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Abstract
In this paper we consider a Hankel determinant formula for generic solutions of the Rdirdgepation. We
show that the generating functions for the entries of the Hankel determinants are related to the asymptotic solution
at infinity of the linear problem of which the Painkel equation describes the isomonodromic deformations.

1 Introduction

The Painlee Il equation (B),

Pu g 1

@—21& —4xu+4(a+2), (1)
where« is a parameter, is one of the most important equations in the theory of nonlinear integrable systems.
It is well-known that By admits unique rational solution whenis a half-integer, and one-parameter family of
solutions expressible in terms of the solutions of the Airy equation whisran integer. Otherwise the solution is
non-classical [12, 13, 15].

The rational solutions for (1) are expressed as logarithmic derivative of the ratio of certain special polyno-

mials, which are called theYablonski-Vorob’ev polynomials [16, 17]. Yablonski-Vorob’ev polynomials admit
two determinant formulas, namely, Jacobi-Trudi type and Hankel type. The latter is described as follows: For each
positive integetV, the unique rational solution fer = N + 1/2 is given by

d ON+1
u=—1Io 4,
dx ON
whereo y is the Hankel determinant
ag ap -+ GN-1
al a2 “ee aN
ON = . . . . ’
aN—-1 anN -+ (2N-2

with a,, = a,,(z) being polynomials defined by the recurrence relation

apy = x, a; = 1,
-1
da, < ()
ap41 = T + Z ag Gp—1—k-
k=0



The Jacobi-Trudi type formula implies that the Yablonski-Vorob’ev polynomials are nothing but the special-
ization of the Schur functions [9]. Then, what does the Hankel determinant formula mean? In order to answer this
guestion, a generating function fay, is constructed in [5]:

Theorem 1.1 [5] Let 6(x, t) be an entire function of two variables defined by
0(z,t) = exp (2t*/3) Ai(t* — z), 3

whereAi(z) is the Airy function. Then there exists an asymptotic expansion

o0

%bge(x,t) ~ > () (<267, 4)

n=0
ast — oo in any proper subsector of the sectairg t| < 7/2.

This result is quite suggestive, because it shows that the Airy functions enter twice in the theory of classical
solutions of the R:

(i) in the formula [3]
d
u = — log Ai (21/395), a=0.
dx
the one parameter family of classical solutions gffBr integer values of: is expressed by Airy functions,
(i) informulae (3), (4) the Airy functions generate the entries of determinant formula for the rational solutions.

In this paper we clarify the nature of this phenomenon. First, we reformulate the Hankel determinant formula
for generic, namely non-classical, solutions gféready found in [10, 11]. We next construct generating functions
for the entries of our Hankel determinant formula. We then show that the generating functions are related to the
asymptotic solution at infinity of the isomonodromic problem introduced by Jimbo and Miwa [6].

This result explains the appearance of the Airy functions in Theorem 1.1. In fact, for rational solutigns of P
the asymptotic solution at infinity of the isomonodromic problem is indeed constructed in terms of Airy functions
[7,8,14].

We expect that the generic solutions of the so-called Parilénierarchy [1, 2, 4] should be expressed by some
Hankel determinant formula. Of course the generating functions for the entries of Hankel determinant should be
related to the asymptotic solution at infinity of the isomonodromic problem for the Paitlbierarchy. We also
expect that the similar phenomena can be seen for other Paiedmations. We shall discuss these generalizations
in future publications.
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2 Hankel Determinant Formula and Isomonodromy Problem

2.1 Hankel Determinant Formula

We first prepare the Hankel determinant formula for generic solutions;fqdlP To show the parameter depen-
dence explicitly, we denote equation (1) as[#]. The formula is based on the fact that théunctions for R;

satisfy the Toda equation,

0" 0n — (00)° = Opnp10n_1, nEZ, '=d/da. (5)

Puttingr,, = ¢,,/0¢ so that ther function is normalized ag = 1, equation (5) is rewritten as
T Th — (T,'L)2 = 41Tl —QUT2, T_1=1%, To=1, T =¢, necZl (6)

Then it is known that,, can be written in terms of Hankel determinant as follows [11]:



Proposition 2.1 Let {ay, }nen, {bn }nen be the sequences defined recursively as

an = ay,_y + ¢ Z aiaj, bp="b,_;+¢ Z bibj, a0 =, bo=1. (1)
7‘,+{7)J;2710—2 H-lJJ:ZnO—z

Forany N € Z, we define Hankel determinan{; by

det(aHj,g)i,jSN N >0,
™ = 1, N = 0, (8)
det(bitj—2)ij<ny N <O0.

Thenry satisfies equation (6).

Since the above formula involves two arbitrary functignand+, it can be regarded as the determinant formula
for general solution of the Toda equation. Imposing appropriate conditiogsamd, we obtain determinant
formula for the solutions of f2:

Proposition 2.2 Let+) andy be functions in: satisfying

VP oo, ©
(2 ®
' — oY’ =20, (10)

Then we have the following:
() uo = (log )’ satisfies I [a].
(i) u—_1 = —(logy) satisfies R[a — 1].

(i) uny = (log TN“) , Wherery is defined by equation (8), satisfieg[B + N].

Proof. (i) and (ii) can be directly checked by using the relations (9) and (10). Then (iii) is the reformulation of
Theorem 4.2 in [10]. ]

2.2 Riccati Equations for Generating Functions
Consider the generating functions for the entries as the following formal series

Foo(a,t) = an(x) t™", Goola,t) =Y bn(x)t™" (11)
n=0

n=0

It follows from the recursion relations (7) that the generating functions formally satisfy the Riccati equations. In
fact, multiplying the recursion relations (7) by” and take the summation from= 0 to oo, we have:

Proposition 2.3 The generating functionB,, (x, t) and G (x, t) formally satisfy the Riccati equations

ta—F = —F? +t*F — %, (12)
ox

t% = —G? +t2G — t*, (13)
ox

respectively.

SinceF,, andG, are defined as the formal power series arotirdoo, it is convenient to derive the differential
equations with respect to In order to do this, the following auxiliary recursion relations are useful.

Lemma 2.4 Under the condition (9) and (10),, andb,, (n > 0) satisfy the following recursion relations,
(ql)an—i-Q - w/an+1), = 2(” + 1)¢am (14)
(Pbnt2 — @'bug1) = 2(n + 1)pb,, (15)

respectively.



We omit the details of the proof of Lemma 2.4, because it is proved by straight but tedious induction. Multiplying
equations (14) and (15) by ™ and taking summation ovet = 0 to co, we have the following differential
equations forF,, andG .:

Lemma 2.5 The generating functionk,, and G, formally satisfy the following differential equations,

oF or

W = 1Y — 1)+ (W't = U+ 20)F +12(bg' + ), (16)
oG oG

20t = U = tp) 5 + (¢t = ' +20)G + (U +U'o), (17)

respectively.

Eliminating z-derivatives from equations (12), (16), and equations (13), (17), respectively, we obtain the Riccati
equations with respect to

Proposition 2.6 The generating functiong,, and G, formally satisfy the following Riccati equations,

2t857€ = (¢ —tY)F? + (djlt e ts) Friee) w
2t%f = —(¢ —tp)G* + (fa”t +2- t3> G+ (¢ + ty), (19)

respectively.

2.3 Isomonodromic Problem

The Riccati equations faF,,, equations (12) and (18) are linearized by standard technique, which yield isomon-
odromic problem for B. It is easy to derive the following theorem from the Proposition 2.3 and 2.6:

Theorem 2.7 (i) Itis possible to introduce the function§ (z,t), Y2(x, t) consistently as

t (10y; t 2t Loy, 1[4
Fozt) =\t )| =——F o+t | ¢ , 20
(1) w(Ylach) w'—w{m at+4<w (20)
1 /07 th
Yo=—(——+—]. 21
: w(ax+ 2) D
ThenY; andY; satisfy the following linear system for = ( ? ):
2
12 z T
0 T35 “Rtru)
—Y =AY, A= 5 : (22)
ot l{(u ~ 1) +a} LyZse
R 4 2" 2
t
B 5 ¥ ,
sy =By B=| 2] (23)
v 2
wherez = —yp.

(i) Similarly, it is possible to introduce the functiot (x, t), Z>(z, t) consistently as

t (102, t o [10z0 1/(¢"
Gool, 1) go(Zl Oz +2) o —tp [Zl ot +4(g0 Ik (24)
1 ov
Z2_<p<8x+2). (25)
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2 2 =z %,
L ~ 2t — )
o) 4 2 2 2( 0
~Awrngraf i3
! ©
o) P
o Z=DY, D= : ot 27)
%) 2

Remark 2.8 The linear systems (22), (23) and (26), (27) are the isomonodromic problems;far-P 1] and
P11[a], respectively [6]. For example, compatibility condition for equations (22) and (23), namely,

94 0B

oz o TABI=0
gives
d
£ = —2u_1z — 2q,
du_
le =u?, — 2z — 2, (28)
D
-1 ’lf}dﬁﬂ

which yields R[« — 1] for u_;. This fact also guarantees the consistency of two expressiodg.fon terms of
Y; in equation (20). Similar remark holds true f6f,, and Z;.

Remark 2.9 F, andG, are also expressed as,

Y5 Zo
Fo=t—=, Geo=t=—,
Y; VA
respectively. Conversely, it is obvious that for any soluligrand Y5 for the linear system (22) and (23); =
tY> /Y satisfies the Riccati equations (12) and (18) (Similar@9r

(29)

Remark 2.10 Theorem 1.1 is recovered by puttigig= 1, p = z.

Remark 2.11 Y; can be formally expressed in termsagf by using equation (20) as

1 1 = Yani1 — ¢
Y] = const. X exp (12t3 — ;t) ™% exp l2 E Yant1 —9lan tT" . (30)
n
n=1

which coincides with known asymptotic behaviokpfaroundt ~ oo [6].

3 Solutions of Isomonodromic Problems and Determinant Formula

In the previous section we have shown that the generating funcligheind G, formally satisfy the Riccati
equations (12,18) and (13,19), and that their linearization yield isomonodromic problems (22, 23) and (26,27)
for P;. Now let us consider the converse. We start from the linear system (22) and (23). We have two linearly
independent solutions around- oo, one of which is related witl¥. (x, t). Then, what is another solution? In

fact, it is well-known that linear system (22) and (23) admit the formal solutions arouneb of the form [6],

Y(l) t3 xt 70[ 1 (1) _ (1) _
2 21 Y2z
vy T E— . 0 (2) B (2) B
v® = Loy | =exp (—12 + 2>t ( | ) S e N e e S R AR (7))
Y, Y21 Yao

5



From Remark 2.9 we see that there are two possible power-series solutions for the Riccati equation (18) of the
form,

(1) (1),—1
Y. tT 4+
vy g —y 2=t y?l(l) =co4ct T4, (33)
Y, 1+y11t*1+~~
Y(Q) 1+ (2)t,1 + ...
Y@ o F® = 22—y (3)21 =t*(do+dit ™" +---). (34)
Yl yll t71 + ..

The above two possibilities of power-series solutions for the Riccati equations are verified directly as follows:

Proposition 3.1 The Riccati equation (18) admits only the following two kinds of power-series solutions around
t ~ 00!

FO =3 "c,t™, FO =3 "d,t" (35)
n=0 n=0

Proof. We substitute the expression,
F =t Z en t™™, (36)
n=0

for some integep to be determined, into the Riccati equation (18). We have:

oo

o0 n o0 n
Z 2(p = n)e,tPTT = Z Y <Z CkCn—k) 2p=2n Z P (Z ckcn_k> 2pt1=2n
n=0 k=0 n=0 k=0

n=0
oo /lp// oo
+ Z (w + 2> Cntp_” _ Z Cntp+3_" + tQ((p/ + tg@)
n=0

n=0
The leading order should be onetdf*!, t*+3 andt3. Investigating the balance of these terms, we have0 or
p=2. 1
We also have the similar result for the solution of the Riccati equation (19):

Proposition 3.2 The Riccati equation (19) admits only the following two kinds of power-series solutions around
t ~ oo:

GO =Y "e, t7", GO =) f,t7" (37)
n=0

n=0

It is obvious thatF(Y) andG(") are nothing but our generating functiofig, andG ., respectively. Then, what
areF(® andG(?)? In the following, we present two observations regarding this point. First, there are unexpectedly
simple relations among those functions:

Proposition 3.3 The following relations holds.

t? t2
2 - - (2) = —
Proof. SubstituteF'(z,t) = #:) into equation (18). This gives equation (19) fé(z,t) = g(x, —t) by using
the relation (9). Choosing(z,t) = G (z,t), F(z,t) must beF'®) (z, t), since its leading order i. We obtain
the second equation by the similar argument. ]

Second F(? (z,t) andG? (z,t) are also interpreted as generating functions of entries of Hankel determinant
formula for B;. Recall that the determinant formula in Proposition 2.1 is foritlsequence,, = ¢,,/0( So that
it is normalized as;, = 1. We show thatF(?) (z, t) and G® (,t) correspond to different normalizations of
sequence:



Proposition 3.4 Let

F® (z,t) Z dy, (39)
G (1) = }:n : (40)
be formal solutions of the Riccati equations (12),(18) and (13), (19), respectively. We put
Kep—1 = det(diﬂ')"j 1,. (n > 0), ko1 =1, (41)
9n+1 = det(thJ)l j=1,..., (TL > O), 91 =1. (42)

Thenk,, andg,, are related tor,, as

fn = 2= (0 <0), (43)
Yo T

f,=2="0 (n > 0). (44)
@ T1

To prove Proposition 3.4, we first derive recurrence relations that charactgrézel f,,. By substituting equations
(39) and (40) into the Riccati equations (12) and (13), respectively, we easily obtain the following lemma:

Lemma3.5 (i) dg andd; are given bydy = — andd; = ¢/, respectively. Fon > 2, d,, are characterized
by the recursion relation,

"ol 2 3
vy @2>-+ww _ (45)

1 n
dn = d,lnfl + E Z dk:dnfkv d2 =

(i) foandf; are given byly = —p andd; = ¢’, respectively. Fon > 2, f,, are characterized by the recursion
relation,

n—2
1 ", 2 + 3
o= B A2 fufus, fo= EET SO (46)
L 4
Proof of Proposition 3.4.Consider the Toda equations (5) and (6). Let us put
7= _ T (47)

g_1 T—1

sothatr_; = 1. Then itis easy to derive the Toda equationfpr

7 3
7:7/:7~'n - (727/1,)2 = Tn41Tn—1 — v (1'5}2) tov ~72L’ (48)
R R Ul ot NPT § (49)

w )

We have the determinant formula fgr as,

dCt(ai+j_2)i7jgyL+1 n > O,
7-n - 17 B n=20 5 (50)
det(bi+j72)i’jg‘n‘,1 n < O7
" N2 3
— 1
ap, = an_,+ v (1/;) oy Z a;aj, ap= o’ (51)
i+i=n=2
S s
by = b+ " > bibj, bo= 7 : (52)
i+‘j=n72



Now it is obvious from Lemma 3.5 that
dj=bj_o (j>2), kn=7n (n<0), (53)

which proves equation (41). Equation (42) can be proved in similar manner. ]

We finally remark that the mysterious relations amongthenctions and the solutions of isomonodromic
problem in Proposition 3.3 and 3.4 should eventually originate from the symmetiy, &fuPtheir meaning is not
sufficiently understood yet.
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