, bkm)                           '1P142 a (NA
ki, •••, NAkm) • 

Since(M)is an orthogonal matrix, then 

            1/M 

                    1 non(  1   )u 

                     

la k,1„,,p1 — m— .34- 

and then we get 

         a (b,„ •••, 1 \M(K-1) (1
.2.50) a(NA

,„•••, NAK_,,m)M) 

The coefficient (1.2.48) becomes 

(1.2.51)c'=  1 1                                           K )M-2-1 

                                 

-1C-1)(M-1)(llp
i,                    (27rN)(\ k=1 

then 
                                           1(NA 

           PII1(NT kk,,,,NA„,p))-=C'e—2gMiT—=2 NPk1"P)2+e" 
                                k=1 ip-=2 

Here we shall introduce the variable 

                          d  

 (1.2.52),N Akv, 
                  K M then the sum of P -ill II (Nwkip=-NA,/,) } 

                              1=1 ,p=2
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 (K 

    (1.2.53) E...YP  11-1 (NT/T.Tkip=NAkv,) 
 k=1tp=2 

                             1 KM1 2, 

                   C"I• ••fe—2F2 PkAkIj dAL. ,N.--> 00 
    where 

   (1.2.54) C"----- 1                            2 (K-1)(M-1)(llpk)4(M-1) 
         (2z)k=1• 

    On the other hand, we have 

   (1.2.55) P,T1 (No)2 =A TPA 
                                               k=1 

    where AT is the transposed matrix of A such that 

                     AT = A'14, , AZ,i, , • • • , 

    and 

  (1.2.56) r• pit'" 
                                                 P2-1- 

                     Pii 
       •• 

         •• 

                                                                                                                                                                    ••• 

    Since we have the determinant of P such as 

   (1.2.57) det P = (if Pk-1) I 1(p1  
                        k=1, j=i 

   then the integral in the case that the order of N-1/2 is negligible 

                           M K 1  

     (1.2.58)e2F=2i•=1 Pk Ak1/2 dAi2'•*dA'ic_im= 1 . 

    Consequently in the same cases, we get the moment generating functon of 

      =EVkAkip corresponding the random variable in the expression (1.2.6), 
               k=1 

   such that 

                                      K 

                                       O VkAktP 

   (1.2.59) q (A,p)E (e k=1) 
                               612 (g2\ 

                      =e 2 Or) 

                          K 

    where g2= V2kPk •That is to say, the limiting distribution 
                                        k=1 

    of Aip=EVkAkipis the normal distribution with mean 0, variance,u2/N. 
                     k=1 

    Consequently, the joint limiting probability density function of A2, A3, ••., 
    A0+2 is given by
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(1.2.60)jA,,%11 211/NA3,/NA 0+2) 

                                                         2 

                                 1 0+2 / N- \ 2 
             1                         e 2 2 0 P2 Al') 

                           (0+2) 

            (2w)2 

2 Generalized symmetric means 

21 Symmetric means 

   First of all, let us consider the following results and notions by Tukey 

(refer to [9] and [10]) about the random pairings x pl, vm(,), vir(2)}, 
• • • X PN, Vn(N) } of two sets of N numbers xpl, xp2, • • • , X pN and v,(1), Vir(2), Vir(3), 
• Vz(N), where z (1), 7:(2), • ••, (N) is a permutation of the integers 1, 2, 
• • N. 

DEFINITION 2.1 ; (1) Let an a-th degree moment of multiplicative pairings 

be defined by 

              1a (2
.1.1)<a p>NEXpn 

(2.1.2)Xpn=xpnvm(n) 

then we get the averaging over all pairings, which is denoted by the nota-
tion "aver " 

                                           d (2.1.3)aver I <ap> 
                              = <a p>* <a>" , 

where 

          d (2.1.4)<ap>*=E xa              NPn 

and 

                     d 1 N 
(2.1.5)<a>** --Eva                            N

n=1le(n) • 

   (2) Let us define a (a b • ± e) -th degree symmetric mean 

                                      N (2.1.6)<a pb p • • • e p> NXpni • • • Xep,„ 

of the multiplicative pairings X pn= x p„ v,(n), where E nmeans the distinct 
sum which is a sum taken over all subsequent subscripts, I n 1, n =1, 2, •••, N, 
but with subscripts kept different when they are indicated by different 
letters, such as 

                               2 (2.1.7)n xni x x X2+ X2 XI
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and where N(v) is the number of terms in the summation, such that if we 
have different letters, n1, 712, •••, nu, 

(2.1.8)N(v)=N-(N— 1) •••(N—v+1) . 

   Then we have 

(2.1.9)aver<apbp••• ep>=<apbp••• ep> 
                        ---<a,,bp • • • ep>''<ab • • • e>** , 

where 

             dN 

(2.1.10) <apbp ••• ep>-'— N(v) x.,,,2 • • • Xepnv 

and 

(2.1.11) <ab ••• e>**d—E-e• • • Ve                                      N(v)nit(ni)7t(nr) • 

2.2 Generalized Symmetric means : straightforward extensions of Tu-
    key's symmetric means 

2.2.1 Column Generalized Symmetric means 

   Let us define a generalized symmetric function of two way array 

(2.2.1) Zll • • • Z 1N                        

I, • • • Z 2N 

such that                

' ab ••• e 

(2.2.2)••• ZnniZLni         (Dfg • i )c 
for (a+b+ ••• -1--e+f+g+•••+i)-th degree generalized symmetric function 
with respect to column, with which we shall use the abbreviated notation 
" c. g. s. f. " here-after, where subscript " c " means the distinct sum over 
the column numbers. 

   For example, (a + b + c + d) -th degree c. g. s. f. is 

        (j) fa b\ 

                                                                                   , 

        C)c d) c 
and (a+b+c+d+e+f)-th degree c. g. s. f. is 

           ia b c 
                      e,E,Z12„,Zi&24„3Zcil„,Z&2Z-;,3 

and so on. In these abbreviated notations of c. g. s. f.'s, we shall use the 
preassigned subscripts  "co ", " ", etc, which represent the row number 
corresponding one in the population two-way array.
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DEFINITION 2.2.: (1) For a two-way array 

                             Z11 Z12 ••• ZLV 

(2.2.3)                     Z~n0=1,••*,(1) 

              — 

                            '•-• , N) 

                            Zoi Z0, ..0 ZmN 

the column generalized symmetric function is defined by 

                     a b ••• e 

           0 f g ••• k 

(2.2A) 0 e ni••• o ••• Zfn„Z;„Z2n2 ••• zL,••• 

           (0) p q ••• t c 

   (2) As a straightforward extension of Tukey's symmetric means 

(2.2.5)<ab • • • e> =[ab ••• e]                              N(y) 

we can define a column generalized symmetric mean            
io a b ••• e © a ••• e 

(2.2.6) ••• • • ••• • = : • ••• • /N(v) , 
           (°) p q •-• t c (Q)) p ••• t c 

which will be abbreviated as c. g. s. m. here-after. 

   It must be noticed that a c. g. s. f. 

         © la e\ 

                : 

         ((b)\p c 

generates many other c. g. s. f.'s by the permutations with respect to colu-
mns, but c. g. s. f.'s permuted with respect to rows are not always equal 
to each other. That is to say, for example, we have 

         0(ia b c\ ©/b a c\ 0(c a b\ 
(2.2.7) 

          (j)c/eCD\e d fic—•••-0V d e/c 
but it is not always held that 

          C)/a b ••• e 0(f g ••• i 
           C)\f g ••• i s CAa b ••• e c 

2.2.2 Multiplications of c. g. s. f.'s 

   The multiplication of these c. g. s. f.'s and c. g. s. m.'s is easily obtain-

ed as a slight extension of the multiplication of the brackets,
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(2.2.8) (a),(b),=EXEX,n 

                          =EX ,1±b+E-----X:xbp 

                    (a+b),+ (ab), . 

Thus 

(2.2.9)(0) c(2)c = (Ezcin)c 
                        = EZ7nZgni E-ftZfn'gm 

             =(cbi)(1(1) . 
   We can simplify these calculations as 

          )c(—b). —(b )c+ (a--b)„ 
where dashes " — " denote the zero entry 

(2.2.10) (ab)(a01)) . 
For a matrix with more than two rows, in a similar way, we have, for ex-

ample

( 1 )  a bi!!"— — — —‘\ Cyab—\0ira b—!( : )!'a b—\ 
CI' — c d !'!01- - - - ^ =a- c d'!± 21- c d \  (D' — c d\. 
0 of —) 6,,, - - - -)ae f — ) 0'\\of—!!6 of — 
0,- - -/c!C)'!gh --Ic0\gh—,;,(:)‘\g—h,0\—gh / c 

                         C) a b — - , 0 a b — ,,, CI !! a b — 

                   +0 c d\!!+a- c d \+a-c d     !a' 
                    (D e f —© e f — ! CY\ e f — 

                        (Dhg—,C)!h—g,/,(:)\—hg:!„ 
                      0  a b —  0,a b——,C)a b— 

                       a-c d—'!!a'-c d—\\a-c d—\ 
          +!!+,!+ ! 

                     a e f — — ! ()'!\ e f — — ! (Dke f——1 
                            0 g--h/,(D,—g—h!, 0\,,, - — g h 

                      0  a b — —0 a b — —\C ) !a b — — 
                      a- c d —\Ia- c d —a -c d —                                 + 1 

                        CY\e f—— !!!!0',\e f — —!!0,e f — — i 
                           (:)\h--g',C)\\—h—g!,C)\--hg 

                        0  a b -- — 

                         +02,'-c d — — 
                              C!!,                                 !! e f --- 

             \I 
                            a\-- — g h ,/ c .

LEMMA 2.1 : The product of two c. g. s. f.'s (coixv,), and (CO2 X 112)c by the
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following rule, such that, for vi>v,, is obtained 

(2.2.11) 
                 co, x 

         (sai) 

                      (soi+1) 
                                         so2 x 1)2 

                                                         •  

                      (T1+2) 

             ((c,i+so2) x+.—+E"  ((soi±c02) x ()1+1))         ( so+-7s0-2)C((C°1 C°2)    OODi( co, x  
     +E'f/(col +s02) x (vi+ 2) ) +•••+ 

                       •
\       (C°1+9)2) cC°2)C°2 X 1)2 C 

where the following remarks should be considered. 
(i) E' stands for summation over all possible (col + co2) rows and vi columns 
g. s. f.'s ()'s, which are generated by the combination of v2 in the vi Po-
sitions and permutations of v2 numbers. 
(ii) Second summation "E" " stands for the summation over all possible 
soi+Ca2 rows and v1+1 columns g. s. f.'s which are generated by the rule 
that vi+lth column is chosen from the possible v2 columns and v2-1 po-
ssible columns are allocated in the possible vi column — 1) and v2-1                                            v2 

columns permute each other all possible (v2-1) ! permutations. 
(iii) The third summation "Et" " stands for the summation over all po-
ssible C01+C92 rows and v1+2 columns g. s. f.'s which are generated by 
the rule that the possible vi+ lth and v2+2th columns are chosen from 

the possible v2 columns in (2) times and v2-2 possible columns are al- 
                                                                                                    , located in the             possible vl columns in(,)times andv2-2 columns per- 

                                                  112 

mute each other all possible (v2-2) ! permutations, and so on. 

(iv) The last term is obviously 

         0 
                          C°1 

                                  Co2 X 1)2 
          (T1+ T2) \ 

in which all v2 columns are pushed out. 

   The proof of this lemma being virtually identical with that of (2.2.8) 
and (2.2.9), will be omitted.
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2.2.3 Hooke's g. s.  m. 

   In virtue of R. Hooke's paper [6], we can define a generalized symme-
tric function of a two-way array Zo, (c5=1, 2, ••-, 0; n=1, 2, ••-, N) 
such that 

(2.2.13) a b ••• e(f1) a b ••• e                  
• — ' =EP (f2) • - ••• . 

                                                

• • ••• • 

             \ 

           \,f g ••• i• • ••• • 
                          Cr,) \f g ••• i c • 

In this expression 

       (ii) ( )
e         (h) 

is the c. g. s. f . of a bisample 

                          Zi.,,,,••• Z.f.,„v 

                

• ••• - 

                 Z Aoni• • • Z fvn, i , (co<0; v<N), 

which is sampled from the population two way array 

                Z11 — Z1N 
                    •• •• • 

                  Z01  •  Z ON  • 

Furthermore, we have 

(2.2.13) /a b ••• e\ ;a b ••• e                   1 

         f g...i)ocgow(v) 

                                               

il                                             i
, 

                              f g ••• iii, 

as g. s. f. and its g. s. m. by R. Hooke. 

2.2.4 Averaging over all pairings with respect to g. s. m. and c. g. s. 
       m.'s 

    Let us extend slightly from the prescribed Tukey's Theorem, i. e. 

DEFINITION 2.3: (1) Let us define the random pairings of a set of N ve-
 ctors Z1= (z11, •••• zfl), ••• • Z N = (Z1N, • • • , ZoN) and a set of N numbers v1, 

v2, ••., vN such that
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 Zi Z2 ••• ZN 

                      Virm V7r(2) ' • V ir(N), 

where {7c(n) 5 (n =1, 2, ••., N) is a permutation 1, which is chosen from 
the possible N! permutations of N numbers with equal probability 1/N!. 

   (2) Let us define the multiplicative random pairing 
              Zon=onV7 r (n)(C5 = 1, 2, •••, 0; n=1, 2, •••, 

and generalized symmetric mean (g. s. m.) in sense by Hooke 

          /a   e) 
                =E*E*Zil ini z,,,z,"(D(s).1v(v) 

        \f   

LEMMA 2.2: The averaging over all possible g. s. m. is given by 

(2.2.14) b ••• //a b ••• e\ 

                                      d 

                   • • • • • •I •• • • • • 

           aver 

                        

• • • • • • 

        f g ••• g 
                 /a b ••• e\* 

                        . • • • • • 

                                   <a+•••+f,b+•••+g, •••, e+•••+i>" . 
                        • • • • • • 

                    g ••• i) 
(proof) 
We have 

               /a b ••• e 

              • •  

 aver• • ••                            = averE*E*z;,„,...Zio,„                                             N(.00(s) 

          \f g 
                         from the definition of g. s. m. 

    ' 

                    N(v)0(s)averbi.±... ±f)• • •key+—+i) 

                        from the definition of the random pairing 
               Ka b ••• e 

                • • • <
a+...+ f, •••, e+•••+i>".                

1 
                    g ••• i) 

COROLLARY OF LEMMA 4.2: The averaging over all c. g. s. m. 

            (0,) / a b ••• e\ 
               • • • ••• • =E:Zpz ini••-•Zio,„v/N(v) 

           (cbs)\f g i/c
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is given by 

(2.2.20)— (01)a b ••• e(C)a b ••• e 

    

1= 

           aver • • ••• • 

          (Os) f g(720)Lf gz 
                              /a b ••• e\*              (

C) 
                                        •-• <a+•••+f, •••, e+...+i>** . 

                 (Os)                                        g• 

(proof) 
   In the similar manner to the proof of Lemma 2.2, we get 

             (01)/ a                                                                          ••• Ziosny         aver •  = aver                                                         Nei') 
             (65s) \ f   

                     E*4n••• 

            _ 

                              N(v):t7;aver (14,3+f •••4(;;)) 

                (01)K a   e\* 
                                                   -..- 

                                          <a+ •-• +f, •••, e+•••+i>" . 

                                                     • 

                  (c5s).f   i /, 

2.3 Symmetric means of vn's 

2.3.1 Moments of vn's 

   Let us consider the symmetric means 

(2.3.1)<ab• • • e)** 
of a sequence 

                                                                 11•• 51N 
                                                            • i 

(2.3.2) v1, v2, vN = gl, tl? 
                                            • ••• • 

                                                     e'R1 ••• eRN • 

   In virtue of the tables of symmetric function by David and Kendall 

[4], which will be abbreviated as S. F. Tables hereafter, we can easily ca-
lculate these symmetric means, for example 

                  1 
                         "" (2.3.3-1) <12>**N—(2)**±(1)* *2 

                   1  (2
.3.3-2) <21>**=N(2, (3)**+ (2)* (1)**} ,
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                   1 (2
.3.3-3) <2>4*.'N"){-6(8)**+8(6)**(2)**--1-3(4)**2 

                                     —6(4)**(2)**2+ (2)**4} . 

In these formulas, we need the following moments of the vn's, for example 

(2.3.4) (1)**=E(Efirern) =EgrEern = 0 , 
       1 rr 1

NN                      N
(2)**= E (.511:3v5'rn) 2 EielEeinEgrA3Eer2fleran • 

    1 r11 

   Hence, we can define the moments of vn's as follows, 

          d (1)**(2)*** 
(2.3.5) it; (v)=                          =0,iqv).=                                        =,tqv)d (Q1,                                                                         =a 

and so on, where 11; means i-th moment of vn's about the origin and Ati 

means ith moment of vn's about the mean. 

   In the situation such that the matrix 

                  ell • • 51N 
              • ••• • 

          5R1 5RN 

is a O.A. in which we have 

                  (=0                E erte. sn 
                          n=1 

             N 

                  A =0r, s, ••., v are orthogonal                   Ee rne.sn. • • s vn 
                           n=1 

                      =Nr , s, ••., v are alias, 

these moments of vn's become the function only fir's, such that for example 
/24 =E3,`!+E*g.g2s+Eatiasdergsgtg. where Eat ias means the summuation over all 
combinations of rows having the alias relation. 

2.3.2 Symmetric means of vn's 

   We shall present the symmetric means of vn's in table which shows the 
formulas such that 

   2nd column=sum of entries in the 3rd, 4th, columns and each en-
try is equal to Na-m(Sum of terms of /i's). In general, we have for the 

r column symmetric functions 

(2.3.6)[a. Ai(a) • • • (e) + A2(a+b) (c) • • • (e) 
                              +•••+Ar(a+b+•••+e) 

where A1, ••., Ar are constants obtained by the combinatorial calculations. 
Hence, in the case that the s1 unit entries are contained in the symmet-
ric function of vn's, we have (1)**=0 then
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                          Table 2-1 Symmetric means of rn's 

Degreeo(1)o(N-1) o(N-2) o(N-3) o(N-4) o(N-5) 

      <2>" . /12 
  2 

   <N1--(2)   12>** 

                                                                                                                                                    1 

                                                          —,,t2 

    <4>" P4 

        <22>" N2– (2)NI---(2)                   1-'22—7'4 

 4 <31>N1–(2)          "                                             —114 

     <211>"N2 -(3)N1–(4)             1 A,
222g4 

           <14>.**                                           N2-(4) N1–(4)                        3g
22 —6g4 

     <6>** /16                                   1 
  11 

   <51>N1–(2) "                                             —/26 

       <42>" N2–(2)N1–(2)               I ,a4/12---P6 

      <412>"N2--(3)Ni-–(3)                                -- ,a4P22/16 

     <32>**N2–(2)N1–(2)I             /2
32—P6 

     <321>**N2-(s)N1–(3)                                —,(132' P4112 --P6 
1 

  6 
            <313>**1                                             N2-(4) N1--(4)                                           1 2/1

32+3/A4/12—6g6 

       <23>"N3-(3)N2–(3)N1--(3)             I fi
23—31'41'2 2/26 

                            N3-(4)  N2-(4) N1–(4) 
   <2212>**2P32 

                          ----g23 +5P4fiz —606 

                                    N3–(5)N2–(5)N1–(5) I 
  <214>**—8032 

                                  3023 —18/102 28/26 

                                             N3–(6) N2–(6) Ni_(6) 
  <16>**40/132+ 

                                                —15/123 90/14/22 —12006 

      <8>** Its 

              N       <71>"1-(2) 
                      —fig 

  8N2-(2)      <62>**Ni-(2) 
              ,6,2—/16 

                                N2--(3)N1–(3)          <612>** 
                             —1202 2/-t8 

                                                                                                                                                                                                    1
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                                  Table 2-1 Continue 

Degreeo(1) o(N-1) o(N-2) o(N-3) o(N-4) o(N-5) o(N-6) o(N-7) 

        <53>i., N2— (2) N1—(2)                   /25/13— /28 

                            N2—(3) N1—(3) 
     <521>**—/15/13 

                          —P6/22 2a8 

                                          N2— (4) N1—(4) 
   <513>"2/25/43 

                             3/102—6g8 

       <42>"N2—(2) N1— (2)                 P
42—/18 

                               N2— (3) N1—(3) 
    <431>"—P-42 

                                 —/-15/13 2/18 

                 N3—(3) N2—(3) N1—(3) 
    <422>**—P42 

                P4P22 —2/102 2/-18 

                          N3—(4)N2—(4)
42N1—(4)   <4212>5*241 

                                   ri2 2g5it3                       —P4-23
,6,2—8/18 

                                                    N2—(5)                                       N3—(5)I
—6/442N1—(5)       <414>" 

                   I 

                                          3/14/222--nL5/13                                                      24/18 
8—,P6A2 

                 N3-(3) N2-(3) N1-(3) 
    <322>**—2/15/13 

               it32/12 —/102 aus 

    <3212>**N3—(4)N2—(4)                                                     N1—(4)     2u42                                               4
,115/13                                     _p32",2                                                                  —6,u8 

                                    /102 

                           N3- (4)N2-(4)N1-(4) 
     <3221>"—2,11321,2i'42                      —P4P221/Z32—6P8 

                                      N3-(5) N2-(5)                                                                N1—(5)                                                           —61t42 
   <3213>"5//32,ei                                                     —14/103 
                                                      ,24118                                       3/1022 —12/16,2 

                                                N3—(6) N2—(6)                                        N 
                                                   3011421—(6)       <315>** 

                                                         64/15/13                                                                    —120/18                                                  —15/141122 60/1022 

                N4—(4) N3—(4) N2—(4) N1—(4) 
      <24>** 

                P24—6/141122 8/26/22 —6/18 

                                       N3— (5) N2—(5)              N4—(5)Arl -- (5) 
   <2312>**6/'32g2 —12g              122421'224u8                                        9/14/12-20.06.02                                             2
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                                   Table 2-1 Continue 

Degree-6                o(1) o(N-1) o(N-2) o(N-3) o(N-4) o(N-5) o(N) o(N-7) 

              6)    
11N4—(6) N3—(6) N2—(N1—(6) 

                                                —28g32p21 30P42       <2214>** 
                                                        64 —1201/8                                   3/124 —33/14/122 84ttlitit: 

                                                               N3--(7) N2—(7)11N1—(7)  
^N4—(7)                                                                        —180/142  8 
<216>**,160/1321'2_ __384/'It                                                                    53720

g8                                                 15A24'180g
4g22 —480g6g2                                                    

. 
N4—(8)  N3—(8) N2—(8) N1—(8) 

  -<1 .8>.**1120u32/11260/142 
                                              432688P5g3 —5040g8  i1105/19                                                               - —1280/14P22 3360g6g2

(2.3.7) <a•••el•••1>**=o(N 2) 
                                          s1* 

2.4 Two way array finite population 

2.4.1 Symmetric means of a row in O.A. 

   In virtue of O.A., we have 

(2.4.1)if "a" is odd 
                                      n=i 

                                              if "a " is even, 

then following the other sort of symmetric functions can be easily obtain-
ed in ref ering to S.F. Tables. 

   Using these results, we get the symmetric means of one row in O.A. 

(2.4.2) <abc•••e>*=-- 1 if all a, b, c, •••, e are even 

(2.4.3) <abc••-e›* =0 if the order of the symmetric mean, 
                             (a+b+•••+e), is odd 

                    1  (2.4.4) <abc•••e>=*                 —N -1 '2 characters are odd 

              (-1) (-3)4 I I f                      — (N -1) (N-3) ' 

  (-1)(-3)(-5)6 tr /t 
                    (N-1) (N — 3) (N-5) ' 

                         (-1)(7-3)(-5)(-7)                      — (N -1) (N-3) (N —5)(N-7) '8 " "'
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In general, we have for the s. f.'s 

(2.4.5) [ab • e] = A i(a) (b) • (e) A2(a+ b) (c) • • • (e) ± • • • + Ar(a b e). 

Since odd number has no partition which is constructed by all even entries, 
then the odd degree s. f. and s. m. denoted as Rodd)P and <(odd)>*, are 

(2.4.6)Rodd)P=0 

and 

(2.4.7)<(odd)>*=0 . 

   Since the even degree s. f. contains even odd entries, we have 

(2.4.8) [ab•••eag-••e]=Ai(a)(b)••• (a+ g)••• 0+0+ •••+Ai(a+ •-• +5) , 

where a, b, •••, e stand for even entries and a, g, •••, e stand for odd en-
tries. In virtue of formula (2.4.1), we have 

(2.4.9)[a•••ea•••e]*=o(N 2) , 

where s1*, s,* stand for the sum of even and odd entries, respectively. 
Consequently we get 

                                                                                   s2s 

(2.4.10)<ab•••ea•••e>'' =o(N 2) . 

Furthermore, since the 2K-th degree s. f. has the highest s1* when the all 
entries are 2, st=--K, in the case that the number of entries k is larger 
than K, we have s2 unit entries, 

(2.4.12)sr=k—K , 
then 

                                Si* S2*                                                                 k-K 

(2.4.13)<22•21•1>*— o(N 2) 

2.4.2 Relations between rows of O.A. 

   So as to calculate the g. s. f.'s of zo„ (q=1, 2, •••, ; n=1 , N) 

we shall average over all c. g. s. f.'s of possible bisamples, 

                     zfi 1 • • • Z fiN 

      . . 

                      Z fo. • • • Z f,„N 

   Let us consider the c. g. s. f.'s of orthogonal array with two levels. 
In these O.A., we have alias relations (refer to Box & Hunter [2] [3] and 
Shimada [8]) with respect to particular three or more rows, such that

row No relation 
  1 

20 
3 0 

4 0
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5 is 
6CD 
7 (123) •

In this table, the relation column means that for example the individuals 
in the or 13 or 23 or (123) column are equal to the product of the indivi-
duals in the C)and 0, or 0 and © or 20 and © columns which are com-

ponents of the number of relations 12 or (I) or 33 or (123). That is to say, 
zi„z2„=z4„, z2„z3n=z6„, and zinz2„z3„----z7, and so on. These relations are the 
well known " alias " relations. 

   In our calculations of c. g. s. f.'s of O.A., we shall represent the c. g. 
s. f.'s with relation numbers in places of row number so as to distinct the 
alias relation in these rows to orthogonal relation shall denote " alias " or 
" orth " at the bottom of c. g. s. f.'s and c. g. s. m.'s. With respect to the 
relation numbers it must be noticed that the third relation between the 
several rows sampled from the O. A. exists in addition to the above alias 
and orthogonal relations. That is to say, the case that the alias relation ex-
ists in a part of all these sampled rows, such that for example 

         (CD, ©, CD, C)) 
                               —±partially alias 

          (C), ©, e, ©, (123) ) 

and so on, in addition to the relations such that, for example 

            0, 0, 0, CD, —>orthogonal 

             ©, ©, (123),  

Furthermore, for the orthogonal relation, we have 0, ©, •••, (-6) equivalent 
relation in the permuted row number 0,, G-6), •••, 0 and for the alias rela-
tion C), 0, •••, (o) , and (12••4) we have equivalent relation in the permuted 
relation number, C), 0, •••, (12-o), •••, 0. On the other hand, in the third 
relation, we have not equivalent relation in the permuted sequence of the 
row numbers. 

2.4.3 Diagonal c. g. s. f.'s of O.A. 

   In virtue of orthogonality of O.A., we have 

(2.4.14)                  ()e-0 ' 
and in general 

               /1 

(2.4.15)1 , 

                    1 C 
                                      orth 

                1 (2.4.16)1 , 
                    1 c 

                                    alias
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    /1 

where 1. represents the c. g. s. f. having rows in a orthogonal relation 

     \ 1 c 
            orth 

                                  I 1 \ 
such that for example C), C), and (:), and represents the c. g. s. f. 

                              \ 1 C 
                                                                     alias 

having the rows in an alias relations, such that for example CD, () and g. 
   Since the orthogonal or alias relations are held in the permutation of 

rows, the column g. s. f.'s, which are generated by the permutations of 
rows are equal to each other in the case the alias relation and orthogonal 
relation are held in the sampled rows. 

   On the other hand, for a rows of zp„ we can also denote 

                1 ,         '0( 1 )c©( 1 )c= c,(1 )c )c 

       8(1)c(1=OC)(1)(111)e+8CD\/-1i )c 
and so on. In general, all s. f.'s in the S. F. Tables by David and Kendall 

can be denoted as the c. g. s. f.'s partitioned into several rows so as to 

partition into unit entries. 
   Similarly, in the case the alias and orthogonal relations are in our 0. 

A., we have 

       (1) (1) (11) 
and 

       0)0)(1)—(1)+ 3711:\+(1_711)                 alias\ 1 / \-1/ \ — —1/ 
                          aliasaliasalias 

and so on, where ( )'s are the abbreviated notation of c. g. s. f.'s with 
no subscript and no pre-assigned row number so as to represent the ana-
logy of s. f.'s for a row. 

   We can tabulate these relations in the style of the S.F. Tables. such 
that for example 

               (1 ( ( 1 —1 
(2.4.17)                  1 ) 1) — 1) 

            1       

, (1) 
      11 —1 2 

        ( 1 ) 1 1 —3      (1) 
         ( 1 )(1 )( 1 ) 1 3 1
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and so on. 

   These tables are, of course, equivalent to the S.F. Tables except the 
notation of s. f.'s in the 1st column and 1st row, which are partitioned to 
different rows. 

   In our third condition, in which the alias relation exists in a part of 
the sampled rows, we have also the formulas (2.4.17) etc. 

   Consequently, we can use these tables in the same manner to converge 

                 / 1 \ 

the product-sums, such as11,) and so on, into terms of c. g. s. f.'s 
               \1/ 

or vice versa. 

   Then we get easily

        (-1—T)c-                  -0 

                                  1 -- 

      C_Til)=0,         --c1 _i)c=2N , 
       orthalias 

        I 1 ---\1 — — — 
              —1--—1-- 

                                  —1—= — 6N , 

       \ — — — 1 C 1 C 
        orthalias 

and 

     (1     — — 1 --- 
          --1-- =0 , -- 1-- =24N. 

    1— _ _1— 

        orthalias 

2.4.4 Ordinary c. g. s. f.'s of O.A. 

   In virtue of our O.A. with two levels, any g. s. f.'s containing odd en-
tries can convert the g. s. f.'s which have at most only one odd entry in 
any column. Furthermore, any c. g. s. f. with only one odd entry in any 
column can be obtained as the last term of the expansions of the product 
of the non-zero c. g. s. f.'s which consist of two sorts of c. g. s. f.'s, such 

that one of these is [1s] and the other one is the diagonal c. g. s. f.'s such 
as 

                              • • \ 

        1 .
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   First of all, let us calculate ( 1 1                              1 1)
c ' 

then 

(2.4.18) (111 1 ) e=--1 1 )( 1 1 )-2T/1 1`A±11Z—_(11 11—)  — 

. 

Substituting the results 

            1 1  
 ©1 1)=ED( i 1) = — N 

and 

               C)/ 1           (— 111 11=z- 1 -)= 2N , 
 g\-- 1 

then we get 

         C)(1 1--1 1                    ——)=N2 —6N . 
       — Using these symbolic recurrence procedures, we can calculate the g. s. f.'s 

in refering to the above c. g. s. f. Tables. 
   On the other hand, we have a theorem, such that, the order of N of 

the product, F (N), of non-zero polynomials, fi(N), fi(N), is equal to 
the sum of these orders of the original polynomials. In virtue of the theo-
rem, with respect to the all g. s. m.'s which are derived from the mul-
tiplication of several non-zero c. g. s. f.'s, we have 

                                                                           s*—h 

(2.4.19) x h)]*c=0(N ) , 

where [(s x h)]* is a c. g. s. m. of our O.A. with s rows and h columns 
and s* stands for the sum of order of N in the original non-zero c. g. s. 
f.'s. Furthermore, we have      

1   1--            -1 — ———o((—1--)(-1--                            —))o (N2) , 
     --1———1 --1 

                                         — — — 1 — — I aliasalias 
            ----1 

                  1/    
1       

1                 —/1 — — —\ _ _            — — — 1    = o(—l—-- 1(— 1—))=o(N2),                  1 1\ — — — 1 /1 
                                                                  al:as 

and 
   '1   

    —1             

1  i 1 — — — 1 ---                              — o((—1(—1)--o (N2)            ---1 1 — — ———1 — ——1— 
            1--- 1---1 

              1aliasalias 
  1
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and, for c. g. s. f. with h columns in diagonal, we have 

                     0 

(2.4.20)1 = o(N3)  . 

                                        \ 

 0\, 
                                          diagonal 

Consequently, refering to the formulas (2.4.9) and (2.4.19), we get 

 (2.4.21)s* ‹E (s + s 
                        2 where s and s are the sum of even and odd entries of i-th original c. g. 

s. f., for example we have [21111] [11] = N("N(2'<21111> <11> , and from 
this 

             s*<(5 4+ (22)=3 + 1 , 
     2 then we get easily 

                 2 1 1 1 1 1=o(N-1) 
                  L— — 1 1 

and 

                2 1 1 1 
1           11.                  L———— 

2.4.6 g. s. m.'s of O.A. 

   In this section, tables which make possible the calculation of the higher 
moments of 22, will be presented. In virtue of O.A. all g. s. m.'s with h 
columns can be classified into several g. s. m.'s with h entries which have 

only one entry in a column as follows. 

  1 columns: 

     all entries are even 

             [(sx 1)]* =1 

 2 columns: 

     all are even 

             [(sx2)]* =1 

            T (. 1 1 
           0 1 1 =1 

      g , 
                                     alias 

              Or 1 1 1 _-1                  -J=N-1 

  3 columns :
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         [(s x 3)] =1all are even 

         C'1 1 -1 
        •- -N-1 

             Ol " --*=0 
               CD-- - 1 

        CD' 1 — * 2  
                - 1(N —1) (N-2)                CD --1 

                                  alias 

              •1 — — )* 
              OO- 1 — =0 

               CD\ — — 1 / 

 4 columns: 

          x 4)]* =1all are even 

             0E--1 1——1  
             CiL——-J N-1 

         of1 1 1  3   
              (Dt— — — (N — 1) (N— 3) 

        Di1 1—N — 6 
             •- - 1 1 , (N — 1) (N —2) (N —3) 

        CD 1 — — \*2  

                  _1T.2(N — 1) (N —2) 
                                 alias 

                07 1 — — \* 
           •- 1 — =0 

              (Di — 1 
                                   orth 

           CD(- - 
    •-1-- —6  

              C) — — 1 — — (N-1) (N —2) (N —3)                      — — — 1 
                                    alias 

               CD/ 1 — — — 
                (1) -1--  =0 

               CD'-1 — 
                 \ — —1 

                                   orth /) 

 5 and more columns : 

   For our present purpose with respect to the culculation of the 4th and 
less degree moments of 22, we have 

                    s*<4 , 

because s is the sum of (sP s2 /2)'s of the original s. f.'s which are con-
structed by the partitions of the all even partitions of number 8. In gen-
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eral, we have for K-th moment of 22 
(2.4.22)s*  <IC 
because the original s. f.'s are constructed by the partitions of all even par-
titions of number " 2K ", and s* is equal to the sum of the numbers of 
even and a half of odd entries in these all s. f.'s. 

   In virtue of formula (2.4.21) and (2.4.22), we get 
(2.4.23)j(s xh)]* =19 (N (h-k))for h> k . 

3. Moments of 2ip and 22 

3.1 Expansions of 4j, and 21,' 

3.1.1 Expansions of 41, 

   In virtue of the results in our previous chapter in this paper, we can 
obtain the S-th degree moment (refer to Fisher [5], Robson [7], Behnken 
[1], and Wishert [11]) of 
(3.1.1) 

                    1.7-P=11\iXP:V3 

                       <1p> , 

such that 

(3.1.2)aver-le/Sp= aver {<1p>s 

ref ering to the S.F. Table [4]. 

   Henceforth expanding the formula 

           4p= {2 (ap+ -f7p) 2 and substituting (3.1.2), we get 

(3.1.3-1)aver /11A = (2)(2s)a2p---s aver <1p>s 

                                             4 (3.1.3-2)aver(N2)2SP4)ce-s aver<1p>1 
                 s=0 

(3.1.3-3)6              aver=s )ap s aver <15>s 

                        88 (3.1.3-4)aver21A= (1\;N(s )ap_s aver I <1p>sj 
and
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             (N)s(a 
                                2S\2s- (3.1.3-5) aver4p2spsavr<1 p>s . 

Therefore, we have 

(3.1.4-1) aver 2, N—a2P2apaver< 1 p> + aver<11,>2 ,           P2 

                             1                 =
2{a2p+2ap<lp>+N2 (N p) N (N — 1) <1 pl p)) 

and 

                                       2 (3.1.4-2) aver 212p} (2) cej+ 4c4aver<1,,>+ 6ceaver< 1 p> 2 
                           + 4a paver<1 p>3 + aver<lp>4} 

                 = (2) 2 a,-1- (1\27 )2 Li*. ail vi; 
       Table 3.1.1-1 Table of the 2nd term of righthand side of the formula (3 .1.4-2) 

             NN(N-1) N(N-1)(N-2) N(N-1)(N-2)(N-3) 

      4ap3/N<1p> 

      6CX p2/ N2<2p><1p2> 

     4a p/ N3<3p>3<2p1p><1p3> 

       1/N4 < 4p > 4<3p1p>+3<2p2> , 6<2p1p2>< 1p4> 

   In the above and following Tables, we shall show the double summa-
      I J 

tion EEaibic,7, as in the Table 3.1.1-2. 
        i= 1 j= 1 

                  Table 3.1.1-2 Representation in table of the formula 

                             EEa,bjCij 

                  b1 b2 • • • bj • • • b j 

                alC11 C12 • • • Clj • • • Cij 

                a2 C21 C22 • • • C23 • • • C2J 

            •... . . .. . . . 

                aiCil Ci2 • • • Cij • • • Cij 

            a7CI1 •••• • • .• • • •                        Cl2 ' • • Cif ' • • elf 

Furthermore, we get
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                                       3 

(3.1.4-3) aver dqp ----- (-2)  c:e6p+6ce5paver<1p> + 82 ) cel,aver<1p>2 

          + 36 )a;aver< 1p>3+ ( 46 )c4aver< 1p>4 + 6cepaver<lp>6 
           +aver< 1p>6 

             =(N)3a'+(1V)3abic.; 
            ^2/P\2/ 

        Table 3.1.1-3 Representation of the EEaibicii term in the formula (3.1.4-3) 

      N(1) N(2)NO3)N(4) N(5)N(6) 

  6 
   Kl• aP5 < lb) 

  15 
  /s-paP4 <2p> <1P2> 

  20 
    ap3 <3p) 3<2plp> <1p3> 

  15 < > 3p1p > 6 <2p1p2><44> 
   N4 ceP2                  3 < 2

p2 

  6 <5P> 5 <4p1p> 10 <3p1p2> 10 <2p1p3> <1p5> 
   N5 aP                  10 <3 c2p>15<2p21p> 

          <6p> 6<5plp > 15<4p1p2> 20<3p1p3> 15<2p1p4> <ips> 

   N6 15<4p2p> 66<3p2p1p> 45<2p21p2> 
                 10<3p2> 15<2p3> 

                                      4 (3.1.4-4) aver = (2) I + 8cepaver<lp> + 82 )ce6paver<1p>2 

            +( 38 )c4averl p> 3 ± (48) cejaver< 1p>4+ (58) ce3paver<1p>5 
              +(8 )ce2Paver<1p>6 + 8cepaver<lp>7+ aver< 1p>8 

         6 

             (2 )4ap+(A2T) 4 i8 
             8 

, 

and 

                   N s2S (3.1.4-5) averp -=-2-)ap+1) a2ps-laver< 1 p> + 
                       • • • + aver< ip>2si 

                    ,(AT)s a2S(N\ss2S2S 
                        \2/P2) i=1 j=1 tj •
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        Table 3.1.1-4 Representation of the (EEaibjcii) term of the formula (3.1.4-4) 

    N N(2)N(3)N(4)N(5)N(6) N(7) j N(8) 

 ceP7 <1P> 

28 6 
map <2p> < 1p2 > 

56  a p5 j <3p> 3 <2p1p><1p3> N3 

704<4p> 14 <3p1p> 6 <2p1p2><1p4> 
N4aP3 <2 p2> 

56<5p> 5 <4p1p> 10 < 3 p1p2> 10 <2p1p3><1p5> 
     3 N5 aP           10 < 3p2p > 15<2p~lp>I 

      <6p> 8 < 5plp > 15 <4p1p2> 20 <3p1p3> 15 < 2p1p4><46> 28 
 N6 a P-9     15 <4'1,2 p> 60 <3p2p1p> 45 < 2p21p2> 

           10<3p2> 15 <2p3> 

      <7k> 7 < 6p1p> 21 <5p1p2> 35 <4p1p3> 35 <3p1p4> 21 < 2p1p5><1p7> 
821 < 5p2p > 105 < 4p 2p1p >1210 <3p2p1p2> 105 <2p21p3> 
'NT? a PI35 <4p3p > l 70 <3p1p2> 105 <2p31p> 

                  105 <3p2p2> 

      < 8p > 8 < 7plp > 28 < 6p1p2> 56 < 5p1p3> 70 <4p1p4> 56 < 3p1p5> 28 <2p1p6> < ips > 

 128 < 6p2p > 168 < 5p2 p> 420 <4p2p1p2> 560 <3p2p1p3> 210 <2p21p4> 
 N856 < 5p3p > 280 <4p3p1p > 280 < 3p21p2> 420 (2p3i 1,2 > 

           35 < 4p2 > 210 <4p2p2> 840 <3p2p21p> 
                  280 < 3p22p> 105 <2p4>

Table 3.1.1-5 Representation of the (EEaibicii) term of the formula (3.1.4-5) 

                  N(1)I• 

     

II•INt2s) 

   kr (21S) a p2S-1 < 1k > 
    1 S2 

   N2(22 ) apS_2 <2P >.... 
     112S)2, _,„, 

   N3k3ja P‘01 ,,.... 

           .... 

  .. 

  ..•... 

    N2i_0,.,)           <2Sp>••••(1p2s>

3.1.2 Expansions of 4 

   As we have seen in Lemma 2 of the previous paper [12], we have an-

other statistic 

                 N•2 (3
.1.5)22—EV0                           2

0=1
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where 

 0  N  —  P . 

   In virtue of the S. F. Table [41, we can expand the higher powers of 
2 2 r as follows, 

(3.1.6-1)22= 2 [2] 
       T, (3.1.6-2)4=/A; [4] -r [22]; 

(3.1.6-3)4= (1\72)3[6]+3[42]+[222]} 

(3.1.6-4)(N2)4i[8[+4[62]+3[42]+6[422]+ [24] , 

where square brackets [ ]'s are symmetric functions of -17L 1,1 •••, -1,.;), such 
that 

(3.1.7)[ab • • e] = E;---1.7fffOg••• Vk . 
In general, we have 

(3.1.8)(2-LvrE(a! • • • e!K1 1(a! • • • d)[(2a)••-(2e)E] 
where E stands a summation over all even possible partitions of the num-

ber 2K, [(2a)'••• (2e)1. Substituting the relation -V,=<lf>2 to the above 
square brackets, we get 

(3.1.9-1) —Ef< lf> 2 
(3.1.9-2)[4]=Ef<if> 4 

(3.1.9-3)[22]=E7<if>2<ig>2 

(3.1.9-4)[6]=Ef< if>6 
(3.1.9-5)[42]----E<If>4<ig>2 

(3.1.9-6)[222]__/,-7<if>2<ig>2<ih>2 

(3.1.9-7)[8]=Ef <lf>8 
(3.1.9-8)[62] =E7<lf>6< lg>2 

(3.1.9-9)[44], E7 <lf>4<1g>4 

(3.1.9-10)[422]= E7<lf>4<1 g>2< h>2 
and 

(3.1.9-11)[2222],---E7<lf>2<lg>2<lh>2<li>2 . 
   These multiplication (3.1.9-3, 5, 6, 8, 9, and 10) of powers of angle 

brackets such as < >'s are tabulated in Table 3.1.2. In this table, we 
shall mean that



                              Table 3.1.2 Multiplications of the angle brackets, <  >'s 

N4<if>2<li>2[2f] [2g][lf 2] [2g][2f] [1g2][1f2] [1g2] 

 

, - I 

N6<1 f>2<1 g>2 [2f] [2g] [24]3 [1f2] [2g] [24]3 [1/2] [1g2] [2h] 
<1h>2[1f2l [lg2] [1421 

N8<lf>2<,1g>2[2f] [2g] [24] [2:]4 [1f2] [2g] [24] [2: ]4 [1f2] [1g2] [1h2] [2i] 
 <14>2<11>26[1f2] [2g] [1421 [2i][1f2] [g2] [1h2] [ii2] 

N6<if>4<1g>2[4 f] [2g]4 [3flf] [2 g]3 [2f2] [2g]6 [2 f1f2] [2g][1f4] [2g] 
              [4f] [1g2]4 [3flf] [lg2]3 [2f21 [ig2]6 [2f1f2] [lg2] [if4] [lg2] 

N8<1f>4<1g>2[4f] [2g] [24]4[3flf] [2g] [2h] 3[2f2] [2g] [24]6 [2f1f2] [2g] [24] [if4] [2g] [2h1 
   <14.2[4f] [lg2] [2h]4 [3f1f] [1g2] [24]3 [2f2] [1g2] [24]6 [2f1f2] [1g2] [24][if4] [ig2] [24] 
              [4f] [2g] [142]4 [3flf] [2g] [142]3 [2/2] [2g] [142]6 [2 flf2 [ [2g] [142] [if4] [2g] [142] 

               [4f] [1g2] [1,2]4 [3flf] [1g2] [142]3 [2/2] [1g2] [1h2]6 [2f1f2] [1g2] [1421 [if4] [1g2] [142] 

N8<1f>4<1g>4 [4f] [4g]8 [3f1f1 [4g]6 [2f] 4g]12 [2 flf2] [4g]2 [1f4] [4g] 
                               16 [3flf] [3gig]24 [2f1 [3g1g]48 [2f1f2] [3g1g]8 [1f4] [3g1g] 
                                                 9 [2f1 [2g2]36 [2f1f2] [2g2]6 [1f4] [2g2] 

                                                                 36 [2f1 f2] [2g1/]12 [1f4] [2g1g2] 
                                                                                             [1,'4] [lg4] 

N8<lf>6<1g>2[6f] [2g]6 [5f1f] [2g]15 [4f2f] [2g]10 [3f2] [2g]15 [4f1f 2] [2g] 
              60 [3f2f1f] [2g]15 [2f3] [2g]20 [3 f1f3] [2g]45 [2f21f2] [2g]15 [2 f1f4] [2g] 
               [1f6] [2g] 

                [6f] [lg2]6 [54 fl [1g2]15 [4f2f] [1g2110 [3f2] [ig2]15 [4 f1 f2] [ig2] 
              60 [3f2f1f ] [lg2]15 [2f3] [ig2]20 [3f1f3] [lg2]45 [2 /21/2] [lg2]15 [2f1 f4] [1g2] 

                [1161 [ig2]
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(3.1.10) 1st column=sum of terms of 2nd, 3rd, •••, and last columns 
 for example 

(3.1.11) N2<lf>2<1,>2=-[2f][2,]+[1f2][2,]+[2f][1,2]-41J-1[1,2] 
Furthermore the multiplications of brackets are given by the method such 
that 

          (f) 1 1 1 1 (f) (f) /--" 

 [1.1][1;][2d = (g) — — — — (g) 1 1 (g) — — N(4)N(2)N . 

         (h) _ _ _ (h), (i) 2 

3.1.3 1st, 2nd, 3rd and 4th moments of 22 

   In virtue of these results, we can write down the moments of 22i as 
follows. We shall present the moments of 22 in the style of tables, as we 
have seen in the moments of 2ip. In these tables, we shall mean 
I J 
E E aibicu, where of is i-th row entry in the 1st column I); is j-th column 
j=1 j=1 

entry in the 1st row and cf; is the sum of i-th row and j-th column entry. 

In these expansions we shall use the relation 

                   (71) r a • • e\// a • • e 

       >j aver_0(v) 

                  (fp) g • . . i i g • • 

Furthermore, the coefficients of these g. s. m.'s are obtained by the combi-
natorial rules which can be seen in the section 2.1.2. 

   Then we get the higher moments of 22, as follows, 

(3.1.12-1) aver22= Eaver <1..),->2                 Nf 

                                        2 

                            E albiC1 
                                             j=i 

                  Table 3.1.3-1 Representation of the formula (3.1.12-1) 

                           N(1)-1N(2)-1 

                [[ 2 —))CC 1 1 j] 

(3.1.12-2) aver=(N )2             4averEf<1                    2f>4 averE*< lf>2< 1 g>2 

                         = 1 )2a .b.c.- 
                             2j=1 1=1
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          Table 3.1.3-2 Representation of the formula (3.1.12-2) 

      NN-2,N(N-1)N(N-1)(N-2) N(N-1)(N-2)(N-3)      N2N2N2 

   r[413 1 jj4[[6 [ril2 1 1j]  L[[11)) 

           3 [[ 2 2 i] 

           [L-2 a 
0(2)4[211)]2Crll2JJ 

            2[1111 ]) 4ry11_11( - 1 T iJJ        (1 1,t,

                    163 (3.1.12-3)averil!} = (-0-)3 E E , 
                                                 j=1 i=1 

and 

                     184 (3.1.12-4)aver4= (-0-)4 jEEiaibjci; . 
                                             =1=1
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      Table 3.1.3-3 Representation of the expansion of formula 3.1.12-3,  aver{/123} 

   N(1)-3N(2)-3N(3)-3 

       ))6[[5 1 Iii5[[ 4 2 ))10[[ 3 3 jj 15[[ 4 1 1 jj60[[ 3 2 1 ))/([ 2 2 2j 0 ([ 6] 

    0 -1 [[-4 2 33 

            2 C[41 —1 ))[[ 1 1 4 )) 

           4E -1))4[C-9))4C[3 —12 ]] 

          8[0 31 )38[C113)) 3)) 8[[31 —1 1 

            6 0 .3)3 [C 2 2 2 ]) 

            6 [C 212))12[[2 —1a 

                         6 [C 1 1)) 12[[ 2 2 1 )) 
30(2) 

                           12[[ _2jj 24[[11121 )]                                 1 11 

                      2 —I 

  [rT    L 2 —----2 -- 
          3[21 

                       -—2.-                      [[_2211 
                                        12                612-ii-6--1—1I-•1 1 —13- -- 1 1 —1                                                ----2 

0(3)-2—..---.—2J.-[2-- 2-.-[-- 2- 
                                                 i'1 1 - A f'1 1 -('\1 - \)               12-C11T6 1 1 —12 , 1 — 1 24,11-1 

                -1-2 —.-\,-- 2 ii,‘,2 --12-- 2 4 

                4 [[I1-11124.111 1.----1-8---11 1 —1v 
                 1 1___ 1_1 J....._,,._1 I__



Random Combined Fractional Factorial Designs II:43

 N(4)-3 N(5)-3N(6)-3 

 20[[ 3 1 1 1j)46[[2 2 1 1))16[[2 1 1 1 11) [[ 1 1 1 1 1 11 

4 1 

 3 [ [ —1 2 ) 

 6[[2 1 1—2j) 

      1112[[1 121—0)6[(1 1 2)) 24[[1 2 

 4[[211 1 1jj[[1 1 1—2j) 

12[( 111 11[[1 1 1—a[[1 1 1 1 

 31 
           2 —1— 

    1 1 -- 1 1 --     —1—112,L113    __-2—2 ---- - - - 2 

 611118I111 —7"24(:'11—1 —1—2.12[r111[ [- 
  1/--14----11
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                Table 3.1.3-4 Expansion of the formula 3.1.12-4, aver{224}   

1 N(1)-4; N(2)-4N(3)-4N(4)-4  
1 I 

   if-- 8 8 r(7 1Ti28T6 211 
0--.--J-JLL-----JJ28[[6 1 1D68[[_5 2 1)]58([5 1 1 11420[C4 2 1 1 )] 

       56L53D5[[4LI)) 280[[4__.3111210[[4 2 211                                       111280C(3 
                               105[[2 2 2 2)3                 280[[ 3 3 2j) 

 0 1)) [[62])  
     6U1))6[[52D 6[[5 —1 2)]  

      15[[ ,t23)15[[4))15[[ 4 22jj 

         200—3)) 10[ [ —3—3—a 

                   15V 1 1))30[[412.1))15C[4 1 1—11                                                                  --- 2 ,Jj 

                 60[[2 1j) 60[(3221)360C[ 3 2 1—2)) 
                 60[[3 2 21 )3 

              45[C 2 2 ))15C [ _ 2 2 2 2 j ) 
                                    1 1 111 80[[ 3211j)                          20[[ 

40(2)9([222 1 1)) j] 90[12 2211))  

     2 V 1)) CC 116)        1-61) 

     12C01)) 12([7 1 TA12[[_                     511 6C[_5111])  

       30[U1)) 30[[ 1 2 —a 300 TT)) 15L4 2 1 a 

       20C[ 1 )) 40[[3 1 1))10E3 —3 —1 —1 i j  

                                   30[[411 1—a11 TA          60[[60[[ 41                   1 11 I])3°[[4 1 111) 

                                             — 

                  120[[1 121 D20[C.T.2il)3                                        120a.12____11 ij120[[ 3 21 1 a 
                12001 1))120([3 2 I. 1))
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 N(5)-4N(6)-4N(7)-4N(8)-4 

70[[ 4 1 1 1 1 ])560[[ 3 2 1 1 1 ]) 56[[ 3 1 1 1 1 113 28[[ 2 1 1 1 1 1 1  ij[[ 1 1 1 1 1 1 1 13 
420[[  2 2 2 1 1 _I)                   210[[  2 2 1 1 1 1  ]) 

20[[3111—2'D 

45[[ 2 2 1 1 2]  

15((2 1 1 1 1 ])60[[2211 1 1])15([ 2 1 1 1 1—21) 

                  6[[1211111]) [[111111—Ii                                                                          2J...1 

15[[__4_1 TT])
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Table 3.1.3-5 Continue 

  N(1)-4N(2)-4N(3)-4N(4)-4 

                    90[[21212j)90[[222-1  

                              12O[[1 1JI120[[_                                                  "111.1Jj 

                                   90[[21211 190[[2 211]] 
                                 360[[221 111]] 

 (C1[[-4  

        8[C34 8 [ —3 4 [ [ —3 —1 4 

     12[[ --)] 6 [[22 a 

                   24L1 1 1 21)12[[1 12                              4j) 12L1—4IA 

                                   8 E. 1 1 1 ]) 

      16[[ 3 )316[[ j. 31 jj 16[[ 3 31 6) 161C 3 16[[ 3 1 3 T.]) 
               16C(11)] 16[[1 -1 

30(2)48CC 32 48[[ 3 2 Ti) 48[[ 1 2 3 ]) 24[[ 2 2 3 -11]) 

                 96C1 1 j) 96[[231.48[[ 3211Tj)96[[2_ 11-11) 
               96[[13.1)) 48[[h1])96[[21]] 

                                  96[[ 31 1. 1 1 j) 

     18E fl) 36([9 [[ 2 2 2 2))  

                  144([ 21 1)) 72[[ 2 21 12. ]) 72[[ 22 1 1                                  2))144C(- 21 12 jj 

                                 72[[ 21 21 1 1 jj 

                                           — 

                 72[[])1.44([12 11])144[[11 11j)144a. 
                      144[[ 2 21-a4 4 [ [21 2 ]) 

                                   72[[-21 11- 2 j)
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     N(5)-4N(6)-4N(7)-4  N(5)-4 

15(C2 2 2 —1 111 

40[[ 1 1 1 —a120[[ 3 11 —a 20[[ 3 1 1 1 1 i jj 

180([2      1 11180[C221—45[[2211—1—a 

120[[21111 T180[[2111 111 30[CT1111—a115[(2 1 1 1 1 —1—1)) 
                            1 1 1—a                 120([ 2 

                      30[[ 11 11 1 1 1 111 12[0 1 1 1 1 1 111 1 1 1 1 1 1 —1 —1 
             ))I 

 2 [[ 1 1 1 1 —4 )3 

48[[ 2 1 1 3 a 

32[C13.1 1 1—a32[[1.1 1 1 1 —3)]8[(1 1 1 1 —1—3)) 

 36[[ 2 11-2-2 

     1 1 1—2)]6 [( 1 1 1 1—2 —2)) 48[[ 12- 
Qa[[2 1 1--1-1-70[[2 1 1—Dof(2 1 1 `'`'2 -- 1 11J— 2 — 1 1--- 2 1 1 

72[[ 1 1-2--a144[C-2 11 —1 -2- -a.
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Table 3.1.3-6 Continue 

 N(1)-4N(2)-4N(3)-4N(4)-4 

1;i 

                          288[N 1 1 11) 

                              24[[ 1 1 1 24((1 1 1 
      '(4—",F 7" 4 — 's; /'4 —',' .-- 4 ---- 

     2 — 2 ! 2—; III — 2—2— 

                                              „ 

       2 —41 — 2 ,) \, — 2 /, ---- 2 -_- 

                 ,r 3 1 "‘, (, 3 1 ) -13 1 ---- ,-- 3 1 -----11-[--3 1 ------           4,2—118'2— 812-- 8 —2—  4 I—2 — 
                \ 2 —,:'— 2,):-J--- 2 ---,--- 2,--t---- 2 ---- 

                                       -----          31 I 
    .4—2—3 1----                        4[--  'I f 

                  "( 2 2 ‘\ (1'2 2 ----2 2 ------ - 2 2 ------ 12 2 ----            62—,1; 61 2—;3L-- 2 12 2-- 3--2—           [ 
                 2 —,'\,,— 2 ;,'--- 2--- -- 2.----..--- 2 -- 

                               6 rri.1 /.11----12-----1 1--                                                            1124.----22.—1--                                   Li-2--- --- ---2—_-_------2.-------- 2 

                      12211]2 212——1—6 pi--2—1-1-2]               T— 

60(3)4 rri2.iii--n12r2. _iiii-i                                                 LL
.2---JJ-I_-2--JJ 

           4ill1 )`,4((,/11\,,,,               (4--1 14---------4--1- 1 1—4---2--1 1-4                                                       4--— 
                2 —))— 2j ------ 2 --- J-2 — ------ 2 -- 

             2 [[ 1 1 -il] 
           ((31\,/3T31--------31—i---i31----r31--ii 

            16;'11 16:11I1611—161—1161—1—16—1 1— 
                  2—))1\2I,'---2 -----.-. 2----.----2 ----.----2 

                16[."---1]16[[T..1-178r—31T. T]8 [ [—3—1—111 1 
                          -.—2—----2---.2-----—2-- 

                    16[[-3 1.—11116-----3 11TI16i-3—1 —1—12-1 
                                 2--.--...—2—-.---2---                                "31 ----i 

                           16 —11 
                                                 •--2 -- 

      241 T. .12rr 121i                            -124-212--1-124\\21112---2—211 11                                L--2-_-_ 2------.——2--.--. 2--- 

               24IT._---iii24[_2Til12THT.T.-1-1 
                   -2—--2--2-JJ
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     N(5)-4N(6)-4N(-)-4N(8)-4 

     1 1 -2jj2881121 Tjj48[[21111-1—iji121i111 1—2 144[[ 
                       96ri1 11 1 --11                                     2 J J 

 96L[111-11----)).,6r-r 1 1 1 11 1 1 1 
                                                    Lj.1--- 1 1 1 JJ ----1111 

   - -2 11--- 

 6 ---2- 

   -111-----1111---  1111--- 

 8 2---- ----2 
               2-  

8.!111in     ----2-J 

6 rj
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Table 3.1.3- 7 Continue 

  N(1)-4A/(3)-4N(4)-4 

                         

1—.-2 11-1—21rr21 1 —r--21-I                 48,148,1_,48 L111124!1—1 1—             21L_L--222 

                               2 11-;2 1 1--2 1 1-- 
                                48,1                        1 1 — j24 I1 -- 1 48 —1-1 

             2,J ,L2--2 
                    2 1 1r-2 1-----, 

                      48 1 — 1 1 14811 -- 1 r 
                       „L--- 2 JJLt--- 2 

                        -2111--,—;r-2 1 121 1----,— 
                            24! I-1 1 I' 

                  2481 _I__1 48 -- 1 1                            2 -- 2 
                                                             21 1 —

1—                              24111-48[C11—                                                       1.I 
                        -- 22— 

                                    48111"]-481— 11 111 1i- 
                               22 ----1_- 

60(3) 

                     1 1--             41 ' 1 12 1.—111—141 11-1-1-14-ri-1-1-1----4r-iTT-1 
    4444[-- 4 

                          1-- 
                       8 1-1                                

1—        22---22c-2 2r-2 2       1211 148T11—22                                          1__112, 1 1-- 2411 — 1 — 
        —1-_1 1—[J_ ——1,—L-1 -- 1- 

                          r- 2 2 
            241 1-1241 

L__1 1_ 
                                             - - 2 2 

                                           6 --11 
                                                       t
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     N(5)-4N(6)-4N(7)-4N(8)-4 

 r-2 1 1--2 1 1r-2 1 1 2411 -- 1 — j48 —1-1— 121 --- 1 1— 
                  ------ 2, J, 

   r-,-2 1 1 
 121--- 1 1 

   LI- 2 

    2 1 1 r-- 2 1 1 -----,-- 
241 --- 1 1 '241 --- 1 1 

 2 2 —11 

  [11 1 1-Ir-11 1 1---,-r11 1 1----r-----, 1611---1i48I1---1 16I1---12I----11— 
L2L-- 2 2--  2-'.-' 

  1--1 1 1 1r-1 1 1 1 ---,,- 1
611 --- 1---- 1 1  L

----- 2L-- 2   
   1 1 1 1 ---- 1 1 1 

241 1 1 1 ---4 ---- 1 1 
                                          91•                                           - - -" 

      1 1 --
          11- 

             --- 2 2 ------ r; 2 2 ------ 2 2---
24 24 1 — 1 -- 121 --1 1— 3 --1 1   

       1 1,, L---- 1 1 ---- 1 1
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Table 3.1.3-8 Continue 

  N(1)-4N(2)-4N(3)-4N(4)-4 

    3 1 1 -- 3 1 3 1          16 1 1132 1 1— 32 1 1— 1 161 1 1 --16 1 — 1 — 
                                        .-               1 1---1 — 1---1 1-- L--- 1 1-_J -- 1 -- 1-, 

                              1 

                                                                                                -----3 1               16[132 1 — 1 — 
                     1 — 1 ----- 1 — 1 

                           32----3 11-1----16r:_3111T—1 —1---1116----3 
               _ 1_,1_,1_ i „.„, 

                                   1 r3 1 --                                    32 —11—--111   
                                       --- 1 1-, 1 1,, 

                      48r-1211 1T1211 1-II96---1211 1---1-96r1211 1 
                     L_ 1 1 _1 _1 --J_ L_- 1 - 1 

60)(3) 
                                                ---2 1 1                                             --                   961122 12 1 11[—11961 1--48—11— 

                         —1 1-— 1 1---1 1-- 1-- 1 

                                                          2 1 1 -- 
                                                 96 —1 1 — 
                                                           1 — 1 

                                                          2
111—12-96----211—1—1--                    24[[ 

                                                    1 -- 1 --- 1 — 1 

                               1 1 211 
                                       48 —1-1  48 —1-1 

                                                              1 — 1 ---11 

                                 1 1 1 1 1 T 
                                                24 1 1 -- 96 1 — 1 — 

                                  1 1 1 1 --,, 

                                                              1 1 1 --                                          24 L 1 1 11--

  (4—)3(2 , 

                                                              -- 1 1 

  ,2—,2)(27,2--r„.„.    2 —42 —2 —,[[2II—2--                                 2—( 2 ——2—2 —LL-- 2 —] 
  2w-2'\-2/1----- 2 

             1 1\\1 1                         11—_=
241 1 —'_1 1 --1 1 — 0(4)822422412—242 --2 ---12-- 2 

         

12—2—,11L.__2--_211_21__ 2 
 2— —2 1 --2 2 ---2 

                                     1 1- 

                   24[—24—2 
                                 2-- 

                   ---- 22
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 N(5)-4N(6)-4N(7)-4N(8)-4 

  -[-
__ 3 1 ----- f-- -- 3 1 ----1-----3 1 ------/ 16 1 — 1 -- 161 —1 1--4 --1 1 -- 

    --- 1 1 L---- 1 1 -------- 1 1 ---   ----3 1 --_T 
16 --1 1 — 

 -—1-1--    

1                                                                               

1   ---2 1 1 --T----2 1 1 ----,r---2 1 1---(-2 1 1 ----\i ,' 48 1 1 ---124 — 1 1 -- 24! 1 -- 1 --6--- 1 1 --II 
 •--- 1 1-J------- 1 1 ,-- 1------ 1 1  1 1 ,)  --

ii-I2 1 1 ----1---211—  -------.2 1 1 --- 241 -- 1 —196 1 -- 1 — 48—1 — 1 --T,   _1 ___ 1.„-------1 -- 1,-,-----11 -,I 

   ----     211—  ----1(2 1 1 -------2 1 1 -----1 
48 1 -- 1 — 48 —1-1—  24 --- 1 1—1 

 ----1 1-- — 1 -- 1-----1 -1,    -II 
  --- 2 1 1 ----- --2 1 1-

48 48 —1-1— 96 —1-1— 
                 --1-1,-, ----- 1 1 _-_,                                         I 

--- 2 1 1 ------'I 

12 --- 1 1^ 
•--- 1 1--'                                     1 

 ---11 1 1 _Ti1 111----[1111----1 1 1 1 --H'Il((1 1 1 1 ---- 96L1 1 --- 96 1 1 --- 
  1 --- 1241 1----16 1 --- 1 —'-- 1 1 —''                                                —)--      ,-,  1 1-.--1—1,------ 1 1 ----';III

\ 1                        \—11                                                                                                                                 ,)                                               ---- 1 1 1 1 ------ 

 [[1 1 1 1 --1-----1 1 1 1 --j 16[1 --- 1 —1 1 1 1 ---;1 161 --- 148 1 --- 1 __,1 _______1__\4 ---- 11—II' 
  1 --- 1-----1 -- 1,1                                -----1 1 1 1--i-'' 11i) 

                          48 1 --- 1 —1 
                                 --- 1 --- 1 
                                 •1111- --- 

                           32 1 --- 1 — 

       [ 

                                       --1111--     -. 

                            2 ----111-   
                               •----11-1         

i1                         
1 

                                              1     1 

    1 1 --- 

4  --2--1          2._                           

i 

                                    1
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Table 3.1.3-9 Continue 

  A7(1)-1N(2)--1N(3)-4N(4)-4 

             1 11 1.__11-_11-_____11--__11--______ 
            1 111F11--'12F1---I121I 1 1----T18111         24924                      2 —43 _2—1 1IL,--2ILL--2 —___I2——  2  — — 2--- 2—-- 2 — --- 2----- 2 ---- 

                    _1 1—1 1—1 1--1 1 — _ 
                   [-Ii_ 1 -ThFT-1_1nr,1_1_---1iI.1-;                           241 9jj96L , 2—                                                      196L2J24L _2______ 

                                                ' 

                      2--—2 --- --- 2--2 ---- 

                         ,_ 1 1— 11 — 

                               481 I — 1 rn48r _ 1 i---r_____1 1--—1_1___.11--1—____                        2 -- 1[_1 --2 I72!2j242 
                              2 ----2 — --1                                                         1L-----2 --------- 2"-                                                           

it           

, 1 111—_1 1—_,1_1 1--_„.,.1 1--,__ 
          1 1mrit 1 _.-96r11 1-1 1--1 1-- 

 329648 
                                                                                                     ,,,,_ 

         1 111 1—.11—11 — 1 — --1 1                                        ,,I-         2 —-- 2-—2 ------ 2" —2 ------ 

                                   1 1 — _1 1— ,I _ 1 1 --__ ,..1 1 --                                                                                                                                                                       -,-- 

               96r 1 1- 96•r-1 11 1--                          1 -i11-111921 -1 -4                                                 — 1 — 18LL-- 1 1 
                                  -, 

0(4>- 2 ------ 2---—2 ------ -- 2 ---- 

             1 1—' 
                                                        ___1 1—1 1 -- 

                        96r-11                        111r-1_1_196 1 — 1 —      L.,—--'                      - 2 
---32L__— 1 1 —1 -- 1                                                    --- 2----2— 

                                                                            _A 1 --_.1 1— 

                                             192r1-1 ---132 1 — 1 —                                               L
_-- 1 1j1 -- 1                                              —2-- ----2 ------ 

          8IT 111Ti48.„._1 1 —_1 1—_1 1 --_._.,1 1--                           L_1 1 _-196r1 1 _---1961 1 ---1         1 1_ 1 _ / 

     

11IL_1 1-1 -1 -1            -1 1--1 -1,J,,_ / _ 1-1 1----1 1-------1-- 1-- 
                   „1 1- ____i 1 --„1 1 --                       64/I 1 1 —]!96I 1 1 --1921 1 -- 
                                                         L,_J1 — 11L,— 1 1—1 — 1                           1 1 ----1.-1 -- 1''----11 

                                                                             1 1 -- .....1 1 --_,____ 

                                  i2r 1 1__                                                                  192 —1 1 — 
                                           L,,,-- 1 11 — 1                                                           --11"”"—1--1"--- 

                                                            1 1 -- 

                                                               48'.-. 1 - 1 -                                                        --111  
                                                         -1-1-  

1
11
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     N(5)-4N(6)-17T(7)-1N(3) 1 

                   , 1 1 ______T,______1 _1--_m_          1----___Th 
     ,I,B!1 1 2411-1 --                 1--11-1____   I----   2 — I2 ---i 621 -- 

       

,----.     ---- 2 - ------ 2 

    ,,,1 1 --- 
 ,1— 1 1 ---,ii ' ---- 2 I 

  --9 -----' 

 r.,1 1 ----_,,,_1 1 ---,1 1----1 1     1 1 ---1-i_i__-ni1_1____T-' 4— 1 1                 32
Li ___ i _ 1i48,Ls   ----2 ----224L__ 1 1 -___ 1 i._ ____ 1 1 _                                                                                                                                                     ___ 

  2- 2 

    1 1 ---_1 1 --- , 1 1 ---- 

96Fr 1 —1 --               481r_1 — 1 -- 241 ---"---   L
,.-- 1 —1 —--- 1 11_,---- 1 1I    ---- 2--------2 -----2--- 

  ..., 1 1 --- 
192 1_1__--1 

   -_ 1 1 
    __L„  —2--- -j 

                                    1 

  1 1 --- 1.1--- __11----11 I11   
96n1 1 ---Mi8 11 1 --- 12F 1 1 ---- 

                               -1-- 

24 1 1 --- -- 1 1   LL---1—1 --j--1 1 —(__--1 1 -- ! 1 --- 1 ------ 1 1 1   --- 1 1- - -1-1—  ---- 1 1  1 1 1 

                  1—   _1 1 ---_ 1 1 ---, ,___1.--_ 
32i-1 _i.__-1 

       -1
16 ii_l_1132 1.:1__,„  L- 1 1--j_E 1 -- 1 -1-- 1 --    ---11 .--1 --- 1—----- 1 1-1 

  1 1 ---_,
Th__.....1 1 ----,,1 192 11 -- 196 1 — 1 ---1 

 --1 -- 1 ——1-1-- j   — 1 -- 1---' ------ 1 1- 

 _, 1 1 ---__1 1 --- 

192 r—_    1 — 1 --r-!1 — 1 ----'   _ii_198                                 --- 1 1— 
    — 1 -- 1 ------" --- 1 — 1 --'-'1
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3.2 Approximation of the distribution of  2ip and 22 

3.2.1 Moments of 2ip and non-central chi-square distribution 

   Let us calculate the higher moments of alp. The S-th moments of 2qp 

can be represented in the following formula, such that, 

                  1 )NS4- 
(3.2.1)aver=                        2 lr_`co'(r2S)1\1 a2ps-raveti (lp)r 
as we can see in the formula (3.1.4-1) (3.1,4-2) (3.1.4-3) and (3.1.4-4) for 
the 1st, 2nd, 3rd and 4th moments, respectively. 

   Since, for odd degree s. m., we have 

(3.2.2)<a pb p- • • e p>* = 0 , 

then we can transform the S-th moments of 2ip 

(3.2.3) aver34p(1,-,)S(2S2s)NS-sa2i,S-2SSs 
                            and 

                             2s 

(3.2.4) Ss= EN("'Ssh , 
                            h=1 

where SA means the sum of 2s-th degree s. m.'s having h entries in s-th 

row in the following table.

            Table 3.2.1 Representation of symmetric means in formula (3.2.3) 

   (1) (2)1(3)(4)(5)(6)(7)(8) 
rowI 
No.  

  N-11 N(2)-11   1 I 
    <2p> <1p2> 

  

1,      

1N1-2 : N(2)-2 N(3)-2: N(4)-2 
  2 <4p> 4 <3plp > e<21,42><1p4> 

1 3<2p2>  

   

I' 

    N1-3 N(2)-3N(3)-3 N(4)-3N(5)-3                                                                    N(6)-3 

  3 <67> 6 <5plp > 15 <4p1p2> 20 <3p1 3> 15<2p1p4> <1p6> 
         15 < 4p2p > 60<3p2p1p>  45 < 2p21p2> 

         10 <3p2> 15 <2p2> 

    N1-4 N(2)-4 N(3)-4N(4)-4N(5)-4N(6)-4                                                               N(7)-4 NM-4 

     <8p> 8 <7plp> 28 < Sp1p2> ' 56 < 5p1p> 70 <4p1p4>56 <3p1p5>                                                        28 <2p1p6 > <1p8> 

  4          28 < 6p2p> 168 < 5p2p1p> 420 < 4p2p1p2>560 <3p2 p1p3> 210 <2p21p4> 
         56 < 5p3p> 280 < 3p4p1p> 280 <3p21p2> 1420 < 2p31p2> 1 

         35 < 4p2 > 1210 < 4p2p2 > 1840 <3p2p21p> 
               280 < 3p22p > 105 <2p4>I
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   In the above s. m. table, the s. m.'s can be easily calculated as 

               <a pb p- • e p> = <a p. e p> <al) • .e>** 
refering s. m.'s of v„'s and O.A. Then we have 

(3.2.5) <1p1p> = o (N-2)<3p1p) = o (N-2) 

           <2p1p1p>=.-o(N2) <1* = o (N-4) 
           <5p1,>= o (N-2)<4p1p1p) o (N-2) 

            <3p3p>----o (N-1)<3p2p1p> o (N-2) 

           <3p1,>= o (N-4)<22p1;> = o (N-2) 
           <2p1,,>= o (N-4)<Pp> = o (N-6) 

           <7 pl p) = o (N-2)<6p12p> = o (N-2) 

            <5p3,,>= o (N-1)<5p2p 1 p> = 0 (N -2) 
            <5p1p1p1p>=o(N-4) <4p3p 1 p) = 0 (N -2) 

           <4p2p12p>= o (N-2) <4p 14p> = o (N-4) 
           <3p2p>= o (N-1)<32p12,,> = o (N-2) 

            <3p22p1 p> = 0 (N -4)<3p2p13p>, o (N-4) 
           <3p 15p>=0(N-6)<2sp12p>= o (N-2) 

           <22p14p>o (N-4)<2 p 16p>=o (N-6) 
            <18p> = o (N-8) . 

   If we denote the s. m.'s, containing odd entries, as < odd ent}> and 
  odd enq), we have from formulas (2.4.10), 

             odd ent}>=<k)cld ent}>*<odd ent}>'* 
                         = o(N-') , 

and we have, for the all even entries s. m.'s 

(3.2.7)<2p) = /12 

                  <4p) = ti4 

                <2p2p> = N(2>PZ + 0 (N-1) 

                  <6p> = 16 

                                          2 

                <4p2p> =1\1\;(2) P4/22 + o(N-') 

              <2p2p2p>-.17;o(N') 
               <8p> = 

                                          2 

                <6p2p>NAT(2) #02+ o (N-1)
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                            N2 = N(2                    <4p4p .,,,7N(2)/14  o  1) 

                           N3                 <4
p2p2p>= No) 11414+ o(N-') 

                                          4 

              <2p2p2p2p)---No o (N ') 

Consequently, we get 

(3.2.8)1                   aver 21 =2) Nap-;-p2 +o(N-1) . 
If we put 

                                     d  

 (3.2.9)aver {tt_={2r1p+ 1 +o(N-1) , 

we get 

(3.2.10)rip= N2ai:P + o (N-1) . 
In the case the o (N-') can be neglected, we have 

(3.2.11)ce2p=-2-ripkt2N-1 . 

   Substituting this result to the formula (3.2.3), we get 

(3.2.12)aver p = (-12-) (22.1) (2rip,c22)s-sS, . 
   So as to visualize the order of N of S A's which are the elements of S3, 

we shall tabulate the order of N of Ss, in the Table 3.2.1-1, and for the 

term of N(h)-3 in the Table 3.2.1-2. 

   Furthermore, for the terms which contain the higher order term than

                          Table 3.2.1-1 Order of N in the s. m.'s 

'

, h 1     234  5678 

 S N', 

S=10 —2 

s= 2 00,—1—2—4 

 s=3 0 0, —1, —1 0, —2 —2, —4—4 —6 , 

                                                    —2 ,—3,  s=4 00
, —1, —2 0, —1, —2!0,4—2, —4 —4, —6 —6 ! —8
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                         Table 3.2.2-2 Order of N in  N(h)--s 

N h 
  12 , 345 678 

s I, 

s =10 1  

1, 
s=2 —1 01 2 

s=3 —2 —10123 

s=4 —3 —2 —1 ' 012 34        
,1

N-1, we have 
               N1-1 <2 p> At 2 

             N (2) -1 <Pp> Ni 1 tt2 

            N1-2<4p> = Nip 4 

          N(2)-23<22p> =3 (14 N /14) 

           N(3)-26<2p1;>=6,4N1 + o (N -2) 

            N(2)--315<4p2p>=1A7- /12/24+ o (N -2) 

         N")-315<2D —15(M 3 N /202) + o (N-2) 

           N(4)-3 45<412p> = 45 Ni  /4+o (N -2) 

            N (3)- 4210<4p4>=210-k 1 -t 4M-1-- o (N-2) 

          N(4)--4105<2j> =105 (iq— N P2 /14) + o -2) 

          N (5)-4 420 <41D = 420P N1 1 + o (N -2) . 

In general, from the formulas (2.3.7), (2.4.12) and (2.4.13), we have for 
the 2s-th degree s. m.
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 S„=o(N') for h<s , 

and 

                     =o(N2(s-h)) for h>s , 

then we get 
                                         2s 

                           E 1V(11)—sS sh 
                                             h=1 

                         =N(s)-s S,+o(N-1) . 

Furthermore, we have 

                   Ss, = C,<2;,) o(N-1) , 
and 

                     <2;,)=Ns-(s)i--q--1--o(N-1) . 
Then we get 

                 Ss=  (2!)2s                           s atq + o (N —1) 

   Using these results, we easily get 

(3.2.13-1) P2+ o(N-1) 

(3.2.13-2)S,---=3M+o(N-1) 

(3.2.13-3) S3 =15i2+ o (N-1) 
(3.2.13-4)S4=105/1+ o(N-) 
and 

(3.2.13-5)Ss=1.3-5 ••• (2s — 1)/q--1- o (N-1) . 
Finally, we get 

THEOREM B-1: The moments of 21p are as follows 

(3.2.14-1)16/2                   aver--=2r1p-r 1} + dip+ o(N-2) 

(3.2.14-2)aver(2)2 12r1p+ 31 + J2p+ 0(N-2) 

                                             3 (3.2.14-3)aver4p= (2) 8z-p + 60rp+ 90r1p+ 15} +4,p+o(N-2) 
and 

  4 (3.2.14-4)aver 21p= (122) 1671'p+224r7p+840z-1p+840r1p+ 1051 
                               + Jo+ 0(1\7-2) 

where 

                   Nap  (3.2.15-1)                      T1P— 2/1:
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(3.2.15-2)41P= N 1 1 (22) 

(3.2.15-3)2212r1p_ 2/14 , 6(P2)2                      0 ,1—1 N(N —1R2 

(3.2.15-4)23___160-ci_ 180rip180rip                Ni1— 3NN —1 

                  _ 30 4JP2                       N4_N5 —11 \ 2V 

(3.2.15-4)2___-224rip                      i840r2(  (P4)—  )                  4P——11P3AT1,qN2 1 
                    — 840rip (2v — N3 1) 

               (4N20(1,24) N420 oL (P22)4 
   In general, the S-th (S<.0) moment of 2ip is 

(3.2.16)aver (2 )S(2rip)s+s=i(2r-1)(2rip)s-sl.  r=1 

                        +o(N') . 

On the other hand, we have the moment of 

              X2= +x)2 

such that 

(3.2.17) EI(t/2 r+x)T= (2r),s(2S) (2r) S—s E (X2s) , 
                                         s where x is normally and independently distributed variate with mean 0 

and variance 1. Then we get the moments of the non-central chi-square 

distribution with the degree of freedom 1 and the noncentral parameter r, 
and we have 

(3.2.18-1) (1/2r+x)2} -=2r+ 1 

(3.2.18-2)E{(1/2r+x)2 2 = LW+ 12r+ 3 

(3.2.18-3) 2-c+x)2}3=873+60r2+907+15 

(3.2.18-4) Ei (1/2r+x)24=16r4+224r3+ 840r2+ 840r+ 105 

and in general 

(3.2.18-5)g's--(2r)s+fi(2r-1) (M(2r)S—s 
                                                    s=1r=1 

                                                                                         if —1    From these results, it can be seen that the distribution of { 2ip•
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is approximately the non-central chi-square distribution with the degree of 

 freedom 1 and non-central parameter 

                                             a' 
                             T—N P                                P—2
/12 • 

3.2.2 Moments of 22 and central chi-squares 

   Now, we proceed into the calculation of the moments of 22. These 

moments of 2 2 can be represented in the following formula, as we have 

seen in section 3.1.2. 

                            1K 2K (3.2.19) aver2,K—0)Eaver Gk, 
                                                               k=1 

                           N(k)            averGk= E' (NJ() V"' [(co x h)]: <h>**C,, , 
where E' stands for the summation over the all g. s. m.'s with h columns, 
and where [(co x h)]-% is u-th g. s. m. with g9 rows and h columns of 0. A. 
and Cu is the constant of the u-th g. s. m. as we can see the Table 3.1.1., 
3.1.2, 3.1.3 and 3.1.4. 

   If we denote the g. s. m. consisted of even entries as CO x 111* and 
                                                                                                        even ent 

g. s. m. including odd entries as CO x hir we have 
                                                    odd ent 

    for h<Kfor K<h 

       (Nui)   NK)iNN(4)\                                    K) 

      [IT x :=1 
                even ent 

     [3 xh}]* =o(N°)[ko x =0(N—(4—K)) 
   odd entodd ent 

   <ik>"-=o(N°)<112}>"=o(N-(h-K)) , 

from the results of symmetric means of vu's and g. s. m.'s of 0. A., then 
we get 

(3.2.20)Sh= o (N-1) ,for 117.K 

   Consequently, it can be obtained that 

(3.2.21))averPn 421- SK+O(N-1) 9 
where 

(3.2.22)S K=S (even) + S (odd) , 
                   S(even)=Sum of symmetric means as 

                  [I even f ]*'s consisting of all even entries. 
                  S(odd) = Sum of symmetric means as 

                   [odd ];.''s in odd entries.
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As we have seen in the previous section  for s. m.'s we also have at most 
the K all 2 entries in the 2K-th degree g. s. m.'s which are containing the 
all even entries, such that 

(3.2.23) 

                                 (N,(12)K+6,(N_,) 
                                       Nil() 

On the contrary, since the all odd c. g. s. m.'s are containing at most 2K 
all odd entries in the 2K-th degree g. s. m.'s, then we have no yo (>3) x K 

g. s. f. having all odd entries 
                     /1 1 1  1 

             1 1 

and containing no zero entry in the 2K-th degree g. s. m.'s. 

Consequently ref ering the formula (2.2.20), we have [{ odd ent }]* 
Since we have in the previous section 

(3.2.24)<Jfl>",o(N°) , 

we get 

(3.2.25)S(odd)---o(N-') . 

   Then we get 

(3.2.26) SK =P2 E 0(4')C,(<2K>)**+o(N-1) , 
                                             40=1 

where C,(<2K>") is the sum of numerical coefficients of g. s. m.'s with 
co rows and K columns of which all entries equal to 2. Furthermore, add-
ing the calculations of the g. s. m.'s those order of N-1, we finally get 

THEOREM B-2: The moments of 22 are 

(5.2.27-1) aver (22)0+ 4i+o(N-2) 

  2 (5.2.27-2) aver{41(g2)30+ 0(2)1 + 42+ o(N-2) 

                    2 (5.2.27-3) aver 1421 = (fi)31150+90(2)-1-0(3)} +43+ o (N-2) 
and 

(5.2.27-4) aver Pfl-= C2)41050+ (15 x 4+9 x 3)0(2)+6 x 30(3)+0(4)} 

                     2 

                                 +44+0(N-2),
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where 

(5.2.28-1)                41= 2N -1                     1 

(5.2.28-2)  42, (1122)2' (6-262)0- N1 

(5.2.28-3) 43= (2)3 ( 3062 + 45)0 -3(262+3)0(2)+(-3+46,)01 

(5.2.28-4) J4=  (- 42062+ 420)0 - (15662+ 228) 0(2) ( 252+ 2461 

                   — 18) 60(3) + (1651-8)0(41 N1 , 

                        d (3.2.29-1) 61=-33T3 
                         112 

                               4 (3.2.29-2) 62d H2 
                               ‘-'2 • 

In general 

                                   K (3.2.30) aver{,In= (2)EC, <2'>** +o(N-1) . 

Proof : In the formula (3.1.12-1), (3.1.12-2), (3.1.12-3) and (3.1.12-4), the 
all even g. s. m.'s in the K th column have the order of N'. Furthermore 
in the (K-1)th, Kth and (K+1)th columns, we have the g. s. m.'s which 
have the order at most N-1. These g. s. m.'s are as follows: 

[K=i] 

    r-- 2----p 21 1N(2)-1= P2/N--1      L---- 

[K=2] 
      it 4 

N")-2=114/N ,—2 2 1,AT(2)_2_ 1Z- r4 4 N-1 
     —2  

 2--N(1)-2_2AT(2)-2_ 

       2 1 _IN(3)-2=IVN-1 —1 1N(2)-2_21                             1 1                                               N-1 

  -1 1,
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• 4 2 
1 j/\/.(.')-3=g4,u2N-1 + o (N-2) ,(I2 2 2Th\T(3)-3 —q____3p4,u2N-1± o (N-2)                                            _——---_iJ 

                                 

.-- 2 2 —IN(3)-3___ // F. 4 ---1N(2)-3= # 1— 2 ,j,——2 
 — 2 2 ----

N(2)-3 ____ 

                      # 

            2 ---f— 2 — N(3)'—# 
           -- — 2 ---- 

 -- 2 —,---- 
  2 —1 N(2)-3=// ,                       -1                             —2 2 1 1

(4)-331                                       N- - - -u2(N — 1)± ° (N-2)  --—2 J,
— — — —_, 

 — 1 1 2 ----
N(3)_3 _ _3 1  

                                                           # 

  1 1 —2N_17-                                       '0 (N-2), -----2 2 — —----N(4)-3                                         — — 1 1 
                                                                                                -,-, 

^ 11—----'-'-2 1 .1 ---1N(4)-3= // 
ri i _ No)-3= 7,__ _ 2  L.,- _ _ 2 

                             — 2 —_1N(4)-3,//_ 1 1 
                         --_ 1 1--    1 1 N(2)-3= 320                     +(N-2) ,               /1N  ---- 1 1 

      alias 

[K= 4] 

— 

 4 2 2 '2             N(3)-4 = /14/1-12N± 0 (N-2) , —2 2 2 2"N(4)-4.-_-_-,1/1-6/-14/2W-1+0(N-2) 
                --_- — 4 2—"// .=//r-r-2 2 2—]N(4)-4 =                                                                             // 

                                                          ,,,,,,.———2_ 

                                        2 2 — --- — 2 2 2 "--ft = 17       ti= - // —.—22 

                                    — 2 2 ---]-  --2 2 —--- 
                                                                         ii                                                                    =. 

                                      

j#      # =I/— — 2 —,  —4 --— 2 -- 
— 2 2 ---- 

// =# ,2— 

— 

   2 — 2                                 — — 2 — ---
//=                                                           # — 4 ----- 

 —2—  # =# 9-- — -- 2 
   --2--, 

      2211-P1  
 2 2--- .1.+ o (N-2)                                     —11jjn =---- —II'1 

[ _ _ 2 ,, ._--,# 9  -- — 2 '--"21 1 1 ---
/, _ //                                     -1 1 2 

                   — 

  - 2 2 ---- 

[2 — — # =ii9,...--"2 1 1—                     -- — 2 — —1 1 —1 ii -= // 
                                   ---2—     2 

— 
                                          — 2 2 —._____ 

r2 — ---i---,,----„,__ , ,n_„    — 2 — 
                                 — 1 1                           ------- --2 

                                      2 — — —   2 

CC11-Th 
                            —2—---

,_   —11JAT(3)-4=i2P2N-1+ 0 (N-2) 9- //——1 1ii 
 1 1'—                                         --11 

  — — 

        alias
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 0 1 1 --                               7 2 2 2 1 1 IIN(5)-4_,a4(_1_-)+0(N2) ED1 1—N(3)-4—p ,p2N-1+0(N-1), -'  J2\N- 1 CD 11 - ,   - - 2 ,/''' 2 2 1 1 ----1 

(TEg)—jtiti 
                             T 2 2 2 ——                             L_ - - 1 1 __ti = t, 

                            Ti-2 1 1 — ----// = u 
                                        Li_---  2 2,; 

                                        r.-2 1 1 — -Th- 

                            

I — — — 2—]i„ iii = 

                                     ,-, 2 2 — —   

                        

1 1 - - 2   --- 1-1I 1 

                          1 1 - - -                                     --i_ _ 2 —-Ti
//---=                                                          —! 

                                ----2

The other g. s. m.'s are the negligible terms those order are at most N-2 

by virtue of the results of chapter 2 in this paper. 

   For the moments of the central chi-square distribution with the degrees 

of freedom 0, we have 

(3.2.30) E x;)K = ((C 0(<2'>**)0(0) , 
            0=10=1 

where x1, x2, •••, x0_1 and x0 are the mutual independent normal variates 

with same mean 0 and same variance 1, for example                  dE(0                      x) =0 
                                              0=1                     d E ( 0 4)2 } 

                                          s = 1 

                 = OE (4) ± 0(2E (4)E (4) 

and so on. Consequently, we finally obtain the conclusion that the asymp- 

                                        1 totic distribution of 122(/z2/2)1- is the central chi-square distribution with 
degrees of freedom 0, in the condition that the terms 4K1 (K=1, 2, •••, 
4) are negligible order. 
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