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Estimating the correlation dimension from a chaotic
system with dynamic noise

Atsushi Kawaguchi* Koji Yonemoto! and Takashi Yanagawal

Abstract

In this paper, we propose an estimator of the correlation dimension of the skelton
for chaotic system with dynamic noise and prove the consistency of the estimator
under some assumptions.

Key Words: Chaotic Dynamical System, Dynamic Noise, Correlation Dimension, U-
statistics, Nadaraya-Watson Kernel Type Estimator.

1 Introduction

goor

Xy =F(Xo—r, Xe—or, ..., Xoar) + €, (1.1)

where F : R — R is unknown non-linear function such that {Y;} is ergodic where
Y; = F(Yi-1,Yi92,...,Y;_4), d and 7 are unknown positive integers called embedding
dimension and delay time, respectively. ¢,’s are random variables on the probability space
(QV, F,E), where Ele;| A1 (X)] = 0, almost surely, and E[e2|A1(X)] = 02, (0 > 0),
almost surely, where A%(X) denotes the sigma algebra generated by (X, ..., X;). {&}
is called dynamic noise. Model (1.1) may be represented as

Xt = F(Xt_T) + ey, (12)

where F(x) = Y(F(x),x1,...,2q-1) for x = "(z1,29,... ,24), Xy = "Xy, Xoer, -0
Xi_(4-1)r), and e, = *(&,0,...,0). Then we consider

Yt - F(Yt—l)y (13)

where Yt = t(}/z‘a }/;—17 s 7}/1‘—d+1)‘
We refer to model (1.3) as the skeleton of model (1.2). Moreover, we consider a
dynamical system (Q, F, u, F), where Q C R¢ is closed, F is the completion of the Borel
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o-field with respect to u, and p is an invariant measure, i.e. u(F~1A) = u(A) for A € F.
We propose to estimate the correlation dimension of its skeleton which is defined as
follows.

Putting

C(r) = / / (1= 3l < rduly)dnty),

where I denotes an indicator function and || - || is a norm, Grassberger and Procaccia
(1983a, b) defined the correlation dimension as
v = lim log C'r) (1.4)
r—0 logr
if the limit exists.

Many authors have discussed the effects of noise on dimension estimation. Wolff
(1990) is concerned with the behavior of the correlation integral when applied to time
series data from autoregressive and moving average processes. Wolff notes that, with
such processes, estimates of the correlation dimension underestimate, an effect discussed
by Dvordk and Klaschka (1990). Ramsey and Yuan (1989, 1990) looked at the statistical
properties of estimates of the correlation dimension. They concluded that small numbers
of observations and the presence of noise may result in the estimates being positively
biased. The effect of noise on the correlation integral has been studied in a number of
papers, Schreiber (1993), Diks (1996), Kugiumtzis (1997), and Oltmans and Verheijen
(1997). These results are limited by the case of observation noise, i.e. they consider
trajectory {X,} generated from X; =Y; 4+ ¢, where Y; = F(Y;_1,Y; o,...,Y, 4).

Smith (1992) proposed an estimator of the correlation dimension that seems to function
well in the presence of observation noise. Unfortunately, his estimator does not work
nearly so well in the case of dynamic noise. Further research on the effect of dynamic
noise on the estimator of the correlation dimension seems desirable (Chan and Tong,
2001).

Our goal is to estimate the correlation dimension of F' by observing { X;}. In this paper,
we propose an estimator of the correlation dimension based on the data filtered out noise
by the Nadaraya-Watson kernel type estimator and show the consistency of the estimator
under some assumptions and conditions mathematically. Kawaguchi (2003) showed the
consistency of the estimator of the correlation dimension from the data generated from
the deterministic system, taking the same approach as Serinko (1994). This is developed
into the proof of the consistency. For filtering out the noise, we take the same approach
as Yonemoto and Yanagawa (2003), who proposed an method for estimating Lyapunov
exponent from nonlinear time series with dynamic noise and showed the consistency of
the estimator.

This paper is organized as follows. We propose a method for estimating the correlation
dimension in Section 2. In Section 3, the consistency of the estimator is proved.



2 The procedure for estimating the correlation di-
mension and theorem

We propose a procedure for estimating the correlation dimension from {X;}i—12.. n-
Outline of the procedure is as follows.

Step 1. Estimate the embedding dimension d and delay time 7 from {X;};—1 2 . n using
the procedure proposed by Yonemoto and Yanagawa (2002). Denote the estimated
embedding dimension and delay time by d and 7, respectively.

Step 2. Estimate the skeleton from {X;};—15 . n by the Nadaraya - Watson kernel
type estimator (Nadaraya, 1964; Watson, 1964) using d and 7, and generating
{Yn}i=12.. k from the estimated skeleton by giving an appropriate initial value.

Step 3. Estimate the correlation dimension by using the generated data.
We give the details of Step 2 and 3.
(Step 2 of the procedure)

Yonemoto and Yanagawa (2003) proposed a following method for estimating the skele-
ton. First, for x =(z1,x9,...,24), F(x) is estimated by

N—#
Zi:(ci—l)fdrl Ky (X - Xi)Xi—l—i—

N—+
Zz‘:(d—1)%+1 Ky (x = X5)

Fn(x) =

)

where

1 x — X,
K —-X,)=—K ’
(X 2 h ( hn )7

K(x) = Hle 5= exp (—:”2—2) which is called kernel function, and hy € Rsg — 0 as N —
oo which is called bandwidth. Next, put Fy(x) = *(Fn(x),2s,...,2;_ ,). Giving an
appropriate initial vector YN,O, we generate {YNJ}t:LQ _____ K by

YN,t:PA‘N(YN,t—l)y t= 1727“‘ 7K7 (2]‘)

~

where YN,t = t(YN,ta YN,t—ly . 7YN,t—J+1)'
(Step 3 of the procedure)
) K\ 'L . )
Let Ck(r,Yy) = (2) ;I(HYNJ =Yyl <),

5 Nt &E 5 5 5 5
Cra(r,Yn) = (3) Z I(IYNni = Ynll <7 [ YN — Yl <7),
i#] 17k, j#k



( ) M ]\/[N,K . M
and r; " = rgs =[5 ]ﬂ, (j=0,1,..., Ly x = [=5]) where some given 0 < s <
1, 7o > 1, and
My x = max{m € Z-q; Cga(rm,Yn)#0, a.e. for r, = ros™}. (2.2)
We propose an estimator of the correlation dimension as follows.
LNk LN Kk
v = 3 (u— @) log Cre (ry"™ Y ) /3 (u; — )’ (2.3)
§=0 5=0

where, u; = log r( N5 and @ = (Lyg+1)71 Z]Lg(’)K u;.

In this sectlon our goal is to prove the consistency of this estimator. For the estimator
of the embedding dimension and delay time, the consistency was proved in Fueda and
Yanagawa (2001). For convenience, denote »(Fy(d,7),d) by the estimator (2.3) and
v(F(d,7),d) by the correlation dimension (1.4). Let £ x p denote a product measure of
an invariant measure for dynamical system and a measure for dynamic noise. Then, for
any € > 0, there exists Ny € N such that for any N > N

€ x p(|p(En(d, 7), d) — v(F(d,7),d)| > ¢)

< Exp((En(d ). d) = v(F(d ). d) >, d=d)+ & x u(d # d)
= Ex p(|A(Fy(d,7),d) — v(F(d,7),d)| > ¢)
< Ex p(|p(Ey(d, 7),d) = v(F(d,7),d)| > €, 7 =7) + & X p(7 #7)
= Ex pllp(Fn(d.7),d) = v(F(d,7),d)| > e).

Hence in this section we assume that the embedding dimension and delay time are known.

Theorem 2.1. Under the assumptions that are given in the following section, it fol-
lows that for any € > 0,

lim lim & x pu(|on g —v| >¢€) =0.

K—o00 N—oo

3 Proof of Theorem 2.1

In this section, we give a proof of Theorem 2.1. At first, we decompose the estimator as
follows.

Lemma 3.1. (Serinko, 1994)

UNg =V+dykg +enk,

where
SEN
dvg = 5 {logC l/logr( NK)}(uj—a),
7=0
I ) (M, )
M _
ENK = 5. 2 {10g0 e YN) IOgO(Tj o )}(Uj_u)a
and Suu: (uj—ﬂ)Q.



Next, we prove the convergence of dy x in probability. We assume the following
assumptions.

Assumption 3.1. There exists a compact set G C R? such that for any x € G,
F(x)+eedG a.e.,
where e = '(£,0,...,0) and ¢ is identically distributed as {e;}.

Assumption 3.2. F is C! class on G.

Assumption 3.3. For any N € N such that N > (d — 1)7 + 1,
{Xi}b=@—1)r41,(d-1)r42,.. .8 C G.
Assumption 3.4. Ey is such that
A}LH;OS X (ilelg |Fy(x) — F(x)| > 8) = 0.
Select an initial vector Y; randomly from G° with uniform probability, and set Y N1 =

Y, where G° denotes an interior of G. Then the following theorem holds.

Theorem 3.1. (Yonemoto and Yanagawa, 2003)
Under Assumption 3.1 through 3.4, for anye >0 andt € {1,2,..., K},

]\}lm E x M(H?N,t _YtH > 5) = 0.

N &
Let Coa(rY) = (1) D0 TUYi= Yol < 1Y = Yal <), we assum the
1#£7,i#k,j#k
following assumption.

Assumption 3.5. For anyr >0 and € > 0,
Igim U(Cra(r,Y) >¢e) =1

Lemma 3.2. Under Assumption 3.5 and the condition of Theorem 3.1, for My k in

5xu<lim lim MNVK:oo>:1.

K—o0o0 N—oo
Proof. For any integers m, Ny and Ky, let
A(m7 NOyKO)
:{(w,w') € QX Cxa(r, Yn) > e,
forall N > Ny, K > Ky, [=0,1,...,m, and € >0

where r; = rosl}.



Then, A(m, Ny, Ko) C {Myx > m for N > Ny and K > Ky}, and therefore for any m

5Xu<lim lim MN7K2m> > 5><,u<ﬁ ﬁA(m,N07K0)>

K—o00 N—o
Ko=1 No=1

= lim lim & x pu(A(m, Ny, Ky))

Kg—o00 Ng—o00

Thus, in order to prove the lemma, it must be shown that for any m

lim lim & x p(A(m, Ny, Ky)) = 1.

Ko—o00 Ng—oo

For any r >0 and t € {1,2,..., K},

E x pu(Cro(r, YN) > ¢)
= EX u(Cko(r,Yn) >cand |Yns — Y| > r/3)
+5 X /,L(CKQ(T’, YN) > ¢ and HYNJ — Yt” S T’/?))

From Theorem 3.1,

EX u(Cra(r,Yn) >eand |[Yns = Y| >7/3) < Exul||[¥uny— Y| >7/3)
— 0 (N — 0).

Further,
E X pu(Cro(r, ?N) > ¢ and ||X?N7t -Y,|| <r/3)
K -1 K R A
2 & x N<(3) > [<HYN,i =Yl + Y = Y5l + (Y, = Y5 <,
i ik
¥ = Yl [¥s = Yl + [ Wi = Y <7) > ¢

and |[ Yy, — Y| < 7"/3)

K\ & - -

=5><u<(3) S (Y=Y < ¥ = Y~ ¥, - Y
i3] itk j#k

1Y = Yl <7 = [V = Yill = ¥ = Yill) > 2

and |[ Yy, — Y| < 7"/3)

K—l K
Zﬁxu<<3) S 1(IY - Y < /8 Y - Yl < r/3) > ¢

ig ik, #k
and |[ Yy, — Y| < 7"/3)
> & x p(Crealr/3,Y) > ) + € x pl[ ¥y = Yol < 7/3) — 1.
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From Theorem 3.1 and Assumption 3.5,

EX (Cxa(r)3,Y) > )+ Ex p(|Yne— Yol <7/3) =1
— EX p(Cra(r/3,Y) > ¢) (N — )
— 1 (K — ).

Hence, for any m,

lim lim & x u(Cra(rym, Yn) >¢) = 1.

K—o00o N—oo
From the definition of A(m, Ny, Ky), the proof is completed. a

Lemma 3.3. Under the condition of Lemma 3.2, for any ¢ > 0

lim lim & x u(]dNJ(\ > 5) = 0.

K—o00 N—oo

Proof. First, from the definition of the correlation dimension,

logC(r) —vlogr

g7 -0 (r—0).

Thus, there exists a positive real A(r) — 0 as r — 0 such that for sufficiently small r > 0,
|log C(r) — vlogr| < A(r)|logr]|.

Next, it follows by the Cauchy-Schwarz inequality that

1 Ly Kk 9 Ly Kk
ldyvk| < T Z {log C(T§N[N’K)) —vlog 7“§MN’K)} Z (uj — )2

uu =0 =
1 pal 2

< =y 2 {ACT ) logr 0}
1 ( ) Lvx ( ) 2

M M
< == X 0<§2aL>§KA(Tj MDY X Z {logrj K } :
uw —J — ’ ]:0
Serinko(1994) gave
1

Suu = ELN,K(LN,K +1)(Ly,x + 2)(log s)*.

Thus, from Lemma 3.2 and the definition of Ly gk,

vV Suu = Op(MN,K%)‘

On the other hand, from Lemma 3.2,

LN K

2
Z {long(-MN’K)} = 0, (Myx?),

j=0



and for any 7 € {0,1,..., Lnk},

EXp < lim lim A(r(-MN’K)) = O) = 1.

K—o00o N—oo J

Therefore,

. . (Mn,K) (Mn, k) 2 _ _
Exp| Jm lim mo<§2%§KA(J ) Z{log?} } =0f=1

and

5Xu<llm A}lm |dNK|—O>—1

K—o0

The convergence with probability 1 implies the convergence in probability, therefore the

proof is completed. O

Next, we prove the convergence of ey x in probability. In order to state the next
theorem, we give some notations and assumptions. Let a = {A;, As,..., A} and § =
{By, Bs, ..., B,} be finite measurable partitions of Q2. From these one may construct the

following partitions:
l.avp={ANB; A€a, Bej}
2. Fla={F1'4; Aca}
3. af =FaVvFlav... VFEHDa vV FE)a (r,s € N st 1 < s),

where F(*) denotes k times convolution of F.
Let F? denotes the o-algebra generated by af (r,s € N, s.t. r < s) and F§° denotes
the smallest o-algebra which contains all of the F? (r,s € N, s.t. r < s).

Definition 3.1. (Generator)
a is generator <= F° = F

Definition 3.2. (Weak Bernoulli)
A measurable partition a is said to be weak Bernoulli for dynamical system (2, F, u, F)

if
Br=sup > Y [u(ANB) - pu(A)uB)|

r,s€eN Aear BEa:+S+k

goes to zero as k — oo. The (i ’s are called the mixing coefficients.
We assume the following assumptions for the dynamical system (Q, F, u, F).

Assumption 3.6. (Q, F, u, F) has the measurable partition o which is weak Bernoulli
and generator.



Assumption 3.7. (2, F, u, F) is such that the mizing coefficients satisfy

5 = (1)
for some d >0 and 0 < e < 1.

Let 70(r) = [|(B.(Y;)) = n(B,(Y )3, where B,(y) = {x:|x — y| < r} and
YO = E[Y |, j = 1,2,--. Let 70 = sup, n(r).

Assumption 3.8. (2, F, u, F) is such that

for some~y >0, v/(1+7v) > e.
Let ¢0(r) = [T(IYs = Ysll < ) = 1YY = YO < 9)[3 for i,j = 1,2,--- and
k=i — jl, and & = sup, ¢{" ().

Assumption 3.9. (Q,F, u, F) is such that for any sequence of reals {c,, }5°, satisfying
lim,, o0 ¢, = 00 and c,, = o(n%), one has

1
Let b = (%) 2(v+e0) where 5 > 0, and

-1 K

cetrny) = () LI =Yyl <)

i<j
Theorem 3.2. (Serinko, 1994)
If (U, F, u, F) satisfies Assumption.3.6 through 3.9, then whenever v exists,

b
lim rg =0 and limsup—K < 00

(’ CK(rK,CS(?K—) Clre)| 5) — 0.

Let Mg = limy_.oo My k. We may prove that Mg = max{m € Z-o; Cka(rn,Y) #
0, a.e. for r,, = ros™} similarly as the proof of Lemma 3.5.

imply

lim p

K—o0

Assumption 3.10. For some gy > 0 and some § < ﬁ, there exists Koy € N such
that for any K > K,

- dlog K
K7 9 og ¢



Lemma 3.4. Under Assumption 3.10, let rig = ros™M%, then

bk
lim rgx =0 and limsup — < o0 a.e..
K—o0 K—oco TK

Proof. For the former part of lemma, we obtain immediately from Lemma 3.2. Setting
—1
7' = K2@¥=0) | Serinko(1994) proved
b
lim sup /—K < 00.
K—oo T'K

Thus, the last part of lemma is proved if we prove ri > 1’k a.e. for any K > K.
From Assumption 3.10, we have

e rosMx
log—— = log —
K K 2(d+ep)
1
= 1 + Mgl + ——logK
0g T Kk log s 20+ 20 og

1 1
1 —0 —log K > 0.
> ogro—l—( +d+€0>20g >
U

Lemma 3.5. Under the condition of Theorem 3.1, for a fired K, anye > 0 andr > 0

lim & X u <’CK(7", Yy) — Cr(r, Y)) > 5) = 0.

N—oo

Proof. It follows by the Markov inequality that
~ 1 ~
&x p(|Cuer.Xw) = Ci(r,Y)| > 2) < ZElICk(r, Y) = Cclr, V)|

1
= -E
£

|

|(l2()_ S Y v =Ygl <) = 1Y = Y5 <)}

i<j

1K\ & R A
< g(g) ZEH[(HYN,i_YN,jHST)—I(HYZ-—Y]-H <7
i<j

It follows by the triangle inequality that for ,j € {1,2,..., K} (i < j)
EllI([Y N = Yl <) = I([[Ys = Y| < 7)]]
< EBI([YNn: = Ynll <7) = ¢6(Yni — Y )]
+E[os(Yi = Y;) = I(IY: = Y| < r)]] (3.1)
+E[|¢s(Yni — Yn;) — 0s(Yi = Yj)]

where for any § > 0,

_J 0 if ||x|| >r
¢5(X)—{1 it x| <r—6

10



0 < ¢5(x) <1 and ¢5 € C*.
The first term of (3.1) is

/ / (% —y]l <) — ds(x — y))A(E x ) (X)A(E x w)(y)
d(€ x x)d(E X
< ] e meE <)

= Explr—0<||Yni—Yu,ll <r).
Thus, for any £; > 0, there exists §; € N such that for any 6 < d;
E(Y N = Yyl <7) = ¢5(¥ i = Yy)l] < e
By the same way, for any €5 > 0, there exists d, € N such that for any § < 6,
Ellos(Yi = Y;) = I(Y: = Y| <)) <ea.
Therefore, from the continuity of ¢s and Theorem 3.1, for any § < min{d, ds},

E[I(1¥x — Yyl <7) = I(1Yi = Y, < 7))
< ertea+ Ellos(Yni—Yn,) — ¢s(Yi = Yj)l]

— &1+ &9 (N — ).

Consequently, E[|I(|[Yn: — Yyl < 7) = I(Y; = Y] < 7)|]] = 0as N — oo for
i,7€41,2,...,K} (i <j). Hence, the proof is completed. O

Lemma 3.6. Under the condition of Theorem 3.2 and Lemma 3.5, for any e > 0,

lim lim & x pu(|log Ck (ric, Yy) —log C(rg)| > €) = 0.

K—o00 N—oo

Proof.
C(ri)
OK(TKa?N) CK(TKaYN)
Ex u|log Clre) >5>—|—5><,u<og Clr) < —€
_ CK(TKa?N) c CK(TK,YN) e
= ExXpu Clre) >e>+5><u< Clr) <e
R e
+E X U —Cr(rie, Yiv) + Clrr) >1—e°].
C(ri)

11



For any ¢’ > 0,

5XM<

CK(TK, YN) — C(T’K)

> 5’)

C(TK)
< Exp ( CK(TK’Yg)(T;?K(TK,Y)| - %’)
CK(TK7Y>—C(TK) &
+5><u(' Clrr) >§),

From Lemma 3.5, the first term goes to zero as N — oo for a fixed K. From Theorem
3.2, the second term goes to zero as K — oo. O

Lemma 3.7. Under the condition of Lemma 3.2, Lemma 3.6, and Assumption 3.10
for any e > 0,

lim lim & x u(len x| >¢€) = 0.

K—o00 N—oo

Proof. It follows by the Cauchy-Schwarz inequality that

1 LN,K 2 LN,K
M Y M _
\eNyK\ < 5 Z {logC’K(rﬁ. N’K),YN) —logC’(rﬁ- N,K))} Z(uj_u)Q
uu =0 7=0
1 ~
< Wi vVIng+1 o<§2%}§ ) )1og CK(T](-MN’K), Yy) —log C(T](-MN’K))‘

(NI

1
= {E(log 8)?Ln (L x + 2)}

X  max ‘logC’K(r](-MN’K),YN)—logC’(r(MN’K))‘

0<G<Ln.x 3
Moreover,

SIS

1
E x u( {E(log $)° L (Lnx + 2)}
X max ’log CK(T§MN’K),YN) — log C(?‘§MN’K))’ > 5)

0<j<Ln,K
. 1>

+Exp ( max ‘logC’K(r](-MN’K),YN) —log C’(rj(-MN’K))) > 8) .

0<j<Ln.,K

N

1
< Exp ({E(log $)* L. (Lnx + 2)}

From Lemma 3.2,

1
1 —3
lim lim & x ({—(log $)?Ly k(L + 2)} > 1) = 0.

12



For any j € {0,1,..., Ly}
EXp (’log CK(rj(»MN’K),YN) — log C(rj(»MN’K))’ > 6)
< Exyp <’log CK(TJ(-MN’K),YN) — logCK(r(MK),YN))’ > 6/3)
+E X (‘log(](r](. logC( )‘ > 5/3)
+E x u()loch(rj i) 7 ) — log C(r{M®) )] >€/3>
From right continuity of Ck(r,Y), for any € > 0, £; > 0, and a fixed K
ExXpu (EIN1 €N, VN > Ny, sup)logCK(r](. ,y) — log C (r (MK),y)‘ > 5) < ey.
Yy
Thus,
£ x i (3]\71 e N, VN > N, )1og Cre(rM™) ¥ ) — log OK(T’J(-MK),YN)‘ > 5) <en.
Therefore, there exists N; € N such that for any N > N; and a fixed K,
ExXp ()logCK(r](-MN’K),YN) log Ck (7] (M) YN)’ > 5) < er.

By the same way, from right continuity of C(r), for any € > 0 and €5 > 0, there exists
N5 € N such that for any N > N, and a fixed K

EX <’logC(T§MN’K)) logC( )’ > 8) < &3.

On the other hand, from Lemma 3.4 and Lemma 3.6, for any ¢ > 0 and €3 > 0, there
exists N3 € N and Ky € N such that for any N > N3 and K > K,

5><,u<‘log(] (rM) ¥y) — log(J( ))>6><€3.
Thus, for any N > max{N;, Ny, N3} and K > K,
E X ,u<

Consequently;,

log Ok T(MN’K)\A( —log C(r; Myl S ¢ <& +eg+es.
J

lim lim & x p ( max )log CK(T](,MN,K)’?N) —log C(TﬁMN,K))) > 5) -0

K—oo N—oo 0<j<LnN K
Hence, the proof is completed. O

(Proof of Theorem 2.1)
From Lemma 3.1, for any ¢ > 0,

Exu(lonkg —v| >¢e) <Exp(ldyi| >€/2)+E x ullen x| > €/2).
Hence from Lemma 3.3 and Lemma 3.7,

lim lim & x u(|onx —v| >¢€) =0.

K—o00 N—o

The proof of Theorem 2.1 is completed.

13
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