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     I. Introduction and summary. This paper is a continuation of 
the one published by KITAGAWA and SEGUCHI [1], and gives numerical results 
which may be useful for practical applications. In the previous paper we 
discussed the combined uses of runs in statistical quality controls on the 
basis of recurrent probabilistic events in the sense of FELLER [2], where 
some functional equations and notion of mutually exclusive events play 
fundamental poles. The applications of our theoretical results were however 
mainly concerned with the reconsiderations of the efficiencies of the limits given 
by H. WEILER [3] which may be adopted in the sense of combined uses. 
The relative comparison among the statistical control procedures C( 1 ) [3.000] , 
C(1, 2)[3.205, 2.068], On 1, 2)[3.205, 1.927], C(2)[1.932] and C(}'(2)[1.785] was 

given there in term of the expected value, or its reciprocal number, of 
numbers of samples attaining the first occurrence of significance for each 
of these statistical controlling procedure. 

   In this paper we shall restrict ourselves with the case when C(1 ) [ ad , 
C(1, 2) [a1, a,], C±)(1, 2) [a1, a.,] C(2)[a2] and C`±'(2)[a] and consequently with 
the controlling powers [7' ,(1)]- , [71,(1, 2)] -', [7' ,;± (1, 2)]- ', [711(2)]-' and 
[T"(2)]' and also with [V(1)] [V(1, 2)]-`, [V(±)(1, [T,*( 2 )]-` 
and [T,''''(2)]-` respectively. The problems discussed in this paper can be 
summarized as follows : 

   (1°) For assigned common values of a= )30 to compare the powers 
of [T,(1)]-' , [T,(1,2)]-` , [Te)(1, 2)]-`, [T,(2)]-1 and [t±)(2)]-' as functions 
of k. 

    (2°) For assigned common values of a =13*, =T*,-1, to compare the 
powers of [7? (1)]-` , (1, 2)]-', [T (1, 2)]-`, [Tr( 2)]-' and [T,*(±)(2)]-1 
as functions of 1. 

   (3°) To find out the effect of choices of a, and a2 on the power curves. 
   The reciprocal number of the expected value of numbers of samples 

attaining the first occurrence of significance for each of these statistical 
controlling procedures may be considered as the power of the controlling 
procedure C, and is a function [T,(C)]-1 of the shift k when the hypothesis 
.11,, that our parent population is N( + ka, a2) holds true or a function 
[V(C)]-' of the parameter 1 when the hypothesis 11,* that our parent 
population is N(', 12 a2) holds true. 
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   The results of this paper can be summarized as follows. Let us con-
sider the two cases when a= 0.010 and a= 0.001. For the procedures 
C(1)[a,], C(2)[a] and C' (2) [al] the value of a will determine each of 
their single control limits respectively. On the other hand there remain 
infinite possibilities of choosing a pair of two control limits a, and a2 for 
each of the procedures C(1, 2)[a1, aj and (1, 2)[a„ aj. In order to 
discuss the problem (3°), let us notice that 

        1 1 1  (1
. 01)                  T

„(1, 2) = T„(1)+ T„(2) ' 

      11 1 (1
.02)                  T

,;±)( 1, 2) V,±'( 1) r±-)(2) 
and let us assign a value of the ratio p defined by p T„(1) /T„(2) or by 
p = T,;±)(1)1T„(±)(2) respectively. Let us consider the three levels of p = 0.5, 
1.0 and 2.0. For each assigned value of these p levels we can determine 
the fundamental probabilities P,,-P±,(0) and 13,2= P,_2(0) under the hypo-
thesis H0 that the population is N(5, (72), as will be enunciated in § 2, and 
consequently the controlling limits a, and a2 for each of controlling proce-
dures, which lead us to the complete specification of our statistical control-
ling procedures. The values of controlling limits are given in Table I (1) 

  (2), the fundamental probabilities in Table II (1) (6) for the values 
of k from 0.0 to 3.0 (0.2) and in Table II (7) (12) for the values of 1 
from 1.00 to 3.00 (0.25), and finally the reciprocal numbers of the expected 
value of numbers of samples attaining the first occurrence of significance 
for each of these statistical controlling procedures for the values of k under 
the hypothesis 111, and also for the values of 1 under the hypothesis H. 

   In the first place, the following observations can be made from Tables 
III, (1) (4) for the value of k in 0.0<k <3.0, and also for the value of 
1 in 1.00 < l < 3.00 : 

   (a) For the shift of population mean under the hypothesis H„, the 
controlling powers of G±)(1, 2) and C"--)(2) are stronger than that of C(1). 
The values of [T ±- (1, 2)]-II[T1(1)]-' and [T,(±)(2)]-'1[T1(1)]-1 are given in 
Table IV. 

   (b) In the cases of C(1, 2) and C (1, 2), when p varies from 0.5 to 
2.0, we can not see any remarkable difference between the powers of C(1, 2) 
and C(±)(1, 2) for the variation of ratio p. 

   (c) For the change of the population variance under the hypothesis 
111*, the controlling powers of C(1, 2), C`±'(1, 2) and C(1) are not so re-
markable different, but those of C ±)(2) and C(2) are very weak. 

    Hence, in order to compaire the characters of controlling methods 
C(1), C(1, 2), C"(1, 2), C(2) and C')(2) more seriously, we shall show 
Tables III, (1)- (4) by the graphes of Figures I, (1) (2), however re-
stricting with the cases of C(1), C ±)(1, 2) and C ±)(2), and p -= 1 .0 .
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   Secondly, the  following be observed among others from these Tables 
and graphes: 

   (d) The power of C(1, 2) is almost equal to that of C(2), for small k, 
and to that of C(1) for large k. The power of C(± (1, 2) is almost equal to 
that of C ±)(2) for small k, and to that of C(1) for large k. 

   (e) The combination of the four observations (a)- (d) leads us to 
the conclusion to the effect that controlling procedure C (1, 2) is more 
powerful than C(1), that is, the type of the ordinary control chart method, 
so far as the shift of the population mean under the hypothesis Ilk, and the 
change of the population variance under the hypothesis Hz* are concerned. 

   In summary our recommendation is that "the use of the statistical 
quality control procedure C(' (1, 2), that is, the combined use of runs of 
lengths 1 and 2, should be considered, under certain condition, in place of 
the usual control chart method with the single limit of the significance." 

   § 2. The calculation of controlling power. We proceed in the 
following manner. 

   (1°) For each assigned value of a for C(1) and C(2) and for each 
assigned pair of values of a and p for C(1, 2) and C -±-(1, 2), we can de-
termine T„(1) and / or T„(2) as follows: 

     (a) For the case C(1), we have T„(1) 
     (b) For the case C(2), we have T,(2)=-- 
     (c) For the case C(1, 2), we have T„(1)---- (1 + p) /a and T„(2) 

         (1 + P)IPcf-
and similarly for the case C''(1, 2). 

   (2°) The next step is to find out the values of Pt, and Pt2 under the 
null hypothesis H, (or H1*), that is, that the population is N(5, 02 ). The 
values of P., and so on under the null hypothesis 1-/„(,_-_-.H,*) 
will be denoted more accurately by Pt, (0) (or PU1)), P_,(0) (or P1(1)), 
Pt2(0) (or P:2(1)), P_2(0) (or PZ',(1)) and so on. 

   It is to be noted that P-H(0) = P-1(0) =P:,(1) =Pf,(1) and P,(0) 
 P_2(0) P:2(1) = P1'2(1). 

   (a) [2 T(1)]'• 
     (b) For the cases C(1, 2) and C(2), we have 13,2+ P = 2 2 

         and 0 = [t,(2)] '= P22(1 + P2) 1'1). Consequently we have 

                       10 + (82440)'/2. 
(2.01)P-I-2 = P-2-I 2 =       24 

     (c) For the cases C'±'(1, 2) and C'(2), we have T,;1-1(2)= T(' (2) 
         and 0 = [T„(2)]-' = 2[T'(2)r 2/3::-2(1 + Pt2)-'. Consequently 

         we have 

(1) For C(2), B = a.
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                            B+ (02 + 80)112 (2
.02)P1-2 = P-1 =4 

   (3°) The third step is to find out the controlling limits. Here we 
notice that, under the null hypothesis 

(2.03)P,,= 0(00) —((al), 

(2.04)P1-2 °(al) °(a2) 

where we have 

                        1 u (2
. 05)0(u)

1/2-expl — t2/2 dt ,                                            7r 

which give us the values of a, and / or a2, since we have already determined 
the values of and P,, under the null hypothesis for each of the statisti-
cal control procedures C(1), C(2), C ±'(2), C(1, 2) and C')(1, 2). 

   (4°) The fourth step is to give the values of the fundamental proba-
bilities P 1, P_,, Pt, and P, under the hypothesis H, and also those of Pit!, 
131`1, P:2 and P_!2 under the hypothesis H1* which can be written as 

(2.06) P,i(k) = 0(ci,) — 0(a,— k) , P_,(k)=0(—a1— — 0(— 00) , 

(2.07) P+2(k)=0(a„— k) — 0(a,— k) , P,(k) = 0(— a2— k)— 0( — a,— k) , 

under the hypothesis H„, and 

(2.08) P:,(1) —0(00) — 0(7), 13*1(1), 0(7)— 0(— CO ) 

(2.09) P:2(1) =0(7) — 0(7) , 13_,:,(1)=.0(_7)_0(_7), 
under the hypothesis Ill* 

   (5°) The fifth step is to calculate the reciprocal number of the expected 
value of numbers of samples for the first occurrence of significance for 
each of our statistical control procedures. 

     (a) For the procedure C(1), we have [71,(1)1-1= P, (k)and [77(1)]-' 
           =P,*(1). 

     (b) For the procedure C(2), we have [T,(2)]-1 = (1 + P2(k))P2(k) 2 
          and [71,*(2)]-1 -1-P,*(/))P,*(/)-2. 

     (c) For the procedure C(1, 2), we have 

                             P(k)2 (2. 10)[Tk(1, 2)]-'= P1(k)+1,P
2(P2(k) 

         and 

                                    P,*(1)2 (2. 11)[T,*-1*                    (1, 2)]= PI(/) 4- p .7(/) •
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    (d) For the procedure C (1, 2) we have 
                                   P-1-2(k)2 P-2(k)2 (2

. 12) [T,±)(1, 2)r =Pi(k)± p .„(k) 1+ p_2(k) 

         and 

                            P:2(1)2 P-:2(1)2 (2
.13) {Ti(1,P1*(1) +p:

2(1) ' 1 + /3!`2(1).

   Remark. The effects of the ratio p. 
   (1) The ratio p can varies from 0 to 00. It has the following inplica-

tions, that is; there are the following relations between the controlling 
procedures C(1), C(1, 2), C')(1, 2), C(2) and C'(2): 

   (i) C(2) is the special type of C(1, 2), when the ratio p=T_,(1)/T,(2) 
=0; (ii) C'(2) is the special type of C'(1, 2), when the ratio p= 
T,`,±)(1)/T,`,±)(2) (iii) C(1) is the special type of C(1, 2) or C''(1, 2), 
when the ratio p= co. 

   (2) The power of C(1, 2) (or C 2)), when we hold a= const., 
varies from that of C(1) to that of C(2) (or C')(2)), as p varies from 00 
to 0. 

   (3) We may find the optimum value of p among 0 <p< on, for some 
criterion of optimumity. This was not treated in this paper. However we 
can observe that the value of a can be practically in the range of 0.001 
<a<0.010, and concequently in view of Fig. I, (1) and (2), optimum value 
of p is supposed to belong to the range 0.5 < p < 2.0. 

   (4) The another effect of the ratio p is that, for smaller a, the power 
is stronger for smaller p, while for larger a, the power is stronger for 
larger p. This means that the use of length 2 is more effective for the 
case of a is comparatively small. 

   The authors express their hearty thanks for the financial aid given by 
the Mainichi Newspaper Company under the 1956 grant of the Mainichi 
Scientific Encouragement to which the authors owed much in preparing 
our numerical calculations published in this paper.
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   Table I (1). The controlling limits for the controlling procedures C(1), 
                C(2) and C(±)(2) for assigned values of a. 

        a 

        0.0100.001 
---

-„
__

__ -  

 C ------------at02alat?, 

C(1)2.576-3.290- 

C(2)-1.621-2.143 

C(±)(2)-1.452-2.002

        Table II (1). The fundamental probabilities falling into the domains 
                        limited by control charts. a -.=, 0.010 

-- -----  C        C(1)C(2)C('i-(2) 

 N P-
    k ' -__P -1-1* (k) P -1* (k)P-1-2''(k) P --2* (k)P -f2*(k)P _,-,*(k) 

   0.00.005000.005000.052510.05251 I 0.073250.07325 
   0.20.008750.002750.07766  0.034300.105290.04927 

   0.40.014780.00146 I 0.111040.021640.146400.03201 
   0.60.02408 I 0.000750.153630.013180.197110.02009 
   0.80.037870.000370.20582 1 0.007740.257200.01216 

   1.00.057510.00017 0.26730 I 0.004380.325630.00710 

   1.20.084410.000080.336880.002390.400520.00400 

   1.40.119800.000040.412550.001260.479260.00217 

   1.60.16453 0.000020.491620.000640.558830.00114 

   1.80.218870.000010.57103 , 0.000310.636080.00057 

   2.00.282310.000000.647660.000150.708150.00028 

   2.20.35346 0-000000.718710.000070.772770.00013 

   2.40.430150.00000 0.78201 1 0.000030.828440.00006 

   2.60.509570.000000.83621 0.000010.87452 j 0.00003 

   2.80.588620.000000.880800.000010.911170.00001 

   3.00.664220.000000.916050 000000.939190.00000
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   Table I (2). The controlling limits for the controlling procedures C(1, 2) 
                 and cc-.±)(1, 2) for assigned values of a and p. 

              --- - 

  

1 ---- P : 0.51.02.0 

                                                                         , 

 a                            -- , a 
    cala2ata2at a2 

        C(1, 2)2.935 1.704 2.807 1.760 2.713 1.836 
0.010 

        C(± (1, 2)2.935 1.546 2.807 1.609 2.713 1.695 

        C(1, 2)3.588 2.219  3.481 1 2.272 3.403 • 2.344 
0.001 

         C(± (1, 2)3.588 2.084 ! 3.481 , 2.140  3.403 2.216

         Table II (2). The fundamental probabilities falling into the domains 
                       limited by control charts. a = 0.001 

N,C 1C(1)C(2)C(±)(2) 
  N P 

    k __P-1-1' (k)13-1* (k)P-t-2*(k)P _2* (k)P-1-2(k)P _2' (k) 

   0.00.00050 1 0.00050 0.01606 0.01606 0.02264 0.02264 
   0.20.00100 0.00024 0.02601 0.00957 l 0.03577 0.01383 
   0.4 0.00193 0.00011 0.04067 0.00550 0.05458 0.00815 
   0.60.00357 0.00005 0.06142 0.00304 0.08046 0.00463 

   0.80.00639 0.00002 0 08964 0.00163 0.11468 0.00254 
   1.00.01101 0.00001 0.12652 0.00084 0.15817 0.00134 

   1.2 j 0.01831 0.00000 0.17284 0.00041 0.21128 , 0.00068 
   1.40.02938 0.00000 0.22874 0,00020 0.27359  0.00033 

   1.6 , 0.04551 0.00000 j 0.29357 0.00009 0.34384 0.00016 
   1.80.06811 0.00000 0.36580 0.00004 0.41996 0.00007 
   2.0 0.09853 0.00000 0.44315 0.00002 0.49920 0.00003 

   2.20.13786 0.00000 j 0.52273 0.00001 0.57848 0.00001 
   2.40.18673 0.00000 0.60141 j 0.00000 0.65469 0.00001 
   2.60.24510 j 0.00000 0.67616 0.00000 0.72508 0.00000 

   2.8 1 0.31207 0.00000 0.74441 0.00000 0.78757 0 .00000 

                  3.00.38591 1 0.00000 0.80428 0.00000 0.84086 1 0.00000



Table II (3). The fundamental probabilities falling into the  domains limited by control charts.

                                               C(1, 2) a = 0.010 

 P0 .51.02.0     

' P 
      kPr1(k)13                       l(k)--2(k)P!.2(h)P4-1(k).13t1(k).13;-2(k)I:14-1(k)l(k) P‘_(k)13-2( k ) 

    0.00.00167 0.00167 0.04252 0.04252 0.00250 0.00250 0.03670 0.03670 0.00333 0.00333 0.02985 0.02985 
    0.20.00312 0.00086 0.06317 0.02760 0.00457 0.00132 0 05481 0.02368 0.00599 0.00179 0.04494 0.01909 
    0.40.00562 0.00043 0.09050 0.01726 0.00804 0.00067 0.07887 0.01472 0.01036 0.00093 0.06514 0.01175 
    0.60.00977 0.00020 0.12503 0.01041 0.01366 0 00033 0.10937 0.00881 0.01730 0.00046 0.09093 0.00696 
    0.80.01638 0.00009 0.16662 0.00605 0.02238 0.00016 0.14615 0.00508 0.02787 0.00022 0.12223 0.00397 
    1.00.02650 0.00004 0.21422 0.00339 0.03538 0.00007 0.18825 0.00282 0.04336 0.00010 0.15822 0.00218 

    1.20.04137 0.00002 0.26576 0.00182 0.05403 0.00003 0.23371 0.00151 0.06514 0.00005 0.19725 0.00115 
    1.40.06239 0.00001 0.31817 0.00095 0.07971 0.00001 0.27971 0.00078 0.09459 0.00002 0.23683 0.00059 
    1.60.09094 0.00000 0.36765 0.00048 0.11372 0.00001 0.32272 0.00039 0.13285 0.00001 0.27386 0.00029 

    1.80.12819 0.00000 0.41005 0.00023 0.15697 0.00000 0.35899 0.00018 0.18062 i 0.00000 0.30502 0.00014 
    2.00.17490 0.00000 0.44149 0.00011 0.20983 0.00000 0.38500 0.00008 0.23792 0.00000 0.32721 0.00006 

    2.20.23117 0.00000 0.45888 0.00005 0.27193 0.00000 0.39811 0.00004 0.30398 0.00000 0.33810 0.00003 

    2.40.29633 0.00000 0.46046 0.00002 0.34200 0.00000 0.39691 0,00002 0.37714 0.00000 0.33648 0.00001 

    2.60.36881 0.00000 0.44606 0.00001 0.41801 0.00000 0 38154 0,00001 0.45502 0.00000 0.32255 0.00001 

    2.80.44631 0.00000 0.41716 0.00000 0.49721 0.00000 0.35362 0.00000 0.53467 0.00000 0.29781 0.00000 

    3.00.52591 0.00000 0.37660 0.00000 0.57652 0.00000 0.31599 0.00000 0.61294 0.00000 0.26484 0.00000



Table II (4). The fundamental probabilities falling into the domains limited by control charts.

 C(1, 2) a = 0.001 

    0.51.02.0 

   k P P!_1(k)P+-2(k) P!-.2.(k)Pti(k) PT-2(k) P12(k) P2'Fl(k) P!,(k) P-112(k) P- 

   0 00.00017 0.00017 0.01308 0.01308 0.00025 0.00025 0.01129 0.01129 0.00033 0.00033 0.00921 0.00921 
   0.20.00035 0.00008 0.02139 0.00771 0.00052 0.00012 0.01862 0.00660 0.00068 0.00016 0.01534 0.00532 
   0.40.00072 0.00003 0.03374 0.00438 0.00103 0.00005 0 02957 0.00372 0.00134 0.00007 0.02461 0.00296 
   0.60.00140 0.00001 0.05132 0.00239 0.00198 0.00002 0.04528 0.00202 0.00253 0.00003 0.03805 0.00159 
   0.80.00265 0.00001 0.07530 0.00126 0.00367 0.00001 0.06684 0.00105 0.00462 0.00001 0.05667 0.00082 
   1.00.00483 0.00000 0.10660 0.00064 0.00655 0.00000 0.09514 0.00053 0.00913 I 0.00001 0.08034 0.00041 

   1.20.00847 0.00000 0.14563 j 0.00031 0.01127 0.00000 0.13059 0.00026 0.01380 0.00000 0.11252 0.00020 
   1.40.01434 0.00000 0.19206 0.00015 0.01872 0.00000 0.17289 0.00012 0.02259 0.00000 0.15000 0.00009 

   1.60.02341 I 0.00000 0.24455 0.00007 0.02999 0.00000 0.22081 0.00005 0.03569 0.00000 0.19274 0.00004 

   1.80.03689 0.00000 0.30072 I 0.00003 0.04598 0.00000 0.27248 0.00002 0.05447 0.00000 I 0.23875 0.00002 
   2.00.05614 0.00000 0.35718 0.00001 0.06930 0.00000 0.32351 0.00001 0.08031 I 0.00000 0.28512 0.00001 

   2.20.08257 0.00000 0.40985 I 0.00001 0.10010 0.00000 0.37120 0.00000 0.11449 0.00000 0.32826 0.00000 
   2.40.11742 0.00000 0.45440 0.00000 0.13985 0.00000 0.41108 0.00000 0.15793 0.00000 0.36440 0.00000 

   2.60.16158 0.00000 0.48682 0.00000 0.18916 0.00000 0.43939 I 0.00000 0.21099 0 00000 0 39004 0.00000 

   2.80.21535 0.00000 0.50403 0.00000 0.24794 i 0.00000 0.45331 I 0.00000 0.27326 0.00000 0 40255 0.00000 
   3.00.27827 0.00000 0.50433 0.00000 0.31526 0.00000 0.45143 0.00000 0.34347 0.00000 0.40061 0.00000



 Table II (5). The fundamental probabilities falling into the domains limited by control charts. 

                                                  C"--)(1, 2) a = 0.010 

    0 51.02.0 

   k \  13=11(k) P-12(k) P12(k) P4-1(k) P-1(k) 134--,;(k) P-2(k) P4-1(k) Pt 1(k) P1-2(k) P' 2(k) 

    0.00.00167 0.00167 0.05939 0.05939 0.00250 0.00250 0.05131 0.05131 0.00333 0.00333 0.04170 0.04170 

    0.20.00312 0.00086 0.08603 0.03955 0.00457 0.00132 0.07485 0.03391 0.00599 0.00179 0.06147 0.02726 

    0.40.00562 0.00043 0.12028 0.02540 0.00804 0.00067 0.10529 0.02160 0.01036 0.00093 0.08730 0.01716 

    0.60.00977 0.00020 0.16230 0.01573 0.01366 0.00033 0.14283 0.01326 0.01730 0.00046 0.11946 0.01041 

    0.80.01638 0.00009 0.21145 0.00940 0.02238 0.00016 0.18688 0.00784 0.02787 0.00022 0.15752 0.00608 

    1.00.02650 0.00004 0.26604 0.00541 0.03538 0.00007 0.23588 0.00447 0.04336 0.00010 0.20017 0.00342 

    1.20.04137 0.00002 0.32330 0.00300 0.05403 0.00003 0.28724 0.00245 0.06514 0.00005 0.24516 0.00185 

    1.40.06239 0.00001 0.37957 0.00160 0.07971 0.00001 0.33751 0.00130 0.09459 0.00002 0.28941 0.00096 

    1.60.09094 0.00000 0.43059 0.00083 0.11372 0.00001 0.38269 0.00066 0.13285 0.00001 0.32930 0.00048 

    1.80.12819 0.00000 0.47206 0.00041 0.15697 0.00000 0.41877 0.00032 0.18062 0.00200 0.36119 0.00023 

    2.00.17490 0.00000 0.50019 0.00020 0.20983 0.00000 0.44227 0.00015 0.23792 0.00000 0.38189 0.00011 

    2.20.23117 0.00000 0.51227 0.00009 0.27193 0.00000 0.45081 0.00007 0.30398 0.00000 0.38924 0.00005 

    2.40.29633 0.00000 0.50712 0.00004 0.34200 0.00000 0.44352 0.00003 0.37714 0.00000 , 0.38246 0.00002 

    2.60.36881 0.00000 0.48525 0.00002 0.41801 0.00000 0.42115 0.00001 0.45502 0.00000 0.36225 0.00001 

    2.80.44631 0.00000 0.44877 0.00001 0.49721 0.00000 0.38597 0.00001 0.53467 0.00000 0.33076 0.00000 

    3.00.52591 0.00000 0.40111 0.00000 0.57652 0.00000 0.34137 0.00000 0.61294 0.00000 0.29111 0.00000



                 Table II (6). The fundametnal probabilities falling into the domains limited by control charts. 

 C±)(1, 2) a = 0.001 

 P0 .51.02.0 

     P           13;.1(k) 13-;2(k) P!-2(k) P14-1(k) P-1(k) 12q2(k) Pt 2(k) l(k) Pli(k) ljr2(k) P12(k)   k 

    0.00.00017 0.00017 0.01841 0.01841 0.00025 0.00025 0.01593 0.01593 0.00033 0.00033 0.01301 0.01301 
    0.20.00035 0.00008 0.02943 0.01111 0.00052 0.00012 0.02567 0.00953 0.00068 0.00016 0.02122 0.00769 
    0.40.00072 0.00003 0.04538 0.00646 0.00103 0.00005 0.03990 0.00549 0.00134 0.00007 0.03335 0.00438 
    0.60.00140 0.00001 0.06750 0.00362 0.00198 0.00002 0.05980 0.00305 0,00253 0.00003 0.05052 0.00240 
    0.80.00265 0.00001 0.09692 0.00196 0.00367 0.00001 0.08645 0.00163 0.00462 0.00001 0.07377 0.00127 
    1.00.00483 0.00000 0.13436 0.00108 0.00655 0.00000 0.12059 0.00084 0.00913 0.00001 0.10286 0.00065 

    1.2 0.00847 0.00000 0.17988 0.00051 0.01127 0.00000 0.16234 0.00042 0.01380 0.00000 0.14102 0.00032 
    1.40.01434 0.00000 0.23265 0.00025 0.01872 0.00000 0.21093 0.00020 0.02259 0.00000 0.18466 0.00015 
    1.60.02341 0.00000 0.29079 0.00012 0.02999 0.00000 0.26461 0.00009 0.03569 0.00000 0.23325 0.00007 
    1.80.03689 0.00000 0.35132 0.00005 0.04598 0.00000 0.32095 0.00004 0.05447 0.00000 0.28424 0.00003 
    2.00.05614 0.00000 0.41039 0.00002 0.06930 0.00000 0.37503 0.00002 0.08031 0.00000 0.33419 0.00001 

    2.20.08257 0.00000 0.46361 0.00001 0.10010 0.00000 0.42383 0.00001 0.11449 0.00000 0.37913 0.00001 
    2.40.11742 0.00000 0.50658 0.00000 0.13985 0.00000 0.46272 0.00000 0.15793 0.00000 0.41506 0.00000 
    2.60.16158 0.00000 0.53550 0.00000 0.18916 0.00000 0.48808 0.00000 0.21099 0.00000 0.43852 0.00000 
    2.80.21535 0.00000 0.54766 0.00000 0.24794 0.00000 0.49744 0.00000 0.27326 0.00000 0.44714 0.00000 
    3.00.27827 0.00000 0.54190 0.00000 0.31526 0.00000 0.48985 0.00000 0.34347 0.00000 0.44001 0.00000
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              Table II 7). The fundamental probabilities falling into 
                             the domains limited by control charts. 

                                           a = 0.010 

            C C(1)C(2)C(±(2)                  

1  '' P4-1(1)P4-::(1)P-r2(1) 

               1.000.005000.052510.07325 
               1.250.019650.097320.12262 
                1.50 t 0.042990.139850.16652 

               1.750.070510.177220.20327 
               2.000.09887 0.208680.23392 

               2.250.126110.235760.25946 
               2.500.151510.258490.28062 
               2.750.174120.277930.29875 
               3.000.19517 0.294600.31419 

              Table II (8). The fundamental probabilities falling into 
                             the domains limited by control charts. 

                                           a = 0.001 

                                  C(1)C(2)C(±)(2) 

                                               * 

                 1 \P-t-(1)P 4-2(1 )P 4-(1) 

               1.000.00050 0.016060.02264 

               1.250.004240.043260.05458 

               1.500.014150.076500.09094 

               1.750.030050.110290.12631 
               2.000.049990.141860.15841 

                2.25 1 0.07187 0 170550.18673 

               2.500.094090.195720.21157 

                2.750.11585 j 0.217990.23331 
               3.000.136320.237610.25239 

     Table II (9). The fundamental probabilities falling into the domains limited 
                   by control charts.C(1, 2) a = 0.010 

     0.5,1.02.0 

    1Pl''.--2(1)P-i-J(1)/34-1(/) P4-2(1)P4'-1(1)  Pt 2(1)  

   1 00 0.00167 0.04252 j 0.00250 0.03670 0.00333 0.02985 
   1.25 0.00944 0.07701 0.01235 0.06721 0.01500 0.05591 
   1.50 0.02517 0.10280 0.03067 0.08973 0.03523 ' 0.07525 
   1.750.04677 0.11826 0.05436 0.10285                                                        0.060570.08652 

   2.00 0.07105 0.12606 0.08016 J 0.10927 0.08739; 0.09192 
   2.250.09612 0.12841 0.10602  0.11109 0.11391 I 0.09334 
   2.50 0.12020 0.12742 0.13072 0.11000 0.13896 0.09251 
  2.75 0.14299 0.12464 0.15363 0.10746 0.16182 0.09025 
   3.00 0.16404 ; 0.12098 0.17464 0.10397 0.18300 0.08727 

...
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       Table II (10). The fundamental probabilities falling into the domains limited 
                     by control charts. C(1, 2) a = 0.001 

--------__p____0.51.02.0 
P*             134-1(1) P'4-2(1)I'-t(1)P'4-2(1) P1=1(1)P+2(1) 

   1.000.00017 0.01308 0.00025 0.01129 0.00033 0.00921 
   1.250.00205 0.03590 0.00268 0,03186 I 0.00324 0.02715 
   1.500.00838 0.06119 0.010141I  0,05474 . 0.01163 0.04739 

   1.750.02013 1 0.08227 0.02335 0.07379  0.02589 0.06440 

   2.000.03641 I 0.09709 0.04084 0.08714 0.04438 0.07622 

   2.25 i 0.05536 0.10671 0.06093 0.09532 0.06527 0.08344 
   2.500.07564 0.11163 0.08196 0.09971 0.08676 I 0.08737 

   2.750.09595 0.11389 0.10276 0.10165 0.10804 I 0.08906 
   3.00  0.11585 0.11380 0.12302 0.10150 0.12840 0.08900 

      Table II (11). The fundamental probabilities falling into the domains limited 
                     by control charts.CI ±)(1, 2) a = 0.010 

  -
130.51.02.0 
    1 Pt-1(1)P4_2(1) P4-0) 13.-"r2(1)13.1(1)13'4-2(1) 

   1.00 0.01167 0.05939 0.00250 0.05131 0.00333 0,04170 
   1.250.00944 0.09861 0.01235 0.08670 0.01500 0.07255 
   1.500.02517 0.12610 0.03067 0.11096 0.03523 0.09401 
   1.750.04677 0.14185 0.05436 0 12469 0.06057 0.10570 
   2.000.07105 0.14871 0.08016 . 0.13025 0.08739 0.11083 
   2.250.09612 0.14992 0.10602 0.13129 0.11391 0,11182 
   2.500.12020 0.14809                                 0.13072 0.12907 0.13896 0.10993 
   2.750.14299 0.14407 0.15363 0.12565 0.16182  0.10713 

   3.000.16404 0.13924 i 0.17464 0.12134 0.18300  0.10304 
 -- -  

      Table II (12). The fundamental probabilities falling into the domains limited 
                    by control charts.C ±)(1, 2) a = 0.001 

 P0 .51.02.0 

    1Pi- 1(1)P-T-2(1)                                   P-I-1(1)131-2(1)P-i(1) P4-2(1) 

   1.000.00017 0.01841 , 0.00025 0.01593 0.00033 0.01301 
   1.250.00205 0.04571  0.00268 0.04077 I 0.00324 0.03487 
  1.500.00838 0.07404 0.01014 0.06665 0.01163 0.05820 
   1.750.02013 0.09669 0.02335 0.08731 0.02589 1 0.07687 
   2.000.036411                        0.11230 0.040841 0.10147 0.04438 I 0.08955 
  2.250.05536 0.12187 0.06093 0.10987 0.06527 0.09705 
   2.500.07564 0.12650 0 08196 0.11904 II 0.08676 0.10105 

   2.750.09595 0.12828 0.10276  0.11553  0.10804 I 0.10208 
   3.00              0.11585I0.12768 I 0.12302.0.11490'0.12840 0.10156



              Table III (1).  Tic(C)-1 The reciprocal number of the expected value of numbers of trials for attaining 

                            the first occurrence of the event in the control method C under the hypothesis Hk. 

                                                       a = 0.010 

  C''---------:--------____ 
  - ,--------- C(1,2)C'±)(1, 2)                                                             C(1)C(2)C-±'(2) 

                             . .,,, 

    P0 .51.02.00.51.02.0 

    0.00.01000 0.01002 0.01001 0.00999 0.01001 0.01001 0.01000 0.00998 0.01000 

    0.20.01153 0.01160 0.01163 0.01230 0.01221 0.01206 0.01150 0.01127 0.01234 

    0.40.01653 0 01672 0.01678 0.01959 0.01920 0.01859 0.01624 0.01554 0.01969 

    0.60.02613 0.02648 0.02649 0.03288 0.03201 0.03062 0.02482 0.02385 0.03285 

    0.80.04190 0.04240 0.04224 0.05347 0.05202 0.04957 0.03823 0.03758 0.05276 

    1.00.06543 0.06610 0.06563 0.08247 0.08049 0.07686 0.05769 0.05804 0.08004 

    1.20.09788 0.09885 0.09803 0.12039 0.11816 0.11346 0.08449 0.08595 0.11456 

    1.40.13960 0.14056 0.14016 0.16684 0.16490 0.15957 0.11983 0.12112 0.15528 

    1.60.18999 0.19230 0.19185 0.22055 0.21964 0.21444 0.16455 0.16239 0.20034 

    1.80.24755 0.25188 0.25197 0.27957 0.28058 0.27647 0.21888 0.20774 0.24730 

    2.00.31017 0.31682 0.31862 0.34167 0.34545 0.34346 0.28231 0.25467 0.29358 

    2.20.37553 0.38530 0.38942 0.40470 0.41201 0.41304 0.35346 0.30058 0.33686 

    2.40.44151 0.45479 0.46186 0.46696 0.47828 0.48295 0.43015 0.34319 0.37535 

    2.60.50641 0.52338 0.53368 0.52735 0.54281 0.55135 0.50957 0.38082 0.40799 

    2.80.56910 0.58959 0.60301 0.58532 0.60469 0.61687 0.58862 0.41249 0.43441 

    3.00.62894 0.65240 0.66840 0.64074 0.66340 0.67858 0.66422 0.43796 0 45487



 Table III (2). 'Tk(C)-1 The reciprocal number of the expected value of numbers of trials for attaining 

                             the first occurrence.-of the event in the control method C under the hypothesis Hk. 

                                                       a = 0.001 

  CC(1
, 2)C(±'(1,2) 

                                                           C(1)C(2) C'±'(2) 

 h\-,,1.0      0.51.02.00.5                                                                                        2.0 

               

-'
. 

    0.00.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 

    0.20.00125 0.00125 0.00126 0.00139 0.00137 0.00134 0.00124 0.00122 0.00143 

    0.40.00215 0.00216 0.00215 0.00276 0.00264 0.00250 0.00204 0.00204 0.00289 

    0.60.00416 0.00414 0.00407 0.00570 0.00539 0.00500 0.00362 0.00390 0.00601 

    0.80.00810 0.00800 0.00776 0.01123 0.01056 0.00970 0.00641 0.00763 0.01181 

    1.00.01522 0.01491 0.01517 0.02074 0.01953 0.01873 0.01102 0.01439 0.02160 

    1.20.02706 0.02641 0.02522 0.03589 0.03395 0.03123 0.01831 0.02558 0.03685 

    1.40.04532 0.04424 0.04218 0.05825 0.05546 0.05137 0.02938 0.04265 0.05877 

    1.60.07148 0.06994 0.06685 0.08891 0.08536 0.07981 0.04551 0.06666 0.08798 

    1.80.10643 0.10434 0.10049 0.12822 0.12396 0.11738 0.06811 0.09799 0.12420 

    2.00.15015 0.14838 0.14357 0.17555 0.17159 0.16402 0.09853 0.13609 0.16622 

    2.20.20172 0.20059 0.19562 0.22942 0.22626 0.21871 0.13786 0.17945 0.21200 

    2.40.25939 0.25961 0.25525 0.28775 0.28623 0.27968 0.18673 0.22586 0.25903 

    2.60.32097 0.32329 0.32043 0'34833 0'34925 0.34467 0.24510 0.27277 0.30476 

    2.80.38426 0.38933 0.38879 0.40914 0.41318 0.41141 0.31207 0.31767 0.34699 

    3.00.44735 0.45567 0.45806 0.46872 0.47632 0.47792 0.38591 0.35852 0.38409



              Table III (3).  Ti*(C) The reciprocal number of the expectcd value of numbers of trials for attaining 
                              the first occurrence of the event in the control method C under the hypothesis Hi*. 

                                                       a = 0.010 

    - ,----,,,,CC(1, 2)C'(1,2)                                                          C(1)C(2)C(± (2) 

         , 

               ----_„,_p 
  1-0.51.02.00.51.02.0 

    1.000.01000 0.01002 0.01001 0.00999 0.010J1 0.01001 0.01000 0.00998 0.01000 

    1.250.03943 0.04063 0.04125 0.03657 0.03854 0.03982 0.03930 0.03171 0.02679 

    1.500.08541 0.08865 0.09014 0.07859 0.08351 0.08661 0.08538 0.06113 0.04754 

    1.750.13878 0.14381 0.14667 0.12878 0.13636 0.14135 0.14102 0.09276 0.06868 

    2.000.19287 0.19951 0.20333 0.18061 0.19034 0.19690 0.19775 0.12290 0.08869 

    2.250.24471 j 0.25242 0.25719 0.23133 0.24251 0.25031 0.25221 0.15109 0.10691 
    2.500.29215 0.30111 0.30681 0.27860 0.29095 0.29970 0.30301 0.17619 0.12298 

    2.750.33572 0.34527 0.35124 0.32226 0.33530 0.34437 0.34825 0.19859 0.13744 

    3.000.37521 0 38507 0.39193 0.36211 0.37554 0.38525 0.39034 0.21845 0.15023

              Table III (4). Tr'(C) The reciprocal number of the expected value of numbers of trials for attaining 
                              the first occurrence of the eventin the control method C under the hypothesis Hr*. 

                                                       a = 0.001 

    C 2)C' -±-'(1, 2) 
                                                                    C(1)C(2)C'3--)(2)   P1 

1.02.0   /0.51.02.00.5 

    1.000.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 0.00100 

    1.25  0.00891 0.00917 0.00929 0.00810 0.00855 0.00884 0 00849 0.00689 0.00565 

    1.50 1 0.03010 0.03109 0.03148 0.02696 0.02861 0.02967 0.02831 0.02030 0.01516 

    1.750.06351 0.06568 0.06647 0.05732 0.06073 0.06275 0.06011 0.03986 0.02833 
    2.000.10439 0.10755 0.10892 0.09549 C.10038 0.10348 0.09997 0.06271 0.04333 

    2.250.14825 0.15239 0.15440 0.13719 0.14362 0.14770 0.14374 0.08675 0.05877 

    2.500.19203 0.19708 0.19950 0.17970 0.18727 0.19206 0.18817 0.11012 0.07389 

    2.750.23415 0.23986  0.24302 0.22106 0.22944 0.23500 0.23170 0.13237 0.08827 

    3.000.27390 0.28030 0.28369 0.26061 1 0.26973 0.27552 0 27264 0.15309 0.10172



         Table IV (1).  Tic(C)-1/Tk(C(1))-1 The relative reciprocal number of the expected value of numbers 

                       of trials for attaing the first occurrance of the event in the control methods in com-

                      parison with the usual method C(1) under the hypothesis Hk. 

                                                 a = 0.010 

CC(1
, 2)Cu-'(1, 2) 

                                                              C(2) C ±'(2) 71(C [1]) 

k\ 0.51.02.00.51.02.0 

0.01.0001.0031.0011.0001.0011.0010.9981.000 100.0400 

0.21.0021.0081.0111.0691.0621.0480.9801.07386.9338 

0.41.0181.0301.0331.2061.1821.1450.957 1.21361.5839 

0.61.0531.0671.0671.3251 2891.2330.9611.32340.2836 

0.81.0)61.1091.1051.3981.3601.296  0.9831.38026 1547 
1.01.1341.1461.1381.4301.3951.3321.0061.38717.3349 

1.21.1581.1701.1601.4251.3991.3431.0171.35611.8356 

1.41.1651.1731.1701.3921.3761.3321.0111.2968.345C 

1.61.1551.1691.1661.3 W1.3351.3030.9871.2186.0773 
1.81.1311.1511.1511.2771.2821.2630.9491.1304.5687 

2.01.0991.1221.1291.2101.2241.2170.9021.0403.5422 

2.21.0621.0901.1021.1451.1661.169 , 0.8500.9532.8292 

2.41.0261.0571.0741.0861.1121.1230.7980.8732.3248 

2.60.9941.0271.0471.035 I 1.0651.0820.7470.8011.9624 
2.80.9671.002 i 1.0240.9941.0271.0480.7010.7381.6989 

3.00.9470.9821.006 , 0.9650.9991.0220.6590.6851.5055



Table IV (2).  Tk(C)-1/Tk(C(1))-1 The relative reiciprocal number of the expected value of 

              numbers of trials for attaing the first occurrance of the event in the control methods 

             in comparison with the usual method C(1) under the hypothesis Hk.

                                                 a = 0.001 

 C
` C(1, 2)C±)(1, 2)                                                                   C(2) C(±)(2) T

I.(C [11) 

                    , 

  P0 .51.02.00.51.02.0 k 

0.0I0.9990.9970.9970.9980.9980.9980.9971.000 998.0040 
0.21.0071.0091.0101.1201.1001.0760.9841.147 805.1530 
0.41.0541.058j1.0531.3551.2971.2281.0001.419 490.6771 
0.61.1471.1431.1251.5731.4881.3801.0781.660 276.0906 
0.81.2651.2481.2111.7521.6481.5141.1911.842 156.0549 
1.01.3811.3531.3761.882 1.7731.7001.3061.96090.7441 

1.21.4781.4421.3771.9601.8541.7051.3972.01254.6060 
1.41.5431.5061.4361 9831.8881.7491.4522.00034.0368 
1.61.5711.5371.4691.9541.8751.7541.4651.93321.9713 
1.8 i 1.5631.5321.4751.8831.8201.7231.9391.82414.6817 
2.01.5241.5061.4571.7821.7421.6651.3811.68710.1496 

2.21.463 I 1.4551.4191.6641.6411.5871.3021.5387.2539 
2.41.3891.3901.3671.5411.5331.4981.2101.3875 3552 

2.61.3101.319 i 1.3071.4211.4251.4061.1131.2434.0800 
2.81.2311.2481.2461.3111 3241.3181.0181.1123.2044 

                     1.1871.2151.2341.2380.9290.9952.5913 3.01.1591.181



             Table IV (3).  V(  C)-1/T/(C(1))-1 The relative reciprocal number of the expected value of numbers 
                             of trials for attaing the first occurrance of the event in the control methods in com-

                            parison with the usual method C(1) under the hypothesis Hir. 
                                                     a = 0.010 

-----^
_____________C(1, 2)C'±)(1,2)    -C(2) C(±)(2) T i' (C [1] ) 

          P         0
.51.0 ' 2.0 0.5 , 1.02.0 

   1.001.0001.0031.0011.0001.0011.0010.9981.000 100.0400 
   1.251.0031.0341.0500.9310.9811.0130.8070.68225.4440 

   1.500.9931.0311.0480.9140.971 1.0070.7110.55311.6306 

   1.750.9841.0201.0400.9130.9671.0020.6580.4877.0912 

   2.000.9751.0091.0280.9130.9630.9960.6220.4495.0570 

   2.250.9701.0011.0200 9170.9620.9920.5990.4243.9649 

   2.500.9640.994 j 1.0130.9190.9600.9890.5810.4063.3002 
   2 750.9640.9911.0090.9250.9630.9890.5700.3952.8715 

   3.000.9610.986 , 1.004 0.9280.962  0.9870.5600 3852.5619 
  - - - - 

             Table IV (4). 7I(C)-'/11(C(1))-1 The relative reciprocal number of the expected value of numbers 
                             of trials for attaing the first occurrence of the event in the control methods in compari-
                            sion with the usual method C(1) under the hypothesis H1*. 

                                                     a = 0.001 
-- ------ ,_C,C(1 , 2)C'±1(1, 2) 

          P                                                                        C(2) C=1:)(2) 7Y.(C[1]) 
  10.51.0'2.00.51.02M 

   1.000.9990.9970.9970.9980.9980.9980.9971.000 998.0040 

   1.251.0501.0801.0940.9541.0071.0410.8120.666117.8134 

   1.501.0631.0981.1120.9531.0111.0480.7170.53635 3257 

   1.75 j 1.0571.0931.1060.9541.0101.0440.6630.47116.6367 
   2.001.0441.0761.0900.9551.0041.0350.6270.43310.0030 

   2.251.0311.0601.0740.9540.9991.0280.6040.4096.9569 
   2.501.0211.0471.0600.9550.9951.0210.5850.3935.3142 
   2.751.0111.0351.0490.9540.9901.0140.5710.3814.3160 
   3.001.0051.0281.0410.956 I 0.9891.0110.5620.3733.6678
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             Figure I (1) (a = 0.010) 
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